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1 Introduction and formulations

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||,
respectively. Let C be a nonempty, closed and convex subset of H and A: C — H be a
nonlinear mapping. The variational inequality problem (VIP) associated with the set C
and the mapping A is stated as follows:

find x~ € C such that (Ax*,x —x> >0, VxeC. (1.1)

In particular, if C is the set of fixed points of a nonexpansive mapping 7', denoted by Fix(7T'),
and if S is another nonexpansive mapping (not necessarily with fixed points), then VIP (1.1)
becomes the following problem:

find x” € Fix(T) such that <(I — S, x - x) >0, VxeFix(T). (1.2)
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It is called a hierarchical variational inequality problem, also known as a hierarchical fixed
point problem, and it is studied in [1, 2]. Observe that if S has fixed points, then they
are the solutions of VIP (1.2). It is worth mentioning that many practical problems can
be written in the form of a hierarchical variational inequality problem; see for example
[3-5] and the references therein. Such a problem is also a bilevel problem, in which we
find a solution of the first problem subject to the condition that its solution is also a fixed
point of a mapping. For further details on hierarchical fixed point problems and their
applications, we refer to [1-3, 6-18] and the references therein. The solution methods
presented in [1, 12] may not be unique. Therefore, it would be reasonable to identify the
unique minimizer of an appropriate objective function over the hierarchical fixed point
constraint.

Mainge and Moudafi [2] introduced a hierarchical fixed point approach to finding a
solution of VIP (1.2). Subsequently, Moudafi and Mainge [1] studied the explicit scheme

for computing a solution of VIP (1.2) by introducing the following iterative algorithm:
KXpi1 = Apf(x,) + (1 - kn)(anan +(1- a,,)Tx,,), 1.3)

where f: C — C and {«,}, {*,} C (0,1). They also proved the strong convergence of the
sequence {x,} generalized by (1.3) to a solution of VIP (1.2).
Yao et al. [19] introduced and analyzed the following two-step iterative algorithm that

generates a sequence {x,} by the following explicit scheme:

Yn = ;anxn + (1 - ,Bn)xn;
Xni1 = Apf (0) + 1 =) Ty, n>1

(1.4)

It is easy to see that if C = Fix(T') and © (x,) = ((I — S)x,y —x), VIP (1.2) can be reformu-

lated as follows:
findx" € C such that ©(x',5) =0, VyeC. (1.5)

It is known as an equilibrium problem. In [20, 21], it is shown that the formulation (1.5)
covers monotone inclusion problems, saddle point problems, variational inequality prob-
lems, minimization problems, Nash equilibria in noncooperative games, vector equilib-
rium problems and certain fixed point problems.

Recently, many authors have generalized the classical equilibrium problem introduced
in [22] by introducing ‘perturbation’ to the function ®. For example, Moudafi [23] studied

the following equilibrium problem:
findx € Csuch that ©(x,y) +(Ax,y-x)>0, VyeC,

where A is an a-inverse strongly monotone operator. In [24-26], the following mixed

equilibrium problem is studied:

find x” € C such that @(x*,y) + <p(x) -9(y) >0, VyeC,
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where ¢ : C — R is a functional on C. Very recently, Marino et al. [27] studied the follow-
ing equilibrium problem:

findx € C such that G)(x*,y) + h(x*,y) >0, VyeC. (1.6)

It includes all previous equilibrium problems as special cases. The set of solutions of (1.6)
is denoted by EP(®, h).

Lemma 1.1 ([27, Lemma 2.2]) Let C be a nonempty, closed and convex subset of a Hilbert
space H. Let © : C x C — R be a bifunction such that

(©1) Ok,x)=0,VxeC;

(©2) O is monotone (that is, O (x,y) + O(y,x) <0, V(x,y) € C x C) and upper hemicontin-
uous in the first variable (that is, limsup,_ , O (tz + (1 - t)x,y) < O(x,y), Vx,9,z € C);

(©3) O is lower semicontinuous and convex in the second variable.

Let h: C x C — R be a bifunction such that

(h1) h(x,x)=0,Vx e C;
(h2) h is monotone and weakly upper semicontinuous in the first variable;
(h3) h is convex in the second variable.

Moreover, suppose that

(H) for fixed r > 0 and x € C, there exists a bounded K C C and a € K such that for all
z€ C\K, -O(a,z) + h(z,a) + %(a—z,z—x) <0.

Forr>0andx e H,let T,: H— 2€ be a mapping defined by
1
Tyx = {ze C:0(zy) +h(z,y) + - (y-zz-x)>0,Vy € C} (1.7)
r

(is called the resolvent of ©® and h). Then
(i) Tyx+#9;
(i) Ty« is a singleton;
(ili) T, is firmly nonexpansive;
(iv) EP(®,h) = Fix(T,) and it is closed and convex;
(v) (see [28])

rp —n

1Ty = Trxll < lly — x|l + 1Ty =yl Vx,y € H,¥r,r; > 0. (1.8)

Marino et al. [27] introduced a multi-step iterative method that generalizes the two-step
method studied in [19] from two nonexpansive mappings to a finite family of nonexpansive
mappings, and proved that the sequence generated by this method converges strongly to a
common fixed point of the mappings which is also a solution of the equilibrium problem
(1.6). The multi-step iterative method in [27] involves the Ishikawa-type iterative method
and the viscosity approximation method.

On the other hand, by combining the regularization method, the hybrid steepest-
descent method, and the projection method, Ceng et al. [29] proposed an iterative al-
gorithm that generates a sequence via the explicit scheme and proved that this sequence
converges strongly to a unique solution of the following problem.
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Problem1.1 LetF: C — H be k-Lipschitzian and n-strongly monotone on the nonempty,

closed and convex subset C of H, where « and 7 are positive constants, that is,
|Ex-Fy| <k|x—y| and (Fx—Fy,x—y) >nlx—-y|> VxyeC. 1.9)

Let f : C — H be a p-contraction with a coefficient p € [0,1), and S,T : C — C be two
nonexpansive mappings with Fix(T) ##. Let 0 < u < 2n/k?and 0 <y < 7, where 7 = 1 —
V1 —1(2n — ui?). Then the objective is to find x” € 5 such that

((,u,F - yf)x*,x —x*> >0, Vxe&, (1.10)

where & denotes the solution set of the following hierarchical variational inequality prob-
lem (HVIP): find z* € Fix(T) such that

(uF-yS)z,z-2)=0, VzeFix(T). (111)

Since Problem 1.1 has a triple hierarchical structure in contrast with bilevel program-
ming problems (see [30, 31]), that is, a variational inequality problem with a variational
inequality constraint over the fixed point set Fix(7'), we also call it a triple hierarchical
variational inequality problem, which is a generalization of the triple hierarchical con-
strained optimization problem (THCOP) considered by liduka [32, 33].

In this paper, we consider the following system of variational inequalities defined over
the set consisting of the set of solutions of an equilibrium problem, the set of common

fixed points of nonexpansive mappings, and the set of fixed points of a mapping.

Problem1.2 LetF:C — H be k-Lipschitzian and n-strongly monotone on the nonempty;,
closed and convex subset C of H, f : C — H be a p-contraction with a coefficient
p €1[0,1) and S;,S, T : C — C be nonexpansive mappings for all i € {1,...,N}. Assume
that ®,k : C x C — R are two bifunctions. Let 0 < i < 25/«k? and 0 < y < 7, where
T=1- m Then the objective is to find x” € £2 such that

(UF —yf)x,x—x)>0, Vxeg,

X . (1.12)
(WF-yS)x,y—x)>0, Vyes2,

where 2 =Fix(T) N ("), Fix(S;)) N EP(O, h) # 0.
We propose the following multi-step hybrid viscosity method for solving Problem 1.2.

Algorithm 1.1 Let F : C — H be «-Lipschitzian and n-strongly monotone on the
nonempty, closed and convex subset C of H, f : C — H be a p-contraction with a co-
efficient p € [0,1) and S;, S, T : C — C be nonexpansive mappings for alli € {1,...,N}. As-
sume that ©,4: C x C — R are two bifunctions satisfying the hypotheses of Lemma 1.1.
Let {1,}, {an}, {Bui}, i =1,...,N be sequences in (0,1) and {r,} be a sequence in (0, c0)
with liminf,_ .7, >0.Let 0 < u <2n/k?and 0 < y < 7, where 7 = 1 — /1 — (29 — ux2).
Then the sequence {x,} is generated from an arbitrary initial point x; € C by the following
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iterative scheme:

O (i, 9) + h(ttn,y) + -y = thny thy = %) = 0, Vy€C,
Yn1 = ﬂn,lslun + (1 - ,Bn,l)um

(1.13)
Yni = BuniSithn + (L= Bui)¥nic1, i=2,...,N,
Xns1 = Pe[hny (of (64) + (1= 000)Sxn) + (L = Ayt F) Tyun], n>1.
In particular, if f = 0, then (1.13) reduces to the following iterative scheme:
O(uy,y) + h(uy,y) + % (y =ttty —x,) >0, VyeC,
nl = nsun+ 1- n,1)Un>
Yn1 Br1S1 ( B ,1) (1.14)

Vni = ,Bn,iSiMn + (1 - ,Bn,i)yn,i—l: i= 2, .. -;N,
Xp+l = PC[)‘«n(l —Oln))/an + (1_ )‘nMF)Tyn,N]; n= 1.

We prove that, under appropriate conditions, the sequence {x,} generated by Algo-
rithm 1.1 converges strongly to a unique solution of Problem 1.2. In addition, we also con-
sider and study the application of Algorithm 1.1 to solve the following triple hierarchical
variational inequality problem (THVIP):

Problem1.3 LetF: C — H be k-Lipschitzian and n-strongly monotone on the nonempty,
closed and convex subset C of H, f : C — H be a p-contraction with a coefficient
p €[0,1) and S;,S, T : C — C be nonexpansive mappings for all i € {1,...,N}. Assume
that ®,k : C x C — R are two bifunctions. Let 0 < u < 25/k? and 0 < y < T, where
T=1- \/I—M(Zn——;uﬂ) Then the objective is to find x* € Z such that

((,uF - yf)x*,x —x> >0, Vxel&, (1.15)

where & denotes the solution set of the following hierarchical variational inequality prob-
lem (HVIP) of finding z~ € £ such that

(WF-yS)z,z-2)>0, Vzeg, (1.16)
where §2 = Fix(T) N ("), Fix(S;)) N EP(®, h) # 0.

Moreover, we prove that, under very mild conditions, the sequence {x,} generated by
Algorithm 1.1 converges strongly to a unique solution of Problem 1.3. It is worth pointing
out that Problem 1.1 is a special case of Problem 1.3 whenever ® =/ =0 and S; = I for all
ie{l,...,N}.

2 Some basic results
We present here some basic facts and results that are needed in the sequel.

Lemma 2.1 ([34, Lemma 2.1]) Let {s,} be a sequence of nonnegative numbers satisfying
the condition

Suil < (L= ¥Yu)Su + Vubuy n=1,

where {y.}, {8,} are the sequences of real numbers such that
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(i) {y} 0,1 and Y .2, yu = 00, or equivalently,

o n
11(1 ~yu) = lim Hu -1 =0;

(i) limsup,_, . 8, <0, o0r

(il) Y01 Yudy is convergent.

Then lim,_, S, = 0.

Lemma 2.2 ([34, Lemma 3.1]) Let A be a number in (0,1, and let ;1 > 0. Let F : C — H be
an operator on C such that for some constants k,n > 0, F is k-Lipschitzian and n-strongly
monotone. Associating with a nonexpansive mapping T : C — C, we define the mapping
T":C— H by

T x:= Tx - \uF(Tx), VxeC.
Then T* is a contraction provided u < 2n/k?, that is,
| T - Ty| < A= r0)llx-yll, VxyeC,

where T =1—/1- u(2n — ux?) € (0,1].

In the sequel, given a sequence {z,}, we will denote with w,(z,) the set of cluster points

of {z,} with respect to the weak topology, that is,
wy(zy) = {z € H : there exists n;y — oo for which z,, — z}.

Analogously, we denote by w;(z,,) the set of cluster points of {z,} with respect to the norm

topology, that is,
ws(2zy) = {z € H : there exists n; — oo for which z,, — z}.

Lemma 2.3 ([27, Lemma 2.5]) Suppose that the hypotheses of Lemma 1.1 are satisfied.
Let {r,} be a sequence in (0,00) with liminf,_, r, > 0. Suppose that {x,} is a bounded
sequence. Then the following equivalent statements hold:

(@) If |y — Tr,xull = 0, as n — 00, every weak cluster point of {x,} solves the problem

Ox,y) + h(x,y) >0, VyeC,

that is, w,(x,) € EP(O,h).
(b) (Demiclosedness principle) If x, — x and ||x, — T, x| — 0, as n — 0o, then
(I-T,)x =0 forallk>1.

Lemma 2.4 ([35]) Let {a,} be a sequence of nonnegative real numbers with
limsup,_, . o, < 00 and {B,} be a sequence of real numbers with limsup,,_, .. B, < 0. Then

limsup,,_, . @,B, < 0.

Page 6 of 26
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3 Main results
Now we present the convergence analysis of Algorithm 1.1 for solving Problem 1.2.

Theorem 3.1 Assume that Problem 1.2 has a solution. Let {A,}, {a,}, {Bni}, i=1,...,N be
sequences in (0,1) such that B,; — B; € (0,1) as n — oo forall i € {1,...,N}. Suppose that
the following conditions hold:
(C1) 0<liminf, o a, <limsup,_, o, <1;
(C2) limy oo Ay =0and ) o) Ay = 00;
(C3) D02y latuhy — cty1hyoa| < 00 or limy,, o %W =0;
(C4) 3025 1A = Apea| < 00 or limy,s o W =0;
(C5) 0%y 1Bui = Buovil < 00 or limy,_oo L2lotil = 0 forall i € {1,...,N};
(C6) > o2y |7y —ru1] < 00 or limy, o % =0.
Then the following assertions hold.
(a) Let {x,} be a sequence generated by the scheme (1.13), then {x,} converges strongly to
a unique solution x* € $2 of Problem 1.2.
(b) Let {x,} be a sequence generated by the scheme (1.14), then {x,} converges strongly to
a unique solution x € §2 of the following system of variational inequalities:

(Fx',x—x) >0, Vx € 2,
(UF —yS)x',y—x") >0, Vyef.

Proof We prove only part (a) since part (b) is a straightforward consequence of part (a).
Let {x,} be a sequence generated by the scheme (1.13). First of all, note that 0 < ¥ < t and

un>=t & un=1-/1-u(2n-puc?)
& Jl-u(2n-puc?)=1-pun
& 1-2un+pic =1-2un+p’n®
& K=
& k=7

Then it follows from the p-contractiveness of f that

((WF =y f)x = (WE = yf)y,x—y) > (un —yp)lx -y VxyeC.

Hence, from yp < y < 7 < un we deduce that uF — yf is (un — yp)-strongly monotone.
Since it is clear that uF — yf is Lipschitz continuous, there exists a unique solution of the
following VIP:

find x” € £2 such that ((/LF— yf)x*,x—x*) >0, Vxel2.
Also, since Problem 1.2 has a solution, it is easy to see that Problem 1.2 has a unique so-

lution. In addition, taking into account condition (C1), without loss of generality, we may
assume that {«,} C [a, b] for some a,b € (0,1).
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The rest of the proof is divided into several steps.
Step 1. The sequences {x,}, {y,,;} for all i, {u,} are bounded.
Indeed, take a point v € §2 arbitrarily. Then by Lemma 1.1, we have from (1.13)

Iyn1 = VIl =< llutn = VI = 1 Ty, %0 = T, VIl < 10 = VIl
For all from i = 2 to i = N, by induction, one proves that

ymi = vl < Buillwn =il + 0 = Bui) lymi1 = vIl < Nty = vl < lln = VIl
Hence, we obtain that for alli € {1,...,N}

Vi = VIl < llstn = VI < %0 = VII. (3.1)
Also, utilizing Lemma 2.2 and (1.13), we have

%1 = VIl
= ||Pc[Any (onf (n) + (1 = ) Sx) + (I = At F) Tynn | = Pev ||
< Ay (f () + (A = 2n)Sx) + (I = At F) Ty — v |
= [ 2y (nf Gen) + (1 = ) Sx,) = At FTv
+ (I = Mgt F) Ty — (= Ayt F) Tv |
< [|2ny (@nf () + (1= @) S%,) = Aupt FTv |
+ | (I = 2yt F) Ty — I = Ayt F) TV |
et (7 50) = 1) + (L= t,) (S, — )|
+ | (I = 2yt F) Tyun — I = Ayt F) TV |
< Aot vf (en) = wFv|| + (1= ) lly S — wFv] ]
+ (L= 2T yun = VI
< hnlon (|| vf n) = v/ W) + | vf () = wEv|)
+ (L= an)(lySxn =y Syl + lly Sv — ukvl)]
+ (L= 2T yun = VI
< hn[etny ol = VIl + o |y f (V) = v + (1= )y |6, — vl
+(L—an)llySv - uFv|] + A = A7) %0 — v

< [y (1= an(l = p)) 12, = VIl + max{ | yf(v) = wFv|, lly Sv - uFv| }]
+ (1= A7) l2n = V|

< (1= 2yen( = p)) 12 = vl + o max{ |y ) = wFv], lly Sv - uFvil}

< (1= Awya( - p))llx, = VIl + Ay max{|yf(v) - uFv|, |y Sv - uFv||},

Page 8 of 26
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due to 0 < y < 1. So, calling

— uF Sv— uF
M:max{”xl_vn, Ivf ) = uFvl lySv—p v||}

yad-p) ' ya(l-p)

by induction we derive ||x, — v|| < M for all n > 1. We obtain the claim.

Step 2. lim,,_, o0 [|%441 — %4 || = O, that is, {x,} is asymptotically regular.

Indeed, for each n > 1, we set

Zn = Ay (onf (%) + (1 = @)Sx) + (I = At F) Tyn-

Then we observe that

Zn = Zn-1 = Ophyy [f(xn) _f(xn—l)] + A1 = o)y (Sxy — Sx-1)
+ [(1 - )\n/JLF)Tyn,N -(I- )‘nMF)Tyn—l,N]
+ (ankn - an—l)‘«n—l)y [f(xn—l) - an—l]

+ (}\n - )\n—l)(ysxn—l - /‘LFTyn—l,N)~

Let My > 0 be a constant such that
sup{y || Gen) = Sxu | + 1y Sxw — WETyun ||} < Mo.
n>1

It follows from (1.13) and (3.2) that

%6541 = %l

= ||Pczy — Pczu1l

<z = zuall

< @udn |[f @) = f @n) | + An (1= @)y 1S, = S |
+ | (T = 2ubF) Ty = (= An b)) Ty |
+ |otuhn = @t bt |y |f (1) — Saua |
+ | An = Ay Sxna — uETyu |l

< Y pl%n = Xnall + An(1 = @)y 120 — %4l
+ (1 =20 DYnN = Yn-1|l
+lapAn — a1 Ana Mo + | Ay = A1l Mo

= (1= @ = )y %0 — xpcall + A = X0 Yun — Yuoin |l
+ [lotwhn = @yt dna] + Ay = At | ] Mo

<y (L=al = p))1%n = %n-all + 1 = 2D Ynw = Ynavl
+[l0tnAn = o1 Aol + [Ay = Anoa| [ Mo

(3.2)

(3.3)

Page 9 of 26
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By the definition of y,,;, we obtain that foralli = N,...,2

Wi = Yn-vill < Buillten — 1|l + 1Sittn1 — Yu-1,i-1 111 Bri = Bu-1,il
+ (1= Bui)lymi-1 = Yn-viz1ll. (3.4)

In the case i = 1, we have

Y1 = Yu-1,1ll < Bulletn — tepal
+ 1S1tp1 — v 1By = Bu-1,1] + (1- ﬁn,l)”un — Uy

= Nty — thpa |l + 112801 = U 1By = P11l 3.5)

Substituting (3.5) in all (3.4)-type inequalities, we obtain that for i = 2,...,N

L
195 = Ynovill < et = e ll + Y 1Skttt = Yol Bk = Bucril
k=2

+ |1S1¢4-1 — pal1Brg — Bu-11]-

So, we conclude that

%6541 = %l
=< Any(l —a(l- p)) % =%l + (L= AT YN = Y|l
+ [|an)\n - an—l)\n—l| + p‘n - }\n—l|]M0

= )Lny(l —a(l- :0)) e — xpall + [|an}tn — Uy 1hp] + Ay = )Ln—1|]MO

N

# (U= don D)l =t ll + D ISkttns = s gl Buk = Buiil
k=2

+ |S1¢t4-1 — 1 ll1Bug — Bu-1,11-

By Lemma 1.1(v), we know that

Tp-1

1-

) (3.6)

ety — wp1ll < Nl — X1l + L

n

where L = sup,.; |4, —%,||. So, substituting (3.6) in the last inequality, we obtain

12241 = %l

<y (L= a(l = ) 1%n = % ll + [lotnhn — otuo1Anoal + [An = Anoa| [ Mo

'n —Tp

N
+ (1= A7) 1%y =l + L + Y 1Skttn-1 = Yusi1 1Bk = Bu-ril

k=2

n

+ |S1¢44-1 — 1 ll1Bug — Bu-111-
If we call

M, := max{Mo,L, sup  ||Sittu-1 = Yn-1,i-1ll, Sup [|S124,-1 — 1 || },
n>2,i=2,..,.N n>2

Page 10 of 26
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and ¢ > 0 a minorant for {r,}, we have
”xn+1 _xn” =< (1 - )"rzyﬂ(l - p)) ”xn —xn71||

+ Ml |:|an)\n - an—l)‘n—1| + p‘n - )Vn—l|

N
|7 — P
# D Bk~ Buk |, (3.7)

k=1

due to 0 < y < 7. By conditions (C2)-(C6) and Lemma 2.1, we obtain the claim.

Step 3. ||x, — uyll = %, — Ty, %4 — 0 as n — oo.

Indeed, by the firm nonexpansivity of 7,,, a standard calculation (see [36]) shows that
for all p € EP(®, h)

2 2 2
lotn = pII" < 1% = PII" = 1% — unll”.

So, take a point v € Q arbitrarily; then utilizing Lemma 2.2 and (1.13), we have

%ne1 = vII?
< Ay (@nf ) + (1 = @)Sx) + (I = At F) Ty — v
= || Ay (ctnf ®n) + (A = 002)Sx) = Ayt FTv
4+ (I = dntF) Ty — (I = Mgt F) T |
< {2y (enf () + (1 = 0t) ) = Ruit FTV |
U = At F) Ty = (I = 2uB) T}
< {2 n(vf xn) = wEV) + (1= ) (y S — V) |
+ (=Dl — I}
< e v )~ B + (=)l Sy — e
+ (1= 2D llynn — VI

1
< b [|1f Geu) = o] + Iy S - wFv| P + (1= 2y) g — v

1
< b [ |1f ) = v + Iy S - uFv| ]’

+ (1= 1u7)llxy — V||2 - (=27l — un”2~
This implies that

L= xu7) %0 — u,,||2

1

= )\n; [” VS (en) = /LFV” + 1y Sxu — ILLFVH]2 + (L= 21,7) %0 — V||2 = [1%ne1 = V”2
1

<k (7 Gen) = E|| + 11y St = VI + 11 = VI = 1 — VI

1
=k (7 Gen) = E|| + 11y St = BV + Woner =2l (160 = VI + It = V).
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Since ||x,41 — %]l = 0 and A, — 0 as n — oo, by the boundedness of {x,} we conclude
that lim,,_, » ||%, — u,] = 0.

Step 4. Forallie{1,...,N}, ||Siuey, — || > 0 as n — 0.

Indeed, let us show that for every i € {1,..., N} one has ||S;u,, — y4;-1]| = 0 as n — 0.
Take a point v € Q arbitrarily. When i = N, utilizing Lemmas 2.3 and 2.4, and (1.13), we

have
1 — V12

< [y (etaf (o) + (U= )S) + (I = utF) Ty v

= [ Ry (nf () + (L~ 00)S%) = Antt FTv
+ (L= 2y lF) Ty = (I = gt F) T |

< {2y (enf () + (1 = ct) ) = Ruit FTV |
4| U = At F) Ty = (I = 2uiF) T}

< Mot (vf (en) = FV) + (1= ) (y Sy — V) |
+ (= 2Dl — I}

< 7 o)~ o] + 1S, — vl
+ (L= 2D lynn — VI

- M%[H V() = WEV|| + 1y S — pFv]?
+ (1= AnT) Bun I Snn — vII*
+ (1= 2 (A = Bup) [Ynn— — VI
= (1= 2,7) (A = Bun) Bun SNty = Y|P

< 2 [ o) = B + LS, v
+ (1= Aty —v|1?
= (1= 2u)BuN (A = Bun) SNty = Yuna |

< = (7 )~ V] + S = BT + s =1
— (1= 2T Ban @ = B I Sxtts = Y-l

So, we have

(1 - )‘-nf)ﬂn,N(l - ﬁn,N)”SNun —YuN-1 ”2

1
< )\n; [|vf Gen) = wEv| + 1y Sxy — ,UJ':VH]2 + ey = VI = llpe1 = vII®
1
= [/ @) = wEv|| + Iy San = wEVI] + et = 2all (196 = VI + [0 = V).

Since B,y — Bn € (0,1), ||%y41 — %4|| = 0 and 1, — 0 as n — 00, by the boundedness of
{x,} we conclude that lim,, . ||Sn#y — Yun-1ll = 0.
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Take i € {1,...,N — 1} arbitrarily. Then, we have

2
”xn+l - V”

1
< o[ Gn) = V] + lly S — wFv) ] + (0 = 2 g — VI

< a7 ) o] + 1S, — vl
+ (1= 2 [BunISntn = VI* + (L= Bup) lyn-1 = VI
< 7 o) o] + Sy — vl
+ (1= ) Bun n = VI + (L= 1 T)(A = Bun) Y1 = VIIP
< = [ )~ V] + S5~ BT + Q) V1P
+ (1= 20— o) Byt ISh 1280 — VI + (L= B ) lynav2 1]
< 7 ) o] + 1Sy — vl

+ (1 - }“nr)(ﬁn,N + (1 - lgn,N)/Sn,N—l) ”xn - V||2

N
+(1=2,7) [T A= Bui)llynn— —vI?

k=N-1

and so, after (N — i + 1)-iterations,

1 — V12
1
< b [ 0f Gen) = o] + Iy S - uFv|]°

N N
+ (1 - )”nr) (,Bn,N + Z (1_[(1 - IBn,p)) ﬁn,j—l)

j=i+2 \ p=j

N
= vIZ+ @ = 27) [ ] Q= Buidllyni = vI>

k=i+1

1
< b [|1f ) = v + N1y S, "l

N N
+(1=2,1) (,Bn,N + Z (1_[(1 - lgn,p)) ﬁn,j—l)

j=i+2 \ p=j

N
= vIZ + @ =27) [ ] (1= Bug)

k=i+1
X [BuillSittn = vII* + A = Bu) 1yt — vI>
= Bui(1 = Bu)ISith — ymica|l*]

1
<[ Gen) = V] + lly Sx, — 1| TP + (1= A1) s — v

N
= Bui(l = 20) [ [ = Buid ISittn = ymia 1%

k=i
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Again, we obtain

N
(1 - )‘«nr)/gn,i 1_[(1 - ﬂn,k)”Siun = Yn,i-1 ”2
k=i
1
< M; [ 7/ Gen) = wEv| + |y Sz — ,qu||]2 + 1% = VI = %1 = VI
1
< )"n; [/ Gen) = v + Iy Sz, — ,qu||]2 + 1% = Xl (196 = VI + %1 = V).

Since for all k € {1,...,N}, Bux = Br € (0,1), %41 — 4]l = 0 and X, — 0 as n — oo, by
the boundedness of {x,} we conclude that

fim [1Sitt — il = 0. (3.8)
n— 00

Obviously, for i =1 we have lim,_, o [|S124, — u4|| = 0. To conclude, we have that
182 — wull < S22ts = Y1 | + Y1 — tull = 182280 = Y1 | + Bup | S1t4s — |,

which hence implies that lim,_, « [|S;4, — u,|| = 0. Consequently, by induction, we get
lim,, oo ||Sittyy — 1|l = 0 for all i = 2,..., N since it is enough to observe that

1Sittn — vnll < 11Sittn = Ynicall + Yzt — Sicrtg || + | Sicren — |

< NSitty = Yt | + A = Buic) 1Sicatbn = Y2 | + 1Sic1ta — w |

Step 5. limy,—, o0 YN — %]l = limy,— 6 |%, — Tx, || = 0 and w,,(x,) C £2.
Indeed, since ||x, — u,|| — 0 as n — 00, we have w,,(x,) = w,(1,)) and wy(x,) = ws(u,).

Now, we observe that
% = Y1l < 1 = il + 1yn1 — tnll = 1160 — Unll + Bua IS1260 — 1.
By Step 4, ||S14,, — u,|| = 0 as n — oo. Hence, we get
lim [|x, = ¥uall = 0. 3.9)
n—0o0
This implies that w,(x;,) = 0, (¥,,1) and ws(x,) = Ws(¥,1)-
Take a point g € w,,(x,,) arbitrarily. Since g € w,(14,), by Step 4 and the demiclosedness

principle, we have g € Fix(S;) for all i € {1,...,N}, that is, g € (), Fix(S;). Moreover, note
that

N N
19n = %nll <D 19k = Ykt ll + 191 = %nll =D Bk Skt = yuraall + [y = %l
k=2 k=2

and hence,

[l — T ||

< n = Xnarll + %041 = TYunN | + 1 Ty — Tl
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< 1% = X | + |y (cnf () + (1= )S) + (I = AatF) Ty = Ty |
+ 1 = %l
= tn = Fnar | + A || ot (v (on) = WETynn ) + (1 = 00) (¥ Sotn = WE Ty |
+ lyun — %l
< 1% = %a | + A | 1 @) = WE Ty | + 1y Sxn = WETyunc ] + 1y = %l
< 1% = Xl + A | 9 () = WE Ty | + 1y S = nF Ty ]

N
3 BuillSkttn = g | + 171 = %l

k=2

So, it is easy to see that lim,,_, o [|[Yun — %4l = 0 and lim,,_, « [, — Tx,|| = O since ||x,.1 —
Xull = 0, X, = 0, [¥41 — %ull = O, Bux — Br and ||Skuy, — ypi-1ll = O for all k € {1,...,N}.
Thus, by the demiclosedness principle, we have g € Fix(T). Since {x,} is bounded and
lim,— o [|%4 — T5, %4 || = O (due to Step 3), by Lemma 2.3, we derive g € EP(®, k). This shows
that g € £2. Therefore, we obtain the claim.

Step 6. {x,} converges strongly to a unique solution x” of Problem 1.2.

Indeed, according to |x;,.1 — x,|| = 0, we can take a subsequence {%;} of {x,} satisfying

lim sup((yf — nE)x , %p1 —x*> = lim sup((yf — uE)x", %, —x*)

n—00 n— 00

= 4lim<(yf— /LF)x*,x,,j —x*>.
J—> 00

Without loss of generality, we may further assume that x,, — %; then x € £2 as we just
proved. Since «” is a solution of Problem 1.2, we get

lim sup((yf — nE)x, %1 —x*> = ((yf - uE)x' % —x*) <0. (3.10)

n—o0

Repeating the same argument as that of (3.10), we have

lim sup((yS — WE)& %1 — x) <0. (3.11)

n—00

From (1.13) and (3.1), it follows that (noticing that x,,; = Pcz, and 0 <y < 1)

%1 — 1|
— (zy = syt = %) 4 (P — 2ms Pz — %)
< (o= s )
= (U = Mt E) Ty — (I = At F)X s X1 — %)
+ & () = £ () X = &)+ 2n (1= @)y (S, = S5, 21 — &)

+ ouhn((Vf = WE) 001 =% ) + (1= o,)((y S = WE)x 26041 — %)

%

< [1= 2t + @aknyp + hn( = @)y ][0 =& | 20001 -

+ an)"n((yf - /,LF)?C*, Kn+l — x*) + )"n(l - Oln)(()’s - /’LF)x*¢xn+l - xk>
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*

< [1- oty (= p)] s =27 |01 — %

+ ankn((yf - /AF)?C*, Xnl — x*) + (1 - Ol,,)(()/S - MF)x*!anrl - x*>

“+ =)

1 .
<[1-anruy@- p)]i(llxn -x

+ a,,)»,,((yf — WE)& X1 — x) +A,(1 - a,,)((yS — WE)x %1 — x)
It turns out that

T
< 1- an}‘ny(l - ;0)
T 1+ oy (1-p)
+ A1 = otn)<(yS — E)x Xy —x)]

: ||2 [arl)"n((yf - /’LF)x*: X+l — x*)

2. -

2
+ _—
1+a,hy(1-p)

< [1-aphy (1= p)] s =)
+ m[an)»n<(yf— WE)X %1 — %)
+ )‘n(l - Oln)(()/S - /’LF)x*rerl - x%>]
2
Y@= p)[1 +anhny (1 - p)]

= [1-ctuhny (= p)] s = [|* + @wray @ —p){

X ((yf - /’LF)x*:xn-*—l - x*>
+ 2(1 - C(y,) (
any (1= p)[1 + aphny (1 - p)]

(yS = WE)X , Xpan —x)} (3.12)

Puts, = [|x, —x*||2, Yn =aphyy (1 - p) and

2
Ty A=)+ @y (l-p
+ 2(1 - ap)
a,y(L-p)[1+a,r,y(1-p)]

8;'1 )] ((yf - /'LF)x,) Xn+l — x*>

((rS = uF)x' 201 = %),

Then (3.12) can be rewritten as

Sp+l = (1 - Vn)sn + Vn‘sn'

From conditions (C1) and (C2), we conclude from 0 <1 - p <1 that

{ya} C[0,1] and >y, =oc.

n=1

Note that

2 .2
yA-p) D +ad,y(1-p)] ~ y1-p)

and

2(1 - ay) - 2
ayy(L-p)1+a,d,y1-p)] ~ ayd-p)
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Consequently, utilizing Lemma 2.1, we obtain that

2 . .
limsupd, < limsu —uF)x , %, — %
i el Y (L= p)[1+ ahny (1 - p)] \0f = WE) s =)
2(1 - ay,
+ limsup (=) <(yS — WF)x %1 — % )

n—00 Oln)/(l - :0)[1 + an)\ny(l - IO)]
<0.

So, this together with Lemma 2.1 leads to lim,_, « ||%, — x'|| = 0. The proof is complete.
O

We now derive the following strong convergence result for a sequence generated by
Algorithm 1.1 to a unique solution of Problem 1.3.

Theorem 3.2 Let {A,}, {ay}, {Bui}, i =1,...,N be sequences in (0,1) such that B,; — p; €
(0,1) as n — oo for all i € {1,...,N}. Assume that the solution set & of HVIP (1.16) is
nonempty and that the following conditions hold:

(C1) 0<liminf,_, o, <limsup,_, o, <1;

(C2) im0 Ay =0 and oo Ay = 00;

(C3) Y02, lauhy — ayahy] < 00 or limy, s o %ﬁ;ﬂ”f” =0;

(C4) 3025 [ = Apea| < 00 or limy,_, o W =0;

(C5) > 020 1B = Bu-r,il < 00 or lim,, o W =0forallie{l,...,N};

(C6) > 02y |1y — Fuo1] < 00 or lim,,_ o % =0;

(C7) there are constants k,0 > 0 satisfying ||x — Tx| > kld(x, 22)° forall x € C.
Then the following assertions hold.

(a) Let {x,} be a sequence generated by the scheme (1.13), then {x,} converges strongly to

a unique solution x” € 2 of Problem 1.3 provided w,,(x,) C E.
(b) Let {x,} be a sequence generated by the scheme (1.14), then {x,} converges strongly to

a unique solution x° of the following VIP provided w,(x,) C &E:
find x € E such that <Fx*,x —x*> >0, Vxe&.

Proof For part (a), suppose that the sequence {x,} is generated by the scheme (1.13). First
of all, from the condition & # @ it follows that £2 = Fix(T) N (", Fix(S;)) N EP(®, h) # @.
Note that 0 < y <7 and x > n < un > t. Hence, it follows from the p-contractiveness
of f and yp <y <1 < un that uF — yf is (un — yp)-strongly monotone and Lipschitz
continuous. So, there exists a unique solution x~ of the following VIP:

find x” € & such that <(/LF— yf)x*,x —x*) >0, VxebZ.

Consequently, it is easy to see that Problem 1.3 has a unique solution x” € Z. In addition,
taking into account condition (C1), without loss of generality, we may assume that {&,} C
[a, b] for some a,b € (0,1).

The rest of the proof is divided into several steps.

Step 1. The sequences {x,}, {y,,;} for all i, {u,} are bounded.

Indeed, repeating the same argument as in Step 1 of the proof of Theorem 3.1, we can
derive the claim.
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Step 2. lim,,, o [|%441 — %4 || = 0, that is, {x,,} is asymptotically regular.

Indeed, repeating the same argument as in Step 2 of the proof of Theorem 3.1, we can
derive the claim.

Step 3. ||, — uull = [l%, — Ty, %0 ]l — 0 as n — oo.

Indeed, repeating the same argument as in Step 3 of the proof of Theorem 3.1, we can
derive the claim.

Step 4. Forallie {1,...,N}, ||S;uy, — uy|| = 0 as n — 0.

Indeed, repeating the same argument as in Step 4 of the proof of Theorem 3.1, we can
derive the claim.

Step 5. limy,—, oo [|[ YN — %]l = limy,— 6 1%, — T, || = 0 and w,,(x,) C £2.

Indeed, repeating the same argument as in Step 5 of the proof of Theorem 3.1, we can
derive the claim.

Step 6. {x,,} converges strongly to a unique solution x” of Problem 1.3.

Indeed, we now take a subsequence {2} of {x,} satisfying

lim sup{(F — yf)x', 2, = ') = lim ((uF =y’ — ).

n—00

Without loss of generality, we may further assume that x,, — ¥; then ¥ € Z according to
the assumption w,(x,) C Z. Since ™ is a solution of THVIP (1.15), we get

lim sup((pLF -y )x, %, —x*> = ((MF —yf)x, & —x*) > 0. (3.13)

n—o0

From (1.13) and (3.1), it follows that (noticing that x,,; = Pcz, and 0 <y < 1)

-
ey st — &) 4 (Pezn — 2 Pezn — )
B
= (U = Mt F) Ty — (I = At F)X s g1 — %)
+ &V (F @) = (8)s20m01 = &) + A1 = 00,) (S — S, K01 — &)
+ & hn{(rf = WE)X %01 =) + (L = 0){(y S = HE) 21 — )
< [1=hnt + kv + Aa(l = @)y ] o0 =2 | |00 =2

+ a,,)»n((yf — WE)X X1 — x) +A,(1- an)((yS — nE)x %y —x>

< [1- oty (@ = 0)][n = 27| |01 =2

+ an)‘«n((yf - MF)x*’erl - x») + (1 - Ol,,)(()/S - MF)x*!anrl - x*>

“+ - 2)

1 .
<[1-anruy - p)]i(llxn -x

+ a,,)»,,((yf — E)& X1 — x) + 1,01 - a,,)((yS — WE)X X1 — x)
It turns out that

——
1—06n)\n)/(1—/0) ” 112
— T Cx, -

T 1+ oy (1-p)

m [ankn((yf = WE)x ) %y — % )
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+A(1- an)((VS - MF)x*»anrl - x*>]

<[1-ouruy @ = p)][au = |* + [ndon((vf = F)x 201 =)

1+ayh,y(1-p)
+ 2,01 - oz,,)((yS — E)X X1 — x)] (3.14)

However, from x” € & and condition (C7), we obtain

((yS = uF)x s %041 — )
=((yS = uE)x ', %1 — Popar) + (v S — WF)x', Potyst —x )
<((yS = uF)x %1 — Po%n.)
<||(¥S = uF)x"||d(xni1, 22)

1 1/6
< | (rS-uF)x| (; %1 = Ty ||) : (3.15)
On the other hand, we also have

141 = T |l
< Mns1 = Tull + 1 T = T |l
< 1196 = Zpar [l + [y (nf (o) + (1= )S&) + (I = 2yt F) Ty — Tt |
< 1% = Znaa | + 1 Tymn = Tl + A || ¥ (f (%) + (A = @) Sx) = WE Ty |
= (1% = Xt | + 1TV = Tl + e || v 0t (F () = Sx) + ¥ Sy = WE Ty |

=< ||xn _xn+1|| + ”yn,N _xn” + AnMO- (316)

Hence, for a big enough constant k; > 0, we have

)1/9

((VS - //LF)JC*, Xn+l _x’k) f /}l(”xn _xn+1|| + ”yn,N _xn” + )"nMO (317)

Combining (3.14)-(3.17), we get

2

*

%1 — %

<[ -y 1= p)] s -] + [otudn((Vf = WF)x %01 — &)

1+ an}\ny(l - P)
+ )Vn(l - Oln)((J/S - /’LF)x*’erl —qu)]
= (1= ety (1= p)] [0 — |
2
Y1 -p)[1+a,r,y(1-p)
+ 2(1-ay)
o,y (1= o)1 +aph,y(1-p)]
= [1 - Oln)\ny(l - p)] “xn - x* ||2

+aphny (1 - p)[ ] ((vf = wF)x' %01 — %)

((7/5 - /’LF)x*:er-l _x*>i|

2
Y1 = p)[1+asr,y(1-p)]

+otyhy (11— p)[ ((f = uE)x %1 — %)
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2(1 — ) 7 1/0
k - - MM
+ @y (L= p)[L+ cony (L= p)] I(Hxn X1l + 1y — %l + Ay 0)
w12
= (L= v)||%n =%~ + Yuu» (3.18)

where y,, = o,y (1 - p) and

2 . )
o= y(1-p)1+ar,y1-p)] (()’f—MF)x yXnsl — X )
2(1_0{;1)

’ a,y(1-p)[1+a,r,y(1-p)]

7 1/6
kl(”xn = %1l + 1Ynn = xull + )\nMO) .

Now, conditions (C1) and (C2) imply that Y -, ¥, = 00. Moreover, since [|x,,1 — x,|| = 0
(due to Step 2), [|[¥un — %] = 0 (due to Step 5) and A,, — 0, we obtain from (3.13) that

o A D ey (L N B s =) (f = ) )]
21 -ay) - 1/6
o o sty (= pyy U = a4 Dy =2l + 20Mo)
2 . .
S AT ey A= [ f = B || I1mea = 2l + ((vf = F)x 2, =)
2(1-a)

7 1/6
kl(”xn _x}’l+1|| + ”yn,N _xn” +)‘nM0)

’

T ay - o)+ anhy (- p)]

which together with Lemma 2.4 leads to

limsupé, <O0.

n—0o0

Therefore, we can apply Lemma 2.1 to (3.18) to conclude that x,, — x". The proof of part
(a) is complete. It is easy to see that part (b) now becomes a straightforward consequence
of part (a) since, if f = 0, THVIP (1.15) reduces to the VIP in part (b). This completes the
proof. d

Utilizing Theorem 3.2, we immediately derive the following result.

Corollary 3.1 Let F: C — H be a «-Lipschitzian and n-strongly monotone operator with
constants «,n > 0, respectively, f : C — H be a p-contraction with a coefficient p € [0,1)
and S, T : C — C be nonexpansive mappings with Fix(T) # @. Let 0 < u < 2n/k? and 0 <
y <t1,wheret =1- \/I—/L(Zn——;ucz) Assume that the solution set £ of HVIP (1.11) is
nonempty and the following conditions hold for two sequences {,.}, {«,,} C (0,1):
(i) 0<liminf,_ ~ o, <limsup,_, . o, < 1;

(i) lim,— o0 Ay =0and Yy .24 hy = 00;

(i) Y07, lotuhy — tp1hyo1] < 00 or limy,, %}W =0;

(iv) D02 lhn = Apt| < 00 or limy, o M%’:l”“' =0;

(v) there are constants k,6 > 0 satisfying ||x — Tx|| > kld(x, 2))° forall x € C.
Then the following assertions hold.
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(a) Let {x,} be a sequence generated from an arbitrary initial x, € C by the iterative
scheme

Xn+l = PC[)‘ny(anf(xn) +(1- an)an) + (- )\n,UvF)Txn]: n>1, (3.19)

such that w,(x,) C &, then {x,} converges in norm to the point x~ € Fix(T) which is a
unique solution of Problem 1.1.

(b) Let {x,} be a sequence generated from an arbitrary initial x, € C by the iterative
scheme

Xn+l = PC[)\n(l —a,)ySx, + (I - )Lnl/LF)Txn], nx>1,

such that w,(x,) C &, then {x,} converges in norm to a unique solution x of the VIP
of finding x* € & such that

(Fx*,x —x*) >0, VxelZ.

Proof In Theorem 3.2, putting ® =h=0,S;=1,i=1,...,N, from (1.13) we obtain that
Xy = Uy = Yuir L =1,...,N. In this case, £2 = Fix(T) and (1.13) reduces to (3.19). Moreover,
it is easy to see that Problem 1.3 reduces to Problem 1.1. Thus, by Theorem 3.2 we obtain
the desired results. O

Remark 3.1 Corollary 3.1 improves and extends [29, Theorem 4.1] in the following as-
pects:
(a) The restriction lim,—,o &, = 0 in [29, Theorem 4.1] is replaced by

0 <liminfe,, <limsupa, < 1;
n— 00 11— 00
(b) The condition lim,,_, )»,1/9 /oy, = 0 is not assumed in Corollary 3.1;
(c) The boundedness of the sequence {x,} is not assumed in Corollary 3.1.

Very recently, Yao et al. [18] considered the following HVIP of finding ™ € Fix(T) such
that

(U-S)x',x-x)>0, VxeFix(T), (3.20)

where T,S : C — C are two nonexpansive mappings and Fix(T) is the fixed point set of T'.
Let £2 denote the solution set of HVIP (3.20) and assume that £2 is nonempty; conse-
quently, the metric projection Pg, is well defined. It is interesting to find the minimum-
norm solution x~ of HVIP (3.20) which exists uniquely and is exactly the nearest point
projection of the origin to £2, that is, x” = P(0). Alternatively, x” is the unique solution of

the quadratic minimization problem:
%' = min{ lxl)? : x € 2. (3.21)

They used the contractions to regularize the nonexpansive mapping S to introduce an
explicit scheme that generates a sequence {x,} via an iterative algorithm and proved that
this sequence converges strongly to the minimum-norm solution x* of HVIP (3.20).
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In Corollary 3.1, if we put u =2, F = %I and y = t = 1, then HVIP (1.11) reduces to
HVIP (3.20) and = = £2. In this case, THVIP (1.10) reduces to the quadratic minimization
problem (3.21). In terms of Corollary 3.1(a), {x,,} converges in norm to the pointx™ € Fix(T)
which is a unique solution of VIP (1.2); see (3.22). Also, by Corollary 3.1(b), {x,} converges
in norm to the minimum-norm solution of HVIP (3.20). Therefore, we get the following

conclusions.

Corollary 3.2 Letf : C — H be a p-contraction with a coefficient p € [0,1) and S, T : C —
C be two nonexpansive mappings with Fix(T) # (). Assume that the solution set 2 of HVIP
(3.20) is nonempty and that the following conditions hold for two sequences {X,},{a,} C
(0,1):
(i) 0<liminf,_ o, <limsup,_, o, <1;

(ii) limy—oory=0andy ooy Ay =

(il) Y02y lotuhy = p_1hy-1| < 00 oF lim,,_>oo %;"M”‘ll =0;

(iv) Y02s [An = Ayoa] < 00 or limy,—s o M%’i”*" =0;

(v) there are constants k,0 > 0 satisfying ||x — Tx|| > k[d(x, 2))° forall x € C.
Then the following assertions hold.

(a) Let {x,} be a sequence generated from an arbitrary initial x, € C by the iterative

scheme

%ni1 = Pe[Mn(onf (%) + (1 = @p)Sx,) + 1= ) T, n>1,

such that o, (x,) C $2, then {x,} converges in norm to the point x* € Fix(T) which is a
unique solution of the VIP of finding x* € §2 such that

(U-f)x',x-x)>0, Vxeg. (3.22)

(b) Let {x,} be a sequence generated from an arbitrary initial x; € C by the iterative
scheme

Kn+l = PC[)‘n(l - an)an + (1 - )‘n)Txn]: n>1,

such that wy(x,) C §2, then {x,} converges in norm to a minimum-norm solution of
HVIP (3.20).

4 Applications
Let C be a nonempty, closed and convex subset of a real Hilbert space H. Recall that a
point # € C is a solution to VIP (1.1) if and only if

u=Pc(I-rA)u, )>0. (4.1)

Definition 4.1 An operator A : C — H is said to be an a-inverse strongly monotone op-
erator if there exists a constant « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.


http://www.fixedpointtheoryandapplications.com/content/2012/1/186

Latif et al. Fixed Point Theory and Applications 2012, 2012:186 Page 23 of 26
http://www.fixedpointtheoryandapplications.com/content/2012/1/186

As an example, we recall that the «-inverse strongly monotone operators are firmly non-
expansive mappings if @ > 1 and that every a-inverse strongly monotone operator is also
é—Lipschitz continuous (see [37]).

Let us observe also that, if A is «-inverse strongly monotone, the mappings Pc(I — AA)
are nonexpansive for all 1 € (0, 2«] since they are compositions of nonexpansive mappings
(see [37, pp-419]).

Let us consider Sy, ..., S to be a finite number of nonexpansive self-mappings on C and
Ay, ..., AN to be a finite number of «-inverse strongly monotone operators. Let T be a
nonexpansive self-mapping on C. Very recently, Marino, Muglia and Yao [27] considered
an application of Theorem 3.12 of [27], to solve the following mixed problem.

To find x~ € Fix(T) N EP(O, h) such that

((I-8)x",y-x") =0, VyeFix(T)NEP(®,h),
((I-8)x',y-x) =0, VyeFix(T)NEP(O,h),

(I=Spy)x',y—x") >0, VyeFix(T)NEP(O,h),
(Aix’,y-x)>0, VyeC,
(Asx',y-x)>0, VyeC,

4.2)

(Anx',y—x)>0, VyeC.

Let us call (SVIP) the set of solutions of the (N + M)-system. This problem is equivalent
to finding a common fixed point of T, {P]:ix(T)nEp(@’h)gi}?fl, {Pc(I - AA,-)}{XI.
Based on the above mixed problem, in this section we first consider the following more

general mixed problem.

Problem 4.1 Let F: C — H be k-Lipschitzian and n-strongly monotoneon C,f: C — H
be a p-contraction with a coefficient p € [0,1) and S, T be nonexpansive self-mappings

on C.Let 0 < <2n/k? and 0 <y < 7, where 7 =1 — /1 — u(2n — uk?). Assume that
©®,h:C x C — R are two bifunctions. Then the objective is to find x" € £ such that

(UF-=yf)x,x-x)>0, Vxe$,
(UF —yS)x',y—x) >0, Vyeg,

(4.3)
where 2 = Fix(T) N (SVIP) N EP(®, h) # @.
Utilizing Theorem 3.1 we obtain the following result.
Theorem 4.1 Assume that Problem 4.1 has a solution. Let 0 < A < 2a. Let {A,}, {otn}, {Bui}>

i=1,...,(N + M) be sequences in (0,1) such that B,; — B; € (0,1) as n — oo for all i €
{1,...,(N + M)}. Suppose that the conditions (C1)-(C6) in Theorem 3.1 hold and that the
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sequence {x,} is defined explicitly by the following iterative scheme:

O(uy,y) + h(uy,y) + i (y—ttyuty —x,) >0, VyeC,

V1 = Bt Prix(rynzp©,mS1tbn + (1 = Btk

Vi = BriPris(rnep@©mSithn + (L= Bui)Vnict, i=2,..., M, (4.4)
Vnj = BujPc — Aty + (1= Bu))nj1, j=L...,N,

Xns1 = Pe[Any (onf (%) + (1 = 04)Sxy) + (I = Ayt F) Tyun], n>1,

where ¥,0 = Yum and Buj = Pupsj»j = 1,...,N. In particular, if f = 0, then (4.4) reduces to
the following iterative scheme:

O (n,y) + Mty 9) + -y = thy thy = %) = 0, VyeC,

Y1 = BuaPrixrynEr@mSitin + (1= Bu1)th,

Vi = BriPrixrinep@mSithn + (L= Bui)Vnict,  i=2,...,M, (4.5)
Vnj = BujPc — MA)uy + (1= Bu))nj1, j=L...,N,

%1 = Pe[hn(L = an)y Sxn + (I = Ayt F)Tyun], n>1.

Then the following assertions hold.
(@) Let {x,} be a sequence generated by the scheme (4.4), then {x,} converges strongly to
the point x € §2 which is a unique solution of Problem 4.1.
(b) Let {x,} be a sequence generated by the scheme (4.5), then {x,} converges strongly to a

unique solution x* € §2 of the following system of variational inequalities:

(Fx',x—x") >0, Vx € £,
. . (4.6)
(WF—yS)x,y—x)>0, Vyef2.

Now, we consider another more general mixed problem.

Problem 4.2 Let F: C — H be k-Lipschitzian and n-strongly monotoneon C,f: C — H
be a p-contraction with a coefficient p € [0,1) and S, T be nonexpansive self-mappings

on C.Let 0 < <2n/k? and 0 < ¥y < 7, where 7 =1 — \/1 — u(2n — uk?). Assume that
®,h: C x C — Rare two bifunctions. Then the objective is to find x" € & such that

(WF-yf)x',x-x)>0, Vxe&, 4.7)

where & denotes the solution set of the following hierarchical variational inequality prob-
lem (HVIP) of finding z* € £2 such that

(WF-yS)Z,z-2)=0, Vze, (4-8)
with £ = Fix(T) N (SVIP) N EP(©, ) # 0.

Utilizing Theorem 3.2, we get the following result.
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Theorem 4.2 Let 0 < A <2a. Let {1,}, {an}, {Bni}, i=1,...,(N + M) be sequences in (0,1)
such that B,; — B; € (0,1) asn — oo foralli € {1,...,(N + M)}. Assume that the solution
set & of HVIP (4.8) is nonempty and that the conditions (C1)-(C7) in Theorem 3.2 hold.
Then the following assertions hold.
(@) Let {x,} be a sequence generated by the scheme (4.4) such that wy(x,) C &, then {x,}
converges strongly to the point x* € §2 which is a unique solution of Problem 4.2.
(b) Let {x,} be a sequence generated by the scheme (4.5) such that w,(x,) C &, then {x,}
converges strongly to a unique solution x of the following VIP:

find x € B such that (Fx*,x —x) >0, VxelZ. (4.9)

5 Concluding remarks

We considered a system of variational inequalities defined over the intersection of the set
of solutions of an equilibrium problem, the set of common fixed points of a finite family of
nonexpansive mappings, and the solution set of a nonexpansive mapping (Problem 1.2).
We also considered a triple hierarchical variational inequality problem, that is, a varia-
tional inequality problem defined over a set of solutions of another variational inequality
problem which is defined over the intersection of the set of solutions of an equilibrium
problem, the set of common fixed points of a finite family of nonexpansive mappings,
and the solution set of a nonexpansive mapping (Problem 1.3). The nontrivial examples
of Problems 1.2 and 1.3 are also given in Section 4. We combined the one-step iterative
method proposed in [29] and the multi-step iterative method given in [27] to propose
a multi-step hybrid viscosity method that generates a sequence via an explicit iterative
algorithm. It is worth pointing out that the one-step iterative method given in [29] com-
bines the regularization method, the hybrid steepest-descent method and the projection
method, and that the multi-step iterative method given in [27] involves the Ishikawa-type
iterative method and the viscosity approximation method. Moreover, it is also proven that
under two different pools of suitable conditions such a sequence converges strongly to a
unique solution of Problem 1.2 and to a unique solution of Problem 1.3, respectively.
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