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Abstract

In this paper, we investigate new L*(L?) and L*(L?)-posteriori error estimates of mixed
finite element solutions for quadratic optimal control problems governed by
semilinear parabolic equations. The state and the co-state are discretized by the order
one Raviart-Thomas mixed finite element spaces and the control is approximated by
piecewise constant functions. We derive a posteriori error estimates in

12 L2(R2))-norm and L2(J; L2(2))-norm for both the state and the control
approximation. Such estimates, which are apparently not available in the literature,
are an important step towards developing reliable adaptive mixed finite element
approximation schemes for the optimal control problem.
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1 Introduction
In this paper we consider quadratic optimal control problems governed by the semilinear

parabolic equations

ug}(igu{%/oT(”P_PdHZ +ly = yal® + lull?) dt}, (L1)
yi(x,t) + divp(x, 1) + p(y(x, 8)) = f (%, 8) + u(x,8), x€Q,t€], 12)
p(x,t) = —AW)Vy(xt), xeQte], 13)
yx,t)=0, x€dQte],  yx0)=y(x), xe, (1.4)

where the bounded open set 2 C R? is a convex polygon with the boundary 9Q. /] = [0, T
Let K be a closed convex set in the control space U = L2(J;L%(2)), p, pa € (L2(J; HY(R)))?,
¥.ya € L2(;HY(RQ)), f,u € L2(J; L*(R)), yo(x) € Hy(S2). For any R > 0, the function ¢(-) €
WL (—R,R), ¢'(y) € L*(Q) for any y € H'(R2), and ¢'(y) > 0. Assume that the coefficient
matrix A(x) = (a;j(%))2x2 € C>®(Q;R**?) is a symmetric 2 x 2-matrix and there are con-
stants ¢, ¢, > 0 satisfying for any vector X € R?, ¢1[| X[ 13, < X’AX < ;[ X[, We assume
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that the constraint on the control is an obstacle such that
K= {u € Lz(];LZ(Q)) :/ u(x,t)dx > 0, a.e. in Q x]}.
Q

Optimal control problems have been successfully utilized in scientific and engineering
numerical simulation. Thus they must be solved by using some efficient numerical meth-
ods. Among these numerical methods, the finite element method was a good choice for
solving partial differential equations. There have been extensive studies in convergence
for finite element approximation of optimal control problems. A systematic introduction
of the finite element method for optimal control problems can be found in [1-7].

Recently, an adaptive finite element method has been investigated extensively. It has
become one of the most popular methods in the scientific computation and numerical
modeling. Adaptive finite element approximation ensures a higher density of nodes in a
certain area of the given domain, where the solution is more difficult to approximate, in-
dicated by a posteriori error estimators. Hence it is an important approach to boost the
accuracy and efficiency of finite element discretizations. There are lots of works concen-
trating on the adaptivity of many optimal control problems, for example, [8—12]. Note that
all the above works aimed at the standard finite element method.

In many control problems, the objective functional contains the gradient of state vari-
ables. Thus, the accuracy of the gradient is important in numerical discretization of the
coupled state equations. Mixed finite element methods are appropriate for the state equa-
tions in such cases since both the scalar variable and its flux variable can be approximated
to the same accuracy by using such methods. When the objective functional contains the
gradient of the state variable, mixed finite element methods should be used for discretiza-
tion of the state equation with which both the scalar variable and its flux variable can be
approximated in the same accuracy.

Recently, in [13, 14] we did some primary work on a priori error estimates for nonlinear
parabolic optimal control problems by mixed finite element methods. In [15], we consid-
ered a posteriori error estimates of triangular mixed finite element methods for semilin-
ear elliptic optimal control problems. The state and the co-state were discretized by the
Raviart-Thomas mixed finite element spaces and the control was approximated by piece-
wise constant functions. In [16], we derived a posteriori error estimates for linear parabolic
optimal control problems by the lowest order Raviart-Thomas mixed finite element meth-
ods.

This paper is motivated by the idea of the article [17]. We shall use the order one Raviart-
Thomas mixed finite element to discretize the state and the co-state. Due to the limited
regularity of the optimal control u in general, we therefore only consider a piecewise con-
stant space. Then we derive a posteriori error estimates for the mixed finite element ap-
proximation of the optimal control problem. The estimators for the control, the state and
the co-state variables are derived in the sense of L*®(J; L?(2))-norm or L(J; L*(2))-norm,
which are different from the ones in [16].

In this paper, we adopt the standard notation W”#(S2) for Sobolev spaces on Q2 with a

norm || - |, given by ||[v|lh,, = > al<m ||D°‘v||1£pm), a semi-norm | - |,,,,, given by [v|},, =
Z\al:m ||D"‘V||’L’,,(Q). We set Wy (Q) = {v € W™(Q) : v|sq = 0}. For p = 2, we define
H™(Q) = W), H'(2) = W (), and || -l = I - llmas || - | = || - llo,2- We denote by

L*(0, T; W™P(Q2)) the Banach space of all L* integrable functions from J into W”#(Q2) with
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the norm ||v|| s, wmr () = (fOT IVIlyms ) dt)% for s € [1,00), and the standard modification
for s = 0c. Similarly, one can define the spaces H'(J; W"?(£2)) and CX(J; W"?(S2)). The de-
tails can be found in [18].

The plan of this paper is as follows. In the next section, we shall construct the mixed
finite element approximation and the backward Euler discretization for quadratic optimal
control problems governed by semilinear parabolic equations (1.1)-(1.4). Then, we derive
a posteriori error estimates for both the state and the control approximation in Section 3.
Finally, we give a conclusion and some future work.

2 Mixed methods of optimal control problems

In this section we shall now discuss the mixed finite element approximation and the back-
ward Euler discretization of quadratic semilinear parabolic optimal control problems (1.1)-
(1.4). To fix the idea, we shall take the state spaces L2(V) = L2(J; V) and HY(W) = H*(J; W),
where V and W are defined as follows:

V=H(div;Q) = {ve (I3(Q)" divve LX(Q)}, W =L*Q).

The Hilbert space V is equipped with the following norm:

2 . 2 \1/2
IVllr@ivie) = (IVIIg.q + 1 divvig o)

Let o = A™L, we recast (1.1)-(1.4) as the following weak form: find (p,y,u) € L*(V) x
HY(W) x K such that

min {E/T(np—pdnz +ly—yall? + ) dt}, 1)
wekeu |2 J,
(@p,v) - (5, divy) =0, VeV, (2.2)
ew) + (divp,w) + (), w) = (f +u,w), YweW, (2.3)
(%,0) = yox), Vxe Q. (2.4)

It follows from [17] that optimal control problem (2.1)-(2.4) has a solution (p, y, «), and
that if a triplet (p,y, ) is the solution of (2.1)-(2.4), then there is a co-state (q, z) € L?(V) x
HY(W) such that (p,,q, z, u) satisfies the following optimality conditions:

(@p,v) - (,divv) =0, WveV, (2.5)
(o w) + (divp, w) + ($0) W) = (F + w,w), Ywe W, (2.6)
yx,0) = yox), VxeQ 2.7)
(@q,V) - (z,divy) = —(p-psv), WveV, (2.8)
~(z,w) + (divg,w) + (' D)z, w) = (y =y, w), Vwe W, (2.9)
2% T)=0, VYxeq, (2.10)
/0 ' w+zi-u)dt>0, Viek, (2.11)

where (-,-) is the inner product of L%(2).

Page 3 of 21
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In [19], the expression of the control variable was given. Here, we adopt the same method

to derive the following operator:
u =max{0,z} — z, (2.12)

where z = [, z/ [, 1dx denotes the integral average on € of the function z.

Let 7, be regular triangulations of Q. /., is the diameter of v and /# = max/,. Let
V;, x W), CV x W denote the order one Raviart-Thomas space associated with the tri-
angulations 7, of Q. P denotes the space of polynomials of total degree at most k. Let
V(1) = {ve P¥r) +x- Pi(r)}, W(r) = Pi(7). We define

V= {vi € V:Vt € Tpvil. € V(1)},
W = {wy € WiVt € Tpwil: € W(r)},
Ky, = {iiy € K : VT € Tyt € Po(7)}.

Let L*(V},) = L*(J; V) and H(W},) = H'(J; W},). The mixed finite element discretization
of (2.1)-(2.4) is as follows: compute (py, yi, up,) € L*(Vy,) x HY(W},) x K}, such that

Mrglei}gh{ % AT(llph = pall® + llyn = yall® + lunl®) dt}; (2.13)
(@pnvi) — (p,divvy) =0, Vv, €V, (2.14)
Ones wn) + (div pr wi) + (@), wi) = (f + tp, wi),  Ywy € Wi, (2.15)
yu(%,0) = yp(x), VxeQ, (2.16)

where y!(x) € W}, is an approximation of y,. Optimal control problem (2.13)-(2.16) again
has a solution (py, s, uy), and that if a triplet (py, vy, uy,) is the solution of (2.13)-(2.16),
then there is a co-state (qy, z,) € L2(Vy,) x HY(W},) such that (py, y1, qu, 21, un) satisfies the

following optimality conditions:

(apn, Vi) = O, divvy) =0, Vv, €V, (2.17)
One> wi) + (div pr, wi) + (@), wi) = (f + upwi),  Ywy, € Wi, (2.18)
yu(x, 0) = yg(x), Vx € Q, (2.19)
(aqu, vi) = (2, divvy) = —(pn — Pas Vi), Vi € Vi, (2.20)
—(znes wi) + (div @i wi) + (8" )z wi) = O = Yas wn),  Ywy € Wiy, (2.21)
zn(x, T)=0, Vxeg, (2.22)
T
/ (up + zp, iy, — up)dt >0, Vi, € Kj,. (2.23)
0

Next, we define the standard L2(£2)-orthogonal projection Qj, : K — Kj, which satisfies:
forany z € K,

(- Quit,uup) =0, Vi, € Ky, (2.24)
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it — Quitl| s, < Clitly, h**5, s=0,1for it e W(Q). (2.25)

Similar to (2.12), for variational inequality (2.23), we have the following conclusion [19].
Assume that z;, is known in variational inequality (2.23). The solution of the variational

inequality is

_ szhdx

up = Qu(max{0,2,} — z), zp = [ idx (2.26)
Q

Now we consider the fully discrete approximation for the above semidiscrete problem.
Let At>0,N = % € Z,and t; = iAt, i € Z. Also, let

; ; ; wi _ wi—l
Y=y (x) = w(xrti)r drlﬁ = A .
t
The following fully discrete approximation scheme is to find (p}, y,, u},) € Vj; x W), x Ky,

i=1,2,...,N, such that

N
min 3 32 ae(lol Bl i+ ) | )
(apjyvi) = (¥, divvy) =0, Vv, €V, (2.28)
(e wn) + (div P, wa) + (S (), wa) = (' + ujwn),  ¥Ywy € Wi, (2.29)
yh(x) =yp(x), VxeQ. (2.30)

It follows that optimal control problem (2.27)-(2.30) has a solution (pz, Yipuh), i =
1,2,...,N, and that if a triplet (pz,yz, ”Z) eV, x W, xKy,i=1,2,...,N, is the solution of
(2.27)-(2.30), then there is a co-state (q} !, z!) € V;, x W), such that (p, ¥, q %, 201 ul) €
(Vi x W;,)? x K, satisfies the following optimality conditions:

(apjyvi) = (¥, divvy) =0, Vv, €V, (2.31)
(dyiwi) + (divpj, wa) + (6 (73), wa) = (f* + uj wi),  Ywi € Wi, (2.32)
X)) =yx), VxeQ, (2.33)
(gt vi) = (27 divvy) = =(p, = P5vi),  Yvie Vy, (2.34)
(i wi) + (divai ) + (8 Oh)e o wn) = O ol om), Vwne Wi, (235)
ZN(x) =0, VxeQ, (2.36)
(uj, + 2, iy — up) > 0, Vi € K. (2.37)

Fori=1,2,...,N,let

Vil v = (G = )y + (€ = tia)yl) /At
Zilawg = (G = )z + (£ = ti)z)) At

Ph'(t,‘_l,t,'] = ((tl - t)p;l + (t - i—l)PZ)/At;
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Ql’l'(t,’,l,t,'] = ((tl - t)q;q_l + (t - tl—l)q;q)/At)

Unlyt = ulh
For any function w € C(J;L%(R2)), let
ﬁ/(x, t)|te(ti_1,ti] = W(xv ti)} ﬂ/(x) t)ltE(ti_l,ti] = W(x! tl‘fl)‘

Then optimality conditions (2.31)-(2.37) satisfy

(P, vy) — (Y, divvy) =0, Vv, €V, (2.38)
(Yie» wi) + (div Py, wp) + (§(¥3), wh) = ( + Up,wp), VYwy € Wy, (2.39)
Yi(x,0) = yi(x), Vxeg, (2.40)
(@ Qi Vi) = (Zp divyy) = =By — P, Vi), ¥¥i € Vi, (2.41)
~(Zney wi) + (div Qpwi) + (' V) Zpo wi) = (Y = Faswn),  Ywi € Wi, (2.42)
Znx, T)=0, Vxeg, (2.43)
(Up + Zpy ity — Up) > 0, Vit € K. (2.44)

Similar to (2.26), the solution of variational inequality (2.44) is

fﬂzh dx

Uy = Qh(maX{Oth} ~Zy), Zy= [idx
Q

(2.45)

In the rest of the paper, we shall use some intermediate variables. For any control func-
tion Uy € K, we first define the state solution (p(Uy), y(Uy), q(Uy), z(U})) satistying

(ap(Un),v) - (y(Uy),divv) =0, ¥veV, (2.46)
(ye(Up), w) + (divp(U), w) + (¢ (y(Ui)), w) = (f + Up,w), VYwe W, (2.47)
y(Un)x,0) =yo(x), Vxe€LQ, (2.48)
(aq(Un),v) = (2(Up),divy) = —(p(Up) - pa,v), VVEV, (2.49)
—(ze(Un), w) + (div q(Un), w) + (&' (¥ (Un))2(Un), w)

= (y(Un) —yarw), YweW, (2.50)
Z(Up)(x, T) =0, VxeQ. (2.51)

For ¢ € W), we shall write

d(p) = d(p) == (9)(p — ) = —¢'(p) (0 — 9) + ¢ (@) (0 — ¥)*, (2.52)

where
N 1 5 1
P'(p) = / ' (p+sip—p)ds,  ¢"(¢)= / 1-5)¢"(p +s(e—p))ds
0 0

are bounded functions in Q.

Page 6 of 21
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Let R, : W — W), be the orthogonal L2(R2)-projection into W, [20] which satisfies:

Ryw—-w,x)=0, weW,xeW, (2.53)
[Rw —wllog < Clwllygh', 0<t<k+1, ifweWnWw"(Q), (2.54)
IRyw —wl_, < Cllw|l K", 0<rt<k+l, ifweH(Q). (2.55)

Let [Ty : V — V), be the Raviart-Thomas projection operator [21] which satisfies: for any
vey,

/Ewh(v— ,v) -veds=0, wpeW,Ec&, (2.56)
/;(v —I,v) v dxdy=0, v, €V, TeT,, (2.57)
where &), denote the set of element sides in 7;. We have the commuting diagram property
divoll, =R, o0div:V— W, and div(l -T11,)V L W, (2.58)

where and after, I denotes an identity matrix.
Further, the interpolation operator ITj, satisfies a local error estimate

Iv-Tuvlloe < Chlvl7, veVNHY(T). (2.59)

The following lemmas are important in deriving a posteriori error estimates of residual

type.

Lemma 2.1 Let 7, be the average interpolation operator defined in [22]. For m = 0 or 1,
1<g<o0andVve WH(Q"),

|V— ﬁhV|Wm’q(t) < Z Ch17m|Vlwl,q(r/). (260)
T'NTHY

Lemma 2.2 Let ry, be the standard Lagrange interpolation operator [23). Then, for m = 0
orl,1<gq<ooandVve W>(Q"),
lv = mpvlwmaey < CH2" vl waae)- (2.61)

3 Aposteriori error estimates
In this section we study new L>®(L?) and L?(L?)-posteriori error estimates for the mixed
finite element approximation to the semilinear parabolic optimal control problems. Let

1
S(u) = E(IIP—Pd||2+ Iy = yall> + llull®), (3.1)
1
Su(Up) = E(”Ph —pall® + 1 Yn = yall* + | Unl). 3.2)
It can be shown that (see [13] for some detail discussions)

(S@),v) =w+zv), (3.3)

Page 7 of 21
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(S/(Uh), V) = (uh + Z(Uh), V)’ (34)

(S (Un),v) = Uy + Zp, v). (3.5)

It is clear that S and S, are well defined and continuous on K and Kj,. Also, the functional

Su can be naturally extended on K. Then (2.1) and (2.27) can be represented as

T
1:2}(1{/0 S(u)dt} (3.6)
and
T
Lglgl}‘(lh{/(; Sh(uh)dt}. (3.7)

In many applications, S(-) is uniform convex near the solution %. The convexity of S(-) is
closely related to the second-order sufficient conditions of the optimal control problems,
which are assumed in many studies on numerical methods of the problem. For instance,

in many applications, there is ¢ > 0, independent of %, such that

T
2
/(; (S/(M) —S/(Uh),lxl— Uh)u = C”M— Uh”LZ(];LZ(Q))- (38)
Firstly, let us derive a posteriori error estimates for the control u.

Theorem 3.1 Let u and Uy, be the solutions of (3.6) and (3.7), respectively. Assume that
(S, (Up))|e € H¥ (1), VT € T}, (s = 0,1), and there is vy, € K}, such that

| (S5 vi =) | < C Y he|| S| s oy 1 = Unlla oy (3.9)
€Ty,

Then we have

> 12
flee — uh”iZ(/;LZ(Q)) = C’?f + C”Z(Uh) ~Zy ||L2(];L2(Q))’ (3'10)

where

T
n? = fo >N+ ZyllgE , dt.

€Ty

Proof 1t follows from (3.6) and (3.7) that

T
/ (S'(w)u-v)<0, Wvek, (3.11)
0

T
/ (S;(Uh), u, - Vh) <0, Vv,eK,CK. (3.12)
0
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Then it follows from assumptions (3.8), (3.9), and the Schwarz inequality that

C”I/l - Uy ”iz(];Lz(Q))

T
= /0 (S/(u) -S'(Up),u— L[h)
T
< /0 (SH(U), vi — u) + (S),(Ui) = S'(Ui),u — Uy) )

T
<c [{ L mlswl

€Ty,

1+s
Hs(z)

+ || 85, (n) - S' () ||i2(9)} + gllu = Unll322(0)- (3.13)
It is not difficult to show
SyUp) = Uy +Zp, S (Uy) = Uy, +2(Uy), (3.14)
where z(U},) is defined in (2.46)-(2.51). Thanks to (3.14), it is easy to derive
”S},(Uh) - S,(uh)HLZ(Q) = ”Zh - z(Uy) ”Li’(Q)' (3.15)

Then, by estimates (3.13) and (3.15), we can prove the requested result (3.10). O

2
L2(L2(Q))

results for the following dual equations:

To estimate the error ||Zh —z(Uy)|| , we need the following well-known stability

—k; —div(AVk) + Ak =0, x€ Q,te][0,t*],
K|3Q = 07 te [01 t*]r (316)

k(% t*) =ko(x), x€Q,

and
o —div(A*Vw) + ¢’ (y(Up))w =0, xe€Q,telthT],
w'aQ = 07 te [t*) T]) (317)
w(x,t*) = wo(x), x€Q,
where
. OIS, (L) # Yo (3.18)

&' (Yn), y(Uy) = Y. (3.18))

Page 9 of 21
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Lemma 3.1 Let « and @ be the solutions of (3.16) and (3.17), respectively [24, 25]. Let 2
be a convex domain. Then

/Q k0| dx < Clieo 2, Ve € [0,6],

t*
2 2
/ /|V/c| dxdthHKolle(Q),
0 Q
t* 9
/ / |t~ || D% dxedt = Cllkola gy,
0 Q

t*
/ / |t—t*’|Kt|2dxdt§ C”KOH%Z(Q)’
0 Q

and

/Iw(x,t)lzdxsCllwolliz(m, vie [t T,
Q

T
/ /IVWIdedtSCllellfz(Q)

t* Q

T
/ /|t—t*||D2w|2dxdt5C||w0||§2(9)
t* Q

T
[ [le=elion dvds < Claoli,
t* Q

where |D*v| = max{|02v/0x;0x],1 < i,j < 2}.
Next, we estimate the errors Y, — y(U}) and Py, — p(Uj).

Theorem 3.2 Let (Py, Yy, Qun, Zn, Uy) and (p(Uy), y(Uy), q(Uy), z(Uy), Uy,) be the solutions
0f (2.38)-(2.44) and (2.46)-(2.51), respectively. Then we have

7
1Y =9 | 1 gz + | Pr = PUR | 1220y < €D 0 (319)
where

tiv1
2= A
= zer[Illl%X1 {/ Zh / Yy +d1VPh + ¢(Yh) -f- ) dxdt}
tiv1 )
- Py, -V
Ler[{lja\.lxl {/ wag‘%h/(a h wp) dxdt}
ni:|lnAt|tIeI[1(?)}]{Zh§/;(Yh:+diVPh+¢(Yh) f ) }

175 = |In Af] max {th Wrgnh/(aPh - th)zdx}

712 = ”.}? _f”il(o,t*;Lz(Q)) + “j’g(x) _yo(x)||i2(g)

03 = 1P = Pull?ag ez + 11V = Yl 20 o122

Page 10 of 21
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Proof We define p}) as follows:
(ap)svi) = (), divvy) =0, Vv, €V (3.20)
Then from (3.20) we deduce that
(apy ™ vi) = () divvy) =0, Vv, €V (3.21)

Combining (3.20)-(3.21) and the definitions of Y}, and P, we can get the following equal-
ity:

(aPy,vy) — (Yy,divvy) =0, Vv, €V (3.22)
Let « be the solution of (3.16) with ¢ (x) = (Y}, — y(U}))(x, £*), we infer that

|| Y, —J’(Uh) ||22(Q)

= (Y= () (,2), ke (,27))

_ /0 (=9 U) o) = (¥ — (W) div(AT ) de
R /0 (600 - D U), ) it + (Y — (L) 301,k (5, 0))

_ /0 (- W) k) + (p(Uy), Vi) dt
—/Ot*(Yh,div(Hh(AVK)))dt—/Ot* (P(r(Un)), ) dt
R /0 B0 i + (Y — (L) 5,00, 3, 0).

Furthermore, using (2.38)-(2.40), (2.46)-(2.48) and (2.56)-(2.58), we can obtain that
1% - 9 325

- (Y= 9(0) ) + (div(Bs - p(L) )
+ /0 t*(((xPh, M, (AVk)) — (div Py, k) dt — /0 g (@(y(Un)), k) dt
+ /0 ‘ (¢(Y3), «) dt + (Y - y(Un)) (%, 0), k (x,0))
+/Ot*(¢(yh)—¢>(i’h),;<) dt

t*
2/ (Yht+divﬁh+¢(yh) —f—uh,K)dt
0

+/ ((F ~f1) + Py — Py, Vi) dt
0
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t*
+/1(VWW4HMAVK—HMAVM)ﬁ
0

+ /0 (¢(Yh) —p(Yp), K) dt + ((Yh —y(L[h))(x, 0), k (x, 0)). (3.23)
When t* € (ti—lr ti], i < 2»

| (% = 9(W) (%) | 121

t N R
< c/ th /(Ym +div Py —f - Uy) dxdt
to T

+ C/ Z min /(ozPh—th)2 dxdt

wpeWy,
+ C”f _f”il(o,t*;Lz(Q)) + C”Ph _Ph”iZ(O,t*;LZ(Q))

< 2
+ C” Yh - Yh”iZ(o,ﬁ;LZ(Q)) + C”J’g(x) —)’o(x) ”LZ(Q)' (324)

Wheni> 2,
| (Y= y@) (%, 6) | 2

/ ZhZ/(Yht+d1vPh f Uu,)? dxdt

ti-2 T

Cln—

t*

max {Zh /Yht+div13h—f‘_uh)2dx}

te[0,t;_2]

ti
+ C/ Z min /(otPh —Vw)dxdt
li2

wpeWy

n? Py —Vwy)d
+C ter[rolz:lx2 {Z min f (aPy, Wh) x}

ln —
wpeW),

+ ClIf =f 10220 + CIPr = Prll oo pns2(a)

+(9(Y) = $(Fi), k) + Clyh®) = 0@ 1210 (3.25)

Hence
, 7
1Y =y (W) |2y < € D i (3.26)

i=2

Similar to Theorem 3.2 of reference [16], we have derived the following estimate:

||Ph - P(Uh) ||L2(]‘L2(Q))
< C(If = Fllzgarey + | X = Y| 22

1Py = Pull2gazay + 766 = 700 12()- (3.27)

This proves (3.19). O
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Now, we are in a position to estimate the errors Z; — z(U}) and Q;, — q(Uy).

Theorem 3.3 Let (Py, Yy, Qpn, Zn, Uy) and (p(Uy), y(Uy), q(Uy), z(Uy), Uy,) be the solutions
0f (2.38)-(2.44) and (2.46)-(2.51), respectively. Then we have the following error estimate:

||Zh uh)”L:)oULZ + ” Qh Q(Uh)an(JLz < CZ”?! (3-28)
where 15-17 are defined in Theorem 3.2, and

tivl ~ A~ ~
= max {/ Zh / th+diVQh+¢,(Yh)Zh—Yh +5/d)2dxdt};

i€[1,N-1]

tiv1
=ma min + Py — Dy — Vw,) dxdt);
lE[lN)E {/ thelwh/f(th h—Pd wy)“ dx }
U%O = |In Af] max Zh4 /(_th +div éh + ¢/()A’h)2h - ?h +5/d)2dx ;
te[0,T] - T

T

n? = |In At] max {th min /th +Ph—f)d—th)2dx};

€[0,7] wpeWhn J .
2 _ 1A 2 D 2 .
N = ”Qh - Qh”Lz(];L2(SZ)) + ”Ph _Ph”LZ(];LZ(Q))’
2 ~ 112 = 2
7113 = ”Pd - Pd”Lz(];Lz(Q» + ”Pd - Pd”Lz(];Lz(Q));
2 > 2 ~ 2 .
My = ”Yh - Yh||L2(];L2(Q)) + ||J’d _yd”LZ([;LZ(Q));

’7%5 = ||Zh - Zh“%z(];LZ(Q)) + ” (Zh - Zh)f”iz(];LZ(Q))‘
Proof We first define q) as follows:

(aqﬁl\],vh) - (zﬁ,\[,divvh) = —(p],y —p]dv,vh), Vv, € Vy,. (3.29)
Then from (2.34) and (3.29) we deduce that

(@Qu Vi) = (Ziydivvi) = =Py = Ba,vi), Vi € Vi (3:30)
Now, we let

Pal (11 = (6 = 0P + (¢ = ti))py) I AL,
Combining (2.41), (3.30) and the definitions of Z;,, Qy,, P, and p,, we get

(@Qu> Vi) = (Zn, divvy) = —(Py — Pa, Vi), YVi € V. (3.31)

Let w be the solution of (3.17) with @y (x) = (Z;, — z(U},))(x, t*). Then it follows from
(2.41)-(2.43), (2.49)-(2.51) and (2.56)-(2.58) that
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” (Zh - Z(Uh))( 't*) ”iZ(Q)

= (21— 2U) (x,t"), 2 (x,£7))
- /;(‘((Zh ~2Uy), @) = (Zn - 2(Up), div(A" V)
+ (o' (v (Un)(Zh — 2(Up)), @)) dt

T
= /t (@ -2t p o) + (W), Vo) + (&' (T Zp ) ) dit
T
+ /;* ((p(Un) = Par Vo) = (Z1, div(AV®))) dt
T -l A ~
+ / ((¢'((Un) Zn = Zn), &) + (¢’ (0(Un)) = &' (Y)) Zp, ) ) it
T
= /ﬁ (~((zn - =), &) + (div(Qn — q(Un)), &) + (¢' (Vi) Zp, ) ) dt
T ~
+ f ((p(Uy) = pas Vo) — (div Qp, @)) dit
T T ~
- / ) (Zy, div([1,(AV))) dt + / (¢’ 0(Un)) (2 — Zp), ) dt
T 7 A ~
o [ 66 o) - 1) 7 ) di
T
= /* (=Ze + divQy + ¢’ (Vi) Zy = Yy + Ja, ) dit
T ~
- /* (Un) =ya = Y +Fa, @) dt
T ~
+ / ((p(Un) - pa» Vor) + (Qu, Vo)) dt
T
- /* (OlQh + Py —pu, Hh(AVw)) dt
T > 7 A ~
* /* (¢’ V(WU @1 = Zn), ) + (" (VU)W Up) = Vi) Zipy ) ) dit
T
= /* (=Zpe + div Qp + ¢’ (Vi) Zy — Yy + Ja, ) dt
T
+ / (th +Py—pa—Vw,, AV — Hh(AVw)) dt
T ~
* / ((Un) = Py + Ba —Pa + Qu = Qu Vo) dt
T ~
+ / (G- ya+ V= yly), o)

T - T o~
o [ @ 0w -Zw)des [ 3600w - 1)) dr

EE1 +E2 +E3 +E4 +E5 +E6. (332)
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To prove (3.28), the first step is to estimate E;. Let t* € (¢;_1,£], when i > N — 1, by Lem-

mas 2.1, 2.2 and 3.1, we have

T
E = / (—th + div 6h + (ﬂ(iﬁ,)i}, - Yh + V5w — ﬁhw) dt
t*
T ~ A ~ ~

<c f S ~Zi + v Qi+ 8T % = Ti+ T el 1 o

7

T ~ B~ 2
< C(5)/ Zh% f(—th +divQy + ¢/(Yh)Zh -Y, +5/d) dxdt
[ T

T
+C8/ /|Vw|2dxdt
t* Q

N 2 .o~ NS S~ 2
<C(5) D 02 | (~Zne + divQy + ¢’ (Vi) Zy — Yy +5a) ddt

IN-2 ¢

+ C8 /(21— 2Un) (1) [ 2y (3.33)
Wheni<N -1,
i1 ~ N~ ~
E = / (—th +divQy +¢'(Yn)Zy — Yy + yu, @ — ﬁhm) dt
t*
T ~ A~ ~ ~
+ / (—th +divQy + ' (Y)Zn— Yy + g, @ —72';,27)’) dt
tiv1
tiv1 - o~ -
= C/ Y 1~Zne + divQu + ¢' (V) Zy = Y + 5| 2 e | |1 oy
v
T ~ A ~ ~
+C | Y | ~Zne +divQu+ &' V) Zo = Vi + Jal o 12| |12y it
livl ¢
tiy ~ N o~ o
<C(©) / 1 > n / (~Zni + div Qp + &' (V) Zy - Vi + 54) dxdt
t* - T
T . N o ,
+C(8) |t - If*|_ Zh;L /(—th +divQy, + d’/(Yh)Zh -Y, +J~’d) dxdt
lisl T T
tiv1 T )
+ C(S/ f |V | dxdt + ca/ |t—t*|/ |D*w | dxdt
t* Q Liv1 Q
Liy ~ A o~ ~
< C(S)/ 1 Zh% /(—th +divQy + ¢'(YVn)Z, - Yy, +51d)2dxdt
tio1 T T
At
+ C(8)|In T p
X ter[gi)fT]{th /T(—th +divQy + ¢’ (V1) Zy - Y5, +5/d)2 dx}
+ €8]/ (Z1 —2Un) (1) [ 2y (3.34)
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Now we estimate E,. Let t* € (¢;,_3,¢;] again. Similarly, when i > N -1,

T
b= / (th + Py —pa— Vwi, AV - T1,(AVw)) dt
tx

IN
< C(8) Z min [ (@Qy + P, — pa — Vwy)? dxdt

N wheWy J.

+ C8|(Zn - 2(U)) () | 2,0 (3.35)

Wheni<N -1,

tisl
. - 2
E, <C($) /til Zwﬁ1‘§h[(th + Py —pu— Vwy) dxdt

{Zh min /th+Ph—13d—VWh)2dx}
tEtH»lT]

T -t* wpeWy, J .

+ Co [ (2~ 2Un) (£°) [ 2 (3.36)

Next we estimate E3, E4. It follows from Lemma 3.1 that

E3 = /:(P(Uh) ~Py+Pa—-pa+Qu—QuVw)dt
P = P | 1210 1120 + CONBa = Palle 12(cn)
C@NQn — Qullape 12y + €O /tT/Q Va2 dxdt
CO) | P = PWUR) | 2 120y + CONBa = PatllZ2(pe 1120
+ CONQn ~ QullZae 12y + C8 (20— 2Un) (2,6) | 2y (3.37)

and

T
E,= / (5’d —ya+ Yy —y(Uy), w) dt
t*

~ ~ 2
< CONFa = yalfre 71200y + CONYn = U |1 1020

<8 max (oo uLz )

CONFa = yalfree rz20y) + CONYE = YillZs o 12

+CO)| Vi - () ||jl(t,ﬁlm2 @+ C8][ (2 - 2(U) (%, £") ||§2(Q). (3.38)

Furthermore, we estimate Es, E¢. It follows from Lemma 3.1 that

T ~
Es- / (& (U)(Zh - Zo), o) di

< C)NZy -

Zh”iZ(t*,T;LZ(Q )) +C8 max {Hw %L Hiz(ﬂ)}

te[t*,T)

= C((S)”zh - Zh ”iz(t*,T;Lz(Q)) +C3 || (Zh - Z(Uh)) (x! t*) ||i2(9)7 (339)

Page 16 of 21
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and

T
Es = f* (8" ((Un)) (WU = Y3) Zi, o) dit

CON =y s 2 + €8 max {0 gy}

2 ~
C 8)” Yh —J/(Uh) ||L1(t*,T;L2(Q)) + C(8)||Yh - Yh”%I(t*,T;L2(Q))

+ C8||(Zn ~ =(Un) (x.£7) ”iZ(Q)' (3.40)

Hence, from (3.33)-(3.40) we have that when ¢* € (¢;,_1,¢], i > N -1,

” (Zh - Z(uh)) (x, t*) HEZ(Q)

IN - N~ ~
< C/ Zh% /(—th +divQy + ¢'(Y)Zy - Yy +5’d)2 dxdt

IN-2 ¢ T

+C/ Z min /(th + Py —pa— Vwy) dxdt

wyEW),

+C|| i — y(Un) HL1 +C|| Py —p(Un)

2
(t*, T;L2(Q)) HLz(t*,T;LZ(Q))

+ C”Qh - Qh”iz(t*,T;L2(Q)) + C” Yh - Yh”il(t*,T;Lz(Q))
+ C”Zh - Zh”iz(t*,T;Lz(Q)) + C“j’d —Yd||i1(t*,T;Lz(Q))

+ C”l_)d - Pd||%2(t*,T;L2(Q))~ (341)

Wheni<N -1,

1(Z1 - z(Un)) (x, £*) HEZ(Q)
Liy - -
5C/ lzhg /(_th+diVQh—Yh +}7d)2dxdt
tiil ¢ T

At
T —t*

+ Clln

4 s s 2
te[tHlT{Zh/ ~Zpe +divQy + ¢' (Vi) Zy — Yy + ya) dx}

iyl
+C/ Z min /(th + Py —pa—Vwy) dxdt
i1

wpeWp,

At

C
M ™

In

2 . _ 9
Py—-ps-V d
fe[tm 7] {Zh wfgv%h /T(th + L= Pd Wi) x}

+ C|| Yo -y +C| Py - p(Uy)

2
(%, T;L2(R)) ||L2(t*,T;L2(SZ))
+ C”Qh - Qh”%Z(t*,T;LZ(Q)) + C” Yh - Yh”il(t*,T;Lz(Q))
+ C”Zh - Zhlliz(t*,T;L2(Q)) + C“j}d _yd||i1(t*,T;L2(Q))

+ CllPa = Pall72 e 1312 (3.42)

Page 17 of 21


http://www.boundaryvalueproblems.com/content/2013/1/230

Lu et al. Boundary Value Problems 2013, 2013:230
http://www.boundaryvalueproblems.com/content/2013/1/230

Then it follows from (3.41)-(3.42) that

15

Page 18 of 21

(3.43)

||Zh - Z(Uh) ||i°°(];L2(Q)) = CZ ’712 + C”Ph - P(Uh) ||§,2(];L2(§2))
i=8
+ C” Yy — y(Up) HL2(1L2(sz))
Similar to (3.27), we can prove that
” Qh - (I(uh) HLZ(];LZ(Q))
= C(H Yy, = y(Un) ||L2(1L2(Q ”Ph “L2(1L2

+1Qn = Qull2¢2(e) + 134 = yallL2g;2(0))
+1Y, - Yill gz + 1 Z), —Znll12g;12()

1@ = 2] 22 + 1Pk = Pall2gzqay)-

The triangle inequality and (3.43) yield (3.28).

+1Pa — Pall 2,129

(3.44)

O

Let (p,, q, z, u) and (Py, Yy, Qu, Zy, Uy) be the solutions of (2.5)-(2.11) and (2.38)-(2.44),

respectively. We decompose the errors as follows:

p—Py=p—-pUy) +pUy) —Pp:=€ + &1,
Y=Yu=y—-y(Un) +yUy) - Yy:=11+e,
q-Qn=q-q(Uy) +q(Uy) - Qn =€+ &2,

z—Zyp=z—-2z(Uy) +z(Uy) — Zp =19 + €.

From (2.5)-(2.11) and (2.38)-(2.44), we derive the error equations:

(aer,v) = (r1,divv) = 0,

(r1e, w) + (diver, w) + (6(9) — ¢ (y(Un)), w) = (- Up, w),

= —(El,V),
(roe, w) + (divea, w) + (¢'(9)z -

(a€a,v) = (19,divy)

foranyveV,we W.

¢/(y(uh))z(uh)r W) = (rlr W)

(3.45)
(3.46)
(3.47)

(3.48)

Theorem 3.4 Let (p,y,q,z, u) and (p(Uy), y(Uy), q(Uy), z(Uy), Uy) be the solutions of (2.5)-
(2.11) and (2.46)-(2.51), respectively. There is a constant C > 0, independent of h, such that

el zgi2@y + Inllzogiz) < Cllu = Unll2¢,2(0))

leallz2gi2 @) + 172l g2y < Cllu = Unll 22y

(3.49)

(3.50)
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Proof Partl. Choosing v = €; and w = r; as the test functions and adding the two relations
of (3.45)-(3.46), we have

(aer,€1) + (rigym) = (= Uy, 1) = (0() — d(¥(Up) ), 11)
= (u=Upnn) - (6’0 -yUn), ). (3.51)

Then, using the e-Cauchy inequality, we find an estimate as follows:
(e, €1) + (r12,) < C(Inll72q) + 14 = Unll o) (352)

Note that

10
(rlt! Vl) = 5&”’“1”%2(9);

then, using the assumption on A, we obtain that

10
”61 ”12‘2(9) + E E ”’1“%2(9) = C(”rIHEZ(Q) + ||I/l - uh”]le(Q))' (3'53)

Integrating (3.53) in time and since 7;(0) = 0, applying Gronwall’s lemma, we easily obtain
the following error estimate:

lexllZa g2 + 1710 gz < Cllt = UnllZagoay)- (3.54)
This implies (3.49).

Part II. Similarly, choosing v = €; and w = r; as the test functions and adding the two
relations of (3.47)-(3.48), we obtain that

(€2, €2) = (ra,12) = (€(0) — & (W(Un)), 2) — (g1 (p) — g1 (P(UR)), €2)
= (0'0)z = &' (W(Upn))2(Up), 7). (3.55)

Then, using the e-Cauchy inequality, we find an estimate as follows:
c
(O[EZ, E2) + (r2t: 7'2) = C(”rl”iZ(Q) + ”72”%2(9) + ”EIHiZ(Q)) + 5 ”62”i2(g)' (356)

Note that

1
(r2t’ 72) = 5 & ||72||i2(9)y

then, using the assumption on A, we verify that

10
”62”%2(9) + 5& ||r2||%2(9) = C(HVIHEZ(Q) + ””ZHiZ(Q) + ”61”22(9))' (3'57)

Integrating (3.57) in time and since (T = 0, applying Gronwall’s lemma, we easily obtain
the following error estimate:

l€all7 g2 * 1720 e girziayy < Cllt = UnllZa o ay)- (3.58)

Then (3.50) follows from (3.58) and the previous statements immediately. O
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Collecting Theorems 3.1-3.4, we can derive the following result.

Theorem 3.5 Let (p,y,q,z,u) and (P, Yy, Qu, Zy, Uy) be the solutions of (2.5)-(2.11) and
(2.38)-(2.44), respectively. Assume that (Uj, + Z,)|f € H(t), VT € T, (s = 0,1), and that
there is vy, € K}, such that

Ui+ Zyy v = )| < C Y7 el + Zillsio = Unlla - (359)
€Ty

Then we have that

fle - uh”iZ(];LZ(Q)) + ||)/— Yh”ioo(];LZ(Q)) + ”P _Ph”i%];LZ(Q))

15

12 = Znll s gy + 19 = Qula 200y < C D10 (3.60)
i=1

where 1, is defined in Theorem 3.1, 12, ..., n; are defined in Theorem 3.2, and ns, ..., N5 are
defined in Theorem 3.3.

4 Conclusion and future work

In this paper, we derive new L>(L?) and L2(L?)-posteriori error estimates of the mixed
finite element solutions for quadratic optimal control problems governed by semilinear
parabolic equations. The a posteriori error estimates for the semilinear parabolic optimal
control problems by mixed finite element methods seem to be new.

In our future work, we shall use the mixed finite element method to deal with nonlinear
parabolic integro-differential optimal control problems. Furthermore, we shall consider
a posteriori error estimates and superconvergence of a mixed finite element solution for
nonlinear parabolic integro-differential optimal control problems.
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