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1 Introduction

In 1965, Zadeh firstly introduced and studied the notion of fuzzy set in his seminal paper
[1], which opened an avenue for further development of analysis in this field. Afterward,
it was developed extensively by many researchers, which also included many interesting
applications of this theory in different fields such as neural network theory, stability the-
ory, mathematical programming, modeling theory, engineering sciences, medical sciences
(medical genetics, nervous systems), image processing, control theory, communication,
etc. In 1981, Heilpern [2] proved the fuzzy Banach contraction principle for fuzzy con-
tractive mappings on a complete linear metric space provided with d.,-metric for fuzzy
sets. This result is an improvement and a generalization of the well known Nadler con-
traction principle [3]. Further, Frigon and O’Regan [4] extended Heilpern’s result under a
contractive condition for 1-level sets of a fuzzy contraction on a complete metric space,
where 1-level sets are not assumed to be convex and compact. In 2009, Azam and Beg
[5] proved existence theorems of common fixed points for a pair of fuzzy mappings un-
der Edelstein, Alber and Guerr-Delabriere’s type contractive conditions in a linear metric
space. Later, Azam et al. [6] showed existence theorems of fixed points for fuzzy map-
pings satisfying Edelstein locally contractive conditions on a compact metric space pro-
vided with the d-metric for fuzzy sets. Besides, there are many results about fixed points
of fuzzy mappings with different contractive contractions.

In 2013, Azam and Beg [7] established a common «-fuzzy fixed point result for a pair of
fuzzy mappings on a complete metric space under a generalized contractivity condition for
a-level sets via Hausdorff metrics for fuzzy sets, which generalized the results proved by
Azam and Arshad [8], Bose and Sahani [9] and Vijayaraju and Marudai [10], among others.
Recently, Phiangsungnoen et al. [11] extended the Azam and Beg’s main results [7] by using
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the concept of B r-admissible pairs which is a generalization of the notion of S-admissible
pairs for multi-valued mappings due to Mohammadi et al. [12]. For the supremum metric
spaces and fixed points of fuzzy mappings, see also [13-16]. Other notions of fixed point
in the fuzzy ambient can be found in [17, 18] (see also [1, 10, 15, 16, 19-31]).

In this work, we introduce the notion of a-continuity of fuzzy mappings and we present
some generalized contractive conditions for a-level sets via Hausdorff metrics for fuzzy
sets. We establish common «-fuzzy fixed point theorems under such conditions and we
also show some consequences of our results on metric spaces endowed with an arbitrary
binary relation and on metric spaces endowed with graphs. Finally, we use «-fuzzy fixed
point techniques to deduce common fixed point results for multi-valued mappings. Our

results improve, extend, and generalize many results existing in the literature.

2 Preliminaries
Throughout this paper, we denote by X a nonempty set and 2% stands for the collection of
all nonempty subsets of X. A fuzzy set on X is a function A with domain X and values in
[0,1]. If Ais afuzzy set and x € X, then the function-value A(x) is called the grade of mem-
bership of xin A. Given « € (0,1], the a-level set of Aistheset [A], = {x € X : A(x) > a}. If
X is endowed with a topology, then the 0-level set of A is [A]y = {x € X : A(x) > 0}, where
B denotes the closure of B C X.

In the sequel, assume that (X, d) is a metric space. For a point x in X and a nonempty
subset A C X, the distance d(x, A) from x to A is

dx,A) = inf{d(x, a):ac A}.

It is clear that d(x,A) = d(x,A) > 0, and d(x, A) = 0 if, and onlyif, x € A.

Let F(X) denote the collection of all fuzzy sets in X (provided with the metric topology)
and let CB(X) be the family of nonempty closed bounded subsets of (X, d). We denote by
{x} the fuzzy set x(»), where x4 is the characteristic function of the crisp set A € 2¥. Notice
that there exists an injective mapping x : 2X — F(X) that associates x4 € F(X) to each
A € 2%, and that lets us see CB(X) as a subset of F(X).

For A, B € CB(X), we define the Hausdor(f distance between A and B by

H(A,B) = max{sup d(@,B),sup d(b,A)}, o
acA €B

which is symmetric in A and B. It is well known that (CB(X), H) is a metric space.

Definition1 Let X be a nonempty set and Y be a metric space. A mapping 7 is said to be
a fuzzy mapping if T is a mapping from X into F(Y).

Remark 2 The function-value (T%)(y) is the grade of membership of y in Tx.

Definition 3 Let (X, d) be a metric space, let « € [0,1] and let S and T be fuzzy mappings
from X into F(X). A point z in X is called an «-fuzzy fixed point of T if z € [Tz],. The
point z is called a common a-fuzzy fixed point of S and T if z € [Sz]o N [1Z],. When o =1,
it is called a common fixed point of S and T.
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Remark 4 Notice that the notion of common a-fuzzy fixed point of S and T depends on
the level sets [Sz], and [7%],. In this sense, it would be more appropriate to call it a common
a-level set-valued fuzzy fixed point of S and T. However, in order not to complicate the

notation, we follow the original notation introduced in [11].

Lemma 5 Let (X,d) be a metric space and A, B € CB(X), then for each a € A and allb € B
d(a,B) <H(A,B) and d(a,B)<d(a,b).

Proposition 6 If {x,} — x in a metric space (X,d) and @ # A C X, then {d(x,,A)} —
d(x,A).

Proof 1t follows from the fact that, for alla € A and n € N, d(x,a) < d(x,x,) + d(x,,a) <
2d(x,x,) + d(x,a). Taking the infimum on a € A, it follows that d(x,A) < d(x,x,) + d(x,,
A) <2d(x,x,) + d(x,A) for all n € N. Now, letting n — 00, we conclude that {d(x,,A)} —
d(x,A). a

Lemma 7 (Nadler [3]) Let (X, d) be a metric space and A, B € CB(X), then for each a € A,
& > 0, there exists an element b € B such that

d(a,b) <H(A,B) +¢.

Definition 8 ([19]) Let X be a nonempty set and let 7: X — X and B : X x X — [0,00)
be two mappings. We say that T is S-admissible if

xvnyeX, Buy)>1 = p(TxTy)=>1

Definition 9 ([32]) Let X be a nonempty set and let T: X — 2% and 8: X x X — [0, 00)
be two mappings. We say that T is .-admissible if

xyeX, Bxy>1 = B(Tx,Ty)>1,
where
B«(A,B) = inf{B(a,b) :a € A,b € B}.

Definition 10 ([12]) Let X be a nonempty set and let 7: X — 2% and 8 : X x X — [0, 00)
be two mappings. We say that T is B-admissible whenever for each x € X and y € Tx with
B(x,y) > 1, we have B(y,z) > 1 for all z € Ty.

Definition 11 ([11]) Let (X, d) be a metric space and let o : X — (0,1], B : X x X — [0,00)
and S, T : X — F(X) be four mappings. The ordered pair (S, T) is said to be B r-admissible
if it satisfies the following conditions:
(i) for eachx € X and y € [Sx]u(x), with B(x,y) > 1, we have B(y,2) > 1 for all z € [Ty]4();
(ii) for eachx € X and y € [Tx]y ), with B(x,y) > 1, we have B(y,2z) > 1for all z € [Sylu()-
If S = T then T is called Br-admissible.
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It is easy to see that if (S, T) is Br-admissible, then (7, S) is also Sr-admissible.

Definition 12 ([11]) Let (X,d) be a metric space, 8: X x X — [0,00) and F,G: X —
CB(X). The ordered pair (F, G) is said to be B-admissible if it satisfies the following con-
ditions:

(i) foreachx e X,y e Fx with B(x,y) > 1, we have 8(y,z) > 1 for all z € Gy;

(ii) for eachx € X, y € Gx with B(x,y) > 1, we have B(y,2z) > 1 for all z € Fy.

Remark 13 It is easy to prove that (F, G) is f-admissible if, and only if, (G, F) is f-admis-
sible. If F = G, then G is called B-admissible (this notion was introduced by Mohammadi
et al. in [12]).

We will use the following property.

Lemma 14 Let {x,} be a sequence in a metric space (X,d) and assume that there exists
A €[0,1) such that

AKX i1 Xna2) < Ad (X, K1) + A" Sforalln>0. (2)
Then {x,} is a Cauchy sequence.

Proof By induction, it follows from (2) that
A%y Xyi1) < M'd(x0,x1) + 1" forallm>1.
Therefore, if n,m € N verify n < m, then

d(xnrxm) < d(xmerl) + d(xn+1:xn+2) L d(xm—Z:xm—l) + d(xm—l;xm)
< ()»”d(xo,xl) + nk”_l) + (A"”d(xo,xl) +(n+ l)k") TR
+ (M2 d(x0,%1) + (m = 2)1"7%)

+ (A" d (o, x1) + (m = 1A"?)
m-1 m-1
= d(xo,xl)ZAk + Z/(A"_l.
k=n k=n

d’Alembert’s ratio test for series of real numbers guarantees that the series Y ,_,1* and
> kzlk)\k‘l are convergent. As a consequence, limy, ;0o d(%4, %) = 0 and {x,} is a Cauchy

sequence. g

3 Common «-fuzzy fixed point theorems

In [11], Phiangsungnoen et al. proved the following theorem.

Theorem 15 ([11]) Let (X, d) be a complete metric space and let S, T : X — F(X), o : X —
(0,1] and B : X x X — [0, 00) be four mappings such that the following properties are ful-
filled.

(a) Forall x,y € X, we have [Sx]u(x), [TV]a(y) € CB(X).
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(b) There exist ay,as,as,aq, as € [0,1) such that a; + a, + az + aq + as < 1 and either
ay = ay or as = dy, verifying

maX{ﬁ(x»y), ﬁ()/’ x) }H([Sx]ot(x)’ [Ty]a(y))
< ad(x, [Sxlaw) + a2d(y, (T]aw)) + asd (% [TV]ae)
+ asd(y, [Slaw) + asd(x,y) 3)

forallx,y € X.
(¢) (S, T)isa Br-admissible pair.
(d) There exist xg € X and x1 € [Sxo]a(xy) Such that B(xo,x1) > 1.
(e) Ifx € X and {x,} is a sequence in X such that {x,} — x and B(x,,x,:1) > 1 for all

neN, then B(x,,x) > 1 for all n e N.

Then there exists z € X such that z € [Sz]az) N [12]a(), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

In this section, we introduce the notion of «-continuous fuzzy mapping and some gen-
eralized contractive conditions for a-level sets via control functions and the Hausdorff
metric for fuzzy sets. Also, we give existence theorems of common «-fuzzy fixed points
for a pair of fuzzy mappings satisfying such conditions.

Definition 16 A mapping S: X — F(X) is an «a-continuous fuzzy mapping if, for all se-

quences {x,} € X such that {x,} 4 x € X, we see that {[Sxy, )o@, } il [S%] ()

Let denote by ® the family of all functions ¢ : [0,00)°> — [0,00) such that there exist
M, N € [0,1) verifying M + 2N <1 and

¢(t1, t2’ t3: t4: tS) =< Mmax{tly t2r t3} + N(t4 + t5) (4')
for all £, £, t3, ta, t5 € [0, 00). Examples of functions in ® are

¢1(t1, B, B3, Ea, t5) = a1ty + axty + asts + dgty + asts, where ay + ay +az + dag + as < 1;

¢2(t1, to, t3, 4, t5) = amax{tl, tz,tg} + b(t4 + t5), wherea + 2b < 1.

Next we present the main result of this paper.

Theorem 17 Let (X,d) be a complete metric space and let S, T : X — F(X), a : X — (0,1]
and B : X x X — [0,00) be four mappings such that the following properties are fulfilled.
(a) Forx € X, we have [Sx]a(x), [T%]a@) € CB(X).
(b) There exists ¢ € ® verifying, for x,y € X,

max{B(x,7), B, )} = 1
= H([Sx]a(x)’ [Ty]a(y)) = ¢(d(x,}’): d(x: [Sx]a(x)), d(yr [Ty]oz(y)):
d(x, [Du), (9, [Sxlaw))- (5)

(©) (S,T)isa Br-admissible pair.
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(d) There exist xg € X and x1 € [Sxo]a(xy) Such that B(xo,x1) > 1.
(e) At least one of the following properties holds.
(el) T and S are a-continuous fuzzy mappings.
(e.2) Ifx e X and {x,} is a sequence in X such that {x,} — x and B(xy,Xns1) > 1 for
alln e N, then B(x,,x) > 1 forall n e N.
Then there exists z € X such that z € [Sz]az) N [12]a(), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof Since ¢ € @, there exist M,N € [0,1) verifying M + 2N <1 and (4). Let us define

M+ N
0 and A= >

- > 0.
1-M-N— 1-N —

I
Condition M + 2N <1 implies that
O<pu=<ic<l

If M = N =0, then ¢ only takes the value zero. Therefore, as (xg,x;) > 1, condition (5)
yields

d(xly [Txl]a(xl)) < H([Sxo]a(xo)r [TxO]a(xo)) =0.
This implies that x; € [Tx;]4() and thus
d(x1, [Sx1latn)) < H ([T e, [S¥1]at))-

Since x1 € [TX1]a(x) and (S, T) is Br-admissible, we get S(x1,%1) > 1. From this inequality
and (5), we get

H([le]a(xl), [Txl]a(xl)) =0.
This implies that
d(x1, [le]a(xl)) =0.

So %1 € [Sx1]aw) = [T¥1]a(x) and the proof is finished. Next, assume that M + N > 0, that

is, 0 < A <1. Let {g,} be the sequence of positive real numbers given by

e, =M'(1-M-N)>0 foralln>1.
Starting from the points xy € X and ¥; € [Sx¢]a(x,) such that B(xo,x1) > 1, and using repeat-
edly Lemma 7, we can determine successive points x,x3, X4, ... in X verifying the following

properties:

a=x1 €A =[Sxo]aw,) € CBX), B = [Tx1]a(x) € CBX), >0

= 3962 € [Txl]a(xl) such that d(xl’x2) = H([SxO]a(xo)r [Txl]a(xl)) + €15
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a =% €A =[Tx1]aw) € CBX), B = [Sx]a(xy) € CB(X), g >0

= xs € [Swoaw, suchthat d(xy,x3) < H([Txl]a(xl), [sz]a(xz)) + &.
By induction, we can construct a sequence {x,} in X verifying, for all k > 0,

Xok+1 € [Sxar]ary) € CBX),
Xok+2 € [Tx2k+1] alxops) € CB(X),
A(xies1, %2kc42) < H ([Sx2u) oo [T2k01]atennn)) + E26415 (6)

Aoier2: %2k3) < H([Troks1 ot r)s [S%2ks2) (i) + E2ks2- (7)
Since the pair (S, T') is Br-admissible, then

X € X;xl € [Sxo]ul(xo)’ ﬁ(xoyxl) > 1’ Xy € [Txl]u(xl) = ﬁ(xlle) > 1;

x1 € X, % € [Tx1)aty), BOL¥2) =1, w3 € [SHlawy) = Blwo,x3)>1
By induction, it follows that

Bxy,x,.1) >1 forall > 0.
This implies that

max { B (%, %1), B(Xni1,%,)} =1 foralln>0. ®)
In such a case, using (4), (5), (6), and (8), we have, for all k > 0,

A% %2ks2) < H([Sx2uJ ) [To2ks1 (i) + E2ks1
< P(dok Xoke1)s A (%215 [Sx2k o) ) A (%2ks1 [ T2t Jarag ) )
A (%20 [ T2 Ja(ear ) ) A (%2ks15 [S%2u ety ) + E2kcat

< Mmax{d (%o, %2k41)> d (%2 [S2k (o) ) A (R2kts [ T2kt Jatupenn)) |
( (xzk, Tkt laarsn) ) + d(x2k+1, [Sxa]a xzk))) + €2k+1

= Mmax{d (2> Xks1), A X, Xo1), A (Xaks1, X2k 12) |
+ N (d ok, Xaks2) + 0) + E2x11

= Mmax{d(ka,kaH), d(x2k+1>x2k+2)}

N (d(eok %2k41) + d(Xoks1s X2ks2)) + E2ke1- )

Therefore,

(1 = N)d(Xoks1, %ok+2)

= Mmax{d(ka,x2k+1),d(x2k+1,x2k+2)} + Nd (%2, X2k41) + E2k41- (10)

Page 7 of 22
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If the maximum in (10) is d(x2x, X24+1), then

(I = N)d X1, %2k+2) < (M + N)d (X, Xoks1) + E2ks1

M+N A2+ - M -N)
= d®e1, Xons2) < 1-N Kok, Xoks1) + T
< 2d(wok, Xos1) + A, (11)

and if the maximum in (10) is d(X2x+1, X2k+2), then

(1 = N)d %ok 415 Xok42) < Md(Xois1, Xok42) + NA(Xog, X2k11) + E2k41

N A2k+l(1 -M _N)
= d®ke1, Xons2) < md(’@k’x%ﬂ) YT MIN

= pd (%o, Xog 1) + AHL (12)
In any case, as i < A, we deduce, combining (11) and (12), that for all k > 0,
Ad(Xokas Foks2) < Ao, Xoiear) + 125 (13)
Next, we analyze the other indices. Using a similar reasoning,

A®oier2: %2113) < H ([ To2k1 lawog 1) [S%2ks2)atngrn) ) + E2ks2
< M max{d(Xoxs2, %2k41)> A (%2125 [SX2k42 ]t 1) )5
A (%21, [Tk 1 laeyenn)) |
+ N (d (%2r025 [Trortlatepnn) + @ (%ake1 [S%ors2latupis))) + E2ks2
< Mmax{d(Xa1, %2k42), AX2kr2, %243)> A(Fks1, X242) }
+ N (0 + d(ois1,%2k43)) + E2042
< Mmax{d (@1, %2k+2) AXoks2, %2k43) |

+ N (d(oke1, %2ks2) + A(Fkr2, X2k43)) + E2ks2

Therefore,

(1 = N)d(Xok+2, X2k43)

< Mmax{d (i1, %2k42), dXoks2, X2kr3) } + N (Ko, %2k42) + E2ks2- (14)
If the maximum in (14) is d(xk41,%2x4+2), then

(1= N)dKoks2, %2k43) < (M + N)d(X2k41, X2k42) + E2ks2

M+N 2H+2(1 - M — N)
= d®ki2, %ok43) < 1-N AXoks1, Xoks2) + 1N

< Ad (%41, Xoksa) + AZEH2, (15)


http://www.fixedpointtheoryandapplications.com/content/2014/1/234

Latif et al. Fixed Point Theory and Applications 2014, 2014:234
http://www.fixedpointtheoryandapplications.com/content/2014/1/234

and if the maximum in (14) is d(x2x.2,%2k+3), then

(1= N)d(Koks2, Xoks3) < Md(Koks2, Xok43) + NA(Xokr1, Xok42) + E2kr2

N )\‘2k+2(1 -M —N)
= d(xoks2,%0k43) < md(x2k+1,x2k+2) + TN
= 1A (@oks1, %o s2) + A2, (16)

In any case, as i < A, we deduce, combining (15) and (16), that for all kK > 0,

d(x2k+2r x2k+3) = )\d(x2k+1; x2k+2) + )‘-2k+1- (17)
And combining (13) and (17), we conclude that

d(xn+1» xn+2) = )"d(xm xn+1) +A" foralln > 0.
By Lemma 14, {x,} is a Cauchy sequence in (X,d). As the metric space X is complete,
there exists z € X such that {x,} — z. We will show that z verifies z € [Sz]q) N [TZ]a()
distinguishing the cases of hypothesis (d).

Case (e.l). Assume that T and S are o-continuous fuzzy mappings. In such a case,
H H
{[an]a(xn)} - [Sz]a(z) and {[Txn]a(xn)} - [Tz]a(z)-

By (9) and Lemma 5,

H ([SxoiJ o) [T2k41 o))
< Mmax{d (e, %2141 A (%260 [Sx2u () ) A (F2kes1, [ T2k laogn)) }
+ N(d (%20 [T2s1Ja(ngny)) + A (%2ks1 (S aany)))
< Mmax {d (s %211 H ([ To2r-1latog 1)s [S%2xaenr) )
H ([S%2r) ) [ T2k )atienin)) }

+ N (H ([T Jauo 1) [T2k01atunrr)) + H ((S%2u s [S%2)arng)))-
Letting kK — oo in the previous inequality, we deduce that

H([Sz]a(z)» [Tz]a(z)) =< MmaX{O»H([TZ]a(z)’ [Sz]ot(z)):H([SZ]ot(z)’ [TZ]OI(Z))}
+N(0+0)

= MH([TZ]a(z); [Sz]a(z));
which is only possible when [Szl,(;) = [TZ] (). Furthermore, as
A (%200 [S%2awa)) < H([To2k-1lateor 1) [S¥oklaey))  forall &,

we also deduce that d(z, [Sz]y(;)) = 0, 50 2z € [S2]u () = [TZ]a(r).-

Page 9 of 22
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Case (e.2). Assume that if x € X and {x,} is a sequence in X such that {x,} — x and
By, x441) > 1forall n € N, then B(x,,x) > 1 for all n € N. In this case, we have B(x,,z) > 1

forall # > 0, so
max{B(x,,2), B(z,%,)} =1 foralln>0. (18)
Let apply Lemma 5 and the contractive condition (5) to obtain

(%2 [SZ)az)) < H([Toou-1]atun ) [SZ)a@)) = H([SZla() [ T2k latxo 1)
< ¢(d(z,%2-1),d(2, [SZ]a(2)) > A (%2k-1, [ T2k ]ataog 1))
d(z, [ Teok1)atu ) 4 (%261, [SZla))
< Mmax|d(z, 21, d(2 [SZa0)> d(xat - [ Tort1laey) )
+ N (d(z, [ Toor-1)ategy) + d(*¥2u-1, [SZaz)))
< Mmax|d(z,x31), d(2 [SZlan)> a1, 21
+ N(dzx2) + d (%21, [2)uie)).

Letting k — oo, by Proposition 6 we have

d(z, [Sz]a(z)) < Mmax{O, d(z, [Sz]a(z)), 0} + N(O + d(z, [Sz]a(z)))

= (M +N)d(2,[SZ)a)-

Taking into account that M + N < M + 2N < 1, the previous inequality leads to d(z,

[Szlaz) = 0, that is, z € [SZ]a(z) = [SZ]a(z). Similarly, using

(%241, [T2)a)) < H(IS%2x ooy 1) [T2la(z)»

it is possible to prove that z € [1Z]a(;) = [1Z]a(z), and the proof is finished. O

Example 18 Let X = [0,00) be endowed with the Euclidean metric d(x,y) = |x — y| for
all x,y € X. Clearly, (X,d) is a complete metric space. Let oy, 3,3 € (0,1) be three real
numbers such that o < oy < 3. Let consider the mappings S, 7 : X — F(X),a: X — (0,1]
and f: X x X — [0, 00) be given by

1, ifx,y€][0,2),
0, otherwise;

a(x) = a; Bx,y) = {

oy, ifxe[0,1] and t = x/4,
Tx)(t) =1 ap, ifx>1andt=1/4,
0, otherwise;

a3, ift=0,
0, otherwise.

S)(t) = {

The following facts are easy to check.
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e Forallx € X,

| /4, ifx € [0,1],

[T(x)]a(x) - {1/4}, [S(x)]oz(x) = {0}

ifx>1;

As aresult, [T(x)]q() and [S(x)]4() are nonempty, closed, bounded subsets of (X, d).

e The pair (S, T) is a Br-admissible pair. To prove it, let x € X and y € [Sx]4(x) be such
that B(x,y) > 1. Hence x € [0,1] and y = 0. As aresult, if z € [T¥]u() = [T(0)]w(0) = {0}, then
B(,z) = B(0,0) = 1. In the other hand, let x € X and y € [T¥]4(x be such that B(x,y) > 1.
Therefore, x,y € [0,2) and y € [Tx]aw) S {¥/4,1/4} € [0,1]. If z € [Syla) = {0}, then
B(,z) = B(»,0) =1.

o If we take xp =1 and x; = 0 € [Sxo]u(x,), then B(xo,%1) > 1.

e We claim that 7 and S are «-continuous fuzzy mappings. Indeed, let {x,} C X be a
sequence such that {x,} — x € X. Hence

[Sxulatey = 10} forallneN = {[Sx,law)]} = {0} = [Sxlaw-
Similarly, as

{x,/4}, ifx, €[0,1],

Tnotx =
(Tenlatan {{1/4}, ifx,>1

for all n € N, then

{x/4}, ifxe[0,1],

H
Ut} = [Telae = I{1/4}, if x> 1.

e Let us show that T and S satisfy the contractivity condition (5) using the function
¢ € ® given by

B(t1, b, b3, ba E5) LIPS SN SN

» 02,103, L4, =—h+ — + — + =

Lyl lals) = foli+ ol + ool + Sl

for all 1,85, 13,84, 15 € [0,00). Indeed, let x,y € X be such that max{B(x,y), B(y,x)} > 1. It
follows that x,y € [0,2). Then

H({0},{y/4}), ifye[0,1], }

H([Sxlaw, [TY]ae) = [H({o}, {1/4}), ifye(1,2)

) yr4, ifye(o1],
s, ifye@,2).

As d()/, [Sx]a(x)) = d()/, {0}) =Y, then

1

24 (0 [Sx]atw)

) 'f 5 ,
H([S%aw, [Tup) = {y/‘* if y € [0,1] }

<2
V4, ifye2) [ 4
= ¢(d(x’y)» d(xr [Sx]a(x))’d(y’ [Ty]u(y)),
d (%, [TYlaw), d (2, [Sx]aw))-
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e The function B does not satisfy condition (e) in Theorem 15. Indeed, if x, =2 — 1/n
for all n > 1, then {x,} — 2 and B(x,;,x,.1) = 1 for all # > 1. However, B(x,,2) = 0 < 1 for all
n>1.

As a consequence of the last bullet item, Theorem 15 is not applicable to 7 and S. How-
ever, Theorem 17 guarantees that there exists z € X which is an «(z)-fuzzy fixed point of
T and S (in this case, z = 0).

Notice that, as the previous example illustrates, one of the main advantages of the con-
tractivity condition (5) versus (3) is that we only have to prove it for pairs (x,7) € X x X
such that max{B(x,y), 8(y,%)} > 1, but not necessarily for all x,y € X.

In the following example, we use similar arguments but involving nonlinear mappings.

Example 19 Let X be the real interval [0,10] endowed with the Euclidean metric d(x, y) =
|x —y| for all x, y € X. Given five real numbers a1, o5, a3, 1, M € (0,1) such that oy < @y < a3
and 8X < M, let consider the mappings o : X — (0,1], B: X x X — [0,00), S, T : X — F(X)
and ¢ : [0,00)°> — [0, o) given by

1, ifx,ye[0,1),
0, otherwise;

a(x) = ag; Bx,y) = {

oy, ift =212

0, otherwise;

o3, ift=xrxt,

0, otherwise;

Bt b, o ta ) = {Mlog(max{l +t,1+16,1+13}), ifty, b, 1:‘3 € [0,1],
0, otherwise.
The following properties hold.

e For all x € X, [S()]a = {Ax?} and [T(x)]aw) = {Ax*}, which are nonempty, closed,
bounded subsets of (X, d).

e The pair (S, T) is a Br-admissible pair. To prove it, let x € X and y € [Sx]4(x) be such
that B(x,y) > 1. Hence x € [0,1) and y = Ax* € [0,1). If z € [TY]a(y) = [T(Ax?)] 4002 = {14},
then B(y,z) = B(Ax?, 1*x®) = 1 because Ax?, A*x® € [0,1). In the other hand, let x € X and
y € [T¥]aw be such that B(x,y) > 1. Therefore, x,y € [0,1) and y = Ax*. If z € [Sylu() =
[SOxM)]y a4y = {A24%}, then B(y,2) = B(Ax*, A24%) = 1.

o If we take xo = 1/2 and x; = A/4 € [Sxola(xy), then B(xo,x1) > 1.

e We claim that 7 and S are «-continuous fuzzy mappings. Indeed, let {x,} C X be a
sequence such that {x,} — x € X. Hence [Sx,]y(,) = {Ax2} and [Tx,]u(x,) = (A} for all
n € N. As aresult,

{(Sxnlaten } it {22} = [SKlaw  and  {[Txu)agen ) it (At} = [Tx)a.
e Let us show that ¢ € ®. Recall that

<log(l+¢) <t foralltel0,1]. (19)

YIN


http://www.fixedpointtheoryandapplications.com/content/2014/1/234

Latif et al. Fixed Point Theory and Applications 2014, 2014:234 Page 13 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/234

Hence, for all 1, £y, t3, t4, t5 € [0, 00) such that £, 5, £3 € [0,1],

P(t1, b, t3, b, t5) = Mlog(max{l + f1,1 + £, 1 + t3})
= Mlog(l + max{ty, t, tg}) < Mmax{ty, t;,t3}.
As M <1, then ¢ € D.

e We claim that T and S satisfy the contractivity condition (5) using the function ¢ € ®.
Indeed, let x,y € X be such that max{B(x,y), 8(y,x)} > 1. It follows that x,y € [0,1). Notice

that

d(x,y) =l =yl d (%, [Sxlaw) = |x = 22|, d (3, [Dlaiy) = [y - 29*| €[0,1], (20)
and also

WPy = - =r-y <y-at = -t (21)

Then, by (19), (20), and (21),

H([Sxlag, [Taw) = H{Ax} {A5*)) = [Ax? = ay*| = A[x* - |
= A|x+y2||x—y2| < 2k|x—y2| < 2k(|x—y| + |y—y2|)
y -y}

8 maX{d(xJ’): d()/, [Ty]a(y)): d(x) [Sx]a(x))}
- 2

< Mlog(1 + max{d(x,y),d(y, [TV]ae)> 4(%, [SKlar) })
= ¢(d(x’y)’d(xr [Sx]a(x)): d( ’ [Ty]a(y))y
d (% [Tylaw), d (9 [Sx)a))-

<2x(lx -yl + |y - Ay*|) < 4r max{|x -y,

e The function B does not satisfy condition (e) in Theorem 15. Indeed, if x,, =1-1/(n+2)
for all # > 1, then {x,} — 1 and B(x,,x,.1) =1 for all n > 1. However, B(x,,1) = 0 <1 for all
n>1.

As a consequence of the last bullet item, Theorem 15 is not applicable to 7 and S. How-
ever, Theorem 17 guarantees that there exists z € X which is an «(z)-fuzzy fixed point of
T and S (in this case, z = 0).

The following consequence is another way to interpret the contractivity condition that
can be useful.

Corollary 20 Let (X, d) be a complete metric space and let S, T : X — F(X),a: X — (0,1]
and B : X x X — [0,00) be four mappings such that the following properties are fulfilled.
(a) Forx,y € X, we have [Sx]a(x), [TV]a(y) € CB(X).
(b) There exists ¢ € P verifying
max{ﬁ(x:y); B, x) }H([Sx]a(x)’ [Ty]a(y))

=< ¢(d(xry): d(x: [Sx]a(x))! d(y’ [Ty]a(y)): d(x: [Ty]a(y))i d(.y’ [Sx]a(x))) (22)

forallx,y € X.
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(¢) (S, T)isa Br-admissible pair.
(d) There exist xg € X and x1 € [Sxo]a(xy) Such that B(xo,x1) > 1.
(e) At least one of the following properties holds.
(el) T and S are a-continuous fuzzy mappings.
(e.2) Ifx € X and {x,} is a sequence in X such that {x,} — x and B(xy,%n1) > 1 for
alln €N, then B(x,,x) > 1 foralln € N.
Then there exists z € X such that z € [Sz]z) N [TZ]a(), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof It is easy to see that condition (22) implies condition (5). Indeed, if x,y € X are such
that max{f(x,y), B(y,x)} > 1, then, by hypothesis (b), we obtain

H([Sx]a(x)) [Ty]a(y)) = max{ﬂ(xd’)» ﬂ(%x)}H([S'x]a(x)) [Ty]a(y))
= ¢(d(x!y)rd(x’ [Sx]a(x)): d( ’ [Ty]u(y))y
d(x [Dlar) 49, [Sx]aw))-

Therefore, all hypotheses of Theorem 20 are satisfied, and the desired result follows im-

mediately from this theorem. O

Corollary 21 Ifas = a4 in assumption of Theorem 15, then Theorem 15 follows from Corol-
lary 20.

Proof Letting M = a; + a; + as and N = a3 = a4, we have
M+2N=(m +ar+as)+2az3=a1+dr +as +as +as <1,

and, for all x,y € X such that [Sx]yx), [TV]a() € CB(X),

max{B(x,y), B, %) H([SX]a(x)s [TV]aty))
< ad(x, [Sxlaw) + a2d (3, [T)ag) + @3d (%, [DYlat) + @ad (3, [SKlaw) + asd(x,y)
< as max{d(x,y),d(x, [Sxluw), (5, [DY]aw) }
+ ay max{d(x,y), d (%, [Sxlac), (3, [TVat)
+ ay max{d(x,y), d(x, [Sx]aw)), d(y, [D]at)) } + N (%, [TV]ary) + N (y, [Sx]ai)
= (a1 + ay + as) max{d(x, y), d(% [SKaw) A, [TYay) )
+ N(d(% [Dag)) + d (5, [Sxlat) )
= Mmax{d(x,y), d(%, [S5lac), A3 [TVat) } + N(d(% [Tay) + A [S¥lu))-

USil’lg ¢(t1, tr,13,L4, t5) = Mmax{tl, to, tg} + N(t4, + t5) for all t1,t,t3,t4,t5 € [0, OO), we con-
clude that condition (3) implies (5). O

Remark 22 If we have supposed 3M + 2N < 1, then Theorem 15 and Corollary 20 (case
(e.2)) would have been equivalent because, in such a case, condition (5) also implies (3).
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Indeed, if we take a; = a9 = a5 = M and a3 = a4 = N, then

max{B(x,5), B, %) H ([Sx]aw, [T]ay)
< Mmax{d(x,y), d(x, [Sxlat), A3 [ TVat) } + N(d(® [TY]at) + (3, [S¥]aw))
< M(d(x,9) +d(x, [Sxlaw) +d (3 [Daw)) + N(d(x [ Daw) + A0, [SHaw))
=Md(x,y) + Md(x, [Sx]o,(x)) + Md( , [Ty]a@)) + Nd(x, [Ty]a(y)) + Nd(y, [Sx]o,(x))

= md(x, [Sxlaw) + a2d (y, [DVaw) + a3d (% [TY]ag)) + aad(y, [SKlaw) + asd(x,y).
Therefore, the best thing to do to take advantage of condition (5) is that we only suppose

M +2N <1.

In the following results, we present several contractivity conditions that can be reduced
to (3).

Corollary 23 Let (X, d) be a complete metric space and let S, T : X — F(X),a: X — (0,1]
and B : X x X — [0,00) be four mappings such that the following properties are fulfilled.
(a) Forx,y € X, we have [Sx]u(x), [TV]a(y) € CB(X).
(b) There exist ¢ € ® and t > 1 verifying

(v + H([S¥ @y [Tlag)) ™ P2 F02)

=T+ ¢(d(x:y): d(x: [Sx]ot(x))’d(y’ [Ty]a(y))i d(x! [Ty]a(y))!d(y’ [Sx]a(x))) (23)

forallx,y € X.
(¢) (S, T)isa Br-admissible pair.
(d) There exist xg € X and x1 € [Sx0]a(xg) Such that B(xo,x1) > 1.
(e) At least one of the following properties holds.

(el) T and S are a-continuous fuzzy mappings.
(e.2) Ifx € X and {x,} is a sequence in X such that {x,} — x and B(xy, %4.1) > 1 for
alln e N, then B(x,,x) > 1 foralln e N.
Then there exists z € X such that z € [Sz]y) N [TZ]a (), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof We will show that condition (23) implies condition (5) in Theorem 17. Suppose that
x,y € X are such that

max{ﬁ(x,y),ﬁ(y,x)} >1.
By using (23), we get

T + H([Sx]a) [TH]at)
= (z + H([Sxlatwp [lagy)) ™70

=T+ f/’(d(x,y),d(x, [Sx]a(x))>d(y’ [T)’]a(y)),d(% [Ty]a(y))rd(y> [Sx]a(x)))'
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This implies that

H([Sx]a(x)) [Ty]a(ﬂ’))
< ¢(d(x,9),d(x, [Sxlat), A (3 [TVa)), (% [a) 4 (7, [S¥law) )-

Therefore, condition (5) in Theorem 17 holds. By Theorem 17, we get the desired result.
O

Corollary 24 Let (X,d) be a complete metric space and let S, T : X — F(X),a: X — (0,1]
and B : X x X — [0, 00) be four mappings such that the following properties are fulfilled.
(a) Forx,y € X, we have [Sx]u(x), [TV]a(y) € CB(X).
(b) There exist ¢ € ® and t > 1 verifying

(t -1+ max{B(x,9), B x)})H([S"]W)'[Ty]a(y))

< () d(x[Sx]a () A0 T ()4 T (3) A0 [S¥] () (24)

forallx,y € X.
(c) (S, T)isa Br-admissible pair.
(d) There exist xo € X and x, € [Sxola,) Such that B(xo,x1) > 1.
(e) At least one of the following properties holds.

(el) T and S are a-continuous fuzzy mappings.
(e.2) Ifx € X and {x,} is a sequence in X such that {x,} — x and B(xy,x,41) > 1 for
alln e N, then B(x,,x) > 1 foralln e N.
Then there exists z € X such that z € [Sz]qz) N [TZ]a (), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof 1t is easy to see that condition (24) implies condition (5) in Theorem 17. Indeed, if
x,y € X are such that

max {86, B, 0)} = 1,
by using (24), we have
HHar (B0 < (7~ 1+ max{B(, ), B(y,x)}) /T F et Do)

< 79@9), A [Sx]0 () A0 TV ()0 Tt (3) A 0S¥ ()

As the exponential function is strictly increasing when 7 > 1, we get

H([Sx]a(x)) [Ty]a(ﬂ’))
< q)(d(x,y),d(x: [Sx]a(x)),d(y, [Ty]a(y)),d(x, [Ty]a(y)): d()” [Sx]a(x)))

This shows that condition (5) in Theorem 17 holds. By Theorem 17, we get the desired
result. O

4 Consequences
In this section, we present some consequences of our main results applied to very different
contexts: metric spaces endowed with arbitrary binary relations, metric spaces endowed

with graphs.
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4.1 o-Fuzzy fixed point theorems on metric spaces endowed with arbitrary
binary relations
In this section, we present «-fuzzy fixed point theorems on metric spaces endowed with
arbitrary binary relations. The following notions and definitions are needed.
Let (X, d) be a metric space and R be a binary relation over X. Let denote

S=RUR,
that is, S is the symmetric relation on X such that, for all x,y € X,
xSy <<= xRy or yRx.
Next we introduce the notion of R z-comparative pair of two fuzzy mappings.

Definition 25 Let R beabinary relation over metric space (X, d) andleto : X — (0,1] and
S, T : X — F(X) be three mappings. The ordered pair (S, T) is said to be R x-comparative
if satisfies the following conditions:

(i) for each x € X and y € [Sx]u(x such that ¥Ry, we have yRz for all z € [T¥]u();

(ii) for each x € X and y € [Tx]q(» such that xRy, we have yRz for all z € [Sylu()-

Here we show a a-fuzzy fixed point theorem for R z-comparative pair on metric spaces
endowed with a binary relation.

Theorem 26 Let (X,d) be a complete metric space, R be a binary relation over X and let
$T:X — F(X) and o : X — (0,1] be three mappings such that the following properties
are fulfilled.

(A) Forx,y € X, we have [SX]u(x), [ TV]a(y) € CB(X).

(B) There exists ¢ € O verifying

H([SX]a(x)) [Ty]a(J’))
< ¢ (dw,), d (% [S¥latw), A0 [TWlat)), A5, [Tlaty), A3, [SKla)  (25)

for all x,y € X for which xSy.
(C) (S, T) is a R p-comparative pair.
(D) There exist xo € X and x1 € [Sxolax,) Such that xoRx:.
(E) At least one of the following properties holds.

(E1) T and S are a-continuous fuzzy mappings.
(E.2) Ifx € X and {x,} is a sequence in X such that {x,} — x and x, Rx,1 for all
n €N, then x,Rx for all n e N.
Then there exists z € X such that z € [Sz]yz) N [TZ]a(), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof Consider the mapping 8 : X x X — [0, 00) defined by

1, ifxRy,
0, otherwise.

:B(x)y) = [
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By using (25), for all x,y € X, we get

max{B(x,y), B(,x)} > 1
= @RyoryRx) = xSy
= H([S*low [Daw) < ¢(dx9),d (%, [Sxaw), d (5, [TVaw),
A%, [aw), 47, [Sx]aw))-

This implies that condition (5) in Theorem 17 holds using mapping 8. Since (S, T) isa R -
comparative pair, it is also a 8--admissible pair. From (D) and definition of 8, we find that
there exist xy € X and x; € [Sxg]a(x,) Such that B(xo,x;) > 1. Furthermore, it is easy to see
that condition (E.2) implies condition (e.2). Therefore, all hypotheses of Theorem 17 are
satisfied. As a consequence, we can find a point z € X which is an «(z)-fuzzy fixed point
of T'and S. This completes the proof. g

4.2 o-Fuzzy fixed point theorems on metric spaces endowed with graph

In this section, we study existence of a-fuzzy fixed points on a metric space endowed
with graph. To do that, let (X, d) be a metric space. The subset {(x,x) : x € X} is called the
diagonal of the Cartesian product X x X and it is denoted by A. Consider a graph G such
that the set V(G) of its vertices coincides with X and the set E(G) of its edges contains all
loops, i.e., A € E(G). We assume G has no parallel edges, so we can identify G with the
pair (V(G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each edge
the distance between its vertices.

Next we introduce the notion of G r-edge pair of fuzzy mappings.

Definition 27 Let (X, d) be a metric space endowed with a graph G and let & : X — (0,1]
and S, T: X — F(X) be three mappings. The ordered pair (S, T) is said to be G r-edge if it
satisfies the following conditions:
(i) for eachx € X and y € [Sx]o(), With (x,y) € E(G), we have (y,z) € E(G) for all
ze [Ty]a(y);
(ii) for each x € X and y € [Tx]q(x), with (x,y) € E(G), we have (y,z) € E(G) for all
ze [Sy]a(y).

Now we state and prove an «-fuzzy fixed point theorem for G r-edge pairs on metric

spaces endowed with graphs.

Theorem 28 Let (X, d) be a complete metric space endowed with a graph G and let S, T :
X - F(X) and a : X — (0,1] be three mappings such that the following properties are
Sfulfilled.

(A) Forx,y € X, we have [Sx]awx), [TV]a(y) € CB(X).

(B) There exists ¢ € O verifying

H([SX]a(x): [Ty]a(y))
< ¢(d(x3), d(% [Sxlut) (1 [ Daw), A% [Dlaw), 40, [S¥law)) - (26)

forall x,y € X for which (x,y) € E(G).
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(C) (S, T) is a Gr-edge pair.
(D) There exist xg € X and x1 € [Sxo]a(xy) SUch that (xo,x1) € E(G).
(E) At least one of the following properties holds.
(E1) T and S are a-continuous fuzzy mappings.
(E2) Ifx € X and {x,} is a sequence in X such that {x,} — x and (%, %441) € E(G)
foralln eN, then (x,,x) € E(G) for all n € N.
Then there exists z € X such that z € [Sz]az) N [12]a(), that is, there exists a point z € X
which is an a(z)-fuzzy fixed point of T and S.

Proof This proof is similar to the proof of Theorem 26 by considering the mapping S :
X x X — [0,00) defined by

1, if(xy) € E(G),
0, otherwise. O

,3(96,)’) =

5 Application to a common fixed point for multi-valued mappings

In this section, we study some relationships between multi-valued mappings and fuzzy
mappings. Here, using the concept of 8-admissible pair of multi-valued mappings due to
Phiangsungnoen et al. [11] (recall Definition 12), we indicate that Theorem 17 can also be
employed to derive some common fixed point results for multi-valued mapping.

Theorem 29 Let (X, d) be a complete metric space and let F,G : X — CB(X) and B : X x
X — [0, 00) be three mappings such that the following properties are fulfilled.

(x1) There exists ¢ € ® verifying for x,y € X,

max{B(x,), By, %)} > 1
= H(Fx,Gy) < ¢(d(x,y),d(x, Fx),d(y, Gy),d(x, Gy),d(y, Fx)). (27)
(x2) (F,G) is a B-admissible pair.

(x3) There exist xg € X and x1 € Fxo such that B(xg,x1) > 1.
(x4) At least one of the following properties holds.

(x41) F and G are continuous mappings.
(*42) Ifx € X and {x,)} is a sequence in X such that {x,} — x and B(x,,x,.1) > 1 for
alln e N, then B(x,,x) > 1 forall n e N.

Then there exists u € X such that u € Fu N Gu, that is, F and G have a common fixed
point.

Proof Leta : X — (0,1] be an arbitrary mapping. Consider two fuzzy mappings S, T : X —

F(X) defined by
(S2)(0) = a(x), ifte Fx,
0, ift ¢ Fx

and

a(x), ifte Gx,

(Tx)(0) = {0, if t ¢ Gx.
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By definition of S and T, we get
[Sx]a) = {t : Sx(t) > a(x)} =Fx
and
(Txlaw) = {t: Tx(t) > a(x)} = Gx.

Hence condition (27) turns into condition (5) in Theorem 17. Also, we find that the other
conditions in Theorem 17 hold. Therefore, Theorem 17 can be applied to obtain u € X
such that

u € [Sulay N [Tt a(w) = Fu N Gu,
that is, u is a common fixed point of F and G. This completes the proof. g

Remark 30 Theorem 29 improves Theorem 4.3 of Phiangsungnoen et al. [11]. Also, The-
orem 29 extends and generalizes Corollary 7 of Azam and Beg in [7]. Moreover, Theo-

rem 29 is a complementary result of the famous Nadler contraction mapping principle [3].
By using Corollaries 20, 23, and 24, we get the following results.

Corollary 31 Let (X,d) be a complete metric space and let F,G : X — CB(X) and : X x
X — [0, 00) be three mappings such that the following properties are fulfilled.

(x1) There exists ¢ € O verifying

max{B(x,3), B3, x) | H(Ex, Gy) < ¢(d(x,), d(x, Fx), d(y, Gy), d(x, Gy), d(y, Fx))

forallx,y € X.
(x2) (F,QG) is a B-admissible pair.
(x3) There exist xg € X and x1 € Fxg such that B(xo,x1) > 1.
(x4) At least one of the following properties holds.

(x41) F and G are continuous mappings.
(*42) If x € X and {x,)} is a sequence in X such that {x,} — x and B(x,,%,.1) > 1 for
alln €N, then B(x,,x) > 1 forall n € N.

Then there exists u € X such that u € Fu N Gu, that is, F and G have a common fixed
point.

Corollary 32 Let (X,d) be a complete metric space and let F,G : X — CB(X) and 8 : X x
X — [0, 00) be three mappings such that the following properties are fulfilled.

(x1) There exist ¢ € ® and v > 1 verifying
(v + H(Ex, Gy)) " P00 < o o (d(x,y), d(x, Fx), d(y, Gy), d(x, Gy), d(y, Fx))

forallx,y € X.
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(x2) (F,G) is a B-admissible pair.
(%3) There exist xg € X and x; € Fxq such that B(xg,x1) > 1.
(x4) At least one of the following properties holds.

(x41) F and G are continuous mappings.
(*42) If x € X and {x,} is a sequence in X such that {x,} — x and B(x,,%,.1) > 1 for
alln e N, then B(x,,x) > 1 forall n € N.

Then there exists u € X such that u € Fu N Gu, that is, F and G have a common fixed
point.

Corollary 33 Let (X,d) be a complete metric space and let F,G : X — CB(X) and B : X x
X — [0, 00) be three mappings such that the following properties are fulfilled.

(*x1) There exist T > 1 and ¢ € ® verifying

(r ~ 1+ max { Bx,), B, x)})H(Fx,Gy) < 7 8(d@),d(xF2),d(y,Gy),d(xGy).d(y,Fx))

forall x,y € X.
(x2) (F,G) is a B-admissible pair.
(%3) There exist xo € X and x; € Fxqy such that B(xg,x1) > 1.
(x4) At least one of the following properties holds.

(x41) F and G are continuous mappings.
(*42) If x € X and {x,} is a sequence in X such that {x,} — x and B(x,,%x,.1) > 1 for
alln €N, then B(x,,x) > 1 forall n e N.

Then there exists u € X such that u € Fu N Gu, that is, F and G have a common fixed
point.
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