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homoclinic solutions for the second-order self-adjoint discrete Hamiltonian system
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1 Introduction

Consider the second-order self-adjoint discrete Hamiltonian system
A[p(n)Au(n - 1)] — L(n)u(n) + VW/(n, u(n)) =0, (1.1)

where n € Z, u € RV, Au(n) = u(n + 1) — u(n) is the forward difference, pL:7— RN N
and W:Z x RN — R, W(n,x) is continuously differentiable in x for every n € Z.

As usual, we say that a solution u#(n) of system (1.1) is homoclinic (to 0) if u(n) — 0 as
n — £o00. In addition, if u(#n) # 0 then u(n) is called a nontrivial homoclinic solution.

The existence and multiplicity of nontrivial homoclinic solutions for problem (1.1) have
been extensively investigated in the literature with the aid of critical point theory and vari-
ational methods; see, for example, [1-13]. Most of them treat the case where W (n,x) is
superquadratic as |x| — oo.

Compared to the superquadratic case, as far as the author is aware, there are a few pa-

pers [10, 12, 13] concerning the case where W (n,x) has subquadratic growth at infinity.
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Specifically, [12] and [10] dealt with the existence and multiplicity of homoclinic solutions
for (1.1) under the following assumptions on L:

(Ly) L(n)isan N x N real symmetric positive definite matrix for all n € 7 and there exists
a constant B > 0 such that

(Lm)x,x) = B2, V(mx) € Z x RY;

(L,) L(n)isan N x N real symmetric positive definite matrix for all n € 7 and there exists
a constant v < 2 such that
fmin 1"k (L) o
respectively. In the above two cases, since L(n) is positive definite, the variational func-
tional associated with system (1.1) is bounded from below, techniques based on the genus
properties have been well applied. In particular, Clark’s theorem is an efficacious tool to
prove the existence and multiplicity of homoclinic solutions for system (1.1). However, if
L(n) is not global positive definite on Z, the problem is far more difficult as 0 is a saddle
point rather than a local minimum of the variational functional, which is strongly indefi-
nite and it is not easy to obtain the boundedness of the Palais-Smale sequence. In a recent

paper [13], based on a new direct sum decomposition of the ‘work space;, Tang and Lin
proved the following theorem by using a linking theorem which was developed in [14].

Theorem 1.1 [13] Assume that p(n) is an N x N real symmetric positive definite matrix
foralln € Z, L and W satisfy the following assumptions:

(L)) L(n) is an N x N real symmetric matrix for all n € 7 and there exists a constant
v < 2 such that

liminf[|n|”’2 inf (L(n)x,x)] > 0;
|n|—+o00 |x|=1
(W1) there exist constants max{1,2/(3 —v)} < y1 < v» <2 and a1, a; > 0 such that
|W(n,2)| < arlx]” + aslx, V(n,2) € Z x RY;
(W2) there exists a function ¢ € C([0,+00), [0, +00)) such that
VW (%) <p(lxl), Vinx) eZxRY,
where ¢(s) = O(s”!) as s — 0%, max{1,2/(3 - v)} < y3 < 2;
(W3) there exist constants by > 0, by, bz > 0 and max{1,2/(3 = v)} < Y6 < V5 < Y4 < 2 such
that

2W (n,x) — VW (1,%) > by|x|"* — ba|x|"> — bs|x|"®, V¥(m,x) € Z x RY;

(W4) there exist constants by > 0, bs,bg > 0 and max{1,2/(3 —v)} < 7 < Vg < Yo < 2 such
that

W (n,x) > ba|x|”” — bs|x|” — be|x|"*, V¥(n,x) € Z x RY;
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(W5) W(n,—x) = W(n,x),¥(nx) €Z x RV,

Then system (1.1) possesses infinitely many nontrivial homoclinic solutions.

We remark that the condition ‘positive definite’ is removed in (L)), i.e., L(n) is not re-
quired to be global positive definite on Z. The main goal of this paper is to weaken condi-
tions (W1), (W2), (W3) and (W4) of Theorem 1.1 under assumption (L).

To state our result, we first introduce the following assumptions:

(W7Y') there exist constants o; € [0,2 —v), a; > 0 and max{1,2(1 + 0;)/(3 — v)} < y; < 2 with
i=1,2 such that

2
|W(n,x)| < Zai(l +1n|%) x|, V(n,x) € Z x RV,

i=1

(W2') there exist two constants max{1,2(1+0;)/(3 - v)} < yir2 <2, i = 1,2 and two functions
o1, @2 € C([0, +00), [0, +00)) such that
2
VW (nx)| <Y 1+ ) gi(lxl), V(m,x) e Z xRV,

i=1

where ;(s) = O(s"2 ) as s — 0%,i=1,2;
(W3') there exist constants by >0, by > 0 and 1 < yg < y5 < 2 such that

2W(n,x) — VW (1,%) = bi|x|” — by|x|"e,  V(n,x) € Z x RY;
(W4') there exist constants by >0, by > 0 and 1 < y7 < yg < 2 such that
W(n,x) > bs|x|"” — ba|x|"®, V(n,x)€Z x RV,
We are now in a position to state the main result of this paper.

Theorem 1.2 Assume that p(n) is an N x N real symmetric positive definite matrix for
alln e Z, L and W satisfy (L), (W1'), (W2'), (W3'), (W4') and (W5). Then system (1.1)
possesses infinitely many nontrivial homoclinic solutions.

2 Preliminaries
In what follows, we always assume that p(n) is a real symmetric positive definite matrix
for all n € Z. As done in [13], we define

ln) = xeR}\l}fM:l(L(n)x, x) (2.1)
and
le{neZ:l(n)§0}, Zzz{neZ:l(n)>0}. (2.2)

Then by (L)), {(n) is bounded from below and so Z! is a finite set and

L= min{l(n) ‘ne Zz} > 0. (2.3)
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. Lly, neZt, ~ I, neZl,
L(n) = I(n) =
Lin), neZ? n), neZ?

Then, it follows from (2.1), (2.2), (2.3) and (2.4) that
(Z(n)x,x) >1n)|x> > Lix)?, VY(n,x) €Z x RV,
Let
S= {{“(”)}nez cu(n) € RV, ne Z},

E

{u es: Z[(p(n +1)Au(n), Au(n)) + (Z(n)u(n), u(n))] < +oo},

nez

and for u,v € E, let

(u,v) = Z[(p(n +1)Au(n), Av(n)) + (Z(n)u(n), v(n))].

nez

(2.4)

Then E is a Hilbert space with the above inner product, and the corresponding norm is

1/2
[l = {Z[(p(n +1)Au(n), Au(n)) + (Z(n)u(n), u(n))]} , ueckE.

nez
As usual, for 1 < g < +00, set
lq(Z,RN) = {{”(”)}nez cu(n) € RN, ne Z,Z|u(n)|q < +oo}
nez

and

IOO(Z,]RN) = {{”(”)}nez cu(n) eRN nez, sup|u(n)| < +oo},

neZ
and their norms are defined by

1/
ol = <Z|u(n)|q) " vuen(zrv)

nez

., Yuel®(Z,RVY),

4l 0o = sup|u(r)
nez

respectively.

Lemma 2.1 [9, Lemma 2.2] For u € E, one has

ol oo < el

1
Y, + da)l,

where a = inf{(p(n)x,x):n € Z,x € RN, x| = 1}.

(2.6)

Page 4 of 14
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Set

b(u,v) = Z[(p(n +1)Au(n), Av(n)) + (L(n)u(n),v(n))], Vu,veE.

nez

Lemma 2.2 [13, Lemma 2.3] Suppose that L satisfies (L,). Then

Page 5 of 14

(2.7)

(i) b(u,v) is a bilinear function on E, and there exists a constant Cy > 0 such that

|b(u,v)| < Collullllvll, Vu,veE;
(i)

b(u,u) = ||u|* - Z ((L(n) - L(n))u(n), u(n)), VueE.

nezl

By (L), there exist an integer Ny > max{|n| : n € Z'} and M, > 0 such that
|| inf (L(n)%,%) = Mo, |1l = No,
x| =
which implies

n|"2(L(n)x, x) = Molxl?, |n| = No,x € RV,

(2.8)

(2.10)

Lemma 2.3 Suppose that L satisfies (L.). Then, foro € [0,2-v)and1 <qge (2(1+0)/(3-

v),2), E is compactly embedded in 11(Z, RM); moreover,

D@+ 1n) |um)|” < %nunq, Vu € E,N > Ny

|n|>N

and

SN}

Do 1l Julw)|” < [( >+ lnl")m‘”[?<n>]"f“2“”)l_ =

nez [n|<N

Yu € E,N > Ny,

where

B-v)g-2(1+0)
K =
2

22-q)
B3-v)g-2(1+0)

>0, K(G,q):2|:

K(o, q)

(2.11)

}Ilullq,

(2.12)

=
} M. (213)

Proof Letr=[(3-v)g—2(1+0)]/(2-¢q). Then r > 0. For u € E and N > N, it follows

from (2.10), (2.13) and the Holder inequality that

Y+l [um] < 2(2 |n|“2“>”””<“>) (Z |n|“|u(n)|2>

|n|>N |n|>N |n|>N

(Z Inlz‘”lu(n)lz)

|n|>N

SN}

q
2
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q

1-4
= 2(1”]3[’) 7 [A% Z (L(Vl)u(n),u(n))] :

0 |n|>N
1+(2-q)/2
i — T
M r2-ar2 N«
_K (o K(o,q)

— i

This shows that (2.11) holds. Hence, from (2.5), (2.11) and the Holder inequality, one has

Z(l + |n|")|u(n)|q

nez

= Z 1+ 1) |u(n)|” + Z 1+ 1)) |un)|*

|n|<N |n|>N
< (Z(mm R 10 e ") _7<Zln)|u(n ) KOD e
[n|=N |n|<N

g
f(Z(“l ) "’[Kn)]q““)) ) + I( KD e,

[n|<N

This shows that (2.12) holds.
Finally, we prove that E is compactly embedded in [%(Z, RM). Let {ux} C E be a bounded
sequence. Then by (2.6), there exists a constant A > 0 such that

1
lurlloo < W””k” <A, kel (2.14)

Since E is reflexive, {u;} possesses a weakly convergent subsequence in E. Passing to a

subsequence if necessary, it can be assumed that u; — 1 in E. It is easy to verify that
k]im ur(n) =ug(n), VmelZ. (2.15)
—00

For any given number ¢ > 0, we can choose N, > 0 such that

291K (o,
#{[4 (1% + 4a)* ] + 1o ]|} <. (2.16)
It follows from (2.15) that there exists ky € N such that

> Jun) —uo(m)|* <& for k > ko. (2.17)

|| <Ng

On the other hand, it follows from (2.11), (2.14) and (2.16) that

D7 Jurlm) —uo(m)|* <2970 > (Ju(m)|* + | (m)|*)

|n|>Ng |n|>Ng

gq-1
_ 297 K(o,q)

< il + o ||
= (el + oo 17)

Page 6 of 14
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gq-1
< *ﬁf’q){[f/(l* v aa) AT + o))

<e keN. (2.18)
Since ¢ is arbitrary, combining (2.17) with (2.18), we get

g — u0||g = Z|uk(n) - uo(n)|q —0 ask— oo.

nez

This shows that {u;} possesses a convergent subsequence in /7(Z, RMN). Therefore, E is
compactly embedded in /9(Z, RN) for1<ge (21 +0)/(3=-1),2). a

Lemma 2.4 Suppose that L and W satisfy (L)) and (W1'). Then, for u € E,

D W (m,u(m)] < el + ga(N)l|ul)”2, N > No, (2.19)
nez
where
o= B-v)y ; 2(1 + al), o = B-v)y ; 2(1 + (72); (2.20)
_ a2e-mr qenie-m\' 2| K(ou)
HN)=ar|( Y (1+1n7) [im)] | (2.21)
|n|<N
_ o\ 2/2=12) [5/ \1-72/2-2) N (02, ¥2)
e(N)=ay| [ Y (1+1n?) [in)] = | (2.22)
[n|<N

Proof For N > Ny, it follows from (W1'), (2.12), (2.20), (2.21) and (2.22) that

2
Z|W(n, u(n))| < ZaiZ(l + Inl”")iu(n) vi
nez i=1 nez
2 -4 o
< Zai[( Z (1 " |n|a,v)2/(2—y1)[Z(n)]—w/(Z—w)) n K«;[l;.yl)} 1Pk
i=1 |n|<N

= (N |ull™ + g2 (N [Jue]|>.
This shows that (2.19) holds. a

Lemma 2.5 Assume that L and W satisfy (L)), (W1') and (W2'). Then the functional f :
E — R defined by

flu) = %b(u, u) — Z W (n,u(n)), VueE (2.23)

nez

is well defined and of class C*(E,R) and

(f (), v) = b(u,v) = Y (VW (n,u(m)),v(n)), Vu,veE. (2.24)

nez

Furthermore, the critical points of f in E are the solutions of system (1.1) with u(+o0) = 0.

Page 7 of 14
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Proof Lemmas 2.2 and 2.4 imply that f defined by (2.23) is well defined on E. Next, we
prove that (2.24) holds. By (W2'), there exist M;, M, > 0 such that

gi(1xl) < My, Wx e RV, x| <1,i=1,2. (2.25)

For any u, v € E, there exists an integer N; > Ny such that |u(n)| + |v(n)| < 1 for |n| > Nj.

Then, for any sequence {0,},cz C R with |6,| <1 for n € Z and any number /4 € (0,1), by
(W2, (2.11) and (2.25), we have

. hrg[%,)i] ’ (V W(n, u(n) + Onhv(n)), v(n)) ‘

<|%1h21[%§]|vw n,u(n) + 6,hv(n )H n)’

+ Z max |VW (1, u(n) + 0,hv(n))||v(n)|

hel0,1]
=2

[n|<Ni

V W(n,x) | |v(n)|

|x|<||u”oc+||V||oo

2
+ ZM,» Z (1+ |n|"i)(|u(n)| + |v(n)|)y2*i_1|v(n)|

i=1 |n|>Ny

2
. i Y2+i
= Z |x|<||u“oc+||v||oo|VW )| [v(n) +ZM‘ Z (L4 1) i)

[n|<N1 i=1 |n|>Nq

+ ZM ( Z 1 + |n|”")|u(n)

1-——
V2+i> Y2+
[n[>N1

x (Z (1+ |n|m') v(n) Vzﬂ')m*"
|n|>Ny

VW(n,
= In\XS;z |x|<||,£ﬁli§”v”oo| (n,%)||v(n)|

2
MK (o;, ) }
+ (K;f 241) (7271 [[w] 7257 [|v]] < +00, (2.26)
i=

where r2,; = [¥24i(3 —v) = 2(1 + 07)]/2 > 0, i = 1,2. Then by (2.23), (2.26) and Lebesgue’s
dominated convergence theorem, we have

, flu+hv)—f(u)
(f (n), ) hrgl+ —
hb(v,v)

= lim [b(u, V) + = (YW (n,u(n) + 6,hv(n)), V(n))]

nez

=b(u,v) - Z(V W(n, u(n)), V(n)).

nez

This shows that (2.24) holds. In view of the proof of [13, Lemma 2.6], the critical points
of f in E are the solutions of system (1.1) with u(400) = 0. O
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Let us prove now that f” is continuous. Let #; — u in E. Then there exists a constant
8 > 0 such that

el < f (% + ) 1*6, lurll < f (I + 4a) 48,  k=1,2,.... (2.27)
It follows from (2.6) that

]l oo < 6, luklloo <8, k=1,2,.... (2.28)
By (W2'), there exist M3, My > 0 such that

0i(Ix]) < Mayila>7, VxRV, x| <8,i=1,2. (2.29)

From (2.11), (2.24), (2.27), (2.28), (2.29), (W2’) and the Hoélder inequality, we have

(' i) = f (), )|
< bl - u,v)| + D _[(VW (1, () = VW (m,u(m)), v(n)) |

nez
< Collux —ullllvll + Y [VW (1,u(m)) = VW (1, u(m) || v(1)|
[n|<N
+ S (1YW ()| + |V W (1, 0) ) [v)|
|n|>N

2
<o)+ Y Maui D (1 1n) ()| + |ualm) > 7) [wim)|

i=1 |n|>N

2 l_ﬁ i
< 0(1) + ZM2+i<Z (1 + |n|0'i)|uk(n) V2+i> (Z (1 + |I’1|Ui) V(I’l) V2+i>

i=1 Inl>N Y

1

Y2+i

+i221:M2+i<Z

|n|>N

-5 ‘
(1 + |n|0'i)‘u(n)‘)’2+i) (Z (1 + |n|oi)’l/(n)‘)’2+z)
|n|>N

2
MoK (03 V240) - -
< oU) + Y =TT (|7 + a7 ]
i=1

=0(1), k— +oo,N — +00,Vv € E,

which implies the continuity of f’. The proof is complete. d

Lemma 2.6 [14] Let X be an infinite dimensional Banach space and let f € C'(X,R) be
even, satisfy the (PS)-condition, and f(0) = 0. If X = X, ® X, (direct sum), where X, is finite
dimensional, and f satisfies
(i) f is bounded from below on Xy;
(ii) for each finite dimensional subspace X C X, there are positive constants p = p(X)
and o = o (X) such thatf|3pm~( <0 andf|33pm~( <-o,where B, ={x e X : x| = p}.

Then f possesses infinitely many nontrivial critical points.

Page 9 of 14
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3 Proof of the theorem
Proof of Theorem 1.2 For u € E, we define two functions as follows:

u(n), neZt, 0, neZl,
u (n) = ut(n) = (3.1)
0, ne7 u(n), nelZ?
Set
Xi={u :uekE}, Xo={u":ueE}. (3.2)

Then X := E = X; @ X, (direct sum) and dim(X;) < +o0. Obviously, (W1') and (W5) im-
ply £(0) = 0 and f is even. In view of Lemma 2.5, f € C'(E,R). In what follows, we first
prove that f satisfies the (PS)-condition. Assume that {ui}keny C E is a (PS)-sequence:
{f (uk)}xen is bounded and ||f’(ux)|| — O as k — +oo. From (2.23), (2.24) and (W3'), we
have

(i) ) = 2f (i) = > "[2W (1, s (1)) = (VW (1, 0 (1)), g ()|

nez
> b1y |w(m)|” = by Y |ux(m)|"®
nez nez

= bullugllZs - bl 6.
It follows that there exists a constant C; > 0 such that
bullugllZs = ballu 76 < Ci(L+ lag ). (33)

Since dim(X7) < +00, it follows that there exists a constant C, > 0 such that

s = (uticr o) o < o ol < Co i [ s (3.4)

where y{ = y5/(ys —1). Combining (3.3) with (3.4), one has

S () = L) g uen)) = 3 (L) = L) () ()

nezt ne7l
< Gl

< Ca(1+ Nl + [lug||>76775). (3.5)
From (2.19), (2.23) and (3.5), we obtain

il = 3" [(pn + D daeg(n), duag(n)) + (Lmuag(n), ()

nez

= bl we) + Y ((L0) = L(m)) (), i ()

nezl

= Y ((L(n) = LOn)) (), () + 2f (uaz) + 2 W (1, (1))

nezl neZ

Page 10 of 14
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< Cs(1+ 75 + N ]|?7e7s)
+ 2601 (No) Il s |1 + 202 (No) [l 4 1|72

2 2
< Co(L+ Naagl™ + Nl + loag P75 + [l |276'75). (3.6)

Since 1< y1 < 5 <2,1< Y6 < ¥5 < 2, it follows from (3.6) that {||u||} is bounded. Let A > 0

such that
il < sl <4, keN (37)
u ——lu , kel .
o= Vv s,
So, passing to a subsequence if necessary, it can be assumed that u; — u, in E. It is easy
to verify that
lim ug(n) = ug(n), VmneZ. (3.8)
k—o00

By (W2'), there exist Ms, Mg > 0 such that
@i(lxl) < Masilal™>™, Vxe RV x| < A,i=1,2. (3.9)

For any given number ¢ > 0, we can choose an integer N3 > Ny such that

My K (0, Vori)

N [V + 4L AT + llug 724} <&, i=1,2. (3.10)

It follows from (3.8) and the continuity of VW (#n,x) on x that there exists ko € N such
that

Na
Z |VW/(n, uk(n)) - VW(n, uo(n)) | |u/<(n) - uo(n)| <g fork>ko. (3.11)

n=—Ny

On the other hand, it follows from (2.11), (3.7), (3.9), (3.10) and (W?2’) that

Z ‘VW(n, uk(n)) - VW(n, uo(n)) | |uk(n) - uo(n)’
|n|>Ny

< Z [|VW(n, uk(n)){ + {VW(n,uo(n))|](|uk(n)| + |u0(n)|)
|n|>Nop
2
<303 (@17 @il jux(m)]) + @i (|o () |) ] (| ()] + |1ao ()]}

i=1 |n|>Ny

2

<> Ma Y (U 1) (foaacm) |+ o ()
i=1 |n|>No

< 2ZM4+i Z (1 + [1|) (|ux ()

i=1 |n|>Np

72 (| )] + o ()]

Y2+i + |M0(l’l)

V2+i)

< 22: 2M4.iK (045 V2i)

Vaui V2ui
N (g 172+ + o 172+7)
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2
M I( a 2k ) +i .
Z 4+i Kzﬂt 2+i {[ 4 (I, + 4'()5)1*A]VZ + ”u0||V2+z}
i=
<de, keN. (3.12)

Since ¢ is arbitrary, combining (3.11) with (3.12), we get

Z(VW(VI, wi(n)) = VW (n,u0(n)), ur(n) — uo(n)) - 0 as k — oco. (3.13)

nez

It follows from (2.24) that

(f/(uk) —f' (o), uy — Mo)
= b(ug — uo, ux — up) — Z(VW(I’I, uk(n)) - VW(n, uo(n)), ur(n) — uo(n))

ne’
= e = uoll* = > ((L02) — L(m) (e — o), s — 140
nezl
- Z(V W(n, uk(n)) — VW(n, uo(n)), ur(n) — uo(n)). (3.14)

nez

Since (f'(ux) — f'(uo), ux — up) — 0, it follows from (3.8), (3.13) and (3.14) that ux — ug
in E. Hence, f satisfies the (PS)-condition.
Next, for u € X», it follows from (2.9), (2.19) and (2.23) that

fu) b(u, ZW n,u(n %Hu”z—ZW(n,u(n))

nez nez

Lo

> S llull® = pr(No) ™ — 2 (No) ]| — +o00 (3.15)

N

as ||u|| > +ooand u € X5, since 1 <y < yp < 2.
Finally, we prove that assumption (ii) in Lemma 2.6 holds. Let X C X be any finite di-

mensional subspace. Then there exist constants ¢y = ¢(X) > 0 and ¢, = ¢(X) > 0 such that
collull < llull, <cillul, Vi=7,8ucX. (3.16)

From (2.9), (2.23), (3.16) and (W4/), one has

flu) = %b(u, u) =Y W (nu(n)

nez
1
< Sl = bs 3 ||+ ba Y ulm)|"
nez nez

1 2
— _ Y7 8
el = Ballul ] + bl

1 -
2
5 el = bycg |ull” + bycl® |ull™®, VueX.

IA
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Since 1 < y7 < yg < 2, the above estimation implies that there exist p = p(b3, by, co,cy) =

o(X) >0 and o = 0(b3, by, cg, cs) = o (X) > 0 such that
fu)<0, YueB,NX; f(u)<-o, YuedB,NX.

This shows that assumption (ii) in Lemma 2.6 holds. By Lemma 2.6, f has infinitely many
critical points which are homoclinic solutions for system (1.1). O

4 Example
In this section, we give an example to illustrate our result.

Example 4.1 Insystem (1.1), let p(n) be an N x N real symmetric positive definite matrix
forall n € Z, L(n) = (1 + sin® n)(|n|*® = 6)Ix, and let

W(n,x) = (1 +sin® n)[(l + |n|l/9)|x|5/4 —31x3% + (1 + |n|1/2)|x|7/4]. (4.1)
Then L satisfies (L!)) with v = 6/5, and
) 5 YO\ =34, D12 7 12 | 4| -1/4
VW(n,x):(1+sm n) 1(1+|n| )|x| x—§|x| X+ Z(1+|n| )|x| x|,

|[W(n,x)| <51+ n")1x* + 51+ [n"?) ", V¥(n,x) € Z x RY,

’VW(n,x)| < 7(1 + |n|l/9) x| V% + 8(1 + |n|l/2)|x|3/4, Y(n,x) € Z x RN,

1
2W(n,x) — VW (n,x) > Z|x|7/4 -31x*?, V(mx)eZ xRN
and
W(n,x) > |x>* - 6|x>2%, VY(m,x)eZ xRN,

Thus all the conditions of Theorem 1.2 are satisfied with

5 3 7
—_ = = = < = = =< = = = —;
4 NM=V3=V7<Ve=V8 ) Vs=VYa=V2 7
1
ay =ay = 5; b1=1, by =3, bs =1, by = 6;

1/4 3/4

1
o] =—, oy = E; o1(s) =75, @a(s) = 8s”'%.

1
9
Hence, by Theorem 1.2, system (1.1) has infinitely many nontrivial homoclinic solutions.
However, one can see that W (n,x) defined by (4.1) does not satisfy (W1) and (W2).
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