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1 Introduction
Analysis on measure chains was initiated by Stefan Hilger [1] as a bridge between con-
tinuous and discrete calculus. Dynamic equations on time scales have been a component
of applied analysis on measure chains to describe the processes that feature both con-
tinuous and discrete elements [2—6]. This subject not only gives a unified approach to
the study of differential and difference equations, but also gives an extended approach to
the study of dynamic equations with nonuniform step size or a combination of real and
discrete domains. Further, the study of time scale equations has led to several important
applications, e.g,, in the study of economics, insect population models, heat transfer, stock
market and epidemic models (see [7-10]), etc. Integral boundary value problems occur in
the study of nonlocal phenomena in many different areas of applied mathematics, physics
and engineering, e.g., in heat conduction, chemical engineering, underground water flow,
thermo-elasticity, plasma physics, ezc. (see [11-15] and the references therein).

Throughout this paper, we denote the one-dimensional p-Laplacian operator by ¢,(x),
i.e., pp(u) = |ulP~u for p > 1 with <p1;1 = ¢4, where 1/p + 1/q = 1. For convenience, we make
the blanket assumption that 0, T are points in a time scale T; for an interval (0, T')T, we
always mean (0, 7) N T. Other types of an interval are defined similarly.

In 2007, Sun and Li [16] discussed the existence of at least one, two or three positive
solutions of the following boundary value problem:

(0o (°(0)))° + B(E) (47 () = 0, ¢t € [a,b]r, (11)
u(a) — Bo(u®(a)) =0, u"(o(b))=0. (1.2)
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They used the Krasnosel’skii fixed point theorem, the Avery-Henderson fixed point the-
orem and the Leggett-Williams fixed point theorem to prove the existence of multiple
positive solutions to problem (1.1)-(1.2).

In 2009, Zhang and Qiao [17] studied the existence criteria for the m-point boundary

value problem:

(0o (u>(®)))" +at)f (tu(®)) =0, te(0,1r, (1.3)
m-2

w(0)=0,  u(l)=)_ au(). (1.4)
i=1

They obtained some results for the existence of multiple positive solutions of prob-
lem (1.3)-(1.4) by using the Krasnosel’skii fixed point theorem, the Avery-Henderson fixed
point theorem and the Leggett-Williams fixed point theorem.

In 2011, Li and Zhang [18] considered the existence of at least three positive solutions

for the boundary value problem with integral boundary conditions:

(0p(x2 @) +2f (£, x(8), 2% (1)) =0, te(0,T)r, (15)

T
x2(0) = 0, ax(T) - Bx(0) =/ g(s)x(s)Vs. (1.6)
0

They established some sufficient conditions for the existence of positive solutions to prob-
lem (1.5)-(1.6) by using the Legget-Williams fixed point theorem. For some recent results
on the existence of positive solutions for p-Laplacian dynamic equations on time scales,
see [19-27]. However, to the best of the authors’ knowledge, existence results for positive
solutions of m-point integral boundary value problems for nonlinear p-Laplacian dynamic
equations on time scales have not been studied.

In this article, we are concerned with the existence of multiple positive solutions to the
m-point integral boundary value problem for a second-order p-Laplacian dynamic equa-

tion on time scale T:

(0p(® ()" +a@)f (t,u(®)) =0, te[0,1]r, (1.7)
m-1 &

ut(0)=0,  u)=) a / u(s)As, (1.8)
i-1 i1

where T is a time scale, 0 =&y < & <&y <+ <&, 2 <&,1=1and

(H;) 0< ZZII (& —&_1) <lsuchthata; >0forie {1,2,...,m -3} U{m -1}, a,_o > 0;
(HZ) f € Crd([O’ l]T X [O’ OO), [01 OO)),
(H3) a € Cy4([0,1]T, [0,00)) and there exists ty € (£,,2, 1)1 such that a(ty) > 0.

The rest of the paper is organized as follows. In Section 2, we state and prove some lem-
mas which are used later. In Section 3, we use the Krasnosel’skii [28] fixed point theorem
to obtain the existence of at least one positive solution of problem (1.7)-(1.8). In Section 4,
by using the Avery-Henderson [29] fixed point theorem, we establish sufficient condi-
tions for the existence of at least two positive solutions of problem (1.7)-(1.8). In Section 5,
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the existence of at least three positive solutions of problem (1.7)-(1.8) are proved by us-
ing the Leggett-Williams [30] fixed point theorem. Two illustrative examples are given in
Section 6.

For convenience, we list the following well-known definitions which can be found in [4]
and the references therein.

Definition 1.1 A time scale T is an arbitrary nonempty closed subset of the real set R
with topology and ordering inherited from R.
The forward and backward jump operators o, p : T — T and the graininess p : T — R*

are defined, respectively, by

o(t):=inf{s € T|s > t}, p(t) :=sup{s e T|s < t}, n(t):=o(t) -t
forall t e T. If o(t) > ¢, t is said to be right scattered, and if p(t) < ¢, t is said to be left
scattered; if o (£) = t, ¢ is said to be right dense, and if p(¢) = ¢, £ is said to be left dense. If T
has a left-scattered maximum M, define TX = T — {M}; otherwise set T = T.
Definition 1.2 A function f : T — R is rd-continuous (rd-continuous is short for right-
dense continuous) provided it is continuous at each right-dense point in T and has a left-
sided limit at each left-dense point in T. The set of rd-continuous functions f : T — R will
be denoted by C,4(T) = C,4(T, R).
Definition 1.3 For f: T — R and ¢ € T, the delta derivative of f at the point ¢ is defined

to be the number f2(¢) (provided it exists), with the property that for each € > 0, there is
a neighborhood U of ¢ such that

[f(o(®) =f(5) =f2(®) (e (6) = 5)| < €|or(t) ~ s

forallse U.

Definition 1.4 For a function f : T — R, the delta derivative is defined at the point ¢ by
e =

if f is continuous at ¢ and ¢ is right-scattered. If ¢ is not right-scattered, then the derivative
is defined by

o) =t/ CD S SO-S6)

s—t o(t)-s st t—s

provided this limit exists.

Definition 1.5 If F2(¢) = f(¢), then we define the delta integral by

/tf(s)As =F(t) - F(a).

a
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2 Preliminaries
In this section, we first prove and recall some lemmas which are used in what follows.

Lemma 2.1 Let Zl 1 oi(& —&1) #1. Then, for y € C4([0,1]1,R), the problem
(o))" +y®) =0, telo01lr, 2.1)

ut(0)=0,  u()= Za, " u9as (2.2)

i=1 i1

has a unique solution

u(t) = —/Ot(pq(/ory(s)As)Ar
s R ([
i= -1 1
+ 1—2;211 ;i(& —Ei_l)/o o </(; (s)As) T. (2.3)

Proof Integrating (2.1) from O to ¢ and using the first condition of (2.2), one gets

u®(t) = —¢, (/o y(s)As). (2.4)

Integrating (2.4) from O to ¢, we obtain

u(0) — /goq</ y(s)As)Ar (2.5)

In particular, for £ = 1, we have

1 T
u(l):u(O)—/0 (pq(/o y(s)As)Ar.

Using the second condition of (2.2), we get that

u(0) - /(pq</ y(s)As)Ar

m-1 m-1 & o T
=M(O);ai($i—§i—1)_§ai£i1/.5 wq(/o y(s)As)ArAn.

Hence,

0= ; 5 [/l q(/ory(S)As>At
—gai/si /Ongpq</ory(s)As>ArAnj|.

Substituting the value of #(0) in (2.5), we obtain the solution (2.3). O
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Lemma 2.2 Let Z, 1 oi(& &) #1Ify € Cu([0,1]1, [0, 00)), then the unique solution u
of problem (2.1)-(2.2) satisfies

ut(H) <0,  ut™()<0, tel01]r

Proof From (2.4), we have u®(t) < 0 for t € [0,1]t. In fact, ¢4(x) is a monotone increasing
continuously differentiable function and

t A
( /O y(S)AS> - )(0)>0.

Then, by the chain rule [4], we get #**(¢) <0 for ¢ € [0,1]7. O

Lemma 2.3 Let0<) "/ Vo€ — &) < 1. Ify € C,4([0,1]7, [0, 00)), then the unique solu-
tion u of problem (2.1)-(2.2) satisfies

u(t) >0, tel0,1]r.

Proof From Lemma 2.2, u®(¢) < 0 for ¢ € [0,1]t, we know that u is nonincreasing on
[0,1]1. Consequently, for each 1,1, € T and t; < &, it holds that u(t;) > u(t,).
Therefore,

uw(0) > u(&) > - >uli1) > uE) > - > ulEu_) > u). (2.6)

If u(1) < 0, then the second condition of (2.2) together with (2.6) implies that

& m-1
a,fg 9As = 3 au(E) & - &)
i i=1

i=1

> u(1) Z%’(Ei —&1).

i=1

This contradicts the fact that 0 < Z; L& -&) <L
If 4(0) < 0, it follows that u(1) < 0 since u is nonincreasing. Hence, we get a contradiction.
Indeed, if #(0) < 0 and u(1) < 0, we again obtain a contradiction. O

Lemma 2.4 Let Zlngl a;(& — &) > 1. If y € Cy([0,1]7, [0, 00)), then problem (2.1)-(2.2)
has no positive solutions.

Proof Suppose that problem (2.1)-(2.2) has a positive solution u satisfying u(t) > 0 for
t €[0,1]r. Then u(&;) > 0 forall i =1,...,m — 1. By the second condition of (2.2) and (2.6),

we have
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m-1

> u(l) ) e - &)
i=1
> u(l),

getting a contradiction. O

Let E denote the Banach space C4[0,1]r with the norm [[u|| = sup,¢(o 1), [4(£)|. Define
the cone P C E, by

P= {u € Elu(t) > 0,u™ () < 0,u®®(¢) <0 for ¢ € [0,1],

m-1 &i
and 4*(0) = 0,u(1) = Y "o /g u(s)As}. (2.7)
i=1 i-1

Define the operator A : P — E by

Au(t) = —/0 @4 </0 a(s)f(s, u(s)) As)At

El
~ - A ozl/ / o </ a(s)f(s, u(s))As)ArAn
1 T
+ ﬁ <f a(s)f(s, s)) AS)A‘L’, (2.8)

where a positive constant A = Zl 1 (& — &) < 1. In view of Lemma 2.1, the solutions
of problem (1.7)-(1.8) are given by the operator equation, u(t) = Au(t).

From (2.8), we claim that for each u € P, Au € P and satisfies (1.8). In fact, for ¢ € [0,1],
we get

Au(t) > Au(l)

1 T
= —/ <Pq(f a(s)f(s,u(s))As)Ar
0 0
m-1 X .
DS ol [Csorors)ses

1 T
ﬁ o (/0 a(s)f(s, u(s)) As) AT
1 T
- AA ( / a(s)f (s, (s))As>AT

/&/ ‘pq(/ a(s)f (s, ”(5))AS)AtAnzo.

This implies that Au(t) > 0 for ¢ € [0,1]7. As in Lemma 2.2, we can prove that (Au)*(¢) <
(Au)AA(t) < 0 for t € [0,1]7. In addition, we find that (Ax)?(0) = 0 and (Au)(1) =

Y Yo fg‘ Au(s)As. So, A: P — P. It is also easy to check that A : P — P is completely

continuous.
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Lemma 2.5 Let (H;) hold. If u € P, then

min u(t) > y ||ull,
te[0,1]T

where

_ am—Z(gm—Z - Em—S)(l - gm—Z)
1- am—Z‘i:m—2 (gm—2 - ém—f)’) ’

which y > 0.

Proof Since u”(t) < 0 for ¢ € [0,1]r, we have [u|| = %(0), minsejo,1}, #(¢) = u(l).
Thus,

m-1

m-1 &
u)=Y o fé WA= 3 GuuE)E — &) 2 2 u(En ) En s — ).
i=1 i-1 i=1

From u®2(t) < 0 for £ € [0,1] and (2.11), we get

1(0) < u(1) + 4”(11 ~ ) ()
— Sm-2
<u(l) |:1 - 1 + L ]
B 1- Em—Z U2 (Sm—Z - Sm—?»)(l - Em—Z)

_ u(l)[ 1-omobm2Em—z — Em-s) i|
[77E) (ém—2 - ém—S)(l - %'m—Z) '

This implies that
m— m-2 — Sm— 1- m—
min u(t) > & 2(Em-2 —&m-3)(1 = &u2) .
tel01]T 1—am2Emr2Emra — Em-s)
Note that (H;) yields
m-1

0<1- Zai(éi - Ei—l) <1- am—Z(Em—Z - Em—S) <1- am—2€m—2(€m—2 - Em—3)~

i=1
Thus we have y > 0. The proof of Lemma 2.5 is complete.

In the following, for the sake of convenience, we set constants

1-A

L= T - ,

fo (pq(fo a(s)As)At

B 1-A
Y&m-2 f;m& @q( f;miz a(s)As)At
1-A

N = il - .

)/A ffm—z (pq(‘/‘ém—Z d(S) AS)AT

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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3 Existence of at least one positive solution
Now we are in a position to establish the main result. Our first result is based on the
Krasnosel’skii fixed point theorem.

Theorem 3.1 (see [28]) Let E be a Banach space, and let P C E be a cone. Assume that
and 2, are bounded open subsets of E with 0 € Q, Q1 CQ,andletA: PN (2 \ Q) — P
be a completely continuous operator such that either

(i) JAull < |\u|l foru e PN o2y, |[Aul| = ||u|| for u € PN 32y; or

(i) |Au| = |lu|| for u € PN A2, |Au|l < ||u|| for u € PN Iy hold.
Then A has a fixed point in PN (Qy \ Q).

Theorem 3.2 Assume that (H;)-(H3) hold. In addition, suppose that there exist numbers
0 < r < R < 00 such that

(A1) f(t,u) < @,(L)py(r) for t € [0,1]7 and 0 <u <r;
(A2) f(t,u) = @p(Mr)py(R) for t € [§n-2,1]T and R < u < oo,

where constants L, M are defined by (2.12) and (2.13), respectively.
Then problem (1.7)-(1.8) has at least one positive solution.

Proof Firstly, we define a cone P and a completely continuous operator A : P — P as in
(2.7) and (2.8), respectively.

Let ©; = {u € C,4([0,1]T) : |lu]l < r}. For any u € P N 32 with ||« = r, from condition
(A1), we obtain

Au(t) = —/0 %(/o a(s)f (s, M(S))AS)AT
m-1 & T
LS ol
1 T
+ 1—1A /o ‘/’q(/o ﬂ(S)f(S,u(s))As)At

1 1 T
< 1-A A ©q </(; a(s)f(s, u(s))As)Ar

’L /1 / (8)As ) AT =7 = ||u]
= a\s =r=||U|l.
1-4 Jo P\ J, ’

This implies that ||Au|| < ||u|| for u € PN 3<2;.
Set Q = {u € Cy([0,1]1) : lull < R}. Since u € P N 9, it follows that min,e[o,1j, #(¢) >
vllull = yR. Hence from condition (A;), for any u € P N 92,, we have

lAull = Au(&n-»)

Em-2 T
= _/ goq(/ a(s)f(s,u(s))As)Ar
0 0

1 m-1 & n T
‘mzai/g_ A %(/0 ﬂ(S)f(S,u(S))As)AtAn

i=1 i-1
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11A 1 (/ als)f (s, (s))AS>AT

_ fo (/Jq,(for a(s)f (s, u(s)) As) At — é’“ 2 <pq(f0 a(s)f (s, u(s)) As)At
1- A

1 _1A [A /jmz Pq </OT a(s)f (s, M(S))AS)A‘L’
_ Za,/g‘ / ¢q</ als)f (s, u s))As)AtAn:|

1 .
1-AJ ®q </(; a(s)f (s, u(s))As) AT

1 T
—LA/gm_z /g:_z q)q(/o a(s)f(s,u(s))As)ArAn

1

— s o4 ( [t u(s>)As) At
I
- f; ¢ ( /0 ats) (s M(S))As) At

o [ aorts U(S))As>Ar

sm 2/§m 2<pq fg AS)A'L'
1-A

M)/R 1 T
= ——&ua ?q a(s)As | AT = [lul.
I-A Em-2 Em-2

Therefore, ||Au|| > ||u|| for u € PN 092;.
Thus, from Theorem 3.1, it follows that A has a fixed point % in PN (25 \ ;) such that

r < ||lu]| < R. Therefore, problem (1.7)-(1.8) has at least one positive solution. a

v

v

3

v

> 0q(0p(My)p,(R))

4 Existence of at least two positive solutions
In this section, we obtain the existence of at least two positive solutions of problem (1.7)-

(1.8) by using the Avery-Henderson fixed point theorem which is as follows.
Theorem 4.1 (see [29]) Let P be a cone in a real Banach space E. Set
P(®, p3) = {u € P|®(u) < p3}.

Let v and ® be increasing nonnegative continuous functionals on P, and let 6 be a nonneg-

ative continuous functional on P with 6(0) = 0 such that, for some ps >0 and N > 0,

Q) <O(u) <v(u) and |lul]l < ND(u)
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for all u € P(®, p3). Suppose there exist a completely continuous operator A : P(®, p3) — P
and 0 < py < py < p3 such that

O(Au) =210(u) for 0 <A <1landuedPO,ps),

and
(i) ®(Au) > ps for all u € dP(P, p3);
(i) O(Au) < po for all u € 3P0, py);
(iti) P(v, p1) #9 and v(Au) > py for all u € 3P(v, p1).
Then A has at least two fixed points uy and u, belonging to P(®, ps) satisfying

o1<v(u) withO(u) < py, and py<0(uy) with ®(uy) < ps.

Define a constant / € (0,1) such that 0 < §,,5 </ <1. Let ®, # and v be increasing, non-
negative and continuous functionals on P, defined by

Q) =ulEma)  OW) =ulna)  v)=ull).

Obviously, ®(u) = 0(u) < v(u) for each u € P. Moreover, Lemma 2.5 implies ®(u) =
u(&,-2) = y|lu|| for each u € P. It is easy to see that 6(0) = 0 and 0(Au) = A6(u) for all
0<A<landue€dP@®,p,).

We can now prove the following theorem.

Theorem 4.2 Assume that (Hy)-(Hs) hold, and suppose that there exist positive numbers
p1 < P2 < p3 such that the function fsatisfies the following conditions:

(B1) f(t,u) > 0,(Ny)@,(p1) for t € £z, l]T and u € [ypy, p1];
(Ba) f(t,u) < 0p(L)py(p02) for t € [Ey—2, 1] and u € [0, p];
(B3) f(t,u) > 0,(My)@y(03) for t € [€,y_2,l]T and u € [p3, (1/y)p3],

where constants L, M, N are defined by (2.12), (2.13) and (2.14), respectively.
Then problem (1.7)-(1.8) has at least two positive solutions uy and uy such that p; < uy([)
with uy(§,,-2) < p2 and py < uz(&n_2) with us(§,-2) < p3.

Proof We now wish to prove that all of the conditions of Theorem 4.1 are satisfied. For this
purpose, we define the cone P as (2.7) and a completely continuous operator A : P — P by
(2.8).

To check condition (i) of Theorem 4.1, we choose u € dP(®, p3), then ®(u) = p3. This im-
plies that p3 < [lu|| < (1/y)®(u) = (1/y)ps3. For t € [§,,_3,1]T, we have p3 < u(t) < (1/y)ps.
From condition (Bs), we get that f (¢, u) > ¢,(My)@,(p3) for t € [£,,_3,[]T. Since Au € P, we
obtain

D(Au)

(Au)(Em-2)

Em-2 T
_/ (pq</ a(s)f(s,u(s))As)Ar
0 0

1 m-1 & n T
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1 T
+ 1—1A \ goq(/o a(s)f(s,u(s))As)Ar

Jo @alfy al)f (s, u(S) A)AT — [ g, ( [y als)f (s, u(s)) As) At

1- A

* 1 _lA |:A /05'”2 ¥q (/Otﬂ(s)f(& M(S))AS>A1
- Zal [ [ “(S)f(S»M(S))AS>ArAn:|

ﬁ ; ( / a(s)f (s,u S))AS)AT
— fé ; /g n wq( /0 Ia(S)f(S,u(S))As)ArAn
e
/ / wq( / ”(S)f(S,M(S))AS>ArAr;
= E’f—j\ fém_z wq( /0 a(s)f (s, u( s))As)Ar
e

1
fm ) (/r a(s)f(s, u(s)) As) AT

Em—2

v

v

v

S R OL L
1-A

_ Myps ! !
= fm 2/ @q / a(s)As | At
1 Em—Z Em—2

= Ps3.

> 0q(0p(My)pp(p3))

Hence, condition (i) of Theorem 4.1 holds.

We now prove that condition (ii) in Theorem 4.1 holds. In fact, for u € dP(6, p,), we have
0(u) = po. This implies that 0 < u(¢) < ||u|| < (1/y)p, for t € [§,,_2,1]T. From condition

(B), we have

0(Au) = (Au)(Em-2)
1

1 T
< ), (pq(/ a(s)f (s, (s))As)Ar
wp(L)wp(pz)/ (/ 4 )
(s)As |AT
L 1
_l—pi\/o (p,,(/o a(s)As)At

= p2 = [lull.

This shows that condition (ii) of Theorem 4.1 is satisfied.
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Now, we assert that condition (iii) of Theorem 4.1 also holds. If u(t) = p;/2 for ¢ € [0,1]T,
then v(u) = p1/2. Thus P(v, p1) # @. Let u € dP(v, p1), then v(u) = u(l) = p;. So that yp; <

u(t) < |lull < p;. From condition (B,), for any Au € P, we have

v(Au) = (Au)(l) = (Au)(1)

_ /inq( [ ettt as)ar
za, [ [l [ atsts.spas)aom
ﬁ ([ et atoas)ac
S [l rtsnac)ar
S [ o]
- [ /:' [ ool [ asrisuas)acan

i=1

o; /:11 ‘/on o </0T a(s)f(s, u(s))As) ArAn:|

4

m-1

i=1

m-l & prl T
1 _lA Zai/; f ‘pq</(; ﬂ(s)f(S; M(S))AS>A'L'A17
i=1 i1 Y7
&i
1-A A4 a‘/ /g Pq (/ “(S)f(sru(s))AS>AtAn

A [ .
1-A st(pq(/ a(s)f(s,u(s))As>AT

Em-2

IV

v

Al o ([L a(s)As)At
‘pq(‘pp(N V)%(;Ol)) fsm’z 1 {Ef;\

Nypi A /1 ( /
= @q a(s)As |At = py.
1 - A Em-2 Em—2

Therefore, condition (iii) of Theorem 4.1 is satisfied.

\%

Thus, by Theorem 4.1, problem (1.7)-(1.8) has at least two positive solutions u; and u;
such that p; < u1({) with u1(£,,2) < p2 and p, < uy(&,,_2) with uy(§,,_5) < ps. O

5 Existence of at least three positive solutions
In this section, we use the Leggett-Williams fixed point theorem to prove the existence of
at least three positive solutions to problem (1.7)-(1.8). The Leggett-Williams fixed point

theorem is as follows.
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Theorem 5.1 (see [30]) Let P be a cone in the real Banach space E. Set
P, = {x € P||lx|| < r}, P(V,a,b) = {x €Pla<¥(x),|x| < b}.

Let A : P, — P, be a completely continuous operator and let V be a nonnegative continuous
concave functional on P with Y (u) < ||ul| for all u € P,. Suppose that there exists 0 < p; <
02 < (1/y)pa < p3 such that the following conditions hold:
(i) {u e P(V, p2,(1/y)p2) W () > p2} # ¥ and V(Au) > p, for all u € 9P(V, pa, (1/y) p2);

(i) NlAull < p1 for llull < p1;

(iii) W(Au) > py for u € P(V, py, p3) with ||Au|l > (1/y)pa.
Then A has at least three fixed points uy, uy and uz in P, satisfying ||uy|| < p1, ¥(u2) > po,
o1 < lluz | with W(us3) < p,.

We now prove the following result.

Theorem 5.2 Assume that (H;)-(Hs) hold. Suppose that there exist constants 0 < py < pa <
(1/y) 2 < p3 such that

(C1) ft,u) < 9p(L)py(p3) for t € (&2, 1T and u € [0, p3];
(Ca) f(t,u) > p(My)p(p2) for t € (£, 1T and u € [p3, (1/y)p2];
(Cs) f(t,u) < @p(L)pp(p1) for t € £z, 1T and u € [0, p1],

where constants L, M are defined by (2.12) and (2.13), respectively.
Then problem (1.7)-(1.8) has at least three positive solutions uy, uy and us such that ||u; || <

o1, U2(Em2) > 2, luzll > p1 with uz(&,,—2) < pa.

Proof We will show that all the conditions of Leggett-Williams Theorem 5.1 hold with
respect to the operator A defined in (2.8).

At first, we define a nonnegative continuous concave functional ¥ : P — [0,00) by
W (1) = u(§,4—2), where the cone P is defined by (2.7). In fact, for u € P, we get W (u) < ||u].
Ifue ﬁpg, then ||u|| < p3. From condition (C;), we obtain

Au(t) = —/O @4 (/Ora(s)f(s, u(s))As)At
El
Za,/ / <pq(/ a(s)f(s,u(s))As)AtAn
1

1 T
vima [l [ aorum)as)ar

1 1 T
= A/ (pq(/ a(s)f (s, ())As)At
wq(gap(lf)(‘)p(ﬂ?»))/ </ a >
(s)As |AT
L 1
_ 1_pj\/0 %(/0 a(g)As)Ar=,03.

This implies that ||Au| < ps. Therefore, we have A : P,, — P,,. Since (p/y) €
P(¥, p2, (p2/y)) and W((p2/y)) = (p2/y) > p2, then {u € P(V, pa, (p2/y))|W (1) > p2} # 0.
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For u € P(W, p3, (02/y)), we get po < u(§,-2) < |lu|l < (p2/y). By using condition (C,), we
obtain

V(Au) = (Au)(En-2)

Em-2 T
= —/ ¢q</ a(s)f(s,u(s))As)Ar
0 0
1= & T
B ol s
1 T
o2 [ ol [ o uonas)ar

12 0g([5 als)f (s, u(s) AS)AT = [5772 oo ([T als)f (s, u(s) As) At
1-A

1 Em-2 T
+ 1-A |:A/(; <Pq(/0 d(s)]’(s,u(s))As>AT
m-1 R .
_ ;ai /;_1 /Ontpq (/0 a(s)f (s, u(s))As)ArAn:|

ﬁ 5:12 e </0T a(s)f (s, u(s))As) AT

1 1 n T
el
1 T
1 1 1 T
-l oo [ aersu)as)ara
1 T

- 1&_"_12\ /;m_z ¥q </o als)f (s, M(S))AS)AT
1 T
IST—Z /; - ©q ( /g » a(s)f (s, u(s)) As) AT

Ema f;m_z @q( fgm_z a(s)As)At
1-A

Myps ! t
= —gm—2/ ©q / a(s)As | At = p,.
1 - A Em—2 Em—2

Hence, condition (i) of Theorem 5.1 is satisfied.

%

v

A%

> 0q(0p(My)pp(02))

Indeed, if ||| < py, then condition (C3) implies that

1 T
(Au)(¢) < W./o <pq</0 a(s)As)Ar

L,OI 1 T
ZI—A/O ©q /0 a(s)As | At = py.

Thus ||Au|| < p1. Therefore, condition (ii) of Theorem 5.1 holds.



http://www.advancesindifferenceequations.com/content/2013/1/206

Thiramanus and Tariboon Advances in Difference Equations 2013, 2013:206 Page 150f 18
http://www.advancesindifferenceequations.com/content/2013/1/206

We finally show that condition (iii) of Theorem 5.1 also holds. Assume that u €
P(W, ps, p3), with ||Au|| > (1/y)p2. Then we obtain
W (Au) = (Au)(En—2)
> (Au)(1)
> yllAull > p,.
So, condition (iii) of Theorem 5.1 is satisfied. Therefore, an application of Theorem 5.1

implies that problem (1.7)-(1.8) has at least three positive solutions u1, #; and u3 such that
luall < p1, u2(Em—2) > p2 and |luz || > p1 with u3(§,,-2) < pa. O

6 Numerical examples
In this section, we present some examples to illustrate our results.

Example 6.1 Consider the following six-point integral boundary value problem with p =

3and T=R:
(0 ))" +f(t,u(®)) =0, te[0,1]r, (6.1)
1[5 3/5 4/5
u®(0) =0, u(l) = — / u(s)As + —/ u(s)As + 2/ u(s)As, (6.2)
4 Jo 2/5 3/5
where
oot + tel0,1,u€[0,3],
ftu) = g5t +u® +100(u — V4, tel0,1uell, 2],

1 3 141/4 3 3
oot + 4> +100(u — £)"* +10(u - z), te€[0,1],u € [z,00).

Setoq = 1/4, o3 = 1/5, (0%} :2, Oy =05 = 0,50 = 0, %‘1 = 1/5, %‘2 = 2/5, 53 = 3/5, 54 :4'/5, %'5 =1
and a(t) = 1. We can show that

° 49
A= ;%(& &)= 100 < 1
-

Through a simple calculation we can get

_ -2 (Emz = Em3)(1 = &2) _ E
1- am—Z‘%‘m—2 (i:m—2 - Em—f)‘) 17
_ : 1 —ZT\ _ 2601 NG
VEm—Z fém—z </’q(f5m_2 ﬂ(S)AS)At 64
1-A 153

L = = .
f()l 94 [y als)As)AT 200

)

Choose r = 1/5 and R = 3/5, then f (¢, u) satisfies

1 1\> /153 1)\2 1
)< —+ (= 2w =) = gs(Lr), 1], =,
fltu) < 100 + (5> < (200 X 5) @3(Lr), tel0,1),ue [0 5]
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and

1 /4 3\° 3 1\
tu)> —| = 2} +100(=-=
A ”)—100(5>+(5) ( 5)
26015 2 3\? 4 3
> Jx—x— =p3(MyR), te|=,1|,uel|=,00]).
64 175 5 5

By Theorem 3.2, we have that boundary value problem (6.1)-(6.2) has at least one positive
solution.

Example 6.2 Consider the following six-point integral boundary value problem with p =
2and T={0}U{1/2":n e N} U (%, 1] (N stands for the natural number set).

(0p(® ()" +f(tu(®) =0, te(0,1]r, (6.3)
1 [16 1 (V4 1/2
A _ I _
u”(0)=0, u(l) = ) /o u(s)As + c /1./8 u(s)As + 3/1/4 u(s)As, (6.4)
where
%t + ﬁu,

te[3,1,uel0,1],

1 Ve,
ol + 100” +7(u-1)

te[i1l,uell,2],

f(t,u)=
ot + ou+ 7(u -1V + s (u—2)"2,
4096

te [‘ 1, u €2, 55,
1 6 12, 1 4096
%t+1oo”+7(” 1) 20(1,1—2) + 35— 552),

4096
te [ir ]: [ 585 ’30]

Seta1 = 1/4, o3 = 1/6, Oy = 3, Oy =05 = 0, %_0 = 0, Sl = 1/16, 52 = 1/8, %_3 = 1/4, 54 = 1/2, ES =1
and a(t) = 1. We can show that

5
151
A =Zai(§i—§i— =193 <L

Through a simple calculation we can get

_ am—Z(ém—Z - Em—B)(l - Em—Z) _ §

C l-mobmaEmar —Ems) 5
1-A 205

e Sl el a)Asar 36
_ 1-A ~ ﬂ
fol 0q( [y als)As)At 88’

’

Choose p; =1, p» =2 and p3 = 30, then f(¢, u) satisfies

1 1 1
’ - Py o 1= L ’ _,1) »1;
f(tu)§50+100<88>< @2(Lp1) te[z ]ue[O ]
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and

f(t,u) > % (%) + ﬁ(z) +7(2-1)Y6

205

>—
36

585

3 1 4096
x§x2=q)2(Myp2), te 5,1 JUE |2, ,

and

1 1 1 1 4096
Lu) < — +—30)+730 -0 + —(30-2)"? + — (30 - ——
f&w) = o5+ 156 B0 + 760 -1+ o0 T 585

41 30 (Lp3), te L 1 €[0,30]
<— x30= s —1|,u ,30].
38 @2\L O3 )

By Theorem 5.2, we get that problem (6.3)-(6.4) has at least three positive solutions u;, u;
and u3 such that ||u] <1, Mz(%) >2 and |luz| > 1 with ug(%) <2.
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