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Abstract

In this paper we consider the existence of at least one positive solution to a class of
singular semipositone coupled system of nonlocal boundary value problems. We
show that the system possesses at least one positive solution by using fixed point
index theory. We remark that to some extent our systems and results generalize and
extend some previous works.
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1 Introduction
In this paper, we consider the existence of at least one positive solution to the following
singular semipositone coupled system of nonlocal boundary value problems:

" =f@t,y(t) +q(t), te<(0,1),
-y =g(t,x(t)), te(0,1),

x(0) = Hi(g1(9),  %(1) =0,
¥(0) = Hy(ga(x)), (1) =0,

(1.1)

where f,g : (0,1) x [0,+00) — [0,+00) are continuous and may be singular at ¢ = 0,1,
q:(0,1) = (—00,+00) is Lebesgue integrable, and g(t) may have finitely many singular-
ities in [0,1], H; : R — R (R = (-00, +00)) are continuous, and H;([0, +o0)) C [0, +00) and
@; : C([0,1]) — R (i = 1,2) are linear and can be realized as Stieltjes integrals with signed
measures. In particular, in the Stieltjes integral representation ¢(y) = f[0.1] y(2) da(t) with
« : [0,1] — R of bounded variation on [0,1], we no longer assume that « is necessarily
monotonically increasing. Thus, in this paper, we allow the map y — ¢(y) to be negative
even if y is nonnegative.

Recently, the theory of nonlocal and nonlinear boundary value problems and singular
semipositone differential systems becomes an important area of investigation because of
its wide applicability in control, electrical engineering, physics, chemistry fields, and so
on. Equation (1.1) is used to describe chemical reactor theory where the nonlinearity can
take negative values. Many works have been done for a kind of nonlinear boundary value
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problems [1, 2] and nonlinear differential systems [3—6]. However, most investigators only
focus on the case where the nonlinearity takes nonnegative values, that is, positone prob-
lems. For example, under conditions where f (¢, y) and g(¢, x) have no any singularities and
q(t) = 0, Agarwal and O’Regan [6], using the Leray-Schauder fixed point theorem, ob-
tained the existence of positive solutions of the following system:

" =f(t,y(t) +q(t), te(0,1),
-y =g(t,x(t), te(0,1),

x(0) =x(1) =0,

ay(0) - By'(0) = y2y(1) + 8y'(1).

Later, Zhang and Liu [7] obtained the existence of positive solutions of system (1.2) by the
Leray-Schauder fixed point theorem under the conditions that g(¢) : (0,1) — (-0, +00)
is Lebesgue integrable, g(t) may have finitely many singularities in [0,1], and f,g: (0,1) x
[0, +00) — [0, +00) are continuous and may be singular at ¢ = 0,1. The study of semiposi-
tone problems has a long history in the literature, the work of Anuradha et al. [8] being
an early, classical example. More recent papers include those by Goodrich [9], Graef and
Kong [10], and Infante and Webb [11]. Furthermore, recently, there have been many pa-
pers on nonlocal BVPs with nonlinear boundary conditions. For example, Anderson [12],
Goodrich [9, 13-16], and Infante et al. [17-22]. In this paper, these nonlocal nonlinear
boundary conditions have been investigated by Goodrich [13, 14]. For example, in [13],
Goodrich investigated the existence of positive solutions of the semipositone boundary

value problems with nonlocal nonlinear boundary conditions

-y =f(6y@®), t€(0,1),
y(0)=H(e®),  y1)=0,

1.3)

by the fixed point index under the conditions that f : [0,1] x R — Rand H : R — Rare con-
tinuous, H([0, +00)) C [0, +00), and there is a number C > 0, such that lim,_, ., &= =

0 ((Hs3) in [13]). The proof of Theorem 3.1 in [13] gives a limiting condition, that is,

(Cy+¢) /01(1 —t)da(t) + fol /01 G(t,s)[lu(s) + v(s):| do(t) <1,

r

where C, is a constant, r, # 0 satisfies some conditions, ¢ satisfies 0 < € < [ fol Q-
t)da(t)]™ - Cy, v:[0,1] = [0,+00) is continuous, and # : [0,1] — [0, +0o0) is not iden-
tically zero on any subinterval of [0,1]. Goodrich [14] investigated the existence of posi-
tive solutions of the coupled system of boundary value problems with nonlocal boundary

conditions

" =f(t,y(8), te(0,1),
-y = g(t,x(t)), te(0,1),
%(0) = Hi(p(»),  x(1)=0,
¥(0) = Hy(p2(x)), (1) =0,

(1.4)
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by the Leray-Schauder fixed point theorem under the conditions that f,g : [0,1] x
[0, +00) — [0, +00) are H; : R — R are continuous, H;([0, +00)) C [0, +00), and H; satisfies
lim,_, o+ HZT(Z) =0andlim,_, Hiz(z) = +00,i=1,2 ((A3) in [14]). For example, Goodrich [16]

investigated the existence of at least one positive solution of the semipositone boundary

value problems with nonlocal, nonlinear boundary conditions

-y" =Mt y(8), te(0,1),
¥(0) = H(p(y)), (1.5)
y(1) =0,

by the fixed point index, where A > 0 is a parameter, under the conditions that f : [0,1] x
R — Rare H : R — R are continuous, H([0, +00)) C [0, +00), lim,_, o+ Hf) = +00 ((H3) in
[16]), and there is a number C, > 0 such that lim,_, , o, W =0 ((H3) in [16]).

Motivated by the works mentioned, in this paper, we consider the coupled system (1.1).

The main features of this paper are as follows. Firstly, we have more general integral
boundary conditions. Secondly, we consider coupled systems rather than a single equa-
tion. Finally, we consider f that need not have a lower bound, that is, a semipositone prob-
lem. We remark that, to some extent, our systems and results generalize some previous
works.

We organize this paper as follows. In Section 2, we first approximate the singular semi-
positone problem to the singular positone problem by a substitution. Then we present
some lemmas to be used later. In Section 3, we state our result and give its proof. In Sec-

tion 4, we present an example to demonstrate an application of our main results.

2 Preliminaries and lemmas

In this section, we first approximate the singular semipositone problem to the singular
positone problem by a substitution. Then we present some lemmas to be used later. We
assume that there are four linear functionals ¢; 1, 12, 921, 922 : C[0,1] — Rsuch that ¢y, ¢,

satisfy the decompositions

o1(0) = 01,1() + 129), ©2() = 921(9) + P22(9). 2.1

Let E = C[0,1], so that (E,| - ||) is a Banach space with usual maximal norm |y| =

max;efo, |y(£)]. Let

P={yeE:y(t)>0,yt) = t(L-t)|lyll, ¢ € [0,1], p1,(y) = 0,¢22(y) > O}. (2:2)

Clearly, P is a cone in E. We denote P, := {y € P, ||y| < r} for any r > 0.

Now, for the boundary value problem

x"(t)=0, te(0,1),
x(0) =0,
x(1) =0,
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we denote the Green functions

tl-s), 0<t<s<l,
(2.3)

s1-¢), 0<s<t<l.

In the rest of the paper, we adopt the following assumptions:

(H1) There exist constants Cy, Do > 0 such that ¢;5(y) > Colly|| and ¢,,(y) > Dy||y| for
allyeP.

(H,) The functionals described in (2.1) have the form

01) = /m]y(t) dn(®), o) = /[Oyuy(wdal,l(t),
0120) = / 3(O) oty (2),
[0,1]

0s) = /mymdaz(t), 0210) = /[0 () deta, (0),

By

02209) = /{0 e )

where all ;, ;5 : C[0,1] — R, i,j = 1,2, are of bounded variation on [0, 1].
(H3) We have

/ G(t,s)doy1(t) > 0, / G(t,s)dayy(t) >0, Vsel[0,1],
[0.1] [0,1]

(1 - t) dOlLl(t) >0, (1 - t) dazyl(t) > 0.
[0,1] [0,1]

(H4) The functions Hj,H, : R — R are continuous with H; ([0, +00)), Ha([0,+00)) C
[0, +00).

(Hs) f:(0,1) x [0,+00) = [0, +00) is continuous, and for any ¢ € (0,1), f(¢,y) is nonde-

creasing in y and satisfies

f(t,y) <p®)h(y), (2.4)
where p:(0,1) — [0, +00) and /4 : [0, +00) — [0, +00) are continuous, and lim,._, . @ =

+0o0 for ¢ uniformly on any closed subinterval of (0, 1).
(He) g:(0,1) x [0,+00) — [0, +00) is continuous, and g(¢,1) > 0 for all ¢ € (0,1). More-
over, there exist constants A; > A, > 1 such that, for any ¢ € (0,1) and x € [0, +00),

Mg(t,x) < glt,cx) < ?2glt,x), 0<c<l, (2.5)

with 0 < [ G(¢,£)g(t, 1) dt < oc.
(H7) q(2) : (0,1) = (—00, +00) is Lebesgue integrable such that fol q_(t)dt > 0, where

q_(t) = max{—q(t), 0}, t€(0,1).
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Remark 2.1 Note that since both ¢; and ¢, are linear, there exist constants C; and D; > 0
such that || < Ci|ly|l and |¢2| < Dy ||y| for all y € P. Henceforth, C; and D; denote these

constants.
To state and prove the main result of this paper, we need the following lemmas.

Lemma 2.1 ([7]) q:(0,1) — (—00,+00) is Lebesgue integrable, and q(t) may have finitely
many singularities.

Lemma 2.2 ([7]) Forany c¢>1and (t,x) € (0,1) x [0, +00), we have
2g(t,x) < g(t, cx) < Mg(t,x). (2.6)

Definition 2.1 If (x,y) € C[0,1] N C?(0,1) x C[0,1] N C%(0,1) satisfies (1.1) and x(¢) >
0,y(t) > 0 for any ¢ € (0,1), then we say that (x, y) is a positive solution of system (1.1).

For u € E, let us define the function [-]* by

u(t), u(t) >0,
0, u(t) <0,

o] =
Hj(z) = Hy(max{0,z}), i=1,2.
Clearly, w(t) = fol G(t,s)q_(s) ds is a positive solution of the BVP

-0"(t)=q-(t), t€(0,1),
w(0) = w(1) = 0.

Clearly, w € P.
In what follows, we consider the following approximately singular nonlinear system:

') =f(t,y(t) +q.(8), te(0,1),
-y () = g(t, [x(t) - 0()]*), te(0,1),
x(0) = Hy(¢1(»),  x(1) =0,

y(0) = Hy(pr(x — @),  y(1)=0,

(2.7)

where

q.(t) = max{q(t), 0}, t€(0,1).

It is easy to check that (x,y) is a solution of (2.7) if and only if (x,y) is a solution of the
following nonlinear integral equation system:

x(t) = (1= OH; (010)) + [y G(&,9)[f(5,5(5)) + 4.(5)] ds, t€[0,1]

(2.8)
y(t) = Q- t)H (pa(x — w)) + fol G(t,5)g(s, [x(s) — w(s)]*)ds, te][0,1].
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Ifx € Pand w € P, then y € P. In fact,

1
y(t) = (1 - )H; (p2(x — ) + /0 G5 5)g(s, [x(s) - a)(s)]*) ds, tel0,1]

and
y(0) = Hj (p2(x - w)),  y(1)=0.
If |y]l = ¥(0) = Hj (p2(x — w)), then we have

y(t) = (1 - H; (p2(x — @) = t(1 - )Hj (92 (% — w))

=t(l-t)lyl, tel0,1].

If |lyll > Hy(¢2(x — w)), then there exists £, € (0,1) such that |y|| = y(¢). Since

t(1-1),t,s€(0,1) x (0,1), we have

1 G : N
y(t) = A= )H; (p2(x - ) + / (&,s) Glto,s)g(s, [(s) — (s)]") ds

o Gltors)
- 1-1) [(1 ) (e -o) + [ o )5, [16) - )] ds}
= - t)(to)

— - Dlyl, teol

If |yl < H3 (g2(x — ®)), then

1 G : .
y(t) = (1-t)H; (p2(x — w)) +/0 %G(to,s)g(s, [x(s)—w(s)] )ds

> (1-t)H; (p2(x - w))
> (1 - )H; (p2(x — )

>t1-t)lyl, tel0,1].

In other words, we have x, w € P, H} (¢2(x — w)) > 0, and

@i1(y) = ol (1 - t)H; (p2(x — w)) dati (£)

1
. f[ N ( /0 G(t,5)g (s, [+(5) - w(s)]") ds) day (1)
1
= H; (¢2(x - )) /0 (1 - &) doy (t)

1
+ / [/ G(t,s) dai,l(t)]g(s, [x(s) - w(s)]*) ds>0, i=1,2.
o LJo

This yields that y € P.

Page 6 of 24

Glto,s) —
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For convenience, we have the following form:

1
= d
00 = [ 0der(o
1 1 .
= /0 |:(1 - O)H; (p2(x - ) + /0 G(t,9)g(s, [#(s) = w(9)]) dsi| dou (t).
We define

Dy := Hy (¢1(9))-

Obviously, it is a nonnegative number that only depends on x.
We list here more assumptions to be used later.
(Hg) We have

g_;)f; g-)dt+1

maxg<,<g 1(t) +1

maxo<,<g A(7) +1

)

1
2 / (1-0)[p(t) + q. ()] dt +
0

where

*

a [t
=

1
= q-(t)dt +1, g= / G(s,8)g(s, 1) ds,
Co Jo 0

R = max{H; (¢2(x - w)) + (r* + l)hg,x e [t -, r*], e €(0,1]},

Dy, = max{Dx,x € [t(l - t)r*,r*],t e [0, 1]}.

2

(Ho) limy_, ;0 f(Ty) = +00 for ¢ uniformly on any closed subinterval of (0,1).

As a matter of convenience, we set

1

92(7) =y()=(1-t)H} ((pz(x - w)) + / G(t, s)g(s, [x(s) - w(s)]*) ds, te]l0,1].
0
Then, clearly, the equation system (2.8) is equivalent to the equation
1 —~
x(t) =(1-t)D, + f G(t,9)[f (s,%(s)) + g.(s)]ds, te[0,1].
0
Next, let us define the nonlinear operator F : P — C([0,1]) by

1
(Fx)(£) = (1 - H)D, + / G(t,9)[f (5,%()) +q.(s)]ds, te[0,1].
0

Page 7 of 24

(2.9)

(2.10)

(2.11)

It is well known that the solutions to system (2.7) exist if and only if the solutions to equa-

tion (2.10) exist. Therefore, if x(£) is a fixed point of F in P, then system (2.8) has one

solution (%, v), which can be written as

u(t) = x(t),
v(t) = 1= 0)H; (pa(x — w)) + fol G(t,5)g(s, [x(s) — w(s)]*)ds, te][0,1].
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Lemma 2.3 ([23]) Let X be a real Banach space, P be a cone in X, Q be a bounded open
subset of X with 6 € Q, and A : QN P — P be a completely continuous operator.
(1) Suppose that

Au#iu, YuedQNP,A>1.

Then i(A,QNP,P) =1.
(2) Suppose that

Audu, VuedQNP.
Then i(A,Q N P,P) = 0.

Lemma 2.4 ([7]) If g(t,x) satisfies (Hg), then for any t € (0,1), g(t,x) is increasing in x €
[0, +00), and for any [a, B] C (0,1),

. . t,x
lim min g6 = +00
n—>+00 tefa,f] X

Lemma 2.5 Suppose that (u,v) with u(t) > w(t) for any t € [0,1] is a positive solution of
system (2.7) and g2 (u—w) > 0, ¢1(v) > 0. Then (u— w, v) is a positive solution of the singular

semipositone differential system (1.1).

Proof In fact, if (u,v) is a positive solution of (2.7) and u(£) > w(t), p2(u — ) > 0,¢1(v) > 0
for any ¢ € [0,1], then by (2.7) and the definition of [u(£)]* we have

—u'(8) =f(&,v(t)) + q.(¢), t€(0,1),
—v'(t) = g(t, u(t) - w(t)), t€(0,1),

(2.12)
u(0) = Hi (p1(v)) = Hi(¢n1(v)), u(1) =0,
v(0) = Hy (p2(u — w)) = Ha(p2(u —w)),  v(1) =0.
Let u; = u — w. Then uf = u” — ", which implies that
u"(8) =u(t) + &"(t) = u] () —q_(¢), te€(0,1).
Thus, (2.12) becomes
—uy () =f(&:v(@®) + q.(t) —q-(8), t€(0,1),
_V”(t) = g(t: u (t))’ te (0! 1)’ (213)

u1(0) = Hi(¢1(v)), u1(1) =0,
v(0) = Hy(g2(11)), v(1)=0.

Noticing that g(t) = g,(¢) — g_(¢), by (2.12) we have that (u;,v) is a positive solution of
system (1.1), that is, (¥ — w,v) is a positive solution of system (1.1). This completes the

proof of the lemma. O
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Lemma 2.6 Assume that (H,)-(Hg) hold. Then F : P — P is a completely continuous op-

erator.

Proof For convenience, the proof is divided into the following five steps.
Step 1. We show that F : P — P is well defined. For any fixed x € P, choose 0 < a <1 such
that a||x|| < 1. Then a[x(¢) — w(¢)]* < a|lx| <1, so by (2.4), (2.6), and Lemma 2.4 we have

A
g(&[x(0) - 0(®)]") < (%) g(ta[x(t) - 0(®)]") < a2 |lx) g (2, 1).

Then

1
/0 G(s,t)g(r,[x(t)—w(r)]*) dt
1 ~
54“‘*1||x||k2/ G(r,1)g(t, 1) dr = R;. (2.14)
0

Consequently, for any ¢ € [0,1], we have

1 —~
(Fx)(2) = 1-t)Dy + /0 G(t,9)[f (5, %()) + q.(s)] ds
1 —~
<D,+ /0 G(s,s) [p(s)h(x(s)) +q, (s)] ds
1
<D, + N/ G(s, s)[p(s) + q+(s)] ds < +00,
0
where

N = max h(t)+1,

0<t<R;

max{H; (¢2(x - w)),Vx € P} = C < +00, Ri=C+R,.

Thus, F: P — P is well defined.
Step 2. We show that F(P) C P. For any x € P, by the definition of the operator F, we
obtain (Fx)(1) = 0, (Fx)(0) = Dy. If || Fx|| = D,, then we have

(Fx)(¢) = t(1 - t)Dy = t(1 - t)||Fx|, te<][0,1].

Then F(P) C P. If ||Fx|| > Dy, then there exists £ty € (0,1) such that ||Fx|| = (Fx)(¢). Since

GG(tOS t(1-1),ts€<(0,1) x (0,1), we have

(Ex)() = (L-0)D, + f G(fos) (o )[f (5,70)) + 4.(5)] ds

> t(l—t)[(l—to)Dx+ /o Glto,)[f (5,%(5)) + 4.(9)] ds]

> t(1 - t)(Fx)(to) = t(1 - t)|| Ex|l, ¢te<][0,1].
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If | Ex|| < D, then

G(t,s)
G(t(),S)
> 1 -8)D,>t(1-1t)||Fx|l, te][0,1].

1 —~~
(Fx)(t) = 1-t)Dy + /0 G(to,s)[f(s,x(s)) +q. (s)] ds

We also know that

1 —~
/ G(z, s)[f(s,x(s)) +4. (s)] ds) da;(2)

0

o) = [ (1= DDy dasy (@) + /[ ](
0,1

[0.1]

1 1
= Dx/o (1-8)do;1(2) + /0 ['/[‘0,1] G(t,s) dozi,l(t):| [f(s,az(vs)) +q.(s)] ds

>0, i=12.

Thus, F(P) C P.

Step 3. Let B C P be any bounded set. We show that F(B) is uniformly bounded. There
exists a constant L > 0 such that ||u|| < L for any u € B. Moreover, for any u € Band s €
[0,1], we have [x(s) — w(s)]* < x(s) < ||x|| <L <L +1. Then, for any x € Band s € [0,1], we
have g(s, [x(s) — w(s)]*) < g(s,L + 1) < (L + 1)*1g(s, 1), and thus

1 —~
(Fx)(t) = 1 —=¢t)Dy + /0 G(t, s)[f(s,x(s)) +q, (s)] ds
1 —~
<D, + /0 G(s,s) [p(s)h(x(s)) +4q, (s)] ds
1
<D, +M/ G(s,9)[p(s) + g+ (s)] ds < +o0,
0
where

M= max h(t)+1, max{Hg‘ ((pg(x - a))),Vx eBC P} = C] < 409,

0<7<Ry

1
Ry=Ci+([L+1M / G(s,s)g(s,1) ds.
0

Therefore, F(B) is uniformly bounded.
Step 4. Let B C P be any bounded set. We show that F(B) is equicontinuous on [0, 1]. For

any (¢,s) € [0,1] x [0,1], G(¢,s) is uniformly continuous. Thus, for any ¢ > 0, there exists a

constant § = ;Tx such that, for any ¢,¢/, € [0,1] such that |t — | < §, we have
3
|G(t,s) - G(ﬂ,s)! < : .
2M [ [p(s) + 4.(5)] ds

On the other hand, for any x € B, we have

|[(Fx)(2) - (Fx)(¢') |

1 —~
<|t-¢|Dy+ /0 |G(t,5) = G(¢,5)|[f (5,%(5)) + g.(5)] ds
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e 1
" M .(5)]d
+ 2Mfol[p(s)+%(5)]ds /0 [p(s)+q (s)] s
€ 3
- D+ .
2D, 2

Thus, F(B) is equicontinuous on [0, 1].

Step 5. We show that F : P — P is continuous. Assume that x,,x9 € P and ||x, — xo|| —
0,17 — +00. Then there exists a constant L; > 0 such that ||x,|| < Ly, [[xo]| <L (n=1,2,...).
Similarly to (2.15), we have g(s, [x(s) — (s)]*) < g(s,L; +1) < (L; + 1)"1g(s,1) (n =1,2,...).
Then, we have

|(Fx,)(2) = (Fxo)(0)|

1 —~ —~
< |(1 —1)(Dy, —Dx0)| + /0 G(s,s)[f(s,x,,(s)) —f(s,xo(s)| ds,

where

1 1
D,, = Hf (/0 [x,,(s)] dozl(s)>, Dy, = Hf (/0 [x (s)] dal(s)>.

Set

ru(s) = G5, )| (5,%a(5)) —f (5,%0(5))
F(s) = 2MG(s,s)[p(s) + . (s)], s €(0,1),

where

M; = max h(t)+1, max{Hék(gog(x,, - a))),Vxn € P} =Cy < +00,

0<7<R3

1

1
Ry = f G(s,r)g(t, [x,,(t) - w(r)]*) dr < (L +1)™ / G(s,s)g(s, 1) ds,
0 0

R3 = C2 +Ré

It is clear that |r,(s)| < F(s),s € (0,1),n=1,2,..., and {r,(s)} is a sequence of measurable
functions in (0,1). By (Hg) we have

1 1
0< / F(s)ds = 2M; / G(s, s)[p(s) + q+(s)] ds < +00. (2.15)
0 0

We assert that r,(s) — 0 (n — +00) for any fixed s € (0,1). In fact, for any fixed s € (0,1),
noticing the continuity of f(s,y) in y, we have that f(s,y) is uniformly continuous with
respect to y in [0, Rs]; thus, for any ¢ > 0, there exists a constant § > 0 such that, for any
v1, V2 € [0, R3] such that |v; —1y| < 6,

[f(s,v1) = f(s,v2)] < ﬁ (2.16)

On the other hand, in view of the continuity of g(s, x) in x, we obtain that g(s, x) is uniformly
continuous in x in [0, L], so for the above § > 0, there exists a constant §; > 0, such that.
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for any uy, u, € [0, L] such that |u; — uy| < 81,

’g(srul) —g(S, MZ){ < ZG(S,S)'

Since x,(s) — xo(s) (m — +00), there exists a natural number Ny > 0 such that |x,(s) —
x0(s)| < &1 for n > Ny. Noting that

|[%n(s) = (s)]” = [%0(s) — (s)]"|

% (5) — (s)| + %u(s) — (s)  [xo(s) — @(s)] +xo(s) — eo(s)
2 2

14 (5) = ($)| ~ 1o (s) — @(S)] | #u(s) — Xols)
2 2

1) = %@ () - %00
+
- 2 2

= |%u(s) — x0(s)| < 81
and

0 < [x(s) = (8)]" < #als) <Ly,
0 < [x0(s) — w(9)]" <x0(s) <Ly,
for n > Ny, we have

1)
2G(s,s)

|2 (8, [%a(5) — 0(5)]") = g(s, [0(5) — w(5)]") | < (2.17)

By (2.17) we have

1 1
‘ / G(s, )g(7, [x4(7) - 0(1)]") dT - / G(s, 7)g(7, [%0(7) - 0(1)]") dT <§. (2.18)
0 0

Noting that HJ is continuous, for the above § > 0, there exists 8, > 0 such that |z; —z;| < §,.
Then

)
|H;(z1) — Hj (25)] < >
Since

02t — ) = / (5n(s) - 0(5)) dotals),  aloo ) 1= / (x0(s) - (s)) dats(s),
[0,1] [0,1]

and x,, — xg,n — +00, by the Lebesgue dominated convergence theorem we have
©2(xy — W) = a0 —w), n—> +00.

For the above §; > 0, there exists a natural number Nj > 0 such that, for any n > Nj, we
have

5
[H3 (205 — ) = H (200 = )| < . (2.19)
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Then it follows from (2.18) and (2.19) that

1
1 - 9)H; (p2(xy — w)) + /0 G(s, t)g(r, [xn(r) - a)(r)]*) dt

1

— 1= 9)H; (p2(x0 — w)) + /0 G(s,7)g(7, [%0(z) - 0(7)]") dr
<6,
that is,

[26,(5) — %0 (5)| < 6. (2.20)

By (2.16), choose N = max{Njy, N1}. For n > N, we have
1
}/(s, 1 - $)H; (p2(x, — w)) + /o G(s,T)g(, [xa(r) - w(f)]*) df)

1
—f(s, (1 - $)H; (2 (x0 — @) + /o G(s, 7)g(7, [%0(z) - 0(1)]") dr)

)
<=0
G(s,5)

that is,

€
G(s,s)’

[f (5,%4()) = £ (5:%0(5))| <

Consequently, for any fixed s € (0,1) and for any ¢ > 0, there exists a natural number N, > 0
such that, for n > N,

|ra(s) - 0] <&,
that is, r,,(s) = 0 (n — +00), s € (0,1).
Since Hj is continuous, for the above € > 0, there exists §3 > § > 0 such that if |z; — 23| < 83,
then

@) Hie)| <e.
\H}(z1) - H; (22)| < €

So by (2.20) we have

1 1
H (fo [(1 ~H (- ) + ,/0 G(s, 7)g (7, [%u(7) - 0(2)]") df} doq(s))
1 1 )
- Hf </ [(1 — $)H; (¢2(x0 — w)) + / G(s, 7)g(7, [#0(7) - w(1)] )df:| dal(s)) ‘
0 0
<e,
that is,

|Dy, — Dy, < &.
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By the Lebesgue dominated convergence theorem we have
[|[Fx, — Fxo|| <€ +& =28, n— +00.

Then
[|Fx, — Fxol| > 0, n— +00.

Therefore, F: P — P is continuous. Thus, F : P — P is a completely continuous operator.

This completes the proof of the lemma. O
Lemma 2.7 Assume that (H,)-(Hg) hold. Then i(F, P+, P) = 1.
Proof Assume that there exist 1o > 1 and zg € 9P+ such that Agzy = Fzo. Then z = ﬁFZO

and 0 < % < 1. We know that zo(£) > t(1 — t)|lzo|| = t(1 — £)r*,t € [0,1], and w(¢) =
fol G(t,s)g_(s)ds <t(1—¢t) fol q_(s)ds. Then, for any ¢ € [0,1],

1
20(6) = 0(t) = zo(8) — t1 - 1 / g-(s)ds
0

1
>t -0r'—td -1 / q_(s)ds
0

1
= t(l—t)[fk —/ q(s)dsi| > 0.
0

Applying zp = %on, we obtain Ag, zg such that

250 + £ [f(t,20(8) + 4.(8)] = 0,
20(0) = L H;( [y 20(8) dt) = £ D, (2.21)
A (1) =0.

Since z;j(t) < 0 for any ¢ € (0,1), zo(t) is a concave function on [0, 1]. By the boundary con-

ditions, if ||z || = 2z0(0), then z;(¢) < 0,t € (0,1), and since z(0) = %DZO is a nonnegative

number depending only on zy, we have z;(0) = 0. Noting that

1

‘/OIG(S,‘L')g(‘E,[ZO(‘L')—a)(‘l.')]*)d‘r5/0 G(t,1)g(t, [20(7) - w(2)]") dt
} /0 ' G(e, ) (e, [20l0) — ()] dr
- /0 ' Gle,o)g(er20(0)) dr
<[ G, (o) dr

1
<(r +1)A1/ G(t,1)g(r,1) dt,
0
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we get
—_—~ 1 *
zo(s) = (1 - $)H; (p2(z0 — w)) + /o G(s,7)g(7, [20(r) — (7)]") dT

1
< Hj(¢2(z0 — w)) + (r* + 1)Al /0 G(s,s)g(s, 1) ds.

Then, choosing ¢ € (0,1) and integrating (2.21) from 0 to ¢, we have

—~

z() = /0 zy(s)ds > _./o [f(s, zo(s)) + q+(s)] ds

> - [ [pOn(a0) + 4.0 ds
0

0<7t<Rp

> —[ max h(t)+1] /0 t[p(s)+q+(s)]ds,

where
Ll
Ry = Hy (¢2(z0 - w)) + (r* +1)™ / G(s,s)g(s, 1) ds. (2.22)
0

By (Hg) we know that Ry < R. So

—zy(t) < [Omax h(t) + 1] /0 [p(s) + q+(s)] ds

<1=<Rg

< [ max h(t) + l] /Ot[p(s) + q+(s)] ds.

0<7T<R

Next, integrating this inequality from O to 1, we obtain

1
r =Zo(0)=/ —z6(s)ds< max h(r) +1 [ ds/ p(E) +q.(8)] dt
0

0<t<R

< [OrgTanRh(T) + 1] /1 dE/ [p(é) + Q+($)] ds

< [ max i) + /(1 )[p(&) + 4.(6)] dt.

0<t<R

Hence,

r*

f (1-6)[p(&) + 4. ()] de

maxo<;<g A(t) +1 ~

< 2/0 1-8)[p&) +q.(5)] ds,

which is a contradiction with (Hg). On the other hand, if ||zg|| > z0(0), then there exists
to € (0,1) such that

llzoll = zo(to0); zy(to) = 0, zo(t) =0, te(0,); zo(£) <0, te(to,1).
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If t € (0, 4y), integrating (2.21) from ¢ to £y, we have
Z)(t) = /t ’ ~2o(s)ds
< [ 11200 + 4,9 s
< ft ) [p(5)1(2005)) + . (9)] ds

< [ max h(z) + 1] /Lto [p(s) + q.(s)] ds

0<t<Rp

where R is defined by (2.22), and by (Hg) we know that Ry < R. So

%MEhggJM+QKWﬂWw$H$

< [ max h(7) + 1] /to [p(s) + g.(s)] ds.

0<7<R

Next, integrating this inequality from O to £y, we obtain

r = zo(tp) = /0 0z6(s)ds+zo(0)

[ max h(t) +1

0<t<R

/ ﬁf [P(&) + 4.(8)] dE + 20(0)

O<1:<

]
[max h(t)+1]/ d&/ )+q+(§ ds + z¢(0)
]

[max W(r)+1
0<t<R

/ E[p(&) + 4, (8)] & +20(0)

_ MaXo<r<r h(t) +1
- 1-1

Consequently,

r*(1-to)

maxo<r<g 1(7) +1

20(0)(1 - o)
maxg<;<ph(t) +1°

1
< [ ca-olpe) +a.0)]ds +
0
For t € (£,1), we have
zy(2) = / zy(s) ds > —/ [f(s, z;\(;)) + q+(s)] ds
> - [ [Poh(aD) +0.0]ds

> —[ max h(t) + 1] /t[p(s) + q+(s)] ds,

0<7t<Rp

ASO—S@@+%@H&+%@)

Page 16 of 24
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where Ry is defined by (2.22), and by (Hg) we know that Ry <R, so

20 < [Oglrgoh(tﬂl] / [p(s) +q.(5)] ds

Lo

[ rnax h(t) + 1] /t[p(s) + q+(s)] ds

0<t< to

Next, integrating this inequality from £ to 1, we obtain
1
r = zo(to) = / 2y (s) ds
Omath(r)+1 / dsf pE)+q.( 5) d&
< [max h(z) + 1]/ dé/ [p(€) +q.(8)]ds
0<7<R to £

1
[max ]’l(l’)+1]/ (1—&)[P($)+Q+(§)]d§

0<t<R to

<r< h 1
SM‘/ E(1-£)[p(E) + q.(8)] de.
Then,
}"*to 1
maxo—; g A(T) + 1 5/0 E1-8)[p) +q.(6)] de.
Thus,

r*

maxo<r<g H(7) +1
20(0)(1 - Zo)
maxg<.<g 1(t) +1

ﬁDZ() (1 - tO)

maxo<,<g A(T) +1

1
52/0 E(1L—£)[p(E) + 4, ()] dt +
—2/51 E[p(E) + 4. (6)] dt +

Ds,
<2 /0 (1= &)[plE) + . ()] dt +

maxo<;<g h(t) +1’

which is a contradiction with (Hg). So, by Lemma 2.3, i(F, P, P) = 1. This completes the
proof of the lemma. O

Lemma 2.8 Assume that (Hy)-(H;) and (Hy) hold. There exists a constant R* > r* such
that i(F, Pgs, P) = 0.

Proof We choose constants «, 8, and L such that

8 1
[O{,ﬁ] - (0’1)’ L> 2|:O[(1 - ,3) glfl?fxl/o; G(t,S) dS] .
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By (Hy) there exists R} > 2r such that
fty) =1Ly, tela,Blye[R],+0). (2.23)

On the other hand, by Lemma 2.4 there exists R} > R} such that, for ¢ € [, ] and x €
[R;, +00),

2 . L 1
o) . glt)

x o relwpl X _maxafsfﬂfaﬁG(s,r)dr,

that is,

1

gt,x) > x, tela,Bl,xe [R;, +oo). (2.24)

MaXg<s<p ff G(s,7)dt

2RE . x
Let R* > -725. Obviously, R* > Rj > Rj > 2r*. Thus, = < 1
Now we show that x 2 Fx, x € 0Pp+. Indeed, otherwise, there exists x; € dPp+ such that

x1 > Fx;. As in the proof of Lemma 2.7, by the definition of 7*, for any ¢ € [«, 8], we have
x1(2) — (2)
1
=) -t1-0) [ q-0)ds
0

qﬁq@m+q

le(t)—t(l—t)[ C
x1(%) r* 1
=x1(t) =t =" > x1(8) = — 1" =x1(t) = —x1(t) > ~x1(¢)
[l R* 2

1
= SH- Ol = sRa(l-B) = Ry > 0.

N =

So, by (2.24), for any s € [«, 8], we have

B
f G(s, t)g(r, [xl(t) - a)(t)]*) dr

B
. ! o fa G5, 1)1 () — ()] d

T maxe<s<p [ Gs,T

1
> SR'(l-f)= Ry > Ry,
Since f is nondecreasing in y, from the last inequality it follows that
1 —~
R =00 )= [ Ge9[f(snb) +a.0)]ds
0
1 —_~
> / G(t,s)f(s, xl(s)) ds
0

B —_
> / G(t,s)Lx1(s)ds
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B B
2/ G(t,s)L/ G(s,r)g(r,[xl(t)—w(r)]*)drds

B
> %La(l—,B)R*/ G(t,s)ds, te[0,1].

o

Then we have

) p
2[La(1-B)]” z/ G(t,s)ds, te[0,1].

o
Taking the maximum in the last inequality, we get

B
2[La(l - ,3)]71 > max / G(t,s) ds.

<t<1

Consequently,

B -1
L§2|:oz(1—;3)51<1f1<xl/ G(t,s)ds] .

This contradicts to the choice of L. Thus, by Lemma 2.3, i(F, Pg+, P) = 0. The proof is
complete. g

3 Main results
In this section, we give our main result.

Theorem 3.1 Suppose that (H,)-(Hy) are satisfied. Then system (1.1) has at least one pos-

itive solution.
Proof Applying Lemmas 2.7 and 2.8 and the definition of the fixed point index, we have

i(F,Pg+\Py,P) = —1. Thus, F has a fixed point z in Pp+\P,+ with r* < ||zo|| < R*. Since

r* < |lzoll, we have
1

1
20(8) —o(t) = tL = )|zl - /O G(t,5)q-(s)ds = t(1 - t)llzo || - £(1 - 1) /0 q-(s)ds
1
= t(l—t)|:||z0|| —/ q(s)dsj| =kt(l-1)>0, te(0,1],
0

where k = ||zo|| - fol q-(s)ds>0.
Choosing zy € Pg+ \P,+, we have

0i(zo — w) = ¢i(z0) — pi(w) = Collzoll — gi(w), i=1,2.

Since ¢;(w) < Ci|lw|| and w € P, we have w(f) > t(1 - t)||w||. Consequently, by the above
inequalities and the definition of w(t) we have

1
0 <t(1-tgi(w) < Citl - t)||lw|l < Cio(t) = Cl/o G(t,s)q_(s)ds

1
< Cit(1- t)/ q_(s)ds.
0
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Consequently, g;(w) < G fol q_(s)ds. Then

Ci [ q_(s)ds 1
¢i(zo —w) = Collzo || — pi(w) = Co(lf% + 1) - Cl/ q-(s)ds
0 0

=Cy>0, i=1,2.
Then from Lemma 2.5 it follows that

x(t) = zo(t) — w(2),
¥(t) = (1 - )H; (p2(z0 — w)) + fol G(t,5)g(s, (zo(s) — w(s))) ds

is a positive solution of system (1.1). Thus, we complete the proof of Theorem 3.1. d

Remark 3.1 In comparison with [13] and [16], we consider coupled systems rather than
only a single equation, the nonlinearity f(¢,x) may be singular at ¢ = 0,1, and ¢(¢) can have
finitely many singularities in [0, 1]. Moreover, we do not assume that H satisfies merely an
asymptotic condition.

Remark 3.2 In comparison with [14], we also consider the coupled system, but our system
is singular semipositone. We consider f that need not have a lower bound, and we do not
assume that H; satisfy superlinearity conditions at £ = 0 and ¢ = +0o0.

Remark 3.3 In comparison with [7], we have more complex integral boundary condi-
tions. In this paper, H; (i = 1,2) are not linear, and ¢; : C([0,1]) — R (i = 1,2) are linear
Stieltjes integrals with signed measures. Thus, in this paper, we allow the map y — ¢() to
be negative even if y is nonnegative. This is very different from paper [4].

4 Example
Example 4.1 Consider the singular system

/N

i = te(0,1),

) 2 1 1
003 arctany — 5 3%{% + 5= 2},
y ; + V(E=3)

-y’ = 19925(1%)’ t€(0,1),
x(0) = Hi(p1(»),  x(1)=0,

¥(0) = Ha (g2 (%)), ¥(1) =0,

1 /1 1 /2 1 /1 1 /2 1 /1
oY) = §y<§) - gy(§> = g)’(g) - gy(§> + g)’(g): (4.2)

(4.1)

0110) 0129
NN NCANE WIANS WAATE NG ws)
)==x(=)-=xl =)=z« ) —zx| = )+>x| = ). .
=31 32) " 8"10) T6"\2) T8 \10) T\ 2
—
2,1 (%) ©2,2(x)

By (4.2) and (4.3) we know that ¢y, ¢, satisfy (Hs)-(H7), and Cy = %, Ci=L1,Dy=2,D =
%—i. Define H, H;, by

Hi(z)=2> + 2, H>(z) := z%, t € (—00, +00).
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We know that H; is not superlinear at £ = 0 and does not satisfy an asymptotic condition
and that H, is not superlinear at £ = 0 and ¢ = +00. Then system (4.1) has at least one
positive solution on C[0,1] N C%(0,1) x C[0,1] N C%(0,1). Indeed, choose

h(y) = y* arctany,

t
p(t) = m,

05—
XS IV B(t_%)z’

25x%

07 tr = T T
6% = 5o =D

q.(t)

Then

G (g () dt 194
r*zl‘fog—()+1=?,
0 (4.4)

1 1
2 /0 A-0)[p®) +q.(1)] dt = 007D ~ 0.0047,

1
r+1)" | G(s,9)gls,)ds=1, (4.5)
(r+1) ;

and thus

1 199 2 5 \*
=1 G, 1)ds=(— ) =(—] ~0.0006,
§ /0 (5. s)gts, 1) s ( 5 ) (199>

and 0 < t(1-t)|x|| < x(¢) < ||x|l,x € P. If x € [t(1 - t)r*,r*], £ € [0,1], then

)’

4
~ 17.7833.
120

Pa(x — ) < @a(x) < Dy lx]| =

Consequently,

H; (p2(x — w)) < H: 21343 _ (2134 %~26102 (4.6)
22 ="\ 120 /] "\ 120 DS :

1
y(t)=(1-t)H; ((pz(x - a))) + /(; G(t, S)g(s, [x(s) - a)(s)]*) ds

2134\% [
( 120 ) * /0 G(t,5)g (s, x(s)) ds

1
2,134\ 3 !
5( 50 ) +/0 G(t,5)g(s, ") ds

% 1
2,134) L ()" / G(t,5)g(s,1) ds
0

IA

2,134\ [194\% [/ 5 \2
- (=) () ~35606.
120 5 199
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1
Then ¢1(y) < Gillyll < 55 x (35215 + (B2)? - ($35)%] ~ 2.4924, and

w1+ (55) (%) (35))
CACIRCRON]
(R (3) (5]

~ 8.7045.

By (4.5) and (4.6) we have

max{H; (¢2(x — »)) + (r* + l)hg,x € [t -or*, ]t e[0,1]}

2,134\ 3
< +1~3.6102.
120

Then

2,134 3
R= +1~3.6102,

120
1 2 1
2,134\ 3 2,134\ 3
max h(t) = +1) arctan +1 ) ~971.2290,
0<T<R 120 120
r* 194
= - 5 - ~0.0399, (4.7)
maxo<,<g h(7) +1 ((352%)3 +1)2arctan((332)3 +1) +1
D,,

maxo<r<g 1(7) +1
1 1
U X [ + (292 (5P + 5 x (G + (2 (55)°)

((B24)5 + 12 arctan((224)5 +1) + 1

~ 0.0090.

By (4.4), (4.7), and the last inequality we get that condition (Hg) holds.

Thus, (H;)-(Hg) hold. Therefore, by Theorem 3.1 system (4.1) has at least one positive
solution on C[0,1] N C2(0,1) x C[0,1] N C*(0,1).

Remark 4.1 In Example 4.1, even if we consider only one equation

/!

i = t€(0,1),

L{L + 1 }
2394 Ve IR (4.8)
%(0) =H(pi(x)),  x(1)=0

t 2 _
00+D X~ arctanx
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the function H(z) = 2% + z does not satisfy the key condition H of [13], that is, there is a
number C, > 0 such that

H(z)-C
lim |H(2) 2Z|=0

Z—>+00 z

So [13] cannot deal with the problem.

Remark 4.2 In Example 4.1, the nonlinearity term f has singularity at £ = 0 and ¢ = %
Moreover, f can tend to negative infinity as ¢ — 0 or ¢ — %, which implies that f need
not have a lower bound. So, Example 4.1 well demonstrates this point. In Example 4.1, if
q(t) =0, then f,g:[0,1] x [0, +00) — [0, +00) are continuous. Consider the system

—x = myz arctany, t€(0,1),
3

/" 25x2
-y = W(l—t)’ te (0, 1)7 (4“9)
%(0) = Hi(1(»), (1) =0,

¥(0) = Ha(pa(x)), (1) =0.

Let Hi(2) := 2% +zand Hy(z) := 23. We know that Hj is not superlinear at £ = 0 and H; is not
superlinear at ¢ = 0 and ¢ = +00. Then, these do not satisfy the condition for H; (i = 1,2) in
[14], that is,

I |H;(2)]
im =

z—0*t z

0, i=12

and

5 |H;(2)|
im —= = +00

zZ—+00 z

So [14] cannot deal with the problem.
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