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Abstract
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1.Introduction

Fixed point theory as an important branch of nonlinear analysis theory has been
applied in the study of nonlinear phenomena. During the four decades, many famous
existence theorems of fixed points were established; see, for example, [1-5]. However,
from the standpoint of real world applications it is not only to know the existence of
fixed points of nonlinear mappings, but also to be able to construct an iterative process
to approximate their fixed points. The computation of fixed points is important in the
study of many real world problems, including inverse problems; for instance, it is not
hard to show that the split feasibility problem and the convex feasibility problem in
signal processing and image reconstruction can both be formulated as a problem of
finding fixed points of certain operators, respectively (see [6,7] for more details and the
references therein).

Recently, the study of the convergence of various iterative processes for solving var-
ious nonlinear mathematical models forms the major part of numerical mathematics.
Among these iterative processes, Krasnoselski-Mann iterative process and Halpern
iterative process are popular and hot. Let C be a nonempty, closed, and convex subset
of a underlying space X, and 7: C — C a mapping. Halpern iterative process generates
a sequence {x,,} in the following manner:

X0 €C, Xpy1=opu+ (1 —ay)Tx,, VYn>0, (1.1)
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where %, is an initial and # is a fixed element in C. Krasnoselski-Mann iterative pro-
cess generates a sequence {x,; in the following manner:

X0 €C, Xpy1 =ayTxy+ (1 —ay)x,, Vn=>0, (1.2)

It is known that Algorithm (1.2) only has weak convergence even for nonexpansive
mappings in infinite-dimensional Hilbert spaces (see [8] for more details and the refer-
ence therein). In many disciplines, including economics [9], image recovery [10], quan-
tum physics [11], and control theory [12], problems arises in infinite dimension spaces.
In such problems, strong convergence (norm convergence) is often much more desir-
able than weak convergence, for it translates the physically tangible property that the
energy ||x, - x| of the error between the iterate x, and the solution x eventually
becomes arbitrarily small. The important of strong convergence is also underlined in
[13], where a convex function fis minimized via the proximal-point algorithm: it is
shown that the rate of convergence of the value sequence {f(x,)} is better when {x,}
converges strongly that it converges weakly. Such properties have a direct impact when
the process is executed directly in the underlying infinite dimensional space. To
improve the weak convergence of Krasnoselski-Mann iterative process, so called hybrid
projections have been considered (see [14-25] for more details and the references
therein).

Algorithm (1.1) was initially introduced in [26]; for more details see the references
therein. In [26], Halpern showed that the following conditions

(C1) lim,, ye, €, = 05

(C2) Y- g o = 00,

are necessary in the sense that if Algorithm (1.1) is strongly convergent for all none-
mpty, closed, and convex subsets of a Hilbert space H and all nonexpansive mappings
on C, then the sequence {x,} must satisfy conditions (C1), and (C2). Due to the restric-
tion of (C2), Algorithm (1.1) is widely believed to have slow convergence though the
rate of convergence has not be determined. Thus to improve the rate of convergence
of algorithm (1.1), one can not rely only on the process itself; instead, some additional
step of iteration should be taken; see [27-30] and the references therein. One of the
purposes of this article is to show algorithm (1.1) is strong convergence under (C1)
only with the help of projections.

The purposes of this article is to study Algorithms (1.1) and (1.2) with the help of
additional metric projections for the new mapping. The organization of this article is
as follows. In Section 2, we provide some necessary preliminaries. In Section 3, Algo-
rithms (1.1) and (1.2) are studied with the help of projections. Two main strong con-
vergence theorems are established in a reflexive, strictly convex, and smooth Banach
space such that both E and E* have Kadec-Klee property. In Section 4, applications of
the main results are provided.

2.Preliminaries

Let H be a real Hilbert space, C a nonempty subset of H, and 7': C — C a mapping.
The symbol F(T) stands for the fixed point set of 7. Recall the following. T is said to
be nonexpansive if

|7 =] = Jx—vy

, VYx,yeC.
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T is said to be quasi-nonexpansive if F(T) # ¢, and

lo—m| <|p—y|, VpeF(T), yeC

T is said to be asymptotically nonexpansive if there exists a sequence {y,} € [0, )
with p,, > 0 as n—eo such that

[T"x — Ty < (1 +pn) |x—y

, ¥x,yeC n>1.

It is easy to see that a nonexpansive mapping is an asymptotically nonexpansive
mapping with the sequence {1}. The class of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [2]. Since 1972, a host of authors have studied the
convergence of iterative algorithms for such a class of mappings.

T is said to be asymptotically quasi-nonexpansive if F(T) # ¥, and there exists a
sequence {u,} € [0, ) with y,, — 0 as n—oo such that

lp=1"] < +um)p—yl, ¥peFT), yeC n=1.

It is easy to see that a quasi-nonexpansive mapping is an asymptotically quasi-nonex-
pansive mapping with the sequence {1}.

T is said to be generalized asymptotically nonexpansive if there exist two nonnegative
sequences {y,} € [0, ) with y,, — 0, and {&,} € [0, «) with &, — 0 as n—> such that

||T"x— T”y” < (1+pun) ||x—y|| +&, VxyeC n=>1,

T is said to be generalized asymptotically quasi-nonexpansive if F(T) # ¢, and there
exist two nonnegative sequences {4,} € [0, «) with y,, — 0, and {&,} € [0,00) with &,
— 0 as n—eo such that

[T'x —y| < (1 +ma) |x—y| +& VxeC, yeF(T), n>1.

The class of generalized asymptotically (quasi)-nonexpansive has been considered by
Shahzad and Zegeye [31] (see also Agarwal et al. [32]). It is easy to see that the class
of generalized asymptotically (quasi)-nonexpansive include the class of asymptotically
(quasi)-nonexpansive as a special case.

In what follows, we always assume that E is a Banach space with the dual space E*.
Let C be a nonempty, closed, and convex subset of E. We use the symbol J to stand
for the normalized duality mapping from E to 2E" defined by

Je={fr e B ) = I = [£]7), vxek,

where (-, -) denotes the generalized duality pairing of elements between E, and E* It
is well known that if E* is strictly convex, then ] is single valued; if E* is reflexive, and
smooth, then J is single valued, and demicontinuous (see [33] for more details and the
references therein).

It is also well known that if D is a nonempty, closed, and convex subset of a Hilbert
space H, and Pc : H — D is the metric projection from H onto D, then Pp is nonex-
pansive. This fact actually characterizes Hilbert spaces and consequently, it is not avail-
able in more general Banach spaces. In this connection, Alber [34] introduced a
generalized projection operator in Banach spaces which is an analogue of the metric

projection in Hilbert spaces.
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Let Ur = {x € E : ||x|| = 1} be the unit sphere of E. E is said to be strictly convex if
|| < 1forall x, y € Ug with x = y. It is said to be uniformly convex if for any € e

(0, 2] there exists 0 > 0 such that for any x, y € U,
X
||x—y|| > ¢ implies H ;)’H <1-34.

It is known that a uniformly convex Banach space is reflexive and strictly convex. E

[|x+ty || Il
t

is said to be smooth provided lin(} exists for all x, y € Ug. It is also said to be
t—

uniformly smooth if the limit is attained uniformly for all x, y € U

E is said to enjoy Kadec-Klee property if for any sequence {x,} € E, and x € E with
x, = x, and "x,, " - ||x||, then "xn - x" — 0 as n—»o. For more details on Kadec-Klee
property, the readers can refer to [35] and the references therein. It is well known that
if E is a uniformly convex Banach spaces, then E enjoys Kadec-Klee property.

Let E be a smooth Banach space. Consider the functional defined by

P(x,y) = x> — 2 (x, Jy) + ||y||2, Vx,y € E. (2.1)

Notice that, in a Hilbert space H, (2.1) is reduced to ¢(x, y) = ”x—y”2 for all x,y € H.
The generalized projection Ilc : E — C is a mapping that assigns to an arbitrary point
x € E, the minimum point of the functional ¢(x, y); that is, [1cx = X, where x is the
solution to the following minimization problem:

¢ (X, x) = min ¢(y, x).
yeC

The existence, and uniqueness of the operator I1¢ follow from the properties of the
functional @(x, y), and the strict monotonicity of the mapping J (see, for example,
[33,36]). In Hilbert spaces, I1¢ = Pc. It is obvious from the definition of the function ¢
that

(vl = 1x1)* < @@ %) < (Jy] + 1=1)>,  Vay €E, (22)
and
o(x,y) = d(x,2) +p(zy) +2(x —z,Jz—Jy), Vxy,z€E. (2.3)

Remark 2.1. If E is a reflexive, strictly convex, and smooth Banach space, then, for
all x,y € E, ¢(x,y) = 0 if and only if x = y. It is sufficient to show that if ¢(x, y) = 0,
then x = y. From (2.2), we have "x" = ||y|| This implies that (x, Jy) = ||x||2 = ||]y||2.
From the definition of J, we see that Jx = Jy. It follows that x = y; see [33,36] for more
details.

Next, we recall the following.

(1) A point p in C is said to be an asymptotic fixed point of T [37] if C contains a
sequence {x,} which converges weakly to p such that lim,, .. ||xn - Tx, || = 0. The set
of asymptotic fixed points of 7 will be denoted by F(T).

(2) T is said to be relatively nonexpansive if

E(T) = F(T) #4, and ¢(p, Tx) < ¢(p,x), Vxe C, pe F(T).

Page 4 of 20
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(3) T is said to be relatively asymptotically nonexpansive if
F(T)=F(T) #0, and ¢(p, T"x) < (1 + pn)p(p,x), V¥xe C, peF(T), n=>1,

where {y,} € [0, «) is a sequence such that y,, > 0 as n—»co.

Remark 2.2. The class of relatively asymptotically nonexpansive mappings was first
considered in Su and Qin [38] (see also, Agarwal et al. [39], and Qin et al. [40]).

(4) T is said to be quasi-@-nonexpansive if

F(T) #9, and ¢(p, Tx) < ¢(p.x), Vxe C, p € F(T).

(5) T is said to be asymptotically quasi-@-nonexpansive if there exists a sequence {y,,}
C [0, =) with y,, — 0 as n—co such that

F(T) # @, and ¢(p, T"x) < (1 + wn)d(p,x), VxeC, pe F(T), n> 1.

Remark 2.3. The class of quasi-@-nonexpansive mappings and the class of asympto-
tically quasi-@-nonexpansive mappings were first considered in Zhou et al. [24] (see
also Qin and Agarwal [18], Qin et al. [20], Qin et al. [21], Qin et al. [41]).

Remark 2.4. The class of quasi-@-nonexpansive mappings and the class of asympto-
tically quasi-@-nonexpansive mappings are more general than the class of relatively
nonex-pansive mappings and the class of relatively asymptotically nonexpansive map-
pings. Quasi-@-nonexpansive mappings and asymptotically quasi-¢-nonexpansive do
not require F(T) = F(T).

Remark 2.5. The class of quasi-@-nonexpansive mappings and the class of asympto-
tically quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonex-
pansive mappings and the class of asymptotically quasi-nonexpansive mappings in
Banach spaces.

In this article, we introduce and consider the following new nonlinear mapping: gen-
eralized asymptotically quasi-¢-nonexpansive mappings.

(6) T is said to be an generalized asymptotically quasi-p-nonexpansive mapping if
F(T) # ), and there exist two nonnegative sequences {x,} € [0, «) with y, — 0, and
{&,} € [0, ) with &, — 0 as n— such that

o(p, T"x) < (1 + un)o(p.x)+&, VxeC peF(T), n>1.

Remark 2.6. The class of generalized asymptotically quasi-@-nonexpansive mappings
is a generalization of the class of generalized asymptotically quasi-nonexpansive map-
pings in the framework of Banach spaces.

(7) T is said to be asymptotically regular on C if, for any bounded subset K of C,

lim sup {||T"'x — T"x|} = 0.
n—oo xeK

In order to prove our main results, we also need the following lemmas:

Lemma 2.1. [34]Let C be a nonempty, closed, and convex subset of a smooth Banach
space E, and x € E. Then xo = lcx if and only if

(xo -y Jx —]xo) >0, VyeC.



Qin et al. Fixed Point Theory and Applications 2012, 2012:58
http://www fixedpointtheoryandapplications.com/content/2012/1/58

Lemma 2.2. [34]Let E be a reflexive, strictly, convex, and smooth Banach space, C a
nonempty, closed, and convex subset of E, and x € E. Then

¢ (v, ex) + ¢ (TMex, x) < ¢(y,x), VyeC.

3.Main results

Theorem 3.1. Let E be a reflexive, strictly convex, and smooth Banach space such that
both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex sub-
set of E. Let A be an index set, and T; : C — C a closed, asymptotically regular, and
generalized asymptotically quasi-Q-nonexpansive mapping with the sequences {y,,;}, and
{&.i), for every i € A. Assume that N o F(T;) is nonempty, and bounded. Let {x,} be a
sequence generated in the following manner:

xo € E, chosen arbitrarily,

C,i=C,
Ci = NieaCi,
x1 = ¢, xo,

? p—
Vi = J1 (il (T'%2) + (1 — awi)lxa), n=>1, ( < ?show[CSFchar =)

Cher,i = {u € Cni : ¢t yni) < d(w, Xn) + pn,iMy + En,i} ’
Cn+1 = mieAC‘rHl,i/
Xne1 = g, X0, Vn>1,

where M,, = sup{p(z, x,) : z € Nica F(T})}, and {a,,;} are sequences in (0,1] such that
lim inf, ,. o,; > 0. Then {x,} converges strongly to Un, k)Xo, where I, F(1;)stands
for the generalized projection from E onto N p F(T}).

Proof. The proof is split into seven steps.

Step 1. Show, for every ie A, that F(T),) is closed, and convex. This proves that
I, F(1)%o is well defined, for every xg € E. On the closedness of N;c o F(T;), we can
easily conclude from the closedness of T the desired conclusion. We only prove that
Nica F(T;) is convex. Let py ,ps; € F(T;), and p; = tp 1; + (1 - t;)p>;, where t; € (0,1),
for every i € A. We see that p; = T;p;. Indeed, we see from the definition of 7 that

¢ (Pri TPpi) < (1 + fan,))@(Pis i) + Enis (3.1)
and

¢ (02,0 T/ i) < (1 + i) (P2is i) + Eni- (3.2)
In view of (2.3), we obtain that

¢ (10 T'pi) = ¢ (pripi) + & (pi T'pi) + 2{pr.i — pirIpi = JT}pi) (3:3)
and

¢ (024 T7'pi) = & (p2:.pi) + & (i T'pi) + 2{p2.i — pir Jpi = JT]pi).. (3.4)
It follows from (3.1), (3.2), (3.3), and (3.4) that

¢ (i, TI'pi) < 2(pi — prisJpi — J (T'Pi)) + 1, i (P1,is Pi) + Enis (3.5)
and

¢ (pi, TPpi) < 2(pi — pois Jpi — T (T7'Di)) + bnid(P2,is Pi) + &ni- (3.6)

Page 6 of 20
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Multiplying ¢; and (1 - t;) on the both sides of (3.5) and (3.6), respectively yields that
& (pi, TI'pi) < tiptnid(p1,is pi) + (1 — t:) i@ (P2,is Pi) + Eni-
It follows that

lim ¢ (p;, T]'pi) = 0.

n—o0

In light of (2.2), we arrive at

lim [779.] - 1] 67)

n—o00

It follows that

tim [ (1799 - o] 63)

n—oo
Since E* is reflexive, we may, without loss of generality, assume that

J (T?p;) — e*' € E* In view of the reflexivity of E, we have J(E) = E* This shows that

there exists an element e’ € E such that Je' = e®’. It follows that

¢ (piTips) = o ]* = 2{pi, T (T0p)) + [ T2
= Jloel® = 2{pi, g (Tps)) + |7 (T0p0) |

Taking lim inf,, ,.. on the both sides of the equality above, we obtain that
s, 1 i || 2
0= pi]* = 2{pi, e} + ]
i i||2
= oill” = 2(pi e} + e’
i il|2
= loif)” = 2(pisel) + ']
= ¢(pi.e').

This implies that p; = ¢, that is, Jp; = e*". It follows that J (T!'p;) — Jp; € E*. In view
of Kadec-Klee property of E* we obtain from (3.8) that

lim |/ (17p:) = Jpi| = 0.

Since /' : E* — E is demicontinuous, we see that T'p; — p;. By virtue of Kadec-Klee
property of E, we see from (3.7) that T}'p; — p; as n—»oo. Hence

T;T}'pi = T} pi — pi,

as n—eo. In view of the closedness of T}, we can obtain that p; € F(T)), for every i €
A. This shows, for every i € A, that F(T;) is convex. This proves that N, F(T;) is con-
vex. This completes the proof of Step 1.

Step 2. Show that C, is closed, and convex for all n > 1. It suffices to show, for any
fixed but arbitrary i € A, that C,; is closed, and convex, for every n > 1. This can be
proved by induction on #. It is obvious that C;; = C is closed, and convex. Assume
that Cy,; is closed, and convex for some /2 > 1. We next prove that Cy,;; is closed, and
convex for the same /. This completes the proof that C,, is closed, and convex. The
closedness of Cj,, 1, is clear. We only prove the convexness. Indeed, Va, b € Cj,1,; we
see that a,b € C),;, and
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¢ (a, i) < d(a, xn) + pniMp + &nji, (3.9)
and
¢ (b, yni) < &(b,xp) + pniMp + En,i. (3.10)
Notice that (3.9), and (3.10) are equivalent to the following inequalities, respectively.
2{a, Jxn = Jyni) < lxnll> = |yni Hz + niMp + &ni,
and
2(b, Jxn = Jyni) < lxnll® = |yn,i ||2 + [, iMp + &Epi.
These imply that
2(ta+ (1 = 0)b, Jxn — Jyni) < lowll> — ||}’h,i||2 + My + &, Vie (0,1).  (3.11)

Since Cj,; is convex, we see that ta + (1 - £)b € Cj,;. Notice that (3.11) is equivalent

to
¢ (ta+ (1 —0)b,yni) < d(ta+ (1 — )b, xp) + puniMy + En,i.

This proves that C,,;; is convex. This completes the proof of Step 2.

Step 3. Show that n,.x F(T;) € C,, for every n > 1. It suffices to claim that N, 5 F(T))
c C,,;, for every n > 1, and for every i > A. Note that n,. o F(T;) < C;,; = C. Suppose
that N,ca F(T;) © Cy,; for some ki, and for every i € A. Then, for all w e N, F(T)) <
Cy,;» we have

o (w, yn,i)

o (w’]—l (ah,i] (T,-"xh) +(1- Olh/i)]xh))

~wl? — 2(w, anil (Tihxh) +(1- Olh,i)]xh>
+H0‘h,i] (Tzhxh) + (1= ani)/xh H2

< lwll* = 2ap, (w,] (T,hxh)) —2(1 — o) {w, Jxn) + Oth,i“Tihxh H2
+(1 — ap) llxn1?

= opip (w, Tthh) + (1 — o) (w, xn)

< ot ifniP (W, xn) + otn,i&n,i + P (w, Xn)

< o(w, xp) + pn,iMp + &ni,

where Mh = ensug(T) {6z %)} This shows that w e Cpe1,-This implies that nic, F
Z2€lMiea i

(T;) < C,, for every n = 1. This completes the proof of Step 3.
Step 4. Show that {x,} is bounded. In view of x, = I1c,xo, we see that

(Xn —z,Jx0 — Jxn) = 0, Vz e C,.
Since N;cp F(T;) < C,, we arrive at

(xn —w, Jxo —Jxy) =0, Ywe ﬂieAF(Ti)‘ (3-12)

Page 8 of 20
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It follows from Lemma 2.2 that

b (%xn, X0) = ¢ (T, %o, %0)
=< ¢ (HﬂieAF(Ti)xOer) - ¢ (HﬁieAF(Ti)xOIxn)
=¢ (HﬁieAF(Ti)xO’xO) :

This implies that the sequence {((x,, x¢)} is bounded. It follows from (2.2) that the
sequence {x,} is also bounded. This completes the proof of Step 4.

Step 5. Show that x, — X, where X is some point in C as n—. Since {x,} is
bounded, and the space is reflexive, we may assume that x,, — x. Since C, is closed,
and convex, we see that X € C,. On the other hand, we see from the weakly lower
semicontinuity of the norm that

¢ (X, x0) = I%]|> — 2 (%, Jxo) + [Ix0]I
< liminf (xalI* — 2 (x, Jxo) + llxo 1)
n—oo
= liminf ¢ (xy, x0)
n—oo

< lim sup ¢(xy, Xo)
n—oo

=< ¢(&I xO)t

which implies that ¢ (x,, x0) — (X, x9) as n—>co. Hence, ||x,|| — [|X]| as n—eo. In view
of Kadec-Klee property of E, we see that x, — X as n—oo. This completes the proof of
Step 5.

Step 6. Show that Xxe€ NiaF(T;). In view of construction of
Xne1 = )Xo € Cpy1 C Gy, we arrive at

¢ (Xns1,%n) = @ (xn+lr 1_[C,,xO)
< ¢ (%1, %0) — ¢ (T, X0, Xo)

= @ (Xns1,X0) — @ (Xn, Xo) .

Since x, = ¢, %o, and Xu.1 = I, X0 € Cui1 C Cy, we arrive at @(x,, o) < Q(x,,,1,%0),

n+1

Vn = 1. This shows that {¢(x,, xo)} is nondecreasing. It follows from the boundedness
that lim,,_,.. ¢(x, x) exists. It follows that

lim ¢ (a1, %n) = O. (3.13)
n—o00

Since xp.1 = ¢, xo € Cpi1, we arrive at

el
¢ (Xns1, Vi) < & Kner, Xn) + ion,iMy + Epi.
This in turn implies from (3.13) that
lim ¢ (.1, i) = 0. (3.14)
In view of (2.2), we see that
Jim (et | = [yni]) = 0.

This in turn implies that

lim yni| = Il
n—oo

Page 9 of 20
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It follows that
Tim [y = 15 (3.15)

This implies that {Jy,,;} is bounded. Note that both E and E* are reflexive. We may
assume that Jy,; = y* € E* for every i € A. In view of the reflexivity of E, we see that
J(E) = E*. This shows that there exists an element y' € E such that Jy’ = y*'. It follows
that

¢ (xn+lr )’n,i) = [[Xn+1 ”2 -2 (xn+1/]}/n,i) + ||}/n,i||2

= et 12 = 2 (a1, Jvni) + Py
Taking lim inf,_,.. on the both sides of the equality above yields that
0 = &2 — 2(& ™) + [y
= IR = 2(=. ) + ]
= 1®12 = 2% 1) + ]
= ¢(x, 7).

That is, x =y, which in turn implies that y* = Jx, for every i € A. It follows that
Jyni — Jx € E¥, for every i € A. Since E* enjoys Kadec-Klee property, we obtain from
(3.15) that

Jim y,; = Jx.
Notice that

Txn = Jyn,i]| < Wxn = JXI + |[J% = Jyni] -
It follows that

lim ([ — Jyni] = 0. (3.16)
Notice from () that

Jxn = Jyni = ni (] (T'%n) = Jn) -
In view of the assumption that lim inf,_,.. o,,; > 0, we arrive at

lim |7 (T}'xn) — Jxu | = 0. (3.17)
Notice that

7 (TFa) = x| < 7 (T1%0) — Jxa]| + e — JXII -
This implies from (3.17) that

lim [[J (T}xn) — Jx[ = 0. (3.18)
The demi-continuity of /' : E* — E implies that T''x, — X, for every i € A. Note that

[T = 0] = 7 (7o) [ = Wi < [ (Ta) = %]
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In view of (3.18), we see that H TFx, || — ||x||, for every i € A as n—»oo. Since E enjoy
Kadec-Klee property, we obtain that
lim | Tfx, —X| = 0. (3.19)

n—o0

Notice that
[T o — x| < || T o — T | + || TV %0 — % -
It follows from the asymptotic regularity of T}, and (3.19) that

lim |T/*'x, — || = 0,
n—oo
that is, T;T}'x, — X — 0 as n—o. It follows from the closedness of T; that Tix = %, for
every i € A. This completes the proof of Step 6.
Step 7. Show that X = I1n,_, F1;)%0. Letting n—>o in (3.12), we arrive at

(x—w,Jxo—Jx) =0, YweNeaF(T)).

It follows from Lemma 2.1 that x = Iln_,r(r)Xo. This completes the proof of Step 7.
The proof of Theorem 3.1 is completed.

Remark 3.2. Comparing Theorem 3.1 with Theorem 2.1 in Qin et al. [21], we have
the following:

(a) extend the mapping from the class of asymptotically quasi-¢-nonexpansive
mappings to the class of generalized asymptotically quasi-¢@-nonexpansive
mappings;

(b) extend the mapping from a single mapping to a family of mappings;

(c) extend the space from a uniformly smooth, and strictly convex Banach space
which also enjoys the Kadec-Klee property to a reflexive, strictly convex, and
smooth Banach space such that both E and E* have Kadec-Klee property.

Remark 3.3. Strictly convex, reflexive, and smooth Musielak-Orlicz spaces satisfy the
restrictions imposed on the framework of the spaces [35], while, in general, these
spaces need not to be uniformly convex or uniformly smooth.

For a single mapping, we can easily conclude the following.

Corollary 3.4. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let T : C — C be a closed, asymptotically regular, and generalized asymp-
totically quasi-@p-nonexpansive mapping with the sequences {y,,}, and {&,}. Assume that
F(T) is nonempty, and bounded. Let {x,} be a sequence generated in the following man-
ner:

Xo € E, chosen arbitrarily,

C =¢C,

x1 = I¢, xo,

Vn = J! (on] (T"xn) + (1 —an) Jxn), n=1,

Cpi1 = {“ € Cn:(tyn) < d(u,xn) + puMy + ‘i‘-n} ,
Xps1 = I, X0, VYn>1.
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where M,, = sup{p(z, x,) : z € F(T)}, and {o,} is a sequence in (0,1] such that lim
inf,, _,.. o, > 0. Then {x,} converges strongly to Ilpiyxo, where g stands for the gener-
alized projection from E onto F(T).

If o, = 1, then Theorem 3.1 is reduced to the following.

Corollary 3.5. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and T; : C — C a closed, asymptotically regular, and
generalized asymptotically quasi-Q-nonexpansive mapping with the sequences {i,,;}, and
(&), for every i € A. Assume that N o F(T)) is nonempty, and bounded. Let {x,} be a
sequence generated in the following manner:

Xo € E, chosen arbitrarily,

Cii=C,
C1 = NicaCyi,
x1 = ¢, xo,

Cher,i = {u €Chi:¢ (u/ Tinxn) < ¢ (U, Xn) + Un,iMn + En,i} ’
Chi1 = NieaCuivis
Xpe1 = I, X0, Vn>1,

n+1

where M,, = sup{@(z, x,) : z € Nica F(T))}, and {0,,;} are sequences in (0,1] such that
lim inf, ,. o, ; > 0. Then {x,} converges strongly to Un, k)Xo, where I, r(1,)stands
for the generalized projection from E onto N o F(T)).

In the framework of Hilbert spaces, Theorem 3.1 is reduced to the following.

Corollary 3.6. Let C be a nonempty, closed, and convex subset of a Hilbert space E.
Let A be an index set, and T; : C — C a closed, asymptotically regular, and generalized
asymptotically quasi-nonexpansive mapping with the sequences {u,,;}, and {<, ;}, for
every i € A. Assume that N;. o F(T;) is nonempty, and bounded. Let {x,} be a sequence
generated in the following manner:

Xo € E, chosen arbitrarily,

C,i=C,
C1 = NieaCy,
x1 = Pc,xo,

n
VYn,i = an,iTi Xn + (1 - O‘n,i)xn/ n>1,

2 2
Cni1,i=u € Cyy: ”u — Vni | < lu—xnll”™ + pn,iMn + En,i} ,
Cn+1 = mieACn+1,i/
Xne1 = Pc,, X0, YN =1,

where M,, = sup{"z - xn”2 1z € N a E(T))}, and {a,, ;} are sequences in (0,1] such that
lim inf, .. o,; > 0. Then {x,} converges strongly to Pn, . r(r;)Xo0, where Pn, . r(r)stands for
the metric projection from E onto Nic o F(T;).

For a single mapping, we can easily conclude the following.

Corollary 3.7. Let C be a nonempty, closed, and convex subset of a Hilbert space E.
Let T : C — C be a closed, asymptotically regular, and generalized asymptotically
quasi-nonexpansive mapping with the sequences {u,}, and {&,}. Assume that F(T) is
nonempty, and bounded. Let {x,} be a sequence generated in the following manner:
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Xo € E, chosen arbitrarily,

C =C

x1 = P¢,Xo,

Yni =0Ty + (1 —an)xn, n>1,

Cni1 = {u €Cy: ”u - Yn||2 < llu—xall?® + nMy +§n} ,
Xni1 = Pc,, %0, YN =1,

where M,, = sup{"z - x,,”2 iz € Niea F(T))}, and {0} is a sequence in (0,1] such that
lim inf, ,.. a, > 0. Then {x,} converges strongly to Priryxo, where Prry stands for the
metric projection from E onto F(T).

Next, we turn our attention to Algorithm (1.1).

Theorem 3.8. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and T; : C — C a closed, asymptotically regular, and
generalized asymptotically quasi-@-nonexpansive mapping with the sequences {y,,;}, and
{&.i), for every i € A. Assume that N F(T;) is nonempty, and bounded. Let {x,} be a
sequence generated in the following manner:

Xo € E, chosen arbitrarily,

C,i=C,
C1 = NieaCyi,
x1 = I¢, X,

Vi =) (anifxr + (1 — o) J (TVxn)), n=>1,

Cni1i = {u €Cpi:¢ (ur Yn,i) < ¢ (U xp) + 0t iM + Sn,i} ’
Cus1 = NieaCuyir,ir

Xpi1 = g, 01, Vn=1,

where M = sup_cn_ pr) (¢ (& x1)}, and {o,,;} are sequences in (0,1) such that lim,,_,..
o,,; = 0. Assume that n,i < 12;1 Then {x,} converges strongly to Un,,r;)X1, where
M, F(r)stands for the generalized projection from E onto Nic o F(T)).

Proof. In view of the proof of Theorem 3.1, we show the difference only. From the
proof of Step 1 of Theorem 3.1, we see that n,. o F(T;) is closed, and convex.

Next, we show that C,, is closed, and convex for all # > 1. It suffices to show, for any
fixed but arbitrary i € A, that C,; is closed, and convex, for every n > 1. This can be
proved by induction on n. It is obvious that C;; = C is closed, and convex. Assume
that Cj,; is closed, and convex for some / > 1. We next prove that Cy,,1; is closed, and
convex for the same /4. This completes the proof that C,, is closed, and convex. The
closedness of Cy,, 1, is clear. We only prove the convexness. Indeed, Va, b € Cj.1,; we
see that a,b € Cj,;, and

¢ (a,yni) < ¢ (a,xn) + oniM + i, (3.20)
and

¢ (b, yni) < ¢ (b, xp) + opiM + & . (3.21)
Notice that (3.20), and (3.21) are equivalent to the following inequalities, respectively.

2{a, Jxn — Jyni) < llxnll® — ”Yh/i”z +apiM + &,
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and
2(b,Jxn = Jyni) < Il = [y} + coniM + &
These imply that
2{ta+ (1 = O)b,Jxn — Jyni) < ol = [|yni|]” + aniM + &,i  Vee (0,1).  (3.22)

Since Cj,; is convex, we see that ta + (1 - £)b € Cj,;. Notice that (3.22) is equivalent

to
¢ (ta+ (1 —6)b,yni) < ¢ (ta+ (1 —1)b,xp) + piM + & .

This proves that Cj,;,; is convex. This completes the proof that C, is closed, and
convex for all # > 1.

Next, we show that N, F(T;) € C,, for every n > 1. It suffices to claim that Nica F
(T;) < C,,;, for every n > 1, and for every i = A. Note that n,. o F(T;) < Cy,; = C. Sup-
pose that N,cp F(T;) © Cy; for some 4, and for every i € A. Then, for Vw € ni o F(T})

i

"' that

€ Cj,» we obtain from the restriction Uni = 12
S (w, yn,i)
=¢ (w, J! (ah,i]xl + (1 —ap)] (T,hxh)))
2

= ||w||2 -2 <w, apix; + (1 — api)] (Tf’xh)> + Hah,i]xl + (1 —api)] (Tf’) H

2 h 2 n |2
< wll? = 2e0 G, 1) = 2 (1 =) (w0, (Th0) )+ el I + (1 = )| T |
= apip(w, x1) + (1 — api)d (w, T?xh)

< & (w,xn) + opip(w, x1) — (otni — (1 — atni) ieni) P(w, Xp) + &ni
< ¢(w, xp) + apiM + &

where M =sup_cn_, r(r) {¢(Z, xl)} This shows that w € Cj,,;; This implies that
Nica F(T;) < C,, for every n > 1. This completes the proof that n,. o F(T;) < C,, for
every n > 1.

In the light of the proof of Step 4 of Theorem 3.1, we find that {x,} is bounded. It
follows the proof of Step 5 of Theorem 3.1 that x, — X € Cas n — <. Next, we show
that X € NjcaF(T;). In view of the proof of Step 6 of Theorem 3.1, we find that

lim ¢ (xp41, %) = 0. (3.23)

n—o0

Since xp41 = Ic,,, X0 € Cpy1, we arrive at
] (xn+1r Yn,i) < @ (Xns1, Xn) + o, iM + &y .
This in turn implies that

lim @ (X1, Yni) = 0. (3.24)

n—oo

In view of the proof of Step 6 of Theorem 3.1, we find that

lim ([ — Jyni] = 0. (3.25)
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Notice from (YY) that
e e | N (=1
i%n n|| = 1_an,i n,i n 1_an,i n

In view of the assumption that lim,,_,.. ¢,,; = 0, Vi € A, we find from (3.25) that
lim [[J (Txn) — Jaeu || = 0. (3.26)

Next, following Steps 6 and 7, we can easily conclude the desired conclusion. This
completes the proof of Theorem 3.8.

Remark 3.9. In view of the mappings, and the framework of the spaces, we see that
Theorem 3.8 can be viewed as a generalization of the corresponding results announced
in Cho et al. [27], Qin et al. [28], and Qin and Su [29].

For a single mapping, we obtain from Theorem 3.8 the following.

Corollary 3.10. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let T : C — C a closed, asymptotically regular, and generalized asymptoti-
cally quasi-Q-nonexpansive mapping with the sequences {y,}, and {&,}. Assume that F

(T) is nonempty, and bounded. Let {x,} be a sequence generated in the following man-
ner:

Xo € E, chosen arbitrarily,

C =C

x1 = Ic,xo,

Vo =T (e + (1 — o)) (TMxy)), n=>1,
Cni1 = {“ €Cp:¢ (”rYn) < (4, xn) + nM +‘é5-n}1
Xne1 =T, 01, Ynz=1,

where M = supy prni@(zx1)}, and {o,) is a sequence in (0,1) such that lim,,_,.. o, = 0.
Assume that Un < 13'&,,- Then {x,} converges strongly to Ilgsryx1, where gy stands for
the generalized projection from E onto F(T).

In the framework of Hilbert spaces, Theorem 3.8 is reduced to the following.

Corollary 3.11. Let C be a nonempty, closed, and convex subset of a Hilbert space E.
Let A be an index set, and T; : C — C a closed, asymptotically regular, and generalized
asymptotically quasi-nonexpansive mapping with the sequences {, ;}, and {<,;}, for
every i € A. Assume that N, o F(T;) is nonempty, and bounded. Let {x,} be a sequence
generated in the following manner:

Xo € E, chosen arbitrarily,

C,i=C,
C1 = NieaCyi,
x1 = Pc,xo,

Yni = otnix1 + (1 — an,i)Tinxn/ n>1,
2 2

Cueti = fue Cus: Ju=yaa]” < =20l + M + 1}

Chne1 = NieaCrais

Xne1 = Pc,, %1, Yn>1,

where M =sup_cn_, g1, {Ilz—xlllz}, and {o,,;} are sequences in (0,1) such that

lim, . o,; = 0. Assume that Wni = 13:'121 Then {x,} converges strongly to Pn.,r(r)X1,

where Pn._,F(T,)stands for the metric projection from E onto Ny p F(T;).
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Remark 3.12. Comparing with Theorem 3.1 in Martinez-Yanes and Xu [30], we have
the following:

(a) improve the mapping from nonexpansive mappings to asymptotically quasi-
nonexpansive mappings;

(b) improve the mapping from a single mapping to a family of mappings;

(b) the hybrid projection in Corollary 3.1 is different with the one in [30].

For a single mapping, we obtain from Corollary 3.11 the following.

Corollary 3.13. Let C be a nonempty, closed, and convex subset of a Hilbert space E.
Let T : C — C a closed, asymptotically regular, and generalized asymptotically quasi-
nonexpansive mapping with the sequences {u,,}, and {£,}. Assume that F(T) is nonempty,
and bounded. Let {x,} be a sequence generated in the following manner:

Xo € E, chosen arbitrarily,

C =C,

x1 = Pc,xo,

Yn=0nx1 + (1 —oy)T"x,, n>1,

2
Gt = {ue Gt Ju=pal* < = x5l + M + 6},

Xni1 = Pc,, x1, Vn=>1,

where M = sup,. F(T){"z- X1 " A, and {0} is a sequence in (0,1) such that lim,_,.. o, =
0. Assume that n < |%,, . Then {x,} converges strongly to Pgirx1, where Prry stands

for the metric projection from E onto F(T).

4.Applications
First, we consider the problem of approximating a common minimizer of a family of
proper, lower semicontinuous, and convex functionals.

Let E be a Banach space with the dual E* For a proper lower semicontinuous convex
function f: E — (-o0,00], the subdifferential mapping df € E x E* of f is defined by

af(x) = {x* € E* 1 f(x) + [y —x,x*) < f(y),Vy € E}, VxeE.

Rockafellar [42] proved that df is a maximal monotone operator. It is easy to verify
that 0 € Jf(v) if and only if Av) = min,. ¢ fix).

Theorem 4.1. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and f; : C — C a proper, lower semicontinuous, and
convex functionals, for every i € A. Assume that 0. o (9f) (0) is nonempty. Let {x,} be
a sequence generated in the following manner:

Xo € E, chosen arbitrarily,

Cl,i = CI
C1 = NieaCi,
x1 = I¢, xo,

- i . lzl? | (zJx)
Zp,i = arg Mingeg {ﬁ(z) + B0

Vi = J! (an,ijzn,i +(1— Oln/i)]xn) , n=x=1,
Cn+1,i = {u € Cn,i : ¢(ur Yn,i) =< (]5(1/[, xn)} ,
Cus1 = NicaCui,i

Xn+1 = HCn+1xOI Yn>1,
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where r; > 0, Vi € A, and {,,;} are sequences in (0,1] such that lim inf,_,., o, ; > 0.
Then {x,} converges strongly to Un_, oy (0)X0, where ln_, (ory-1 (0)stands for the gener-
alized projection from E onto N a (afi)'l(O).

Proof. For each r; > 0, and x € E, we see that there exists a unique x,, € D(9f;) such
that Jx € Jx, + 1;9f; (x;), where x,, = (J + riafi)fl Jx. Notice that

- 3 . llzII?
Z,i = arg Iglelhp {ﬁ(z) + 5+

(z/ ]xn> }

Ti
is equivalent to

1 Jx
] + ré z,,,i=8f,-(z,,,i)+

1 1

Jzni  Jxn
+ .

i i

Oea<ﬁ+

This shows that z,,; = (J + rﬁﬁ»)'l]xn. In view of the Example 2.3 in Qin et al. [41], we
find that (J + r,0f,) ] is closed quasi-@-nonexpansive with F(J+ r,df)" J) = (3f)(0).

Following the proof of Theorem 3.1, we can immediately conclude the desired
conclusion.

Theorem 4.2. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and f; : C — C a proper, lower semicontinuous, and
convex functionals, for every i € A. Assume that 0, A(9f) ™ (0) is nonempty. Let {x,} be a
sequence generated in the following manner:

xXo € E,  chosen arbitrarily,

Ci =C,
C1 = NieaCyi,
x1 = I¢, X,

= ; 3 lzl? | (&Jxa)
Zp,i = arg Mingcp {ﬁ(z) + B E

Yni = ]71 (an,i]xl + (1 — Ofn,i)]xn,i) , n>1,

Cs1i = {u € Cri : d(w¥ni) < otnip(t, Xn) + (1 — otn,i)P(1s, xn)} /
Cns1 = NieaCry1i

xni1 = g, %0, Vn>1,

n+1

where r; > 0, and {a,,;} are sequences in (0,1) such that lim,, .. o,,; = 0. Then {x,}
converges strongly to Un,_, (5£)1(0)%1, where Un_, (5) ' (0)stands for the generalized pro-
jection from E onton Ny p (8ﬁ)’1(0).

Proof. We easily find from Theorems 3.8 and 4.1 the conclusion.

Second, we consider the problem of approximating a solution of a family of varia-
tional inequalities.

Let C be a nonempty, closed, and convex subset of a Banach space E. Let E* be the
dual space of E. let A : C — E* be a single valued monotone operator which is hemi-
continuous; that is, continuous along each line segment in C with respect to the weak*
topology of E*

Consider the following variational inequality problem of finding a point x € C such
that

—x,Ax) >0, VyeC.
v ) y
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In this chapter, we use VI(C, A) to denote the solution set of the variational inequal-
ity involving A. The symbol Nc(x) stand for the normal cone for C at a point x € C;
that is,

Ne(x) = {x* € E*: [y —x,x*) <0, Vy € C}.

Theorem 4.3. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and A; : C — E* a single valued, monotone and
hemicontinuous operator. Assume that Nic o VI(C, A;) is not empty. Let {x,} be a
sequence generated in the following manner:

Xo € E, chosen arbitrarily,

Ci=¢C,
Ci = NieaCyi
x1 = I¢, X,

2i=VI(C A+ ) U= Ix),

Yni =17 (amiJzni + (1 — ani)lxg), n>1,
Chiri = {u € Cyi: @(tyni) < o(u, xn)} ’
Cn+1 = miEAC‘ﬂ+1,il

¥ni1 =g, %0, Yn=1,

n+1

where {0, ;} are sequences in (0,1] such that lim inf, .., o, ; > 0. Then {x,} converges
strongly to Tn,  vi(c.a)Xo, where T, vi(castands for the generalized projection from E
onto Nic o VI(CA)).

Proof. Define a mapping 7; € E x E* by

. _JAix+Ncr,xeC,
Tlx‘{@, x¢C.

By Rockafellar [42], we know that 7} is maximal monotone, and T; ' (0) = VI(C, A;).
For each r; > 0, and x € E, we see that there exists a unique %, € D(T;) such that

Jx € Jxy, + 17T; (xy,), where x,, = (J + r;T;) " Jx. Notice that
1
Zni = VI (C,Al- + - J- ]x,,)) ,
1

which is equivalent to

1

1
<)/ — Zn,i, AiZn,i + (]zn,i - ]xn)> >0, WyeC

that is,

1
—Aizni + (]xn - ]Zn,i) € Nc(zn,i)-

T
This implies that z,; = (J + 1;T;) " 'Jx,. In view of the Example 2.3 in Qin et al. [41],
we find  that (] + riaﬁyl] is closed quasi-@-nonexpansive  with
-1 _
E((+naf) ™) = 17 (0)

Following the proof of Theorem 3.1, we can immediately conclude the desired
conclusion.
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Theorem 4.4. Let E be a reflexive, strictly convex, and smooth Banach space such
that both E and E* have Kadec-Klee property. Let C be a nonempty, closed, and convex
subset of E. Let A be an index set, and A; : C — E* a single valued, monotone and
hemicontinuous operator. Assume that Nic o VI(C, A;) is not empty. Let {x,} be a
sequence generated in the following manner:

Xo € E, chosen arbitrarily,

C,i=C,
C1 = NieaCyi,
x1 = ¢, xo,

ani = VI(CoAi+ L0 =),

Yn,i =]71 (an,i]xl + (1 - an,i)]zn,i) , n>1,

Cni1i = {u € Cni : ¢t ¥ni) < onip(th x1) + (1 — otni)P(us, xn)} /
Cpi1 = miEAC‘rHl,i/

Xns1 = g, 01, Vn>1,

n+1

where r; > 0, and {a.,,;} are sequences in (0,1) such that lim,, ,.. o,; = 0. Then {x,}
converges strongly to Tln,vi(c.a)Xo, where Un,  vi(ca)stands for the generalized projec-
tion from E onto N p VI(C, A)).

Proof. We easily find from Theorems 3.8 and 4.3 the conclusion.
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