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Abstract

The current paper aims at investigating Fractional Hamiltonian Equations for a class of
fractional optimal control problems with time delay. Furthermore, we introduce a
method to solve the resulting two boundary values problem (TBVP) by extending
Agrawal’s fractional variational method in (Nonlinear Dyn. 38:323-337, 2004) and
using Bernstein polynomials (BPs). In this paper we use the Caputo fractional
derivative of order o where 0 < & < 1. Some numerical examples are included to
demonstrate the validity of the present method.

Keywords: fractional optimal control problem with time delay; two boundary values
problem (TBVP); Caputo fractional derivatives; Bernstein polynomials

1 Introduction

Fractional calculus is a branch of mathematics that generalizes the derivative and the inte-
gral of a function to a noninteger order [2]. Fractional calculus has received considerable
attention in recent years and there is hardly a field in science and engineering that has re-
mained untouched by this field. It has been shown that materials with memory and hered-
itary effects and dynamical processes including gas diffusion and heat conduction can be
more adequately modeled by fractional differential equations (FDEs) than by integer-order
differential equations [3, 4].

In fractional calculus the Caputo and Riemann-Liouville are two main kinds of deriva-
tives where each presents some advantages and disadvantages (see, e.g., [5]). The Caputo
fractional derivative is commonly used in modeling physical phenomena but it is possible
to assign a physical interpretation meaning for the Riemann-Liouville fractional derivative
too. For instance, Heymans and Podlubny in [6] have illustrated some fractional differen-
tial equations with Riemann-Liouville fractional derivatives in the field of viscoelasticity.

A fractional optimal control problem (FOCP) is an optimal control problem in which the
criterion and/or the differential equations governing the dynamics of the system contain
at least one fractional derivative operator [7]. Most FOCPs do not have exact solutions, so
in these cases approximation methods and numerical techniques must be used. Recently,
several approximation methods to solve FOCPs have been introduced. Agrawal in [1] has
introduced a general formula by making the TBVPs for some kinds of FOCP’s. Tricaud
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and Chen have solved fractional order optimal control problems by means of rational ap-
proximation [3]. Moreover, the effectiveness of using Legendre and Bernstein polynomials
for approximating the solution of FOCPs has been demonstrated in [8—15]). Real life phe-
nomena have been described more precisely with delay differential equations, so the delay
fractional optimal control problem (DFOCP) has become the focus of many researchers in
the last decade. Baleanu et al. in [16, 17] analyzed the fractional variational principles for
some kinds of DFOCPs within the Riemann-Liouville and Caputo fractional derivatives,
respectively, and made their corresponding Euler-Lagrange equations.

In this paper, we extend the Agrawal method in [1] and use Bernstein polynomials (BPs)
to solve linear DFOCPs with time-varying coefficients and quadratic objective function.
In fact we consider the following DFOCP:

1
min/ [, u0)] = 5 [ B ©Q0s0) + u” OR@u(0] s 0
subject to
oD xi(2) = A(@)x(2) + B(t)u(t) + Aa(t)x(t — d), (2)
x(t) =xo, te[-d,0], 3)

where x(t) = [x1() --- x.(6)]7 and u(¢t) = [u1(2) --- us(£)]F. Also, Q(¢) > 0 and R(¢) > O are,
respectively, r x r and s x s time-varying matrices of the state and control coefficients in the
cost function with continuous functions as their entries. Furthermore, a;;(t), (a4);(¢), and
b;(t) are continuous functions which are, respectively, the coefficients of x;(¢), x;(¢ — d)
for (1 <j <r)and u(t) for (1 < k <) in the ith fractional differential equation (2), and
d > 0 is the given constant time delay. The state-control pair p = (x(-), u(-)) that satisfies (2)
and (3) is called the state-control admissible pair. The target is to find the admissible pair
p* = (x*(-), u*(-)) that minimizes the cost function J[x(-), u(-)] in (1).
The fractional derivative is defined in the Caputo sense, i.e.,
1 t —a .
¢ Dx(t) = @ Jo (€= 1) %i(r)dr, Zjﬁ 1, @
This paper is organized as follows. In Section 2 some preliminaries and definitions in
the fractional calculus that used in this manuscript are reviewed. Section 3 gives a general
introduction to Bernstein polynomials and their properties. In Section 4 the TBVP for a
FOCP with time delay is analyzed and it is solved by using BPs. Section 5 contains some

numerical examples. Conclusions are presented in Section 6.

2 Some preliminaries in fractional calculus
This section consists of some basic definitions and properties in fractional calculus [18,

19]. In the sequel, I represents the Gamma function.

Definition 2.1 The space AC"([0,1]) denotes the set of all functions f(¢) which have the

continuous derivatives up to order (z—1) on [0,1] and f"*"V(¢) is absolutely continuous on
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[0,1]; i.e. there exists (almost everywhere) a function g € L'([0,1]) such that

£V ) = £ D(0) + /tg(r)dr.
0

Definition 2.2 Let ¢ € L}([0,1]). The integrals

1 t
off‘so(t)=r—a) / (-0 lp(r)ydr, 0<t<1, .

JdTo(t) = / (t—t)"p(r)dr, 0<t<l,

T(e)

where o > 0, are, respectively, called the left-sided and right-sided Riemann-Liouville frac-

tional integrals of order «. Also

ol 9(®) = [o(t) = ¢ (0).
Definition 2.3 Let n — 1 < « < n. The left-sided and right-sided Riemann-Liouville frac-

tional derivatives of order « of the function ¢(¢) € AC"([0,1]) are defined, respectively, as
follows:

ooy e — 1 (AN [ et
thw(t)-r(n_a)( dt) | e-otowar,

o _ 1 d " ! n—o—1
:D1<P(t)—m(—a) /[ (-1 p(t)dr.

Definition 2.4 Let n—1 < « < n. The left-sided and right-sided Caputo fractional deriva-

(6)

tives of order « of the function ¢(¢) € C"([0,1]) are defined, respectively, as follows:

)f (- )"“( )w(r)dr,

ca not—l d "
D00 = g [ (e () eerar

The Riemann-Liouville fractional derivatives and the Caputo fractional derivatives are

oD e(t) =
(7)

connected by the following relations:

n-1 3]
5D (1) = oDl p(t) - F(k"’_—ﬂl)a—ow, (8)
k=0
n-1
o (-1)feM(1) ;-
DY p(t) = Dig(t) - Yy  ————(1-1) 9)
1 ! kZ; Fk—o+1)

Moreover, the Caputo fractional derivative of a constant function is zero.

Definition 2.5 Let o > 0. Then ([} (L”([0,1])) denotes the space of all functions f(t), rep-
resented by oI ¢ where ¢ € L7([0,1]).
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Lemma 2.1 ((18]) Let a > 0. The equality
oDl (1) = ¢(t)
is valid for any ¢ € L*([0,1]) while
ol o Dif(2) = f(2)
is satisfied for f € oI*(L\([0,1])). Furthermore, iff € L'([0,1]) and oL"f(£) € AC"([0,1]),

nloge-i-l g

n—i-1
oli"oD°f (£) = f(£) - ; -1 (E) (oftnfaf(t)),

where n =[] + 1 and AC"([0,1]) is defined in the sense of Definition 2.1.

3 Bernstein polynomials (BPs) and their properties
The Bernstein polynomial of degree # over the interval [, b] is defined as follows:

B t—a\ (n\(t-a Lb—t\"! io1 ;
"\b-a) \i)J\b-a)\b-a) > 77T

So, within the interval [0,1] we have

Bi(t) = <n> ta-o"
i
Define ®,,(t) = [Bo(t) Bym(t) --- Bm,m(t)]T. To consider the vector ®,,(t — d) (d is the

given delay) in terms of ®,,(¢), we state the following lemmas.

Lemma 3.1 ([10, 14, 15]) We can write ®,,(t) = AT, (t), where A = (Y;; l”l’j is an upper

triangular (m + 1) x (m + 1) matrix, and

o), i<

S L Gl
0, 1>

fori,j=0,1,...,mand T,,(t)=[1¢ --- t"]".

Lemma 3.2 ([20]) Let L*[0,1] be a Hilbert space with inner product (f,g) = folf(t)g(t) dt.
Ify € L*[0,1], then y has a unique best approximation of order m as follows:

Y cBim(t) = CTd,(1), tel0,1], (10)
i=0

where the unique vector C is defined as C =[co ¢1 -+ Cm

In (10), C = Q" Yy, ®,,) where

1
(y’ ¢m) = / y(t)q)m(t) dt = [()’rBO,m) (yrBLm) T (y:Bm,m)]T)
0
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and the entry of the matrix Q = (Qj;141)]_, is defined as follows:

m
ij=

(1))

(2m + 1)(2”’) ’

i+j

1
Qi1 =/ Biu(t)Bj,n(t) dt = (11)
0

Note that a polynomial of degree m can be expanded in terms of a linear combination
of B;,,,(t), (i =0,1,...,m) as follows:
P(t) = ZCiBi,m(t)r

i=0

we recall that the set {Bg,(£), Bim(t),...,Bmm(£)} is a complete basis in Hilbert space
L%[0,1].

Lemma 3.3 ([21]) Derivatives of P,(f) = 2;10 f (%)B,-,,,(t) of any order converge to the cor-

responding derivatives of f. If f € C¥[0,1], k > 0, then
. k
lim (P,(1)" =f®,
n—00
uniformly on [0,1].

Lemma 3.4 ([14]) For each given constant delay d > 0, ®,,(t — d) = Q®,,(t), where Q is an
(m +1) x (m + 1) matrix in terms of d.

It was shown in [14] that @ = AWA ™!, where

1 0 o --- 0

—d 1 0 .. 0
vo| & —2d 1 0 |
G B [C) K I

and A is the matrix presented in Lemma 3.1.

4 Fractional optimal control problems with state delay

In this section, first we state some lemmas to investigate the variational method for
DFOCP (1)-(3) and make the corresponding TBVP, then two operational matrices to ap-
proximate the left-sided and right-sided Caputo fractional derivatives of ®,,(¢) are intro-
duced to numerically solve the TBVP.

Lemma 4.1 ([18]) Leta >0, p,g>1 and}? + % <l+a (p#1andq+#1in the case where

; + é =1+a). If € LY([0,1]) and ¢ € LP([0,1]), then

1 1
fo o (0) () (0) dt = fo (O (129)(0) dr, (12)

is valid and it is usually called the formula for fractional integration by parts.
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Lemma 4.2 ([16]) Let o >0, p,q > 1,7 € (0,1), and}l7 + % <l+a(p#landq+#1inthe
case where % + [11 =1+a). If¥ € LY([0,1]) and ¢ € LP([0,1]), then

1 1
f o(0) (1) (0) dit = / V(O (J20) 0 dt

1 " o ! a-1
+ @/0 (o1t 1//)(t)|:fr o(s)(s—1) ds:| dt.

Lemma 4.3 Let0<a<1,p,q21and}9+§§1+a (p #1 and q #1 in the case where
[%+ % =1+a). Iff,g € C([0,1]) and f(0) = 0 and g(1) = O, then

1 1
@) /0 O DEf) () de = /0 SO Dig) ) de (13)

and
1 1
(b) / g0 CDF)(t)dt = f FO(Dig) (@) de

1 r e L 3 -
" T() /Of (t)tDr< /r (:DYg)s) (s~ 1) ds>dt. (14)

Proof Equations (13) and (14) are proved in [16] when the fractional derivatives assumed
to be Riemann-Liouville. Now, by assuming ¢ = {Dfg and ¥ = {D{f and applying Lemmas
4.1 and 4.2, considering f(0) = 0 and g(1) = 0, finding the results is straightforward. a

Remark Consider the DFOCP (1)-(3) for @ € (0,1). Define the following corresponding
unconstrained problem:

min (), )] = [ l{lxm)g(t)x(t) + U OREu()
’ o |2 2
+ [A@)x(t) + B)u(t) + Ag(£)x(t — d) = D‘;x(t)]TA(t)} dt, (15)
with the initial condition
x(t) =x9, te[-d,0]. (16)

The problem (1)-(3) and the unconstraint problem (15)-(16) have the same optimal solu-
tion [22].

Theorem 4.1 The necessary conditions for J[x(-), u(-)] to possess the extremum is that the
triple (x(t), u(t), M(2)) fulfills the following TBVP:
R@®)u@) + BTOAME) =0, 0<t<l, 17)
oDix(t) = A(t)x(t) + BO)u(t) + Az()x(t —d), 0<t<1, (18)

QU)x() + MOA() + At + DAt +d) - (DY) (2)

1
+ m;Di‘n< /1 _d(;'D‘f/\)(s)(s 1)t ds> =0, 0<t<l-p, (19)
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Q)x(2) + ADA(R) - (DY A) (1) =0, 1-n=<r<l, (20)
x(0) = xo, A1) =0. (21)
Proof Let the triple (u*(£), x*(£), 1*(£)) be the optimal solution of (15)-(16). To find the op-
timal control, we follow the traditional approach by making variations in the optimal so-

lution of the problem (15)-(16). Assume §x, Su, and §X are, respectively, the variations of
x*(£), u*(¢), and A*(£), then a variation of the optimal control can be defined as follows:

x(t) = x*(t) + dx, u(t) = u®(t) + 8u, A(E) = A5 (E) + SA.
Now it is possible to make these changes on ], so we have
T, u())] =T[(x* () u* ()] + 8T

Since J reaches its minimum at (x*(-), #*(-)), it can be concluded that 8] = 0. Moreover,

1
8 = f {857 QO)x™ (8) + Su” R(E)u*(£) + [A()x™(£) + B(O)u* (¢) + Aa(O)x™ (¢ — d)
0
¢ DEx*(1)]" 8 + [A(6)3x + B(8)3u + Aa(0)dx(t — d) - 3(; Dix*) ()] W* ()} dit,

or

1-d
8] = / {8 (QU)x* () + AT(O)A* (8) + A (¢ + A)A* (¢ + d)) + Su” (R()u*(2)
0

+B(6)TA*(8)) + [A@®)x*(t) + BO)u*(t) + Ag(O)x* (¢ — d) = DY x*(t)] Ton
1
- 5(;D‘;‘x*)T(t)k*(t)} dt + f {8x" (Q@)x* () + AT()A*(®)) + Su” (R(E)u*(2)
1-d

+ BT (A (1)) + [A@©)x* () + BO)u*(t) + Aa(®)x*(t — d) =5 Dix*(8)] Tsa
—8(5Da) (D1 (2)) dt.
Since 8({.Dfx) = {.D; 8x (this can be proved easily by applying the definition of first varia-

tion) and §x(0) = 0, by applying Lemma 4.3(a) and (b) one can obtain the following equiv-
alent equation:

-d
8] = /1 {(SxT(Q(t)x*(t) +AT@OL @) + Ag(t +d)\ (t + d)) + (SuT(R(t)u*(t)
0

+ BT (6)2* (1)) + [A@©)x* () + BO)u*(t) + Aa(O)x*(t — d) = D‘;‘x*(t)]TSA
1
—8x" ((DY_yA*)(6)} dt + / {827 (Q(e)x* () + A(®)"A*(2)) + Su” (R(&)u*(2)
1-d
+ BT ()2* (1)) + [A@©)x* () + BO)u*(t) + Aa(t)x*(t — d) = Dj;‘x*(t)]Taf\

- 8x" (DY A¥) (1)} dt

1 1-d (¢ , 1 e »
+m/0 {t l_d[/1_d8x (DY A*)(s)(s — 1) ds“dt. (22)
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Note that the assumption A(1) = 0 is necessary for applying the aforementioned lemmas.
Now since 8] = 0, the proof will be completed by equalizing the coefficients of 8x, u, and
8A in (22) with zero. O

According to Theorem 4.1 the necessary conditions for (x*(-), u*(-)) being the optimal
solution of (1)-(3) are to satisfy in (17)-(21). These conditions are also sufficient because
of the convexity of the quadratic form of the objective function. To solve the system of
equations (17)-(21), first from equation (17) one can conclude that u(¢) = —R™'(£)BT (£)A(£)
(this is true since R(t) > 0), then using the characteristic functions y[o,1_,)(£) and x{_,1](£)
we incorporate equations (19) and (20) and apply the Agrawal method in [23]. In this
work we use Bernstein polynomials to approximate the solution of (18)-(21) in which u(z)
is substituted by —R"'(£)BY (t)A(¢). Furthermore, to simplify the relations, in the sequel,
we assume the matrix functions A(t), B(t), A4(t), Q(¢) and R(¢) to be constant functions.
Of course, when these functions are not constant the relations can be extended easily by
approximating A(t), B(t), A4(t), Q(¢£) and R(¢) in terms of BPs.

By Lemma 3.1, we have ®,,(¢) = AT, (t), so

SDYD,,(t) = ASDYT,(0) = A[GDET §D%t - 5De"]". (23)

Furthermore, for any 0 </ <1 there exists a (m + 1) x (m + 1) lower triangular matrix L
where T,,(l — t) = LT,,(t). So we also have

®,(t) = AL T, (1 - 1),
and as a result
D} ®,(t) = AL DY T, (I - t) = AL'[[Df1 $Df(I—1) - Df(i- )" (24)

As a property of the left-sided and right-sided Caputo fractional derivative for « € (0,1)

we have
DY = % o j=1,...,m0<t<]1,
and forany 0 </ <1
rG+1)

Dy(l-ty = -ty j=1,...m0<t<l

rGj+1-ow)

One may define

DY Tu(t) = ST, (25)
DYT,(l—t)=2T, (26)
where ¥ is an (m + 1) x (m + 1) matrix and 7; and T are (m + 1) x 1 matrices, each one

defined as follows:
I(j+1)

2 = (Zijn), DIRTRES g’(ﬁl_“)’ i=j=0,

i,j=1,...,m, and i =},
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and
Tl = (Tl,k+l); Tl,k+1 = {0

and

(-0Fe, k=1,...,m,

T=T+, T+:
5 = (Tok+1) 9 k41 {O, k0.

Since t*~* and (I — £)*¢ for k = 1,..., m are continuous functions on [0, 1], one can apply
the method in [10] to find approximated vectors P x and P, such that
t* ~ Pl ®,), k=1,..,m0<t<], (27)
and

(l_t)k—ot %PZT,kCIDm(t), k:l,...,m,0<t<l, (28)

where P ; = Q71 (tF¢, ®,,,(t)) and Py = QN ((I -1 x t)**, ®,,(¢)) for k =1,...,m while Qis
defined in (11). Now if P; and P, be (m + 1) x (m + 1) matrices with zero vector in their first
column and have P;; and P, , respectively, as their (i + 1)th column for i =1,..., m, then

EDY D, () ~ Dy ®,(2) (29)
and
D @pu(t) X o« DD (1), (30)

where D, = ASP! and ,D = AL SPI, are called the operational matrices of §D¢®,,,(t)
and ;D ®,,(t), respectively.

Now assume that

xi(t) ~ X[ (),
(31)
Ai(t) = Al D,(2),

where the entries of X; = [X;(0) --- X;(m)]” and A; = [A;(0) --- A;(m)]7 are, respectively,
the Bernstein coefficients in the approximation of x;(t) and A;(¢) for i =1,...,r and 0 <
t < 1. Therefore,

ED%x;(t) ~ X §D? ®,,(t) ~ X Dy ® () (32)
and

DIA(t) ~ AT DY D,,,(t) ~ AT DD, (t). (33)
As a result, the TBVP (18)-(21) can be approximated as follows:

[X! Dy - (AX] = BR'BTA] + AuX] )] ®@m(t) = 0, (34)
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[QXLT + ATAT + ATAT Q) — AT D

1
+ mAiTaDz*HTaDl}CDm(t)zo, 0<t<1l-d, (35)
o
[QX] +ATA] - A D*=0]D,()=0, 1-d=<t<Ll (36)

In the above equations H = [Hy H; - -+ Hy,] isan (m +1) X (m +1) matrix where H; (its (i +
1)th column of H) is the coefficients vector in approximating function A(t) = fl_ 4 Bim(s)(s—
t)* 1 ds with BPs. Indeed ,D' and ,D? can be computed by substituting 1 — d and 1 in
equation (33) instead of / (note that to achieve ,D? a suitable change of variable is needed
to transform the time interval [1 — d, 1] to [0, 1] before approximation). Also €2;, 2, can be
calculated by applying Lemma 3.4 to ®,,(¢ — n) and ®,,(t + 1), respectively.

Also, we need to recall that the initial conditions x;(0) = x;¢ and A;(1) = 0 in (21) can be

written in term of the Bernstein basis as follows:

1
0
xio = [Xi(0) -+ Xi(m)]®,(0) = [X;(0) - Xi(m)] :
0
and
0
0
0=[A:i0) -+ Am)]Pu(1)=[Ai0) - Ai(m)] |
1
or
Xi(0)=x0, 1<i<r, (37)
and
Am) =0, 1<i<r. (38)

In order to solve the approximated system of equations (34)-(38) we apply the Agrawal
method in [23]. First, using the characteristic functions xjo1-4 () and xp-q1](¢) to incor-
porate equations (35) and (36),

1
X[0.1-d] (t)|:QXl,T +ATA + ATATQy — AT ,D' + mAiT oD % HTaD1:| ®,,(t)

+ x0-anO[QX] + ATAT = AT ,D* = 0]®,,(t) =0, i=1,...,r.

Then, by defining arbitrary virtual variations in the state and costate variables éx ~
(Ax)T®,,(t) and 81 ~ (AL)T®,,(¢) and setting the coefficients of Ax and AA to zero one
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can obtain the following algebraic system with (m + 1) linear equations and (m + 1) un-
knowns:

1
/ (X Do - (AX] = BR'BTA] + AuX] 1)} ®,(£)Bm(8) dt + 11B;,(0) = 0, (39)
0

1-n 1
/0 { QXF + ATAT + ATAI — AT ,D' + mAiTaDz * HTQDI}CIDm(t)B,',m(t) dt
1
+ / {QX] + ATA] — A] WD*}®,,()B;,u(t) dt + vB;,,(1) = 0, (40)
1-n

for every j = 0,1,...,m and i = 1,...,r with two boundary conditions X(0) = x¢ and
A(m) =0.

5 Numerical examples

In this section we give some numerical examples and apply the method presented in Sec-
tion 4 for solving them. Our examples are solved using Matlab2011a on an Intel Core
i5-430M processor with 4 GB of DDR3 Memory. These test problems demonstrate the
validity and efficiency of this technique.

Examplel Consider the following two-dimensional FDOCP in which 0 < o <1 (see [24]):

1 /! 2
min 3 / [(21(8) + %2(8))” + u?(8)] at,
0

s.t.

1
DY x1(2) = x1(2) + 2o (t— E)' 0<t<l,

oDFx2(t) = =5x1 <t — %) + X () — %o (t - i) + u(t),

xl(t) =1, -

IA

t<0,

N U Ny [

xZ(t) =1, -

IA
o~
IA
o

This problem for « = 1 has been studied in [24], where the obtained approximate cost
function is I = 2.7930. Using the presented method for & = 1 and m = 6, gives the approx-
imate cost function as J* = 1.9493. So we achieved satisfactory numerical results in com-
parison with what have been obtained in [24] for « = 1. In the case « = 1 the approximate
trajectories and control functions for ¢ € [0,1] are

x1(t) ~ —6.1198t° + 23.071£° — 34.697t* + 22.424¢> — 5.16861> + 2.1208¢ + 1,

%2(£) ~ 56.779t° —196.94¢° + 263.83t* —169.23¢> + 43.179¢2 — 5.9202¢ + 1,

u(t) > —(t —1)(9.9706¢° - 6.2514¢* — 1.7909¢° + 0.77024¢> + 1.2626¢ + 0.30261).
Also by varying the value of o the obtained trajectories and control functions are shown,

respectively, in Figure 1 and Figure 2. Moreover, the optimal objective value and the end
points of the optimal trajectories for these values of « are shown in Table 1.
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Figure 1 Approximate solution of x;(-) and xx(-)
fora =1,0.9,0.8 in Example 1.

Figure 2 Approximate solution of u(-) fora =1, 1 T ; T T ; T ; T
0.9,0.8 in Example 1. SSSOPOO OVPRUON PPN SV S

Table 1 The objective value and the end point of trajectory for « = 1,0.9,0.8 in Example 1

4 Objective value End points

1 1.9493 2.632,-7.3009
0.9 3.1472 24246,- 87117
0.8 5.8783 1.8422,-10.5162

Example 2 Consider the following FDOCP in which 0 < o <1 (see [25]):

2
min % /0 [xz(t) + uz(t)] dt,

s.t.

Since our method is described for ¢ € [0,1], first, the interval [0,2] must be mapped into
[0,1] by using the transformation function 6 = £. So by letting

x(t) =x(20) =y(0),  u(t) = u(20) = v(0),

and using

x(t—1)=x(20 - 1) :x<2<9 - %>> :y<9 - %)
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and

P S L 132
ODfx(t)‘r(l-a) t-1)

260 1dy
2w

ra- a) (29—1

ldy
2d9
ra- ot)f (20 - 2

o dy(p)
(1 “0)” )y @-pp
=27 x §Dy(0),

the above problem changes thus:

min % /01[2y2(9) +2v%(0)] 48,

s.t.

¢ a 1 o
oDgy(0) =2%y 9—5 +2%v(0), 0<6<1,

<6 <0.

NI»—t

Note that in this example

Q) =R(t) =2, A@)=0

(dp

(2dp)

Aq(t) = B(t) =2%.

Page 13 0of 16

For o = 1, this problem has been numerically solved by applying Bezier curves in [25]
and the objective value I = 1.5936 has been achieved. In the presented method the solution
has the objective value /* = 1.0447 for o = 1. Thus, our results with m = 6 are in good
agreement with the results demonstrated in [25] for « = 1. In addition by varying the value
of o« we can obtain the optimal trajectory x(-) and the control function u(-) which are
shown, respectively, for some values of « in Figure 3 and Figure 4. Moreover, the optimal

objective value and the end point of the optimal trajectory for these values of o are shown

in Table 2.

Figure 3 Approximate solution of x(:) fora =1,
0.9,0.8 in Example 2.

i
02

0.4

i
08

08
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Figure 4 Approximate solution of u(-) fora =1,
0.9,0.8 in Example 2.

Table 2 The objective value and the end point of trajectory for & = 1,0.9,0.8 in Example 2

4 Objective value End point
1 1.0447 1.0772
0.9 1.0574 1.1032
0.8 1.0864 1.1240

Figure 5 Approximate solution of x(-) foree =1,
0.9,0.8 in Example 3.

Example 3 Consider the following time-varying FDOCP in which 0 < o <1 (see [26, 27]):

2
: 2 2 d ,
m1n/o [x ) +u (t)] t
s.t.
oDix(t) =tx(t) +x(t - 1) +u(t), 0<t<2,

x(t)=1, -1<t=<0.

This problem for « = 1 has been studied in [27] and [26] where the obtained approximate
cost functions are, respectively, / = 5.1713 and I = 4.7407. Using the presented method for
a =1 and m = 6, we find the approximate cost function as /* = 2.7384. Also by varying
the value of o the obtained trajectories and control functions are shown, respectively, in
Figure 5 and Figure 6. Moreover, the optimal objective value and the end points of the
optimal trajectories for these values of « are shown in Table 3.
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Figure 6 Approximate solution of u(-) fora =1,
0.9,0.8 in Example 3.

Table 3 The objective value and the end point of trajectory for & = 1,0.9,0.8 in Example 3

o Objective value End point
1 2.7384 0.7261
09 2.7504 0.6985
0.8 2.8108 0.5908

6 Conclusion

In this paper, we introduce the TBVP for the fractional optimal control problem with con-
stant delay on trajectory. In order to solve the TBVP we have extended the method used in
[1], then using Bernstein polynomials to approximate the solution. Since we use polyno-
mials to approximate state and control, the approximating results are smooth and there-
fore no fitting curves are needed. We need to mention that in the case that the objective
function is convex, the Hamiltonian condition would be necessary and sufficient. Thus
by increasing the degree of Bernstein polynomials, the convergence should occur. Finally,
some test problems are included to show the efficiency of this method.
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