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1 Introduction
We consider a class of nonlinear fractional differential equations with nonlocal integral

boundary value conditions of this form:

D& u(t) + p@)f (t,u(t) =0, 0<t<l,

u(0) =/ (0) =--- = u"2(0) =0, .
B _qB-1
1) =205 t) = . [} A 0,

)»l"(a)n‘”ﬂ’l

where @ € (n—1,n] is areal number, n > 3 isaninteger,0 <n <1,4,>0,0 < Taih)

1, and D, is the standard Riemann-Liouville differential operator.

Here, we emphasize that the integral boundary condition of (1.1) can be understood
in the sense that the value of the unknown function at the position ¢ =1 is proportional
to the Riemann-Liouville fractional integral of the unknown function A fon Wﬁ% ds,
where 0 < 1 < 1. Furthermore, for g = 1, the integral boundary condition reduces to the
usual form of nonlocal integral condition u(1) = A fon u(s) ds.

Fractional calculus has been investigated in diverse by several researchers. The recent
development covers the theoretical as well as potential applications of the subject in phys-
ical and technical science. Fractional differential equations have been of great interest re-
cently (see, e.g., [1-5]). There are many results dealing with the existence and multiplicity
of solutions of nonlinear fractional differential equations by the means of techniques of
nonlinear analysis (see, e.g., [6—12] and the references therein).
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Wang and Zhang [13] studied the existence and multiplicity of positive solutions for the

following nonlinear fractional differential equations:

Dg.u(t) + h(@)f (t,u(t)) =0, O<t<lm-l<a=<mn,
w(0)=uw/(0)=---=u"P(0)=0,  u(1)= 7" nuu(y), -
wherea >2,17,>0((=1,2,...,m—2),0<& <& <<, 0<1, ZZ;z méf"l <1, D§, is
the standard Riemann-Liouville derivative.

Zhang [14] studied the existence of positive solutions of the following nonlinear frac-
tional differential equation with infinite-point boundary value conditions:

Dy u(t) + q(e)f (6, u(t) =0, 0<t<l,
u(0) =u/(0) = --- = u"2(0) = 0, (1.3)
ud(1) = Yo ou(E),

wherea >2,n—1<a <n,ie[l,n-2]isafixedinteger,a; > 0,0 <& <&y < - <& <&j<
e<1(=12,...), A- folajélq’l >0, A=(a—-1)(a-2)-(x—i), D§, is the standard
Riemann-Liouville derivative. By introducing height functions of the nonlinear term on
some bounded sets and considering integrations of these height functions, several local
existence and multiplicity of positive solutions theorems were obtained.

In [15], Ahmad and Agarwal considered the existence and the uniqueness of solutions to
a class of Caputo type fractional differential equations of order g € (n—1, n] with slit-strips

type boundary conditions:

Dlu(t) =f(t,ul), 0<t<l,
u(0) = u/(0) = --- = u"2(0) = 0, (1.4)
u(n) =a [y u(s)ds +b [} u(s)ds,

where 0 < £ < n < ¢ <1,aand b are positive constants.

Liuet al. [16] studied the existence of positive solutions and constructed two successively
iterative sequences to approximate the solutions for the following fractional boundary
value problem:

D u(t) +f(t,u(t) =0, 0<t<],
u(0) =u/(0) =u"(0) = 0, (1.5)
u(1) = ALy, u(y),

where3<a <4,0<n<1,1,8>0,0< % <1, and D§. is the standard Riemann-
Liouville differential operator.

For n = 4, p(t) = 1, the fractional boundary value problem (1.1) reduces to the problem
(1.5). For n = 4, B =1, the boundary conditions of (1.1) reduce to #(0) = #'(0) = #”(0) = 0,
u(l)=x fO" u(s) ds, which had been considered in [17].

Motivated by the work mentioned above, in this article we study the differential equa-
tions (1.1) by using u-positive operator and fixed point index theory under some con-
ditions concerning the first eigenvalue with respect to the relevant linear operator. The

methods are different from those in previous work; we not only obtain the existence and
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multiplicity of positive solutions for (1.1) under sublinear and superlinear cases, but we
also get the uniqueness existence of solutions for (1.1). Moreover, we construct succes-
sively iterative sequences to approximate the unique solutions.

This paper is arranged as follows. Some lemmas needed below are listed in Section 2.
The existence and multiplicity of the positive solutions to the problem (1.1) are proved
in the first part of Section 3. In the second part, one shows the existence and uniqueness
of positive solutions and constructs successively iterative sequences to approximate the

solutions. Finally, in Section 4, examples are given for the illustration of the main work.

2 Some lemmas
Let Banach space E = C([0,1]) be endowed with the norm ||| = maxo<;<1 |u(¢)|, and 6 is
the zero function in E. Define a closed cone P, C Eby P, = {u € E | u(t) > 0,t € [0,1]}. For
any 0 <r<R<+o0o,let B, ={ueP.:|lul|<r}, 0B, ={uc P, : ul| =r}, Br={uc P, :|u| <
R}, Be\ B, ={ueP.:r<|ull <R}.

We list the following assumptions adopted in this paper:

(A1) p:[0,1] = [0, +00) is continuous and 0 < folp(s) ds < +00;
(Ay) f:[0,1] x [0,00) — [0, 00) is continuous and f(¢,0) = 0.

For the convenience of the reader, we present here some necessary definitions of the

fractional calculus. These definitions can be found in the recent literature [1-3].

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 of a function f :
(0,00) — R is given by

1 t
e A L
0 f l"(ot) 0 f
provided that the right-hand side is pointwise defined on (0, 00).

Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a continuous
function f : (0,00) — R is given by

o oot (AN [F o gren
D40 i (%) [ o

where n —1 < « < n, provided that the right-hand side is pointwise defined on (0, c0).

Lemma 2.1 Assume that y(t) € C([0,1]). The problem

D u(t) +y(t) =0, 0<t<l,

M(O) = u/(o) =...= M(H—Z)(O) -0, (2'1)
B _g)B-1
(V) = Mg, ) = 2. 7 220 ds,

(a)r]‘”ﬂ_l

wherea € (n—1,n,n>3,neN,0<n<1,A,8>0,0< Arr(am) <1, is equivalent to

1
ult) - /0 Glt,5)y(s) ds,
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where
—PT (a+B)(t—5)* "L +T (a+B) (A=) L2 LI () (5 —5)* 121
o PI@TGspy , 0<s<t<Ls<ny,
I (a+8)(1-5)% 1%L ()a(n—s)* F L2~
669 =\ tospi gt
’ =PI (a+B)(t=5)* "+ (a+B)(1—s5)* 1 t*~
PF@Ia+) ) 0<n=<s=<t=<l,
T(a+B)(1-s)* 1%~
Pl (o)l (@+B) ’ 0<t<s=<ls> n,
withP=1- (Mﬁ) ) ne+b-1,0 < P < 1. G(¢,5) is called the Green’s function of boundary value

problem (2.1). Obviously, G(t,s) is a continuous function on [0,1] x [0,1].

Proof A function u € C"1[0,1] N C*(0,1) is called a solution of FBVP (2.1) if it satisfies
(2.1). It is shown in [1-3] that problem (2.1) is equivalent to the following integral equation:

u(t) = —I8y(t) + Crt* ™+ Cot* 2 + -+ Cut* ™"

By u(0) = #/(0) = - - - = u"~?(0) = 0, we have
Cy=Cy=---=Cp=0.
Then we get

u(t) = —Ig.y(t) + Crt* ™.

By u(1) = M(’i u(n), we have

+)’(1) +C = —)Jaﬂgy(n) + )\CIL a+f-1

1N ,3)
When 1 - '\(r ) n®*#-1 40, we obtain
Ci = 1 y(1) — ISP = Ly - et
1= W( o+y( ) - o+ J’(U)) = 1—)( o+y( ) - o+ J’(U))'
I'(a+p

Therefore, the solution to problem (2.1) is

u(t)z—ﬁ/ (t—s)“_ly(s)ds+ / 1-s)* 1y(s)ds

PF( )

2 ' a+p-1
Pr(a+ﬂ)f(n 97 H1y(s) ds.

For ¢t <1, one has

u(t):—L (£ — )% Ly(s)ds +

t ~ tot—l t n 1 el
T Jo ©79 7 Pr(a){/o +/t +/n }(1_5) ys)ds
AL® ' a+p-1
PF(a+ﬁ){/ / } A s

_ —Pl(e+B)t-s) " +T(a+B)A =51t —T(a)r(ny — s)*+F1ge1
B /0 PT ()T (e + B)

y(s)ds
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+ y(s)ds

TT(a+ B)(1 —8)* 12 L —T(a)r(n — s)* A1t
/t Pr ()T (o + B)

LD (o + B)(1L = s)*1ge !
" /,7 Pr(@)T (@ + B)

y(s)ds
1
= f G(t,5)y(s) ds.
0

For ¢ > 1, one has

B 1 n t vl ta—l n t 1 vt
u(t)——@{/o +/]; }(t—s) y(s)dS+PF(oz){/0 +/)7 +/t }(l—s) y(s)ds

At
B Pl'(a +B) Jo
[T =PT(a+ B)(t—9)*" + Tl + B)A - 5)** — T(a)A(n — 5)* P12
- ./0 Pr ()T (o + B)

E_PT (o + B)(t—8)* T+ T(a + B)(1 —s)* 1t
*/ Pr(@)(a + p)

(1 =5)"*"1y(s) ds

y(s)ds

y(s)ds

n

N /1 Mo+ B)A —s)* 1ot ()ds
. Pr@T@+p)
1
= f G(t,5)y(s) ds.
0
The proof is finished. 0

Lemma 2.2 ([16]) The Green’s function G(t,s) has the following properties:
(1) G(t,s)>0,Vt,se(0,1);
(2) Glt,s) < % vt,s € (0,1);
(3) Glt,s) > %{a — )%l = (1-5)**F 1), ¥t 5 € (0,1);
(4) 2 Twi(s) < G(t,s) < t* lwy(s), Vt, s € (0,1),

with wi(s) = (1= )7 = (L- 5481}, wa(s) = &

S)ot—l
PT(a+B) N

Definition 2.3 ([18]) We say that a bounded linear operator T : E — E is uo-positive on
the cone P, if there exists ug € P, \ {6} such that for every x € P, \ {0} there exist a natural

number # and positive functions a(x) > 0, B(x) > 0 such that
a(x)ug < T"x < B(x)uo,

where 0 is the zero function in E. Furthermore, if 4, = ¢, the positive eigenfunction of T

corresponding to its first eigenvalue A;, then T is a ¢; -positive operator.

Lemma 2.3 (Krein-Rutmann theorem [19]) Suppose that T : E — E is a completely con-
tinuous linear operator and T (P,) C P,. Ifthere exist y € C[0,1]\(—P.) and a constant ¢ > 0
such that cTv >, then the spectral radius r(T) # 0 and A has a positive eigenfunction ¢

corresponding to its first eigenvalue 1y = (r(T))™L.
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Define the operator A : C[0,1] — C[0,1] by

1
(Au)(t) = /; G(&,s)p(s)f (s, u(s))ds, te0,1]. (2.2)

It is not hard to see that the fixed points of operator A coincide with the solutions to the

problem (1.1). It is obvious that A(P,) € P, when the assumptions (A;) and (A;) hold. Ap-

plying the Arzel-Ascoli theorem, we conclude that A is a completely continuous operator.
Define the operator T : C[0,1] — C[0,1] by

1
(Tu)(@) = / Gt s)p(s)u(s)ds, ¢ € [0,1], (2.3)
0

It is not difficult to verify that T : P, — P, is a completely continuous linear operator. By
virtue of the Krein-Rutman theorem, we have the following lemma.

Lemma 2.4 Suppose T is defined by (2.3), then the spectral radius r(T) # 0 and A has a
positive eigenfunction ¢, corresponding to its first eigenvalue iy = (r(T))™L.

Proof By Lemma 2.2, G(t,s) > 0 for all £,s € (0,1). Take [#1,£,] C (0,1), p(t) > 0, V¢ € [f1, £2],

choose ¥ € E such that y(t) > 0 for all £ € [0,1], ¥ (¢) > 0 for all £ € [, £,], ¥ (£) = O for all
t € [0, 1) U (£,1]. Thus, we have

1 5]
(TY)(O) = fo 66, ()Y (s) ds = f Glt, ()Y (s) ds > 0.

4

So, there exists a constant ¢ > 0 such that ¢(Ty)(¢) > ¥ (t), Vt € [0,1]. By Lemma 2.3, we
complete the proof. 0

Lemma 2.5 T is a ug-positive operator with uo(t) = t*7L. In addition, T is a ¢,-positive
operator, where @, is the positive eigenfunction corresponding to its first eigenvalue.

Proof For any x € P,\{6}, by Lemma 2.2, we have
1
(10 - [ G(espse)ds
0
1
ds- 2L
< /0 wa(s)p()a(s) ds - £
On the other hand, we have
1
(0 - [ Gle.9pl6)() ds
0
1
> / w1 (s)p(s)x(s)ds - £*7L.
0

Therefore, T is a uy-positive operator with u(£) = 1 e

a(x)ug < Tx < B(x)uo, VYx € P\{0}.
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Let ¢ is the positive eigenfunction of T corresponding to Ay, i.e. ¢1 = A1 T¢;. Then there

exist @(¢1), B(¢1) > 0 such that
- 1 ~
alp)uo < Tey = s Ble1)uo.
1

Hence, we see that T is a ¢, -positive operator.
The proof is completed. d

Lemma 2.6 ([18,19]) Let Q2 C E be a bounded open set, and A : Q N P, — P, is completely
continuous.
(i) If there exists ug € P\ {0} such that u — Au # juug, Yo > 0, u € Q2 N Py, then
i(A4,QNP,P,)=0.
(i) Let0 e QCE, ifu+ nAu,Vue dQNP,0<pu<1,theni(A,QNP,P,)=1.

Lemma 2.7 ([18, 19]) Let 21 and 2, be two bounded open sets in E such that 6 € Qq and
Q1 C Q. Let operator A : (R, \ Q1) N P, — P, is completely continuous. Suppose that one
of the two conditions is satisfied:

(i) Au? u,VueP N3, Au & u, Yu € P N Qy;

(i) Au L u,VueP.NOQ, Au # u, Yu € P, N 3IQ2;.
Then A has at least one fixed point in (2 \ Q) NP,

3 Main results
3.1 Existence and multiplicity results

For convenience, we list the following assumptions:

(Hl) li_mu_>0+ minte[o,l] j@ > A1;
(Hz) Timy 0o maxeqo 242 < A
(Hs) Tim,— o+ maxsepon 222 < Ay
(
(

f(&u)

u

Hs) there exist rg > 0, such that

H4) h_mu%oo mintE[O,l] > A1

-1

1
f(tu®) < |:/ wa(s)p(s) ds:| ro, YO0<u<rytel0,1];
0

(Hg) there exist 7y > 0, such that

1-1 -1
S (t,u(t))>[ / Ta_IWI(S)P(S)dSi| 7o,

VO <u <ry, te[r,1-1], where t € (0,1), such that p(¢) £0, t € [r,1 - 7].

Theorem 3.1 Suppose that conditions (Hy)-(Hy) hold, then the FBVP (1.1) has at least one

positive solution.

Proof By (H;), there exist r > 0, £ > 0 such that

ft,u) = +e&)u, tel0,1],ucl0,r].



Liu et al. Advances in Difference Equations (2016) 2016:122 Page 8 of 14

Let ¢ be the positive eigenfunction of T corresponding to A;, i.e. ¢ = A T¢;. For all
u € B, N P,, we have

1
(Au)(t) = (A + 8)/ G(t,s)p(s)uls)ds = (A + &)(Tu)(t), te[0,1].
0

Without loss of generality, we may assume that A has no fixed points on 3B, N P,. Now we
claim that

u—-Au+#up;, Yu€dB,NP,u=>0. (3.1)

Otherwise, there exist u; € 9B, N P, and wu; > 0 such that u; — Auy = ¢, then uy > .
Put t* = sup{t | u; > ¢y }. T is a positively linear operator, then we have

M +8)T () =T (u) > "0 T(g1) =701

Thus, uy = Auy + @1 > (A + €)Tuy + @1 > (T + 1)1, which contradicts the definition
of t*. Hence, (3.1) holds. By Lemma 2.6 yields

i(A,B, NP, P,)=0. (3.2)

In addition, by (Hy), there exist & € (0, A1), m > 0 such that f (¢, u) < (A1 —&)u+m,Vu > Ry,
t€[0,1]. Let

W= {ueP.|u=pAu,pc(0,1]}; (3.3)

1
M(t)=M(Au)(t)§/0 G(t, 9)p(s)f (s, uls)) ds

1
< / G(,5)p(s) (A1 — €)uls) + m) ds
0
= (A1 — &)(Tu)(2) + uo, (3.4)
where ug := m fol G(¢,5)q(s) ds. Notice that r((A; — €)T) < 1, thus the operator I — (A; — &)T

is invertible. Combining this with (3.4) yields u# < ((A; — &) T) !y, this implies that W is
bounded. Choose R > max{R;, sup W}, we have

u+#uAu, Yue€dBrNP,uel0,1].
By Lemma 2.6,
i(A,BRNP,P,)=1. (3.5)
By (3.2) and (3.5), we have i(A, (B \ B,) N P, P,) = i(A,Bx N P, P.) —i(A,B, N P, P,) = 1.
Hence the operator A has at least one fixed point on (Bg \ B,) N P..

The proof is finished. d

Theorem 3.2 Suppose that conditions (Hs), (Hy) hold, then the FBVP (1.1) has at least one
positive solution.
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Proof The proof is similar to Theorem 3.2 of [13, 17], so we omit the details.
By (Hs) and Lemma 2.7, we get

i(A,B,NP.,P,)=1. (3.6)
By (Hs) and Lemma 2.7, we get

i(A,BRNP,P.)=0. (3.7)
Hence the operator A has at least one fixed point on (Bg \ B,) N P.. O

Theorem 3.3 Suppose that conditions (Hy), (Hs) hold, then the FBVP (1.1) has at least one

positive solution.
Proof Similar to the proof of Theorem 3.1, by (H;), we have
i(A,B,NP,P,)=0. (3.8)

By (Hs), choose rg > r, we have

-1

1
St u®) < [/ wa(s)p(s) ds:| ro, YO <u<rytel0,1].
0
Now we claim that
u#puAu, YuedB, NP,uel01] (3.9)

If otherwise, there exist u; € B,, N P, and u; € [0,1] such that #; = 1 Au,. Noticing

1

Auy = /0 1 G(t,s)p(s)f (s, ui(s)) ds < /0 wa()p(S)f (s, u1(s)) ds < ro = [l ll, £ €[0,1].
Thus,
luall > |Awll = pallAwa ],
which contradicts the fact of u#; = 1Au;. Then (3.9) holds. By Lemma 2.6,
i(A,B,, NP, P) =1, (3.10)
Therefore, i(A, (By, \B,)NP,P,) = i(A, B,y NP, P;) —i(A, B, NP, P;) =1, then the FBVP

(1.1) has at least one positive solution in (B,, \ B,) N P,.
The proof is finished. O

Theorem 3.4 Suppose that conditions (H,), (He) hold, then the FBVP (1.1) has at least one

positive solution.



Liu et al. Advances in Difference Equations (2016) 2016:122 Page 10 of 14

Proof By (H,), we have
i(T,Bx NP, P,) = 1. (3.11)

By (Hg), choose R > ry, we have

-1

1-t
f(t, u(t)) > [/ 7wy (s)p(s) ds:| 70,

VO <u <7y, te(r,1-1],where t € (0,1), such that p(¢) #£ 0, ¢t € [t,1 - 7]. Now we claim
that

AuLu, VuedBy NP, (3.12)

If otherwise, there exist u; € 0By, N P, such that Au; < u;. Noticing

1 1
Auy = / G(t,)p(s)f (5,1(5)) ds = f ST ($)p(s)f (s,1(5)) ds
0 0
1-7
> / T wi(s)p(s)f (s,11(s)) ds > Fo = aall, - £€[0,1].

Thus, [[Au || > |lu1]l, which contradicts the fact of Au & u. Then (3.12) holds. By Lem-
ma 2.7,

i(A,B;, NP, P.) =0. (3.13)

Thus the FBVP (1.1) has at least one positive solution in (Bg \ B;,) N P,.
The proof is finished. d

Similarly, we can get the following result.

Corollary 3.1 Suppose that conditions (Hy), (Hs) hold, then the FBVP (1.1) has at least
one positive solution.

Corollary 3.2 Suppose that conditions (Hs), (He) hold, then the FBVP (1.1) has at least
one positive solution.

Corollary 3.3 Suppose that conditions (H;), (Hs), (Hs) hold, then the FBVP (1.1) has at
least two positive solutions.

Corollary 3.4 Suppose that conditions (Hy), (Hz), (Hg) hold, then the FBVP (1.1) has at

least two positive solutions.

3.2 Uniqueness results
Theorem 3.5 Suppose that there exists k € [0,1) such that

Lf(t;u)—f(t;v)|§k)»1|u—1/|, Vte[o,llyurvepc;
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where )1 is the first eigenvalue of T. Then the FBVP (1.1) has a unique positive solution u*,

moreover, for any uy € P, there exist iterative sequences {u,},-, with
Uy =Au,, limu,=u*,n=0,1,2,....
n—00
Proof First of all, it is not hard to see that the fixed points of operator A coincide with the
solutions to the problem (1.1).

Second, we will show that A has fixed points in P,. For any given u, € P, let u,,,1 = Aus,,.
By Lemma 2.5, there exists 8 = 8(|uy — ug|) > 0, such that

(T|Lt1 - uol)(t) < ,B(pl(t), te [0, 1]
Then, for any m € IN, we have

|ttt =t = [(Att)(£) = (Atty 1) (8)|

1
/0 G(t, s)p(s)[f(s, um(s)) —f(s, um_l(s))] ds

1
< /0 G(t, )p()|f (5, tm(s)) = f (S tm-1(s)) | ds

1
<k / G(t,5)p(6) 1t — 11| ds
0

= kM T (|t — thna|) () < - -
< KT (- o) €)
<K"A T Boi(b) = BK™ A T 2 (2)

= BK" M1 (2).
Thus, for n,m € IN, we have

|un+m+1 - un| = |un+m+1 —Upym T+ Upy1 — un|
S Ntnems1 = Upgm| + -+ + [Upg1 — Uy
<B4+ K haen ()

kn 1= km+1
= ﬁkl(lfk)(ﬂl(t)

Therefore,

ne1 _ pm+l
k(lf/;()”@l(t)”—)O, as n,m — 0.

0 < |l ttpsme1 — unll < BA1 1

By the completeness of E, there exist a u* € P, such that lim,,_, », u,, = u*.
Thus, u* = lim,,_, o0 U1 = lim,_, oo Au, = Au™, A have fixed points in P,.

Finally, we will show that A has at most one fixed point in P,.
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Suppose there exist two fixed points u,v € P, u = Au, v = Av. By Lemma 2.5, there exists
B = B(lu—v|) >0, such that

(Tu—vI)() < Ber(t), te[0,1].
Then Vu € IN, the following hold:
lu—v|= |A"u —A”v| < Bk )\

This means that u = v, A has at most one fixed point in P,.
The proof is completed. d

Remark 3.1 The iterative sequences in Theorem 3.5 starting with a simple function is
helpful for calculating.

By the same method of [12], we have the following results. We omit the details.

Corollary 3.5 Suppose that there exists uy € P, such that

D uo(t) +p(t)f(t, uo(t)) >0, O0<t<l,

uo(0) = up(0) = - =ul"2(0) =0, up(1) < ALl uo(n),
andVu,v € Q, u(t) > v(t), there exist k € [0,1) such that
0 <f(tu(®)) —f(v(®)) < ki (u(®) - v(0)),

where Q = {u € P, | u > uo}. Then FBVP (1.1) has a unique solution u* with lim,_, o u,, = u*,
Uy =Au,, n=0,1,2,....

Corollary 3.6 Suppose that there exists ug € P, such that

D§.uo(t) + p(t)f (6 uo(t)) <0, 0<t<l,

u(0) = up(0) = - =ul"2(0) =0, up(1) = Al uo(n),
and Vu,v € Q, u(t) > v(t), there exist k € [0,1) such that
0 <f(&u(®) —f(t,v(®)) <kt (u(t) - v(D)),

where Q = {u € P, | u < uo}. Then FBVP (1.1) has a unique solution u* with lim,_, o u, = u*,
Uy =Au,, n=0,1,2,....

4 Examples

Example 4.1 Consider the following boundary value problem:

172 .
Dj%u(t) + AOZ((II;QO) Bu+l+sinu+u?]=0, 0<t<l,

u(0)=u'(0)=u"(0)=0,  u()=>57u@) .
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wherea =3, 8=3,7=1,1=5,0< 2O 50,0433 <1,and p() = G2, £ (6, u(t) =

5)»0[314 +1+sinu +u?], Ao > A1, A is the first eigenvalue of the operator T.
By simple computation, it is clear that (A;), (Az), (H;), (H4) hold.
Chooserg =1,then VO <u <1, t € [0,1], we have

1 -1
f(t,u(t)) = %)\0 [3u +1+sinu + u2] < 3o, |:/ wz(s)p(s)dsi| ro ~ 9.538(1 + Ag).
0

Thus, (Hs) holds.
It follows from Corollary 3.3 that FBVP (4.1) has at least two positive solutions.

Example 4.2 Consider the following boundary value problem:

DY2u(t) + Aol - 6) 2 [2u+2+ £ +sint + Lu?] =0, 0<t<l,

" (4.2)
u(0)=u'(0)=u"(0)=0,  wu(l)=5I S?u(g),

wherea =2, 8=3,n=3,1=50=< % ~ 0.0433 < 1, and p(¢) = 0 - )72,

F@u(®) = holdu+2 + £ +sint + Ju"?], 0 < Ao < Ay, A is the first eigenvalue of the op-

erator 7.
It is clear that (A1), (A,) hold.
For Yu,v € P,, we have

[f(t, u(t)) —f(t, V(t))| <X [%(u—v) + %(ul/z _Vl/z)]‘ < M%IM— "

It follows from Theorem 3.5 that FBVP (4.2) has a unique positive solution, moreover,

for any u, € P, there exist iterative sequences {u,}°, with

Uy = Ay, nlin;oun:u*,n:O,I,Z,....
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