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Abstract

Utilizing the theory of elliptic curves over C to the normalized lattice A, its
connection to the Weierstrass go-functions and to the Eisenstein series £4(t) and
E¢(T), we establish some arithmetic identities involving certain arithmetic functions
and convolution sums of restricted divisor functions. We also prove some congruence
relations involving certain divisor functions and restricted divisor functions.
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1 Introduction
The study of arithmetical identities and congruences is classical in number theory and
such investigations have been carried out by several mathematicians including the leg-
end Srinivasa Ramanujan. This study constitutes an important and significant part of the
subject number theory.

For N,m,r,s,d € Z with d,s > 0 and r > 0, we define some divisor functions for our use
in the sequel. Let

oi(N) =) d',

dIN

and let us define the restricted divisor function

o (N;m) = > d'.
d|N
d=r mod m

Note that

o(N)=o0(N) =) d.

dIN

For a,b,n € N, let us define the convolution sum

n-1

Sap(n) =Y 0a(m)oy(n - m).
m=1
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Ramanujan showed that the sum S, ,(n) can be evaluated in terms of 6,,4.1(1), 0445-1(n),
...,03(n), 01(n) for the nine pairs (a, b) € N? satisfyinga + b = 2,4,6,8,12,a <b,a=b=1
(mod 2). For example, explicitly, we know (see [1]) that

691

691 1 1
Spu(n) = —— s - 1
L1 () 65,520 o13(n) + (24 241’1>Uu(”) 65,520 o1(n) (1)
and (see [2, p.35])
S35(1) O e @
n) = o13(n) — ——o9(n) + —a3(n).
3= 564072V T 2407V T 264
From [3], we note that for any integer n > 3, we have
Z mymyoy(my)oy(my)o(ms)
(my,mz,m3)€N3
my+mo+mz=n
1
= — (nPos(n) + (n* - 4n)o3(n) — (n* - 3n*) o1 (n)). (3)

288

For an elementary proof of (1) and (2), we refer to [4]. An another interesting arithmetical
identity (which was stated by Ramanujan, see [1, p.14:6], for some analytical proofs of this
identity, one may refer to [5, p.329], [6, p.136] and [7], also [4]) is for n € N, we have

n-1

1 1
2k +1 —-k)y=——05(2 1)— ——o03(2 1). 4
Ig(;al( k+1)osz(n—k) 24005( n+1) 24003( n+1) (4)

There are some nice arithmetical identities connecting the divisor functions along with
Ramanujan’s 7-function. For instance, we know (see [8]) that

n-1

Z m(n — m)oz(m)os(n —m) = anm(n) -

540 520" " ®)

m=1

and from [9], we observe that for n € N U {0},

1 3
try(n) = 176.896 (on(n +3)—1(n+3)-2,0727 (%)), (6)

where t;(n) denotes the number of representations of # as a sum of k triangular numbers,
i.e. (with No = NU {0}),

1 1
tr(n) :=#{(m1,...,mk) eN’é ‘ n= gml(m1+1)+---+ EMk(Mk+l)}’

op(m):= Y d,
dln
2 odd

and 7(n) is the coefficient defined by the expression:

[e¢]

g{l-q9)(1-4*) - }24 = Zr(n)q”, q € C with |g| < 1.

n=1
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For any integer k > 2, let
r(n) = #{(xl,...,xk) eZk|n :xf + o +xi},

An another identity worth mentioning (see [1]) is

16 128

roa(n) = @o{‘f (n) + o1 (259(—1)"%(;1) - 5127 (g)) (7)

where 0" (n) := Y_,(-1)?d* and 7(%) = 0 if § is not an integer.
From (3), (4) and (5), it is immediate (and interesting) to note that, for n € N,

nos(n) + (n2 — 4n3)03(n) — (n3 - 3n4)(71(n) =0 (mod 288), (8)

052n+1)—012n+1)=0 (mod 240) 9)
and

no7(n) —t(n)=0 (mod 540). (10)

The proofs of all these identities and congruences heavily depend upon the theory of mod-
ular functions and the properties of Eisenstein series. Later some of these identities have
been proved using only elementary techniques.

Define the integers a(n) (for n € N) by

Za(rz)q” = ql_[(l - qZ”)u, q € C with |q] < 1. (11)

n=1 n=1

Also define the integers b(n) (for n € N) by
Z b(n)q" = ql_[(l — qz”)4(1 - q4”)4, q € C with |q| < 1. (12)
n=1 n=1

Note that a(n) =0 if n=0 (mod 2) and b(n) =0 if =0 (mod 2). It has been proved by
Kenneth Williams (see [10, 11]) that (for n € N),

r2(1) = 803 (1) — 51205 (Z) +16a(n) (13)
and
1 1 n 1 n 1 n
Ag(}’l) = @03(1/1) + aO’g(g) + EO’g(z) + 50'3(5)
1 1 1 1 n 1
— —_Z Z) - Zb),
* (24 32”)01(”)+ (24 4”)01(8> 62’
where r15(#) is as mentioned before and for s, € N,

Ag(n):= " o1(k)oy (n — sk).
keN
k<2
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It should be mentioned that Bernoulli identities associated with the Weierstrass
g-function have been studied by Chang and Srivastava in [12]. Families of Weierstrass
type functions and their applications have been investigated by Chang, Srivastava and Wu
in [13]. It is also interesting to note that the families of Weierstrass type functions, Weber
type functions and their applications have been studied by Aygunes and Simsek in [14].
A few more related references are [15, 16] and [17].

Though there are plenty of identities and congruences involving various arithmetic
functions available in the literature, practically nothing seriously known involving re-
stricted divisor functions.

For any integer M > 2 with M = p{* - - - p°, we define ord,, M := ;.

27T

Throughout the paper, g = e*™*F where 7 € b = {x + yi | y > 0} unless otherwise specified

hereafter. The aim of this article is to prove some arithmetical identities involving certain
arithmetic functions and convolution sums of restricted divisor functions. We also estab-
lish some congruence relations similar to (8), (9) and (10). More precisely, we prove the
following theorems.

Theorem 1.1
(i) For any integer M > 2, we have

1o3(M) = 03(2M) + 201;(M;2) (mod 24).
(ii) Moreover, if M is odd or ord, M is odd for an odd prime p, then
1o3(M) = 03(2M) + 2011(M;2) (mod 48).
Theorem 1.2 For any integer M > 3, we have
~705(M) + 011(M;2) =1203(M) — 203(2M) (mod 192).
Theorem 1.3 Let N € N. Then, we have

D 011(2n-1;,2)011(20 - 1;2)011(2m - 1;2)

n+l+m-1=N
ml,m>1

1
=556 [05(2N 1) —a(2N -1)],

where

Y ayg¥ =q[J(1-4)".
N=1

N=1

Corollary 1.4 For N € N, we have
(N+1a(2N-1)=(N +1)05(2N —1) (mod 768).
In particular, if N = 0,4 (mod 6), then we have

a(2N —1) =05(2N —1) (mod 768).
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Theorem 1.5 Let N € N. Then we have

N-1M-1

YD 01N =1 - 2M;2)01, (M — m3;2)01,1(m;2)
M=1 m=1

1
= T304 [05(2N —1) — 803(2N 1) + 401(2N - 1) + 3a(2N - 1)].

Remark The main idea in proving Theorems 1.1 and 1.2 is to obtain g-series expansions
for E4(7) and Es(7) with coefficients being restricted divisor functions and their convolu-
tion sums. Then we have to compare these expressions with the already known g-series
expressions of E4(t) and E(7).

The paper is organized as follows. In Section 2, we express g;(t) and g3(t) in terms of
g-products. In Section 3, g>(7) and g3(7) are transformed into expressions involving S; and
S, where S; and S, are g-series expressions with coefficients as restricted divisor functions.
Then we obtain g-series expressions for E4(7) and E¢(t) with coefficients being restricted
divisor functions and their convolution sums. Then we compare these expressions of E4(1)
and E¢(t) with already known expressions. Section 4 concludes the proofs of Theorems 1.1
and 1.2. In proving arithmetical identities involving the coefficient a(#n) (where a(n) is de-
fined as in (11)), we need to study the quantities S? and S;53 and in turn the convolution
sums of restricted divisor functions along with a(n) come out very naturally.

2 g-product expressions for the Eisenstein series g,(t) and g3(7)
Let A; =Z + 1Z (t € $ the complex upper half plane) be a lattice and z € C. The
Weierstrass g function relative to A is defined by the series

1 1 1
@(Z;Ar)=2—2+ Z{m—ﬁ},

weNr
w#0

and the Eisenstein series of weight 2k for A; with k > 1 is the series

Gox(A;) = Z w k.

welAr
w#0

We shall use the notations g(z) and Gy instead of g(z; A;) and Gax(A;), respectively,
when the lattice A; has been fixed. Then the Laurent series for g(z) about z = 0 is given
by

o0
plz) =272+ Z(2k +1)Gogsnzk.
k=1

As is customary, by setting
&(1) =g2(A;) =60G, and g3(7) = g3(A;) = 140G,
the algebraic relation between ¢(z) and g’(z) becomes

©'(2)° = 49 (2)° - g2(1)p(2) - g3 (7).
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We use the following g-product expressions:

o0 oo

Py = 1_[(1 _ an)’ P = l_[(l _ q2n—1),
n=1 n=1
o0 oo

P =[J@+a™), Ps=]](+q"?).
n=1 n=1

Theorem 2.1 We have

4t
o) = TP(S)(P? —24qP3P8 + 28q2p§6)

and
_ 4_”6 12 24 8 pl6 16 p8 24
&) = 55 Do (—2P5* + 3P} Py + 3P}°P; — 2P}*).
To prove Theorem 2.1, we need the following lemma.
Lemma 2.2 Lete = p(3), €2 = go(%) and e3 = 50(’7*1).
(1) ey — e = w2PEPs.
(2) ey —e3 =m2PPs.
(3) e3 —e =24n2qPyPs.

Proof See [18]. O

Proof of Theorem 2.1 From [19, p.63], we observe that e;, e; and e; are the roots of the

equation

492’ -2 (D)) - g5(1) = 0.
Therefore, we have

e1+e+e3=0,

£(7)
4

e1ey + exe3 + eze; = —

and

T
ejexes = g3L(L )

By the above equations and Lemma 2.2, we deduce that

2 i p8
2e+e3=e —(—e3—ey) =e; —ey =—m"P,P;,


http://www.advancesindifferenceequations.com/content/2013/1/84

Kim et al. Advances in Difference Equations 2013, 2013:84
http://www.advancesindifferenceequations.com/content/2013/1/84

and the following three identities:

1
e = 5[(261 +e3) + (e1—e3)]
1
=3 (-m*PGPs - 2Py P5)
T2 ap8 . o4 o8
= —?PO (P3 +2%qP5), (14)
7.[2
e =e +2*ngPyPS = —?Pg (P§ —2°qP3) (15)
and
JTZ
ey =e + P PS = —?Pg (—2P5 +2gP3). (16)

Using (14), (15) and (16), we obtain the identities for g>(7) and g5(t), namely

&(7) = —4(eres + eze3 + e3e1)

ATt st s o4 ns 8, o4, 8
= —TPO[(PB +24qP3)(-2P5 + 2*¢P5)

+ (P3 —2°qP5) (-2P5 + 2*qP5)
+ (P§ +2%qP3) (P — 2°qP5)]
_ 4t

= Tpg (P —2*qP5P5 + 2847 PYP) 17)

and

g3(7) = dejeses

47®
= —71)}3 (P§ +2*qP3) (—2P5 + 2*qP3) (P§ - 2°qP3)
47° 12 24 3 pl6 16 pS 24
= 5P (—2P3* + 3P} Py +3P\°P; — 2P}*). (18)
This proves the theorem. 0

3 Eisenstein series and divisor functions

We use the g-series and g-products notions

Sy = Z o11(N;2)g",

N odd

Sy = Z o11(N;2)q",
N=>2 even

(@ Q)00 = (@)oo := [ [(1 - aq”)

n>0

in the following. Some identities of the basic hypergeometric series type are quoted by Fine
(see [20]). Some of these identities (in a similar form) can also be found in [21] and [22]. It

Page 7 of 22
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should be mentioned that some generalizations and basic g-extensions of Bernoulli, Euler
and Genocchi polynomials have been studied recently by Srivastava (see [23]). We also
refer to [24] in which zeta and g-zeta function, associated series and integrals have been
investigated by Srivastava and Choi. We mention below two identities (see [20, p.78, p.79])
for our further use. These are

M:usiﬂ(m(—l)‘v)zw (19)
@)% (a*a*)5 = N
w odd
and
q4(q* 9"}
R s o(N)gN. (20)
(@ 9%)5% NXO;d
Using (19), (20) and the facts,
. m-1\ _ o1 (1-4") = on-1\ _ T 1-¢") (1-¢"")
o= -Ila=es e =1l a=gm)
and
oo o0 (1_q4,n)
1 2n — ,
E( tq ) E(l_an)

our aim here is first to prove the following lemma.

Lemma 3.1 Let g = e*™, 1 € $). Then we have
()
! ”2(1 245, + 24S))
— ) ==+ + )
& ) 3 1 2
(b)
vl ”2(1 245, + 245,)
—)=-=Q- + .
12 5 3 1 2
(c)
1 272
— ) =—(1+24S,).
@(2> 3 (1+24S,)
Proof

(a) From (14), we have

5@(3) ) _ﬂ_z( (@ q")% +16q(q4;q4)§o)
2 3 \(@%(@% M5 @ 9*)%

- _%2(1+8in(2+(_l)N) Y w+16 ) o(N)qN>

o|N Nodd
o odd
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2

N odd w|N
 odd
w2 >
=_?(1+24Zq1v 3 w)
N=1 w|N
w odd

= _% (1 + 24;01,1(]\[;2)4]\[)

:—%<1+8 DAV w+24 ) VD> w+16 Y U(N)qN>

N even w|N

® odd

- _%(1 1+ 248, + 245,). (21)
(b) From (15), we have
(r + 1)
P\ 2
_ _n_z( (@ 4°) 32q(q4;q4)§o>
3 \ (@3 (g% %) (% q*)%
2
=_7T_<1+82qN2+(1 Zw 32ZU(N )
3 o|N N odd
w odd
2
:_n—(1+8 Z qN Z w + 24 Z qN Z w—32 Z cr(N)qN)
3 N odd w|N N even w|N N odd
w odd w odd
2
:_?<1+24Z( Ny )
ww(l)]x\:l[d
7?2 >
= (1 +24 Y (-1)Noy(N;2)g" )
3 N-=1
72
= _?(1 — 248, + 24S,). (22)

(c) From (16), we have

20

(61)8 q* q4)8

()?

o ga(aa")5
(@*q9*)%

)

7.[2

3

N

(st
<1+8Z:1” 2+EDY) > w- 8ZU(N)‘IN>
5
(

o|N N odd
 odd

148 Y N ) w+24 Y N )Y w-8) o )

N odd w|N
 odd

N even w|N N odd

 odd

1424 Y gV ) )

N even w|N
 odd

Page 9 of 22
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2
= 2%(1+24 Z 01,1(N;2)QN)

N even
2 2
- %(1 +24S,). 23)
This proves the lemma. g

Using the fact that e}, e, and e; are the roots of the equation 4(2)® — g,(t)g(z) — g3(1) =
0, indeed we can express g,(7) and g3(t) in terms of S; and S,. More precisely, we have the

following lemma.

Lemma 3.2 We have

4m* 2 202
o(r) = T[3(1 +248,)" +24°S7 |

and

8 6
a(1) = 2i7 [(1+245,)° - 24°S(1 + 24S,) .
Proof Note that go(t) = —4[e1e2 + e2e3 + e3e1], and hence
(1) = -4 T 1 . 1 T+1 . T+1 T
£ = 12 D) & 5 & ) & 5 12 B & B

2t 2t
= -4 _T(l +24S8; +248,)(1 +24S,) — T(l +24855)(1 - 248 +24S8,)

T4
+ ?(1 — 2451 + 2452)(1 + 2451 + 2452)]

4 4
- %[3(1 +248,)" + 24287].

Also note that g3(t) = 4€;e2e3, and hence

1 1
g(t) =4p z (2] = f 2 It
2 2 2
87°
= 7(1 +248) +248,)(1 + 2485,)(1 — 248, + 24S5)

6

- % [(1+24S,) - 24252(1 + 245,)].

This completes the proof of the lemma. d

In the next theorem, we give g-series expressions for E4(t) and Eg(t) with the coeffi-
cients involving restricted divisor functions 011(N;2) and its convolution sums. Precisely,

we prove the following theorem.
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Theorem 3.3 We have

22.3
Ey(r) = Wgz(f)

M-1
=1+240q + 2[48011 (2M;2) +576 Y 011(2k;2)01,(2152)

M=2 k=1
k+l=M
M
+192 ) 011(2k - 1,2)011(20 - 1 2)}’”
k=1
k+l-1=M
and
23.33
E¢(7) =
6(7) 2 )6g3( 7)
M-1
=1-504q — 16,6324 +Z[7201 12M;2) + 1,728 Y 011(2k;2)01,1(2152)
M=3 k=1
k+l1=M
M=-2
+13,824 Y 011(2K;2)011(2652)01,1 (2113 2)
k=1
k+l+m=M
M
~576 Y 011(2k —1;2)01,(20 - 1;2)
k=1
k+l-1=M
M-1
~13824 Y 01,1(2k—1;2)01,1(21—1;2)01,1(2m;2):|qM.
k=1
k+l+m-1=M

Proof From Lemma 3.2, we observe that

2
Ey(r) = (2 )?;gz( )

223 4x*
T @2r)E 9

=1+48S, + 57652 + 19252

[3(1 +245,) + 24757 ]

o0
=1+48) 011 (2M;2)g*"
M=1

oo M-1

+576 6112k2011 212)

M k=1
k+l

(L
EM

3

+192 Z Zcrn(Zk L;2)o11(21 - 1;2)g*M

M=1 k=1
k+i-1=M

o0
=1+4801)(22)q" +48 ) _ 011 (2M;2)g*"
M=2
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oo M-1

+576 § § o1.1(2k; 2)011 (21 2)g*M
M=2 k=1
k+l=M

oo M

+192011(1,2)011(12)g* +192 Y Y " 013(2k - 1;2)01,1 (21 - 1;2)g*M

M=2 k=1
k+l-1=M

[e'9) M-1
=1+2404% + ) |:4801,1(2M;2) +576 Y 011(2k;2)01,1(252)

M=2 k=1
k+l=M

M
+192 ) 01,1(2k—1;2)01,1(21—1;2):|sz

k=1
k+l-1=M
and
3 3
Eq(0) = %gs(f)
= 1+725, +1,72855 +13,824S5 — 57657 — 13,824S}S,
[ee] oo M-1
=1+472) o M2 +1,728 Y > 011(2k2)011 (2 2) M
M=1 M=2 k=1
k+1=M
00 M=2
+13,824 Y Y 0112k 2)011(25;2)01, (2mm52)
M=3 k=1
k+l+m=M
(o] M
=576 Y Y 0112k —1;2)01, (21 - 1;2)8*M
M=1 k=1
k+1-1=M
o] M-1
~13,824 Y Y 011(2k - 1;2)011(2 - 1;2)01,1 (215 2) g™
M=2 k=1
k+l+m-1=M

oo
=1+472011(22)7” + 72011 (42)q" + 72 ) " 011 (2M;2)g*"

M=3
co M-1
+1,728011(22)011(22)q* +1,728 Y " Y 011(2k;2)01,(25:2)7”
M=3 k=1
k+l1=M
00 M-2
+13,824) Y 0112k 2)011(2552)01,(2m52) 7>
M=3 k=
k+l+m=M
—576011(1;2)011(1;2)g* — 576[011(1;2)011(3;2) + 011 (3; 2)01,1(1;.2)]
00 M
~576 ) Y 0112k —1;2)01,(21 - 1;2)g*
M=3 k=1
k+l-1=M

—13,82401,1(1;2)01,1(1;2)01,1(2; 2)g*
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0 M-1
~13,824 ) 01,12k — 1;2)01,1 (21 - 1;2)01,1 (21m1;2) M
M=3 k=1
k+l+m-1=M

=1+72¢% + 72q* +1,728¢" - 5764* — 4,608¢" — 13,8244"

00 M-1
£y [7201,1(2M;2) +1,728 Y 012(2k;2)01,(2152)

M=3 k=1
k+l=M
M=-2
+13,824 Y 011(2k;2)011(2652)01,1 (215 2)
k=1
k+l+m=M
M
~576 Y 011(2k —1;2)01,1(20 - 1;2)
k=1
k+1-1=M
M-1
~ 13,824 Z 011(2k — 1;2)011 (21 — 1;2) 0 1 (215 2)} M.
k+l+lr(r;—11:M

Now replacing ¢? into g in the above expressions for E4(t) and E¢(t), we obtain

[e'e) M-1
Ey(r)=1+240g+ ) [4801,1(21\/1; 2)+576 Y 013(2k;2)01,1(25;2)

M=2 k=1
k+l1=M
M
+192 ) 01,1(2/(—1;2)01,1(2[—1;2)i|qM (24)
k=1
k+l-1=M

and

o0 M-1
Ee(r) =1-504q - 16,6324 + ) [7201,1(21\/[;2) +1,728 Y 011(2k;2)01,1(2;2)

M=3 k=1
k+l1=M
M-2
+13,824 Y 0121(2K;2)011(2652)01,1(2m132)
k=1
k+l+m=M
M
~576 Y 011(2k —1;2)01,(20 - 1;2)
k=1
k+l-1=M
M-1
~13,824 Y 013(2k - 1;2)011(2 — 1;2)01, (23 2)}[”4 . (25)
k=1
k+l+m-1=M
This completes the proof of the theorem. d

It should be noted that E4(t) and E¢(t) themselves have coefficients o3(M) and o5(M) in
their g-series expansions. However, the aim of the next theorem is to express o3(M) and
o05(M) in terms of convolution sums involving restricted divisor functions oy (N;2).


http://www.advancesindifferenceequations.com/content/2013/1/84

Kim et al. Advances in Difference Equations 2013, 2013:84 Page 14 of 22
http://www.advancesindifferenceequations.com/content/2013/1/84

Theorem 3.4 (a) If M > 2 is an integer, then

M-1
503(M) = 01,1 (M;2) +12 201,1(/<;2)01,1(M -k;2)
k=1
M
+4) " 011(2k - 1;2)011(2M - 2Kk +1;2).
k=1

In particular, if M > 3 is odd, then

+f

1
01,1(k;2)o1,1 (M - k;2) = ﬂ[O'S(M) - o11(M;2)].
k=1

(b) If M > 3 is an integer, then

M-1
~705(M) = 011 (M;2) + 24 Z(Tl,l(k;z)al,l(M -k;2)
k=1
M=-2
+192) " 011(k; 2)01, (5 2)01,) (M — k - ;2)
k,l=1
M
~8) " 011(2k - 1;2)01,1(2M - 2k +1;2)
k=1
M-1
~192 " 011(2k - 1;2)01,1(21 - 1;2)01, (M — k - [ +1;2).
k=1

In particular, if M > 3 is odd, then

M-1
~705(M) + 803(M) = 013 (M;2) + 24 Y 011(k;2)01,1(M - &;2)
k=1
M-2
+192) " 013(k; 2)01,1(552)011 (M - k - 1;2)
k,l=1
M-1
~192) " 01,1(2k - 1;2)011(2] - 1;2)01, (M — k — 1 + 1;2).
k=1
Proof From [19, p.59], we know that
Ey(r)=1+240 ) o3(M)g" (26)
M=>1
and
E¢(r)=1-504 ) o5(M)q™. (27)

M=>1
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So comparing (24) and (26), we find that

M-1
503(M) = 011(2M;2) +12 Y 011(2k;2)01,1(2552)

k=1
k+l=M

M
+4 Y o2k - 1;2)01,(2 - 1;2)

k=1
k+l-1=M
M-1
=012 (M;2) +12) 01, (k; 2)01,1 (M - &;2)
k=1
M
+4) " 011(2k - 1;2)011(2M - 2Kk +1;2),
k=1

where M > 2.
On the other hand, Liouville [25] proved

M
o3(M) = 0(2k—1)o(2M - 2k +1)
k=1

(29)

for odd M. From (28) and (29), we note that we reprove a result in [26, p.300], namely,

M-1
503(M) = 011 (M;2) +12 ) _ 011(k;2)01,1 (M — k32) + 403(M)
k=1
and so,
M-1
03(M) = 01 (M;2) +12 ) 011 (k; 2)01,3 (M - &;2)
k=1
]\%
=0 (M) +24 Y o11(k;2)01) (M — k;2)

k=1

for odd M. By the same way, comparing (25) and (27), we deduce

M-1
~705(M) = 011 (2M;2) + 24 Y 013(2k;2)01,1(2;2)

k=1
k+l=M

M-2

+192 Y 011(2k:2)011(22)01,1 (2;2)

k=1
k+l+m=M

M

-8 > o11(2k - 1;2)01,(20 - 1;2)

k=1
k+i-1=M

M-1

—192 Y 0122k = 1;2)01, (21 - 1;,2)01,1 (215 2)

k=1
k+l+m-1=M

(30)

Page 15 of 22
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M-1
=011(M;2) +24 201,1(k;2)01,1(M -k;2)
k=1
M=-2
+192) " 011(k; 2)01,1 (5 2)01,) (M — k — ;2)
k,l=1
M
-8 " 011(2k - 1;2)01,1(2M - 2k +1;2)
k=1
M-1
-192 Z 0112k — 1;2)011(21 = 1;2)01,(M — k — [ +1;2),
k=1

where M > 3. Note that for odd M > 3, we get

M-1
~705(M) = 011 (M;2) + 24 Zal,l(k;z)ﬂl,l(M - k;2)
k=1
M-2
+192°) " 011(k; 2)01,1 (55 2)011 (M — k = ;2) — 803 (M)
k=1
M-1
~192 ) 011(2k - 1;2)01,1(20 - 1;2)01, (M — k- 1 +1;2),
k=1

where we used Equation (29). This completes the proof of the theorem.

4 Proof of the theorems

Proof of Theorem 1.1 Glaisher proved that (see [26, p.300])

c(l)o(2n-1)+0B)o(2n—-3)+---+0(2n-1)o(1) = %[03(2;1) - O'g(l’l)].

It follows directly from (28) that

c()o2M-1)+0(3)c(2M -3)+---+c(2M -1)o (1)
M
=Y 011(2k - 1;2)011(2M - 2Kk + 1;2)
k=1

and

M-1

o5 (M) = 01, (M52) +12 301,15 2)o1a(M ~K2) + - [03(2M) - 35(M)].

k=1
Thus, we have proved the identity
M-1

;01,1(k;2)01,1(M —k;2) = i[ﬂffs(M) —o03(2M) - 201,1(M;2)]'

(31

(33)

(34)

Page 16 of 22
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Thus, for any integer M > 2, we have
1lo3(M) = 03(2M) + 2011(M;2)  (mod 24).

This proves (i).
We note that we can write (34) as

M M
2 Z o1,1(k; 2)011(M - k;2) + 01,1 (7;2>01,1 <7;2>

M
k<

1
- [1103(M) — 03(2M) — 201, (M; 2)]. (35)
If M is odd, then (35) is equivalent to

24-2 ) o11(ki2)o1a (M - k;2) = 1103(M) — 03(2M) — 201, (M;2)

k<%
and hence,
11o3(M) = 03(2M) + 2011(M;2) (mod 48).

Let M = 2"p"p{' p3* - - - pr . Therefore, if ord, M = n is 0odd for an odd prime p, then we note
that

M M €1 ¢ e m-1_n_el e e
o11 (?;2> o11 (?;2> =011 (Zm—lpnp11p22 . 'Pr’;2)01,1 (2 Y- ‘Prr52)
= (o (@™ 52) o (ppip - o) )
= {01 (")) {ora " 52) Vo (52 - p) )

@02 o1, (2" 5 2) P lon (0002 - p) Y

since
o1(p")=1+p+p*+---+p"=0 (mod 2)
and so we can write o1(p") = 2/ for some [ € N. Therefore, from (35), we obtain

2 Z o11(k; 2)o11(M - k;2) + 2 - 21 {01, (2752) }2{01 (P13 - p%) }2

M
k<o

1
= [1105(M) — 03(2M) — 2011 (M; 2)].
This means that
1o3(M) = 03(2M) + 2011(M;2)  (mod 48).

This proves (ii). d
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Remark 4.1 Define

P(N) := {p: p|N,p is a positive prime}
and

Ppax(N) := pr;})zg\({)p.

For example, P(10) = {2,5} and Py, (10) = 5. For any prime p > 5, we note that

p-1
Pmax (Z 01,1 (k; 2)01,1(10 - k; 2)) =p.

k=1
We observe that
1 1/p+1\ (+Lpp-1)
> onki2o(p-ki2) = - (’” > AR A
s 2\ 3 12

and (p,12) = 1. Thus, 12|(p* — 1) and this implies that the largest prime factor of p? — 1 is
strictly < p.

Remark 4.2 From the fact
k
o1,1(k;2) = o1(k) — 207 5 )

and from known results, it is possible to establish the following identity (in an elementary

way, without using the Eisenstein series), namely

M-1
1 1 M 1 1 M
E k;2 M~-k;2)= —o3(M) + = — |- —o M) + = — .
k:101,1( )01,1( ) 1203( )+3<73(2) 1201( )+601(2)

One can also use this identity to obtain

p-1

1/p+1
201,1(/62)01,1(10 —k;2) == (p )
k=1 2\ 3

Proof of Theorem 1.2 Inserting (33) and (34) into (31), we obtain

—~705(M) = 011(M;2) + 24 - i [1103(M) - 03(2M) — 2011(M;2)]

M-2
1
+192) " o11(k; 2)011(52)01, (M —k - 1;2) - 8- s [032M) — o3(M)]
k=1
M-1
~192 ) 011(2k - 1;2)011(21 - 1;2)01, (M — k - 1 +1;2).
k=1
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Thus, we deduce the congruence relation
—705(M) + 011(M;2) =1203(M) — 203(2M) (mod 192).
This completes the proof of Theorem 1.2. d

Proof of Theorem 1.3 We expand S} as

oo
> 01121 = 1;2)011(21 - 1;2)01, (2m — 1;2)g> "+
ml,m=1

oo (N-1 M
= 43 on@N -1-2M;2)

N=2 \M=1 m=1

x 01,1 (2M - (2m - 1);2) o1, (2m - 1; 2)}q2N-1.

Then we notice that

N-1 M
Zau(zN —1-2M;2)011(2M - (2m — 1);2) 011 (2m — 1;2)
M=1 m=1
N-1 M
= 011(2N —1-2M;2) { > 011 (2M — (2m = 1);2) 01,1 (2m - 1;2)
M=1 m=1
N-1 1
=) 02N -1-2M)- 3 (03(2M) - 03(M)) (36)
M=1

by [27, Lemma 3.1(b)] and 011(0dd;2) = o1(0odd). Since o3(2M) = 903(M) — 803(%), the
right-hand side of (36) is

N-1 M
- ZUI(ZN— 1- 2M){03(M) _03<?>}

M=1
N-1

=Y 02N =1-2M)o3(M) = Y 012N — 1 - 4M)o3(M)
M=1 M<21\f}—’1

= ﬁ (052N —1) —01(2N - 1))

2N -1) L 2N -1) 1 (2N -1)
- o -1)- —o -1+ —a -
3,840 ° 240 256

by [25, Theorem 6] and in [28, Theorem 4.1(iii)] which state that

> o3(m)or(N —2m)

m<N/2

= ﬁ<65(N)—O‘(N)+2OO'5<§) +(10—30N)03(§>) (37)
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and
N 1 N
—4m) = = =
> o3(m)oy(N — 4m) 5osN )+256 5(2) - 5(4>
m<N/4
1-3N (N 1 1
— |- —0oN)+ —a(N 38
B! 03<4) 220 71N+ 35a) (38)
respectively. This completes the proof. d

Proof of Corollary 1.4 We note that

> @n-1)o11(2n - 1;2)011(21 - 1;2)01, (2m — 1;2)

n+l+m-1=N
ml,m>1

1
== Y (+1+m-1)-1)011(2n - 1;2)01, (2L — 1;2)01,(2m - 1;2)

n+l+m-1=N
nlm>1

1
=3 Y @N-1oy(2n - 1;2)011(20 - 1;2)01,(2m — 1;2).

n+l+m-1=N
nlm>1

Therefore, from Theorem 1.3, we obtain

> 101121 - 1;2)011(20 - 1;2)01,1 (2m - 1;2)

n+l+m-1=N

ml,m>1

N +1
-5y on@n-12)01(2 - 1;2)01,(2m - 1;2)

n+l+m-1=N
nlm>1

N +1
= 2N —-1) —a(2N -1)).

68 (o5( ) —a( )

Thus, the first assertion
(N+1)a(2N -1)=(N +1)o5(2N —1) (mod 768)

follows.
We note that 768 = 28 - 3, and thus whenever N +1 % 0 (mod 3) and N + 1 is odd, we
have (N +1,768) = 1. Thus,

052N —1)=a(2N -1) (mod 768)
whenever N = 0,4 (mod 6). This proves the second assertion. O

Proof of Theorem 1.5 We note that

o0
5183 = Z 01,121 — 152)01,1 (265 2) 01,1 (205 2) >+

ml,m=1

00 N-1M-1
=Y D0 012N - 1-2M;2)01,(2M — 2m;2)01,1(2m52) 1 g*N

N=3 \M=2 m=1
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Thus, by 01,1(2m;2) = 011(m;2) and [27, (11)], we obtain that
N-1M-1

D 011N — 1= 2M;2)01,(2M — 2m; 20,1 (2115 2)
M=2 m=1

N-1 M-1
=Y 012N —1-2M;2) { > 011(M — ;20,1 (m; 2)}

M=2 m=1
N-1 1
= ;2 012N -1- 2M){ 57 (LLos(M) = 03(2M) = 201, (M; 2)) } (39)

We observe that

11o3(M) — 03(2M) — 2071,,(M; 2)

- los(M) - {903(1\4) —803@)} —2{01(1\4) —201(]‘2_4)}

M M
=203(M) + 803 (?> —201(M) + 4oy (7)

Thus, the right-hand side of (39) is

N-1
:i[zzal(zN—l—zM)ag(Mns > 012N —1-4M)os(M)

M=1 Mc< 2]\2‘—1

N-1
-23 2N -1-2M)oy(M) +4 » 012N -1- 4M)01(M)i|.

el meZ
Now from (37), (38) and (see [25, (4.4)]), we have

Z o(m)o (N —2m)

m<N/2

1

- ﬂ(203(N) +(1-3N)or(N) + 8‘”(%) o (- 6N)o (g))

and from (see [25, Theorem 4]), we have

Z o(m)o (N — 4m)

m<N/4

= % (O’g(N) + (2 -=3N)o1(N) + 303 (g) + 1603(%) +(2 - 12N)01(%)>.

Thus, the theorem follows. O
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