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Abstract
In this paper we consider the existence of at least one positive solution to a class of
singular semipositone coupled system of nonlocal boundary value problems. We
show that the system possesses at least one positive solution by using fixed point
index theory. We remark that to some extent our systems and results generalize and
extend some previous works.
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1 Introduction
In this paper, we consider the existence of at least one positive solution to the following
singular semipositone coupled system of nonlocal boundary value problems:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–x′′ = f (t, y(t)) + q(t), t ∈ (, ),

–y′′ = g(t, x(t)), t ∈ (, ),

x() = H(ϕ(y)), x() = ,

y() = H(ϕ(x)), y() = ,

(.)

where f , g : (, ) × [, +∞) → [, +∞) are continuous and may be singular at t = , ,
q : (, ) → (–∞, +∞) is Lebesgue integrable, and q(t) may have finitely many singular-
ities in [, ], Hi : R → R (R = (–∞, +∞)) are continuous, and Hi([, +∞)) ⊆ [, +∞) and
ϕi : C([, ]) → R (i = , ) are linear and can be realized as Stieltjes integrals with signed
measures. In particular, in the Stieltjes integral representation ϕ(y) =

∫

[,] y(t) dα(t) with
α : [, ] → R of bounded variation on [, ], we no longer assume that α is necessarily
monotonically increasing. Thus, in this paper, we allow the map y �→ ϕ(y) to be negative
even if y is nonnegative.

Recently, the theory of nonlocal and nonlinear boundary value problems and singular
semipositone differential systems becomes an important area of investigation because of
its wide applicability in control, electrical engineering, physics, chemistry fields, and so
on. Equation (.) is used to describe chemical reactor theory where the nonlinearity can
take negative values. Many works have been done for a kind of nonlinear boundary value
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problems [, ] and nonlinear differential systems [–]. However, most investigators only
focus on the case where the nonlinearity takes nonnegative values, that is, positone prob-
lems. For example, under conditions where f (t, y) and g(t, x) have no any singularities and
q(t) ≡ , Agarwal and O’Regan [], using the Leray-Schauder fixed point theorem, ob-
tained the existence of positive solutions of the following system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–x′′ = f (t, y(t)) + q(t), t ∈ (, ),

–y′′ = g(t, x(t)), t ∈ (, ),

x() = x() = ,

αy() – βy′() = γ y() + δy′().

(.)

Later, Zhang and Liu [] obtained the existence of positive solutions of system (.) by the
Leray-Schauder fixed point theorem under the conditions that q(t) : (, ) → (–∞, +∞)
is Lebesgue integrable, q(t) may have finitely many singularities in [, ], and f , g : (, ) ×
[, +∞) → [, +∞) are continuous and may be singular at t = , . The study of semiposi-
tone problems has a long history in the literature, the work of Anuradha et al. [] being
an early, classical example. More recent papers include those by Goodrich [], Graef and
Kong [], and Infante and Webb []. Furthermore, recently, there have been many pa-
pers on nonlocal BVPs with nonlinear boundary conditions. For example, Anderson [],
Goodrich [, –], and Infante et al. [–]. In this paper, these nonlocal nonlinear
boundary conditions have been investigated by Goodrich [, ]. For example, in [],
Goodrich investigated the existence of positive solutions of the semipositone boundary
value problems with nonlocal nonlinear boundary conditions

⎧
⎨

⎩

–y′′ = f (t, y(t)), t ∈ (, ),

y() = H(ϕ(y)), y() = ,
(.)

by the fixed point index under the conditions that f : [, ]×R → R and H : R → R are con-
tinuous, H([, +∞)) ⊆ [, +∞), and there is a number C ≥ , such that limz→+∞ |H(z)–Cz|

z =
 ((H) in []). The proof of Theorem . in [] gives a limiting condition, that is,

(C + ε)
∫ 


( – t) dα(t) +

∫ 



∫ 


G(t, s)

[

r

u(s) + v(s)
]

dα(t) < ,

where C is a constant, r 
=  satisfies some conditions, ε satisfies  < ε < [
∫ 

 ( –
t) dα(t)]– – C, v : [, ] → [, +∞) is continuous, and u : [, ] → [, +∞) is not iden-
tically zero on any subinterval of [, ]. Goodrich [] investigated the existence of posi-
tive solutions of the coupled system of boundary value problems with nonlocal boundary
conditions

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–x′′ = f (t, y(t)), t ∈ (, ),

–y′′ = g(t, x(t)), t ∈ (, ),

x() = H(ϕ(y)), x() = ,

y() = H(ϕ(x)), y() = ,

(.)
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by the Leray-Schauder fixed point theorem under the conditions that f , g : [, ] ×
[, +∞) → [, +∞) are Hi : R → R are continuous, Hi([, +∞)) ⊆ [, +∞), and Hi satisfies
limz→+

Hi(z)
z =  and limz→+∞ Hi(z)

z = +∞, i = ,  ((A) in []). For example, Goodrich []
investigated the existence of at least one positive solution of the semipositone boundary
value problems with nonlocal, nonlinear boundary conditions

⎧
⎪⎪⎨

⎪⎪⎩

–y′′ = λf (t, y(t)), t ∈ (, ),

y() = H(ϕ(y)),

y() = ,

(.)

by the fixed point index, where λ >  is a parameter, under the conditions that f : [, ] ×
R → R are H : R → R are continuous, H([, +∞)) ⊆ [, +∞), limz→+ H(z)

z = +∞ ((H) in
[]), and there is a number C ≥  such that limz→+∞ |H(z)–Cz|

z =  ((H) in []).
Motivated by the works mentioned, in this paper, we consider the coupled system (.).

The main features of this paper are as follows. Firstly, we have more general integral
boundary conditions. Secondly, we consider coupled systems rather than a single equa-
tion. Finally, we consider f that need not have a lower bound, that is, a semipositone prob-
lem. We remark that, to some extent, our systems and results generalize some previous
works.

We organize this paper as follows. In Section , we first approximate the singular semi-
positone problem to the singular positone problem by a substitution. Then we present
some lemmas to be used later. In Section , we state our result and give its proof. In Sec-
tion , we present an example to demonstrate an application of our main results.

2 Preliminaries and lemmas
In this section, we first approximate the singular semipositone problem to the singular
positone problem by a substitution. Then we present some lemmas to be used later. We
assume that there are four linear functionals ϕ,,ϕ,,ϕ,,ϕ, : C[, ] → R such that ϕ,ϕ

satisfy the decompositions

ϕ(y) = ϕ,(y) + ϕ,(y), ϕ(y) = ϕ,(y) + ϕ,(y). (.)

Let E = C[, ], so that (E,‖ · ‖) is a Banach space with usual maximal norm ‖y‖ =
maxt∈[,] |y(t)|. Let

P =
{

y ∈ E : y(t) ≥ , y(t) ≥ t( – t)‖y‖, t ∈ [, ],ϕ,(y) ≥ ,ϕ,(y) ≥ 
}

. (.)

Clearly, P is a cone in E. We denote Pr := {y ∈ P,‖y‖ < r} for any r > .
Now, for the boundary value problem

⎧
⎪⎪⎨

⎪⎪⎩

x′′(t) = , t ∈ (, ),

x() = ,

x() = ,
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we denote the Green functions

⎧
⎨

⎩

t( – s),  ≤ t ≤ s ≤ ,

s( – t),  ≤ s ≤ t ≤ .
(.)

In the rest of the paper, we adopt the following assumptions:
(H) There exist constants C, D >  such that ϕ,(y) ≥ C‖y‖ and ϕ,(y) ≥ D‖y‖ for

all y ∈ P.
(H) The functionals described in (.) have the form

ϕ(y) :=
∫

[,]
y(t) dα(t), ϕ,(y) :=

∫

[,]
y(t) dα,(t),

ϕ,(y) :=
∫

[,]
y(t) dα,(t),

ϕ(y) :=
∫

[,]
y(t) dα(t), ϕ,(y) :=

∫

[,]
y(t) dα,(t),

ϕ,(y) :=
∫

[,]
y(t) dα,(t),

where all αi,αi,j : C[, ] → R, i, j = , , are of bounded variation on [, ].
(H) We have

∫

[,]
G(t, s) dα,(t) > ,

∫

[,]
G(t, s) dα,(t) > , ∀s ∈ [, ],

∫

[,]
( – t) dα,(t) > ,

∫

[,]
( – t) dα,(t) > .

(H) The functions H, H : R → R are continuous with H([, +∞)), H([, +∞)) ⊆
[, +∞).

(H) f : (, ) × [, +∞) → [, +∞) is continuous, and for any t ∈ (, ), f (t, y) is nonde-
creasing in y and satisfies

f (t, y) ≤ p(t)h(y), (.)

where p : (, ) → [, +∞) and h : [, +∞) → [, +∞) are continuous, and limy→+∞ f (t,y)
y =

+∞ for t uniformly on any closed subinterval of (, ).
(H) g : (, ) × [, +∞) → [, +∞) is continuous, and g(t, ) >  for all t ∈ (, ). More-

over, there exist constants λ ≥ λ >  such that, for any t ∈ (, ) and x ∈ [, +∞),

cλ g(t, x) ≤ g(t, cx) ≤ cλ g(t, x),  ≤ c ≤ , (.)

with  <
∫ 

 G(t, t)g(t, ) dt < ∞.
(H) q(t) : (, ) → (–∞, +∞) is Lebesgue integrable such that

∫ 
 q–(t) dt > , where

q–(t) = max
{

–q(t), 
}

, t ∈ (, ).
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Remark . Note that since both ϕ and ϕ are linear, there exist constants C and D > 
such that |ϕ| ≤ C‖y‖ and |ϕ| ≤ D‖y‖ for all y ∈ P. Henceforth, C and D denote these
constants.

To state and prove the main result of this paper, we need the following lemmas.

Lemma . ([]) q : (, ) → (–∞, +∞) is Lebesgue integrable, and q(t) may have finitely
many singularities.

Lemma . ([]) For any c ≥  and (t, x) ∈ (, ) × [, +∞), we have

cλ g(t, x) ≤ g(t, cx) ≤ cλ g(t, x). (.)

Definition . If (x, y) ∈ C[, ] ∩ C(, ) × C[, ] ∩ C(, ) satisfies (.) and x(t) >
, y(t) >  for any t ∈ (, ), then we say that (x, y) is a positive solution of system (.).

For u ∈ E, let us define the function [·]∗ by

[
u(t)

]∗ =

⎧
⎨

⎩

u(t), u(t) ≥ ,

, u(t) < ,

H∗
i (z) = Hi

(
max{, z}), i = , .

Clearly, ω(t) =
∫ 

 G(t, s)q–(s) ds is a positive solution of the BVP

⎧
⎨

⎩

–ω′′(t) = q–(t), t ∈ (, ),

ω() = ω() = .

Clearly, ω ∈ P.
In what follows, we consider the following approximately singular nonlinear system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–x′′(t) = f (t, y(t)) + q+(t), t ∈ (, ),

–y′′(t) = g(t, [x(t) – ω(t)]∗), t ∈ (, ),

x() = H∗
 (ϕ(y)), x() = ,

y() = H∗
 (ϕ(x – ω)), y() = ,

(.)

where

q+(t) = max
{

q(t), 
}

, t ∈ (, ).

It is easy to check that (x, y) is a solution of (.) if and only if (x, y) is a solution of the
following nonlinear integral equation system:

⎧
⎨

⎩

x(t) = ( – t)H∗
 (ϕ(y)) +

∫ 
 G(t, s)[f (s, y(s)) + q+(s)] ds, t ∈ [, ],

y(t) = ( – t)H∗
 (ϕ(x – ω)) +

∫ 
 G(t, s)g(s, [x(s) – ω(s)]∗) ds, t ∈ [, ].

(.)
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If x ∈ P and ω ∈ P, then y ∈ P. In fact,

y(t) = ( – t)H∗

(
ϕ(x – ω)

)
+

∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds, t ∈ [, ]

and

y() = H∗

(
ϕ(x – ω)

)
, y() = .

If ‖y‖ = y() = H∗
 (ϕ(x – ω)), then we have

y(t) ≥ ( – t)H∗

(
ϕ(x – ω)

) ≥ t( – t)H∗

(
ϕ(x – ω)

)

= t( – t)‖y‖, t ∈ [, ].

If ‖y‖ > H∗
 (ϕ(x – ω)), then there exists t ∈ (, ) such that ‖y‖ = y(t). Since G(t,s)

G(t,s) ≥
t( – t), t, s ∈ (, ) × (, ), we have

y(t) = ( – t)H∗

(
ϕ(x – ω)

)
+

∫ 



G(t, s)
G(t, s)

G(t, s)g
(
s,

[
x(s) – ω(s)

]∗)ds

≥ t( – t)
[

( – t)H∗

(
ϕ(x – ω)

)
+

∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds
]

= t( – t)y(t)

= t( – t)‖y‖, t ∈ [, ].

If ‖y‖ < H∗
 (ϕ(x – ω)), then

y(t) = ( – t)H∗

(
ϕ(x – ω)

)
+

∫ 



G(t, s)
G(t, s)

G(t, s)g
(
s,

[
x(s) – ω(s)

]∗)ds

≥ ( – t)H∗

(
ϕ(x – ω)

)

≥ t( – t)H∗

(
ϕ(x – ω)

)

> t( – t)‖y‖, t ∈ [, ].

In other words, we have x,ω ∈ P, H∗
 (ϕ(x – ω)) ≥ , and

ϕi,(y) =
∫

[,]
( – t)H∗


(
ϕ(x – ω)

)
dαi,(t)

+
∫

[,]

(∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds
)

dαi,(t)

= H∗

(
ϕ(x – ω)

)
∫ 


( – t) dαi,(t)

+
∫ 



[∫

[,]
G(t, s) dαi,(t)

]

g
(
s,

[
x(s) – ω(s)

]∗)ds ≥ , i = , .

This yields that y ∈ P.
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For convenience, we have the following form:

ϕ(y) =
∫ 


y(t) dα(t)

=
∫ 



[

( – t)H∗

(
ϕ(x – ω)

)
+

∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds
]

dα(t).

We define

Dx := H∗

(
ϕ(y)

)
. (.)

Obviously, it is a nonnegative number that only depends on x.
We list here more assumptions to be used later.
(H) We have

C
C

∫ 
 q–(t) dt + 

max≤τ≤R h(τ ) + 
> 

∫ 


( – t)

[
p(t) + q+(t)

]
dt +

Dx

max≤τ≤R h(τ ) + 
,

where

r∗ =
C

C

∫ 


q–(t) dt + , g̃ =

∫ 


G(s, s)g(s, ) ds,

R = max
{

H∗

(
ϕ(x – ω)

)
+

(
r∗ + 

)λ g̃, x ∈ [
t( – t)r∗, r∗], t ∈ [, ]

}
,

Dx = max
{

Dx, x ∈ [
t( – t)r∗, r∗], t ∈ [, ]

}
.

(H) limy→+∞ f (t,y)
y = +∞ for t uniformly on any closed subinterval of (, ).

As a matter of convenience, we set

x̃(t) = y(t) = ( – t)H∗

(
ϕ(x – ω)

)
+

∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds, t ∈ [, ].

Then, clearly, the equation system (.) is equivalent to the equation

x(t) = ( – t)Dx +
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds, t ∈ [, ]. (.)

Next, let us define the nonlinear operator F : P → C([, ]) by

(Fx)(t) = ( – t)Dx +
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds, t ∈ [, ]. (.)

It is well known that the solutions to system (.) exist if and only if the solutions to equa-
tion (.) exist. Therefore, if x(t) is a fixed point of F in P, then system (.) has one
solution (u, v), which can be written as

⎧
⎨

⎩

u(t) = x(t),

v(t) = ( – t)H∗
 (ϕ(x – ω)) +

∫ 
 G(t, s)g(s, [x(s) – ω(s)]∗) ds, t ∈ [, ].
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Lemma . ([]) Let X be a real Banach space, P be a cone in X, � be a bounded open
subset of X with θ ∈ �, and A : � ∩ P → P be a completely continuous operator.

() Suppose that

Au 
= λu, ∀u ∈ ∂� ∩ P,λ ≥ .

Then i(A,� ∩ P, P) = .
() Suppose that

Au � u, ∀u ∈ ∂� ∩ P.

Then i(A,� ∩ P, P) = .

Lemma . ([]) If g(t, x) satisfies (H), then for any t ∈ (, ), g(t, x) is increasing in x ∈
[, +∞), and for any [α,β] ⊂ (, ),

lim
n→+∞ min

t∈[α,β]

g(t, x)
x

= +∞.

Lemma . Suppose that (u, v) with u(t) ≥ ω(t) for any t ∈ [, ] is a positive solution of
system (.) and ϕ(u–ω) ≥ , ϕ(v) ≥ . Then (u–ω, v) is a positive solution of the singular
semipositone differential system (.).

Proof In fact, if (u, v) is a positive solution of (.) and u(t) ≥ ω(t),ϕ(u – ω) ≥ ,ϕ(v) ≥ 
for any t ∈ [, ], then by (.) and the definition of [u(t)]∗ we have

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–u′′(t) = f (t, v(t)) + q+(t), t ∈ (, ),

–v′′(t) = g(t, u(t) – ω(t)), t ∈ (, ),

u() = H∗
 (ϕ(v)) = H(ϕ(v)), u() = ,

v() = H∗
 (ϕ(u – ω)) = H(ϕ(u – ω)), v() = .

(.)

Let u = u – ω. Then u′′
 = u′′ – ω′′, which implies that

u′′(t) = u′′
 (t) + ω′′(t) = u′′

 (t) – q–(t), t ∈ (, ).

Thus, (.) becomes

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–u′′
 (t) = f (t, v(t)) + q+(t) – q–(t), t ∈ (, ),

–v′′(t) = g(t, u(t)), t ∈ (, ),

u() = H(ϕ(v)), u() = ,

v() = H(ϕ(u)), v() = .

(.)

Noticing that q(t) = q+(t) – q–(t), by (.) we have that (u, v) is a positive solution of
system (.), that is, (u – ω, v) is a positive solution of system (.). This completes the
proof of the lemma. �
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Lemma . Assume that (H)-(H) hold. Then F : P → P is a completely continuous op-
erator.

Proof For convenience, the proof is divided into the following five steps.
Step . We show that F : P → P is well defined. For any fixed x ∈ P, choose  < a <  such

that a‖x‖ < . Then a[x(t) – ω(t)]∗ ≤ a‖x‖ < , so by (.), (.), and Lemma . we have

g
(
t,

[
x(t) – ω(t)

]∗) ≤
(


a

)λ

g
(
t, a

[
x(t) – ω(t)

]∗) ≤ aλ–λ‖x‖λ g(t, ).

Then

∫ 


G(s, τ )g

(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

≤ aλ–λ‖x‖λ

∫ 


G(τ , τ )g(τ , ) dτ = R̃. (.)

Consequently, for any t ∈ [, ], we have

(Fx)(t) = ( – t)Dx +
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≤ Dx +
∫ 


G(s, s)

[
p(s)h

(
x̃(s)

)
+ q+(s)

]
ds

≤ Dx + N
∫ 


G(s, s)

[
p(s) + q+(s)

]
ds < +∞,

where

N = max
≤τ≤R

h(τ ) + ,

max
{

H∗

(
ϕ(x – ω)

)
,∀x ∈ P

}
= C < +∞, R = C + R̃.

Thus, F : P → P is well defined.
Step . We show that F(P) ⊂ P. For any x ∈ P, by the definition of the operator F , we

obtain (Fx)() = , (Fx)() = Dx. If ‖Fx‖ = Dx, then we have

(Fx)(t) ≥ t( – t)Dx = t( – t)‖Fx‖, t ∈ [, ].

Then F(P) ⊂ P. If ‖Fx‖ > Dx, then there exists t ∈ (, ) such that ‖Fx‖ = (Fx)(t). Since
G(t,s)

G(t,s) ≥ t( – t), t, s ∈ (, ) × (, ), we have

(Fx)(t) = ( – t)Dx +
∫ 



G(t, s)
G(t, s)

G(t, s)
[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≥ t( – t)
[

( – t)Dx +
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

]

≥ t( – t)(Fx)(t) = t( – t)‖Fx‖, t ∈ [, ].
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If ‖Fx‖ < Dx, then

(Fx)(t) = ( – t)Dx +
∫ 



G(t, s)
G(t, s)

G(t, s)
[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≥ ( – t)Dx > t( – t)‖Fx‖, t ∈ [, ].

We also know that

ϕi,(Fx) =
∫

[,]
( – t)Dx dαi,(t) +

∫

[,]

(∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

)

dαi,(t)

= Dx

∫ 


( – t) dαi,(t) +

∫ 



[∫

[,]
G(t, s) dαi,(t)

]
[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≥ , i = , .

Thus, F(P) ⊂ P.
Step . Let B ⊂ P be any bounded set. We show that F(B) is uniformly bounded. There

exists a constant L >  such that ‖u‖ ≤ L for any u ∈ B. Moreover, for any u ∈ B and s ∈
[, ], we have [x(s) – ω(s)]∗ ≤ x(s) ≤ ‖x‖ ≤ L < L + . Then, for any x ∈ B and s ∈ [, ], we
have g(s, [x(s) – ω(s)]∗) ≤ g(s, L + ) ≤ (L + )λ g(s, ), and thus

(Fx)(t) = ( – t)Dx +
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≤ Dx +
∫ 


G(s, s)

[
p(s)h

(
x̃(s)

)
+ q+(s)

]
ds

≤ Dx + M
∫ 


G(s, s)

[
p(s) + q+(s)

]
ds < +∞,

where

M = max
≤τ≤R

h(τ ) + , max
{

H∗

(
ϕ(x – ω)

)
,∀x ∈ B ⊂ P

}
= C < +∞,

R = C + (L + )λ

∫ 


G(s, s)g(s, ) ds.

Therefore, F(B) is uniformly bounded.
Step . Let B ⊂ P be any bounded set. We show that F(B) is equicontinuous on [, ]. For

any (t, s) ∈ [, ] × [, ], G(t, s) is uniformly continuous. Thus, for any ε > , there exists a
constant δ = ε

Dx
such that, for any t, t′,∈ [, ] such that |t – t′| < δ, we have

∣
∣G(t, s) – G

(
t′, s

)∣
∣ <

ε

M
∫ 

 [p(s) + q+(s)] ds
.

On the other hand, for any x ∈ B, we have

∣
∣(Fx)(t) – (Fx)

(
t′)∣∣

≤ ∣
∣t – t′∣∣Dx +

∫ 



∣
∣G(t, s) – G

(
t′, s

)∣
∣
[
f
(
s, x̃(s)

)
+ q+(s)

]
ds
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< δDx +
ε

M
∫ 

 [p(s) + q+(s)] ds
M

∫ 



[
p(s) + q+(s)

]
ds

=
ε

Dx
Dx +

ε


= ε.

Thus, F(B) is equicontinuous on [, ].
Step . We show that F : P → P is continuous. Assume that xn, x ∈ P and ‖xn – x‖ →

, n → +∞. Then there exists a constant L >  such that ‖xn‖ ≤ L,‖x‖ ≤ L (n = , , . . .).
Similarly to (.), we have g(s, [x(s) – ω(s)]∗) ≤ g(s, L + ) ≤ (L + )λ g(s, ) (n = , , . . .).
Then, we have

∣
∣(Fxn)(t) – (Fx)(t)

∣
∣

≤ ∣
∣( – t)(Dxn – Dx )

∣
∣ +

∫ 


G(s, s)

∣
∣f

(
s, x̃n(s)

)
– f (s, x̃(s)

∣
∣ds,

where

Dxn = H∗


(∫ 



[
x̃n(s)

]
dα(s)

)

, Dx = H∗


(∫ 



[
x̃(s)

]
dα(s)

)

.

Set

rn(s) = G(s, s)|f (s, x̃n(s)
)

– f
(
s, x̃(s)

)
,

F(s) = MG(s, s)
[
p(s) + q+(s)

]
, s ∈ (, ),

where

M = max
≤τ≤R

h(τ ) + , max
{

H∗

(
ϕ(xn – ω)

)
,∀xn ∈ P

}
= C < +∞,

R′
 =

∫ 


G(s, τ )g

(
τ ,

[
xn(τ ) – ω(τ )

]∗)dτ ≤ (L + )λ

∫ 


G(s, s)g(s, ) ds,

R = C + R′
.

It is clear that |rn(s)| ≤ F(s), s ∈ (, ), n = , , . . . , and {rn(s)} is a sequence of measurable
functions in (, ). By (H) we have

 ≤
∫ 


F(s) ds = M

∫ 


G(s, s)

[
p(s) + q+(s)

]
ds < +∞. (.)

We assert that rn(s) →  (n → +∞) for any fixed s ∈ (, ). In fact, for any fixed s ∈ (, ),
noticing the continuity of f (s, y) in y, we have that f (s, y) is uniformly continuous with
respect to y in [, R]; thus, for any ε > , there exists a constant δ >  such that, for any
v, v ∈ [, R] such that |v – v| < δ,

∣
∣f (s, v) – f (s, v)

∣
∣ <

ε

G(s, s)
. (.)

On the other hand, in view of the continuity of g(s, x) in x, we obtain that g(s, x) is uniformly
continuous in x in [, L], so for the above δ > , there exists a constant δ > , such that.
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for any u, u ∈ [, L] such that |u – u| < δ,

∣
∣g(s, u) – g(s, u)

∣
∣ <

δ

G(s, s)
.

Since xn(s) → x(s) (n → +∞), there exists a natural number N >  such that |xn(s) –
x(s)| < δ for n > N. Noting that

∣
∣
[
xn(s) – ω(s)

]∗ –
[
x(s) – ω(s)

]∗∣∣

=
∣
∣
∣
∣
|xn(s) – ω(s)| + xn(s) – ω(s)


–

|x(s) – ω(s)| + x(s) – ω(s)


∣
∣
∣
∣

=
∣
∣
∣
∣
|xn(s) – ω(s)| – |x(s) – ω(s)|


+

xn(s) – x(s)


∣
∣
∣
∣

≤ |xn(s) – x(s)|


+
|xn(s) – x(s)|



=
∣
∣xn(s) – x(s)

∣
∣ < δ

and

 ≤ [
xn(s) – ω(s)

]∗ ≤ xn(s) ≤ L,

 ≤ [
x(s) – ω(s)

]∗ ≤ x(s) ≤ L,

for n > N, we have

∣
∣g

(
s,

[
xn(s) – ω(s)

]∗) – g
(
s,

[
x(s) – ω(s)

]∗)∣∣ <
δ

G(s, s)
. (.)

By (.) we have

∣
∣
∣
∣

∫ 


G(s, τ )g

(
τ ,

[
xn(τ ) – ω(τ )

]∗)dτ –
∫ 


G(s, τ )g

(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

∣
∣
∣
∣ <

δ


. (.)

Noting that H∗
 is continuous, for the above δ > , there exists δ >  such that |z – z| < δ.

Then

∣
∣H∗

 (z) – H∗
 (z)

∣
∣ <

δ


.

Since

ϕ(xn – ω) :=
∫

[,]

(
xn(s) – ω(s)

)
dα(s), ϕ(x – ω) :=

∫

[,]

(
x(s) – ω(s)

)
dα(s),

and xn → x, n → +∞, by the Lebesgue dominated convergence theorem we have

ϕ(xn – ω) → ϕ(x – ω), n → +∞.

For the above δ > , there exists a natural number N >  such that, for any n > N, we
have

∣
∣H∗


(
ϕ(xn – ω)

)
– H∗


(
ϕ(x – ω)

)∣
∣ <

δ


. (.)



Liu and Hao Boundary Value Problems  (2016) 2016:207 Page 13 of 24

Then it follows from (.) and (.) that
∣
∣
∣
∣( – s)H∗


(
ϕ(xn – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
xn(τ ) – ω(τ )

]∗)dτ

– ( – s)H∗

(
ϕ(x – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

∣
∣
∣
∣

< δ,

that is,

∣
∣x̃n(s) – x̃(s)

∣
∣ < δ. (.)

By (.), choose N = max{N, N}. For n > N , we have

∣
∣
∣
∣f

(

s, ( – s)H∗

(
ϕ(xn – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
xn(τ ) – ω(τ )

]∗)dτ

)

– f
(

s, ( – s)H∗

(
ϕ(x – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

)∣
∣
∣
∣

<
ε

G(s, s)
,

that is,

∣
∣f

(
s, x̃n(s)

)
– f

(
s, x̃(s)

)∣
∣ <

ε

G(s, s)
.

Consequently, for any fixed s ∈ (, ) and for any ε > , there exists a natural number N > 
such that, for n > N,

∣
∣rn(s) – 

∣
∣ < ε,

that is, rn(s) →  (n → +∞), s ∈ (, ).
Since H∗

 is continuous, for the above ε > , there exists δ > δ >  such that if |z –z| < δ,
then

∣
∣H∗

 (z) – H∗
 (z)

∣
∣ < ε.

So by (.) we have

∣
∣
∣
∣H

∗


(∫ 



[

( – s)H∗

(
ϕ(xn – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
xn(τ ) – ω(τ )

]∗)dτ

]

dα(s)
)

– H∗


(∫ 



[

( – s)H∗

(
ϕ(x – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

]

dα(s)
)∣

∣
∣
∣

< ε,

that is,

|Dxn – Dx | < ε.
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By the Lebesgue dominated convergence theorem we have

‖Fxn – Fx‖ < ε + ε = ε, n → +∞.

Then

‖Fxn – Fx‖ → , n → +∞.

Therefore, F : P → P is continuous. Thus, F : P → P is a completely continuous operator.
This completes the proof of the lemma. �

Lemma . Assume that (H)-(H) hold. Then i(F , Pr∗ , P) = .

Proof Assume that there exist λ ≥  and z ∈ ∂Pr∗ such that λz = Fz. Then z = 
λ

Fz

and  < 
λ

≤ . We know that z(t) ≥ t( – t)‖z‖ = t( – t)r∗, t ∈ [, ], and ω(t) =
∫ 

 G(t, s)q–(s) ds ≤ t( – t)
∫ 

 q–(s) ds. Then, for any t ∈ [, ],

z(t) – ω(t) ≥ z(t) – t( – t)
∫ 


q–(s) ds

≥ t( – t)r∗ – t( – t)
∫ 


q–(s) ds

= t( – t)
[

r∗ –
∫ 


q–(s) ds

]

≥ .

Applying z = 
λ

Fz, we obtain λ, z such that

⎧
⎪⎪⎨

⎪⎪⎩

z′′
(t) + 

λ
[f (t, z̃(t)) + q+(t)] = ,

z() = 
λ

H∗
 (

∫ 
 z̃(t) dt) = 

λ
Dz ,

z() = .

(.)

Since z′′
(t) ≤  for any t ∈ (, ), z(t) is a concave function on [, ]. By the boundary con-

ditions, if ‖z‖ = z(), then z′
(t) ≤ , t ∈ (, ), and since z() = 

λ
Dz is a nonnegative

number depending only on z, we have z′
() = . Noting that

∫ 


G(s, τ )g

(
τ ,

[
z(τ ) – ω(τ )

]∗)dτ ≤
∫ 


G(τ , τ )g

(
τ ,

[
z(τ ) – ω(τ )

]∗)dτ

=
∫ 


G(τ , τ )g

(
τ ,

[
z(τ ) – ω(τ )

])
dτ

≤
∫ 


G(τ , τ )g

(
τ , z(τ )

)
dτ

≤
∫ 


G(τ , τ )g

(
τ , r∗)dτ

≤ (
r∗ + 

)λ
∫ 


G(τ , τ )g(τ , ) dτ ,
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we get

z̃(s) = ( – s)H∗

(
ϕ(z – ω)

)
+

∫ 


G(s, τ )g

(
τ ,

[
z(τ ) – ω(τ )

]∗)dτ

≤ H∗

(
ϕ(z – ω)

)
+

(
r∗ + 

)λ
∫ 


G(s, s)g(s, ) ds.

Then, choosing t ∈ (, ) and integrating (.) from  to t, we have

z′
(t) =

∫ t


z′′

(s) ds ≥ –
∫ t



[
f
(
s, z̃(s)

)
+ q+(s)

]
ds

≥ –
∫ t



[
p(s)h

(
z̃(s)

)
+ q+(s)

]
ds

≥ –
[

max
≤τ≤R

h(τ ) + 
]∫ t



[
p(s) + q+(s)

]
ds,

where

R = H∗

(
ϕ(z – ω)

)
+

(
r∗ + 

)λ
∫ 


G(s, s)g(s, ) ds. (.)

By (H) we know that R ≤ R. So

–z′
(t) ≤

[
max

≤τ≤R
h(τ ) + 

]∫ t



[
p(s) + q+(s)

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t



[
p(s) + q+(s)

]
ds.

Next, integrating this inequality from  to , we obtain

r∗ = z() =
∫ 


–z′

(s) ds ≤
[

max
≤τ≤R

h(τ ) + 
]∫ 


ds

∫ s



[
p(ξ ) + q+(ξ )

]
dξ

≤
[

max
≤τ≤R

h(τ ) + 
]∫ 


dξ

∫ 

ξ

[
p(ξ ) + q+(ξ )

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ 


( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ .

Hence,

r∗

max≤τ≤R h(τ ) + 
≤

∫ 


( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ

≤ 
∫ 


( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ ,

which is a contradiction with (H). On the other hand, if ‖z‖ > z(), then there exists
t ∈ (, ) such that

‖z‖ = z(t); z′
(t) = , z′

(t) ≥ , t ∈ (, t); z′
(t) ≤ , t ∈ (t, ).
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If t ∈ (, t), integrating (.) from t to t, we have

z′
(t) =

∫ t

t
–z′′

(s) ds

≤
∫ t

t

[
f
(
s, z̃(s)

)
+ q+(s)

]
ds

≤
∫ t

t

[
p(s)h

(
z̃(s)

)
+ q+(s)

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t

t

[
p(s) + q+(s)

]
ds,

where R is defined by (.), and by (H) we know that R ≤ R. So

z′
(t) ≤

[
max

≤τ≤R
h(τ ) + 

]∫ t

t

[
p(s) + q+(s)

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t

t

[
p(s) + q+(s)

]
ds.

Next, integrating this inequality from  to t, we obtain

r∗ = z(t) =
∫ t


z′

(s) ds + z()

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t


ds

∫ t

s

[
p(ξ ) + q+(ξ )

]
dξ + z()

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t


dξ

∫ ξ



[
p(ξ ) + q+(ξ )

]
ds + z()

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t


ξ
[
p(ξ ) + q+(ξ )

]
dξ + z()

≤ max≤τ≤R h(τ ) + 
 – t

∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ + z().

Consequently,

r∗( – t)
max≤τ≤R h(τ ) + 

≤
∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ +

z()( – t)
max≤τ≤R h(τ ) + 

.

For t ∈ (t, ), we have

z′
(t) =

∫ t

t

z′′
(s) ds ≥ –

∫ t

t

[
f
(
s, z̃(s)

)
+ q+(s)

]
ds

≥ –
∫ t

t

[
p(s)h

(
z̃(s)

)
+ q+(s)

]
ds

≥ –
[

max
≤τ≤R

h(τ ) + 
]∫ t

t

[
p(s) + q+(s)

]
ds,
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where R is defined by (.), and by (H) we know that R ≤ R, so

–z′
(t) ≤

[
max

≤τ≤R
h(τ ) + 

]∫ t

t

[
p(s) + q+(s)

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ t

t

[
p(s) + q+(s)

]
ds.

Next, integrating this inequality from t to , we obtain

r∗ = z(t) =
∫ 

t

–z′
(s) ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ 

t

ds
∫ s

t

[
p(ξ ) + q+(ξ )

]
dξ

≤
[

max
≤τ≤R

h(τ ) + 
]∫ 

t

dξ

∫ 

ξ

[
p(ξ ) + q+(ξ )

]
ds

≤
[

max
≤τ≤R

h(τ ) + 
]∫ 

t

( – ξ )
[
p(ξ ) + q+(ξ )

]
dξ

≤ max≤τ≤R h(τ ) + 
t

∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ .

Then,

r∗t

max≤τ≤R h(τ ) + 
≤

∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ .

Thus,

r∗

max≤τ≤R h(τ ) + 

≤ 
∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ +

z()( – t)
max≤τ≤R h(τ ) + 

= 
∫ 


ξ ( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ +


λ

Dz ( – t)
max≤τ≤R h(τ ) + 

≤ 
∫ 


( – ξ )

[
p(ξ ) + q+(ξ )

]
dξ +

Dz

max≤τ≤R h(τ ) + 
,

which is a contradiction with (H). So, by Lemma ., i(F , Pr∗ , P) = . This completes the
proof of the lemma. �

Lemma . Assume that (H)-(H) and (H) hold. There exists a constant R∗ > r∗ such
that i(F , PR∗ , P) = .

Proof We choose constants α,β , and L such that

[α,β] ⊂ (, ), L > 
[

α( – β) max
≤t≤

∫ β

α

G(t, s) ds
]–

.
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By (H) there exists R∗
 > r such that

f (t, y) ≥ Ly, t ∈ [α,β], y ∈ [
R∗

 , +∞)
. (.)

On the other hand, by Lemma . there exists R∗
 > R∗

 such that, for t ∈ [α,β] and x ∈
[R∗

, +∞),

g(t, x)
x

≥ min
t∈[α,β]

g(t, x)
x

≥ 
maxα≤s≤β

∫ β

α
G(s, τ ) dτ

,

that is,

g(t, x) ≥ 
maxα≤s≤β

∫ β

α
G(s, τ ) dτ

x, t ∈ [α,β], x ∈ [
R∗

, +∞)
. (.)

Let R∗ ≥ R∗


α(–β) . Obviously, R∗ > R∗
 > R∗

 > r∗. Thus, r∗
R∗ < 

 .
Now we show that x � Fx, x ∈ ∂PR∗ . Indeed, otherwise, there exists x ∈ ∂PR∗ such that

x ≥ Fx. As in the proof of Lemma ., by the definition of r∗, for any t ∈ [α,β], we have

x(t) – ω(t)

≥ x(t) – t( – t)
∫ 


q–(s) ds

≥ x(t) – t( – t)
[C

∫ 
 q–(s) ds

C
+ 

]

= x(t) – t( – t)r∗ ≥ x(t) –
x(t)
‖x‖ r∗ = x(t) –

r∗

R∗ x(t) ≥ 


x(t)

≥ 


t( – t)‖x‖ ≥ 


R∗α( – β) ≥ R∗
 > .

So, by (.), for any s ∈ [α,β], we have

∫ β

α

G(s, τ )g
(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ

≥ 
maxα≤s≤β

∫ β

α
G(s, τ ) dτ

∫ β

α

G(s, τ )
[
x(τ ) – ω(τ )

]∗ dτ

≥ 


R∗α( – β) ≥ R∗
 > R∗

 .

Since f is nondecreasing in y, from the last inequality it follows that

R∗ ≥ x(t) ≥ Fx(t) ≥
∫ 


G(t, s)

[
f
(
s, x̃(s)

)
+ q+(s)

]
ds

≥
∫ 


G(t, s)f

(
s, x̃(s)

)
ds

≥
∫ β

α

G(t, s)Lx̃(s) ds
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≥
∫ β

α

G(t, s)L
∫ β

α

G(s, τ )g
(
τ ,

[
x(τ ) – ω(τ )

]∗)dτ ds

≥ 


Lα( – β)R∗
∫ β

α

G(t, s) ds, t ∈ [, ].

Then we have


[
Lα( – β)

]– ≥
∫ β

α

G(t, s) ds, t ∈ [, ].

Taking the maximum in the last inequality, we get


[
Lα( – β)

]– ≥ max
≤t≤

∫ β

α

G(t, s) ds.

Consequently,

L ≤ 
[

α( – β) max
≤t≤

∫ β

α

G(t, s) ds
]–

.

This contradicts to the choice of L. Thus, by Lemma ., i(F , PR∗ , P) = . The proof is
complete. �

3 Main results
In this section, we give our main result.

Theorem . Suppose that (H)-(H) are satisfied. Then system (.) has at least one pos-
itive solution.

Proof Applying Lemmas . and . and the definition of the fixed point index, we have
i(F , PR∗\Pr∗ , P) = –. Thus, F has a fixed point z in PR∗\Pr∗ with r∗ < ‖z‖ < R∗. Since
r∗ < ‖z‖, we have

z(t) – ω(t) ≥ t( – t)‖z‖ –
∫ 


G(t, s)q–(s) ds ≥ t( – t)‖z‖ – t( – t)

∫ 


q–(s) ds

= t( – t)
[

‖z‖ –
∫ 


q–(s) ds

]

= kt( – t) ≥ , t ∈ [, ],

where k = ‖z‖ –
∫ 

 q–(s) ds > .
Choosing z ∈ PR∗\Pr∗ , we have

ϕi(z – ω) = ϕi(z) – ϕi(ω) ≥ C‖z‖ – ϕi(ω), i = , .

Since ϕi(ω) ≤ C‖ω‖ and ω ∈ P, we have ω(t) ≥ t( – t)‖ω‖. Consequently, by the above
inequalities and the definition of ω(t) we have

 ≤ t( – t)ϕi(ω) ≤ Ct( – t)‖ω‖ ≤ Cω(t) = C

∫ 


G(t, s)q–(s) ds

≤ Ct( – t)
∫ 


q–(s) ds.
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Consequently, ϕi(ω) ≤ C
∫ 

 q–(s) ds. Then

ϕi(z – ω) ≥ C‖z‖ – ϕi(ω) ≥ C

(C
∫ 

 q–(s) ds
C

+ 
)

– C

∫ 


q–(s) ds

= C > , i = , .

Then from Lemma . it follows that
⎧
⎨

⎩

x(t) = z(t) – ω(t),

y(t) = ( – t)H∗
 (ϕ(z – ω)) +

∫ 
 G(t, s)g(s, (z(s) – ω(s))) ds

is a positive solution of system (.). Thus, we complete the proof of Theorem .. �

Remark . In comparison with [] and [], we consider coupled systems rather than
only a single equation, the nonlinearity f (t, x) may be singular at t = , , and q(t) can have
finitely many singularities in [, ]. Moreover, we do not assume that H satisfies merely an
asymptotic condition.

Remark . In comparison with [], we also consider the coupled system, but our system
is singular semipositone. We consider f that need not have a lower bound, and we do not
assume that Hi satisfy superlinearity conditions at t =  and t = +∞.

Remark . In comparison with [], we have more complex integral boundary condi-
tions. In this paper, Hi (i = , ) are not linear, and ϕi : C([, ]) → R (i = , ) are linear
Stieltjes integrals with signed measures. Thus, in this paper, we allow the map y �→ ϕ(y) to
be negative even if y is nonnegative. This is very different from paper [].

4 Example
Example . Consider the singular system

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

–x′′ = t
(π+) y arctan y – 

+ √
{ √

t + 
√(t– 

 )
}, t ∈ (, ),

–y′′ = x



t(–t) , t ∈ (, ),

x() = H(ϕ(y)), x() = ,

y() = H(ϕ(x)), y() = ,

(.)

ϕ(y) =



y
(




)

–



y
(




)

=



y
(




)

–



y
(




)

︸ ︷︷ ︸
ϕ,(y)

+



y
(




)

︸ ︷︷ ︸
ϕ,(y)

, (.)

ϕ(x) =



x
(




)

–



x
(




)

=



x
(




)

–



x
(




)

︸ ︷︷ ︸
ϕ,(x)

+



x
(




)

︸ ︷︷ ︸
ϕ,(x)

. (.)

By (.) and (.) we know that ϕ,ϕ satisfy (H)-(H), and C = 
 , C = 

 , D = 
 , D =


 . Define H, H by

H(z) := z + z, H(z) := z

 , t ∈ (–∞, +∞).
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We know that H is not superlinear at t =  and does not satisfy an asymptotic condition
and that H is not superlinear at t =  and t = +∞. Then system (.) has at least one
positive solution on C[, ] ∩ C(, ) × C[, ] ∩ C(, ). Indeed, choose

p(t) =
t

(π + )
, h(y) = y arctan y,

q–(t) =


 +  √

{
√
t

+



√

(t – 
 )

}

,

q+(t) ≡ , g(t, x) =
x 



t( – t)
, λ = , λ =




.

Then

r∗ =
C

∫ 
 q–(t) dt

C
+  =




,


∫ 


( – t)

[
p(t) + q+(t)

]
dt =


(π + )

≈ .,

(.)

(
r∗ + 

)λ
∫ 


G(s, s)g(s, ) ds = , (.)

and thus

g̃ =
∫ 


G(s, s)g(s, ) ds =

(




)–

=
(




)

≈ .,

and  ≤ t( – t)‖x‖ ≤ x(t) ≤ ‖x‖, x ∈ P. If x ∈ [t( – t)r∗, r∗], t ∈ [, ], then

ϕ(x – ω) ≤ ϕ(x) ≤ D‖x‖ =
,


≈ ..

Consequently,

H∗

(
ϕ(x – ω)

) ≤ H

(
,


)

=
(

,


) 
 ≈ ., (.)

y(t) = ( – t)H∗

(
ϕ(x – ω)

)
+

∫ 


G(t, s)g

(
s,

[
x(s) – ω(s)

]∗)ds

≤
(

,


) 


+
∫ 


G(t, s)g

(
s, x(s)

)
ds

≤
(

,


) 


+
∫ 


G(t, s)g

(
s, r∗)ds

≤
(

,


) 


+
(
r∗)λ

∫ 


G(t, s)g(s, ) ds

=
(

,


) 


+
(




)

·
(




)

≈ ..
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Then ϕ(y) ≤ C‖y‖ ≤ 
 × [( ,

 ) 
 + ( 

 ) · ( 
 )] ≈ ., and

H∗

(
ϕ(y)

) ≤ H

(



×
[(

,


) 


+
(




)

·
(




)])

=
{




×
[(

,


) 


+
(




)

·
(




)]}

+



×
[(

,


) 


+
(




)

·
(




)]

≈ ..

By (.) and (.) we have

max
{

H∗

(
ϕ(x – ω)

)
+

(
r∗ + 

)λ g̃, x ∈ [
t( – t)r∗, r∗], t ∈ [, ]

}

≤
(

,


) 


+  ≈ ..

Then

R =
(

,


) 


+  ≈ .,

max
≤τ≤R

h(τ ) =
((

,


) 


+ 
)

arctan

((
,


) 


+ 
)

≈ .,

r∗

max≤τ≤R h(τ ) + 
=




(( ,
 ) 

 + ) arctan(( ,
 ) 

 + ) + 
≈ ., (.)

Dx

max≤τ≤R h(τ ) + 

≤ { 
 × [( ,

 ) 
 + ( 

 ) · ( 
 )]} + 

 × [( ,
 ) 

 + ( 
 ) · ( 

 )]

(( ,
 ) 

 + ) arctan(( ,
 ) 

 + ) + 

≈ ..

By (.), (.), and the last inequality we get that condition (H) holds.

Thus, (H)-(H) hold. Therefore, by Theorem . system (.) has at least one positive
solution on C[, ] ∩ C(, ) × C[, ] ∩ C(, ).

Remark . In Example ., even if we consider only one equation

⎧
⎨

⎩

–x′′ = t
(π+) x arctan x – 

+ √
{ √

t + 
√(t– 

 )
}, t ∈ (, ),

x() = H(ϕ(x)), x() = 
(.)
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the function H(z) = z + z does not satisfy the key condition H of [], that is, there is a
number C ≥  such that

lim
z→+∞

|H(z) – Cz|
z

= .

So [] cannot deal with the problem.

Remark . In Example ., the nonlinearity term f has singularity at t =  and t = 
 .

Moreover, f can tend to negative infinity as t →  or t → 
 , which implies that f need

not have a lower bound. So, Example . well demonstrates this point. In Example ., if
q(t) ≡ , then f , g : [, ] × [, +∞) → [, +∞) are continuous. Consider the system

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

–x′′ = t
(π+) y arctan y, t ∈ (, ),

–y′′ = x



t(–t) , t ∈ (, ),

x() = H(ϕ(y)), x() = ,

y() = H(ϕ(x)), y() = .

(.)

Let H(z) := z +z and H(z) := z 
 . We know that H is not superlinear at t =  and H is not

superlinear at t =  and t = +∞. Then, these do not satisfy the condition for Hi (i = , ) in
[], that is,

lim
z→+

|Hi(z)|
z

= , i = , 

and

lim
z→+∞

|Hi(z)|
z

= +∞.

So [] cannot deal with the problem.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors contributed to each part of this study equally and read and approved the final version of the manuscript.

Acknowledgements
The authors would like to thank the referees and the Editor for their careful reading and some useful comments on
improving the presentation of this paper.
Supported financially by the National Natural Science Foundation of China (11501318, 11371221), the Fund of the Natural
Science of Shandong Province (ZR2014AM034), and Colleges and universities of Shandong province science and
technology plan projects (J13LI01), and University outstanding scientific research innovation team of Shandong province
(Modeling, optimization and control of complex systems).

Received: 27 August 2016 Accepted: 8 November 2016

References
1. Zhang, Y: Positive solutions of singular Enden-Fowler boundary value problems. J. Math. Anal. Appl. 185, 215-222

(1994)
2. Zhang, X, Liu, L, Wu, C: Nontrivial solution of third order nonlinear eigenvalue problems. Appl. Math. Comput. 176,

714-721 (2006)
3. Fink, AM, Gatica, JA: Positive solutions of second order systems of boundary value problems. J. Math. Anal. Appl. 180,

93-108 (1993)



Liu and Hao Boundary Value Problems  (2016) 2016:207 Page 24 of 24

4. Ma, R: Multiple nonnegative solutions of second order systems of boundary value problems. Nonlinear Anal. 42,
1003-1010 (2000)

5. João, M, Sebastián, L, Pedro, U: Local superlinearity for elliptic systems involving parameters. J. Differ. Equ. 211, 1-19
(2005)

6. Agarwal, RP, O’Regan, D: Multiple solutions for a coupled systems of boundary value problems. Dyn. Contin. Discrete
Impuls. Syst. 7, 97-106 (2000)

7. Zhang, X, Liu, L: Existence of positive solutions for a singular semipositone differential system. Math. Comput. Model.
47, 115-126 (2008)

8. Anuradha, V, Hai, DD, Shivaji, R: Existence results for superlinear semipositone BVPs. Proc. Am. Math. Soc. 124, 757-763
(1996)

9. Goodrich, CS: On semipositone discrete fractional boundary value problems with nonlocal boundary conditions.
J. Differ. Equ. Appl. 19, 1758-1780 (2013)

10. Greaf, J, Kong, L: Positive solutions for third order semipositone boundary value problems. Appl. Math. Lett. 22,
1154-1160 (2009)

11. Webb, JRL, Infante, G: Semipositone nonlocal boundary value problems of arbitrary order. Commun. Pure Appl. Anal.
9, 563-581 (2010)

12. Anderson, DR: Existence of three solutions for a first-order problem with nonlinear nonlocal boundary conditions.
J. Math. Anal. Appl. 408, 318-323 (2013)

13. Goodrich, CS: A note on semipositone boundary value problems with nonlocal, nonlinear boundary conditions.
Arch. Math. (Basel) 103, 177-187 (2014)

14. Goodrich, CS: Coupled systems of boundary value problems with nonlocal boundary conditions. Appl. Math. Lett. 41,
17-22 (2015)

15. Goodrich, CS: On a nonlocal BVP with nonlinear boundary conditions. Results Math. 63, 1351-1364 (2013)
16. Goodrich, CS: Semipositone boundary value problems with nonlocal, nonlinear boundary conditions. Adv. Differ.

Equ. 20, 1/2 (2015)
17. Infante, G: Nonlocal boundary value problems with two nonlinear boundary conditions. Commun. Appl. Anal. 12,

279-288 (2008)
18. Infante, G, Pietramala, P: Existence and multiplicity of nonnegative solutions for system of perturbed Hammerstein

integral equations. Nonlinear Anal. 71, 1301-1310 (2009)
19. Infante, G, Pietramala, P: Multiple nonnegative solutions of systems with coupled nonlinear boundary conditions.

Math. Methods Appl. Sci. 67, 2080-2090 (2014)
20. Cianciaruso, F, Infante, G, Pietramala, P: Existence and multiplicity of nonnegative solutions of perturbed

Hammerstein integral equations with applications. Nonlinear Anal., Real World Appl. 33, 317-347 (2017)
21. Liu, L, Hao, X, Wu, Y: Positive solutions for singular secong order differential equations with integral boundary

conditions. Math. Comput. Model. 57, 836-847 (2013)
22. Cui, Y, Liu, L, Zhang, X: Uniqueness and existence of positive solutions for singular differential systems with coupled

integral boundary value problems. Abstr. Appl. Anal. 2013 Article ID 340487 (2013)
23. Guo, DJ, Lakshmikantham, V: Nonlinear Problems in Abstract Cones. Academic Press, San Diego (1988)


	Existence of positive solutions for a singular semipositone differential system with nonlocal boundary conditions
	Abstract
	Keywords

	Introduction
	Preliminaries and lemmas
	Main results
	Example
	Competing interests
	Authors' contributions
	Acknowledgements
	References


