Manuel et al. Advances in Difference Equations 2013,2013:35 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/35 a SpringerOpen Journal

RESEARCH Open Access

An application on the second-order
generalized difference equations

Mariasebastin Maria Susai Manuel', Adem Kilicman?", Gnanadhass Britto Antony Xavier®,
Rajan Pugalarasu® and Devadanam Suseela Dilip?

"Correspondence:
akilican@putra.upm.edu.my
’Department of Mathematics and
Institute for Mathematical Research,
University Putra Malaysia, UPM,
Serdang, Selangor 43400, Malaysia
Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we study the solutions of the second-order generalized difference
equation having the form of

Ajulk) +f(ku(k) =0, kelao0),a>02Le(000), (1)

where Apu(k) = ulk + £) — u(k). Then we provide applications on £,y and co).
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1 Introduction and preliminaries

The basic theory of difference equations is based on the difference operator A defined as
Au(k) = u(k +1) — u(k), k e N={0,1,2,3,...}, which allows the recursive computation of
solutions. Later, the following definition was suggested for A, by [1-3] and [4]:

Apu(k) =ulk +€) —u(k), keR,£eR-{0} (2)

however, no significant progress took place on this line. Recently, equation (2) was recon-
sidered and its inverse was defined by A;', and many interesting results in applications
such as in number theory as well as in fluid dynamics were obtained; see, for example, [5].
By extending the study for sequences of complex numbers and ¢ to be real, some new qual-
itative properties like rotatory, expanding, shrinking, spiral and weblike were studied for
the solutions of difference equations involving A,. The ¢, and ¢, solutions of the second-
order difference equation of (1) when ¢ = 1 were discussed in [6] and further generalized
in [7]. In this paper, we discuss some applications of A, in the finite and infinite series of
number theory.

In this section, we present some of the preliminary definitions and results which will be
useful for future discussion. The following definitions were held in [5] and [8], respectively.

Definition 1.1 Let u(k), k € [0, 00), be a real- or complex-valued function and ¢ € (0, c0).
Then the generalized difference operator A, is defined as

Apu(k) = ulk + €) — u(k). (3)
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Then the inverse of A, denoted by A" is defined as follows: If
Av(k) = u(k), thenv(k) = Azlu(k) +¢j, (4)

where ¢; is a constant for all k € Ng(j), j = k — [lzf]ﬁ. If limy_, o u(k) = 0, then we can take
¢; = 0. Further, the generalized polynomial factorial for £ > 0 is defined as

K = k(k = €)(k = 2¢€) - - (k = (n = 1)¢). )
The following lemmas were proved in [9] and [10], respectively.

Lemma 1.2 (Product formula) Let u(k) and v(k), k € [0, 00), be any two real-valued func-
tions. Then

Ag{M(k)V(k)} = u(k + £)Av(k) + v(k)Aou(k)
= v(k + £)Apu(k) + u(k) Av(k). (6)

Lemma 1.3 Let £ >0, n e N(2), k € (¢,00) and ky’) #0. Then

Afli I S i 7)
S m-nek-o Y T

Definition 1.4 A function u(k), k € [a, 00), is said to be in the £()-space if

o0
Z|u(zz+j+y€)|2<oo forallj € [0,£). (8)
y=0

Iflim,_, o |u(a +j + r€)| = 0 for all j € [0, £), then u(k) is said to be in the co()-space.
In what follows, we have the summation formula for finite and infinite series.

Lemma 1.5 If a real-valued function u(k) is defined for all k € [0,00), then

53

Atu(k) = Z u(k —re) +c;, 9)

r=1

where ¢; is a constant for all k € Ny(j),j = k- [IZ‘]Z, Since [0,00) = U05j<€ Ny (j), each complex
number ¢; (0 <j < £) is called an initial value of k € Ny(j). Usually, each initial value c; is
taken from any one of the values u(j), u(j + £), u(j + 2¢), etc. Further, if limy_, o u(k) = 0 and
£>0, then

AF'uk) == " ulk +re). (10)

r=0

Proof Assume z(k) =Y 2 u(k + r¢). Then

Apz(k) = Z ulk + € +re) - Z u(k + rt) = —u(k).
r=0 r=0

Now, the proof follows from limy_, », #(k) = 0 and Definition 1.1. O
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The next lemma is an expansion of Lemma 1.5 and its proof is straightforward.

Lemma 1.6 [flimy_, o u(k) =0 and £ > 0, then

= 3 u(k + 1l + ry0). (11)
22

r1=0ry=0
Theorem 1.7 Let n € N(2), k € (0, 00) such that k" #0. Then

1 1
k+r0)"  (n-1)ek - 0)" D

M2

(12)

1
(=]

r

Proof The proof follows from Lemma 1.3 and Lemma 1.5 by taking u(k) = | and ¢; =
l

O
Corollary 1.8 Let k € (¢,00) and £ € (0,00). Then
oo
1
> . (13)
= (k+ rﬂ)(k +rl—4f) Z(k -0)
Proof Since A} ﬁ = K(I:—iﬁ)’ the proof follows from Theorem 1.7 by taking # = 2. g

2 Applications of Ay in number theory

In this section, we present some formulae and examples to find the values of finite and in-
finite series in number theory as an application of A;. The following theorem and example
were given in [7]. In fact, the example is to illustrate Theorem 2.1.

Theorem 2.1 Let k € [£,00) and £ € (0,00). Then

[§1+s 2 2
(k—rf+2€)” -3¢ _5 1 , (14)

k k
€] (k + SE)kZW)

’rk—r’hf-‘)

(k-1 + 40Pk -1t +0),

where s = -1 for k € Ny(£), s = 0 for k ¢ Ny(¢) and each c; is a constant for all k € N,(j),
[%]E In particular c; is obtained from (14) by substituting k = £ + j.

Example 2.2 By taking £ = 1.7, k =2 and j = 0.3 in (14), we get ¢; = 8—1 and hence (14)

becomes

k
¢! (k=1.7r + 2(1.7))% - 3(1.7)?

[k 17r+17-‘)

r117’(k—l7r+4(17)) (k 17r+17)17 17
85 1

= & - ko
81(L.7)17 1 (x4 3(1.7))kf71'7n

, k=2,37,54,....

Theorem 2.3 Let k € [£,00) and £ € (0,00). Then

i k+ré+¢ ~ 1
3 Uk )+ 02 a@)l2k-0)
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Proof By Definition 1.1, we find

a (k+2) -1
Alﬁ k ) = k
312k +0)5 k/  4(3)t7H(2k - ¢)
and (15) follows by Lemma 1.5 and ¢; = 0 as k — o0.
The following is the illustration for Theorem 2.3.

Example 2.4 Taking ¢ = 0.2 in (15), we arrive at

k+0.2 k+0.4 (k+0.6)

k+0.2

Tk ot ; o T Sroa ot = k1
302(2k+0.2)g, 3702 (2k+0.6)5, 3702 (2k+1)g, 4(3)027(2k - 0.2)

and one can take any value k € [£,00).

Theorem 2.5 For k € [£,00) and £ € (0,00), then

- —.
(k- 0) = 202)k. ¢V

i (k +re)® — 3 1

k+rt+t
0 e ((k+re)? —20)P (kv re+ ) T

Proof By Definition 1.1, we find

(kB_ZB)Z(/%'I _Kf%]

(rkety)

A
(k2 —2)P(k + 0 ((k - 02 — 22K,

&

and (16) follows by (10) and ¢; = 0 as k — oo.

(16)

O

The following theorem generates the formula to find the sum of first partial sums of an

infinite series.

Theorem 2.6 For the positive integer n € N(3), k € [2€,00) and £ € (0, 00),

ii 1 ) 1

= k)" (n=1)(n-2)2 (k-2

Proof Using Definition 1.1 and operating A;* on (7), we find

L1 1

A =
CKP T (-1 -2k - 202

and hence (17) follows by Lemma 1.6 as ¢; = 0 when k — oo.
The following example illustrates Theorem 2.6.

Example 2.7 Substituting £ = 0.5, n = 4 in (17), we obtain

123 1
O k+05%  (k+1)4 6(0.5)2(k 1))

17)
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In particular, when k = 2, the above series becomes

1 2 3 1
2x15x1x05 25x2x15x1 3x25x2x15 6x05"

Similarly, one can take any value for k € [2¢,00) and £ € (0, 00).

The following example shows that = € co(¢) and £5() when ké") Z0.
(

Example 2.8 Let n € N(2), £ € (0,00), j € [0,£) and a > nl. Replacing k by a + j, in (12),
we get

5 . (8)

= (a +]+r£ (n—l)E(a - E)(" D
Since

1 2 1

’

w| < )
(a+j+re) (a+j+re)

thus from (18) it follows that

[e.¢] [ee]

<Z !

= (a+]+rli)e (n—l)((a+j—£)y' D

o (a+]+r6

The function — 7 € o) follows from Definition 1.4 by taking
k

1

u(a+j+r€):7(n)
(a+j+rl),

Since lim,_, o =0 for all j € [0,¢), Definition 1.4 ylelds 5 € Co(e)-

(a+]+r£)(
3 Concluding remarks

In the present work, we provide an application on £3() and ¢ and solutions of the
second-order some generalized difference equation.
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