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1 Introduction

A genetic regulatory network (GRN) is a dynamic system to depict the interactions be-
tween genes (mRNA) and proteins. Since GRNs play a key role in the area of cell and
molecular biology, they have received increasing attention in the community of mathe-
matical biology in recent years (see references [1-10]). An important topic related to math-
ematical analysis of GRNGs is to investigate the stability of GRNs. Wu et al. [1] and Wang [3]
conducted robust stability analysis of GRNs by using stochastic analysis approach. Wang
et al. [6] investigated the mean-square exponential stability of stochastic GRNs with time-
varying delays by constructing a Lyapunov-Krasovskii functional. Although this stability
analysis leads to conclusions on whether solutions of GRNs converge to an equilibrium
point when a GRN system becomes stable, this analysis does not give the convergence
rate of the system. For many GRN systems, slow convergence rates are undesirable, and
high convergence rates (e.g., exponential rates) are needed. Therefore, it is necessary to
study the exponential stability for a GRN system.

The aim of this study is to investigate the mean-square exponential stability of the solu-
tion of a GRN model with diffusion process, impulses, degradation reactions, time-varying
delays, and fBm of extrinsic noise. Stability analysis for such a comprehensive GRN model
is rare in the literature. For example, Wu et al. [1], Wang [3], Wang et al. [4], and Wang
et al. [5] studied the stability and convergence of GRNs with stochastic perturbation and
time delays but without diffusion and reaction. Although Ma et al. [9, 10] investigated
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the asymptotic stability of GRNs with diffusion, reaction, and delays, the systems of their
study [9, 10] are deterministic. In [7], finite-time robust stochastic stability was consid-
ered under stochastic perturbation, reaction, diffusion, and delays. In addition, like in [1,
3-5], the stochastic perturbation in [7] was described using a standard Brownian motion
instead of a fractional Brownian motion.

Our study uses fBm to describe extrinsic noise introduced into the GRNs for mean-
square exponential stability analysis, which is a novelty of this paper. We denote an fBm as
BH(t), where H is the Hurst parameter. The fBm has a long-memory in comparison with
standard Brownian motion (H = % [11]. In [12], it was shown that a fractional Brownian
motion can be used to describe a subdiffusive dynamics process. Experimental data of
chromatin mobilizations show that an fBm is more appropriate to model gene movements
than a standard Brownian motion [13]. Therefore, introducing the long-term correlations
described by an fBm in GRNs is an important contribution to the literature.

Another contribution of this study is to introduce impulses into stochastic GRNs to
describe sudden changes in the amount of mRNA and proteins. According to [14-16], an
impulse is referred to the phenomenon that a system state is changed abruptly at a given
time. The changes may be caused by abrupt change of physical environments, such as
intake of drug or nutriment and exertion of the external force. For example, it was pointed
out in [17] that metaphase progression can be controlled by external mechanical impulses
through different mechano-chemical cellular reactions. We have not found references of
stability analysis of stochastic GRNs with impulses. Therefore, out study differs from the
existing studies (e.g., Zhou et al. [7], Wang et al. [4], Ma et al. [9], Han et al. [10]) on the
following two aspects: (a) a diffusion-reaction process driven by a fractional Brownian
motion is considered, and (b) the impulses are involved.

The rest of this paper is organized as follows: In Section 2, we introduce the impulsive
stochastic GRNs and define the exponential stability. Sufficient conditions of exponential
stability in the mean-square sense for trivial solutions of GRNs are established in Section 3.

Section 4 illustrates our analysis by a numerical example.

2 GRNs and preliminaries

In Section 2.1, we first define a deterministic GRN with time-varying delays and then in-
troduce an impulse and stochastic perturbation into the deterministic model to define
the model that is investigated in this study. The preliminaries needed for the exponential

stability analysis are given in Section 2.2.

2.1 Deterministic and stochastic GRNs
A deterministic GRN is defined as follows [10]:

) = 3 e (D A — i (1,x) + YOI wygy(By(t — o (0), %)) + g

apilt, l apilt, ~ - ,
2 a(f Sy % (D %fka)) —cipi(t, %) + bim(t —t(t),x), i=12,...,n,

)

where #1,(¢,x) and p;(t, x) denote the concentrations of the ith mRNA and protein, respec-
tively; x = (x1,%,...,4)7 € QC R, Q= {x: |x| < Li,k=1,2,...,1} is a compact set in R"
with smooth boundary dQ; Ly is a positive constant; Dy > 0 and D}, > 0 are diffusion co-

efficient matrices of mRNA and protein, respectively; b; is a constant; 4; and ¢; represent
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the degradation rates of the mRNA and protein, respectively; w;; is defined as follows:

85  jisan activator of gene i,
wy = { =8;, jisarepressor of gene i,
0, there is no link from gene j to ,

where §;; is the dimensionless transcriptional rate of transcriptional factor j to gene i; g; is
p

the activation function of the gj(s) = 117, where / is the Hill coefficient; g; = Zje J 8, where

I; denote the set of all repressors of gene j; and o (£) and 7(¢) are the time-varying delays

satisfying

0<t(t) =<7, () <wmi<l,
()

0<o(t) <o, o(t) <y <1,

where 7, 6, 1, and py are nonnegative real numbers, and i =y V uo is assumed.
Considering the time delays, we can give the initial conditions associated with (1) as

follows:

m;(t,x) = ¢i(t,x), x€Q,se[-d,0],i=12,...,n,
pilt,x) = ¢/ (t,x), x€Q,s€e[-d,0],i=12,...,n,

whered = & v 7, and ¢;(t, %), ¢} (t,x) € C'([-d, 0] x Q, R). Moreover, the following Dirichlet

boundary conditions are considered:

m;i(t,x) =0, x€dQ,te[-d,0],

pilt,x) =0, x€dQ,te[-d,0].

Let m* = (m},mj,...,m}) and p* = (p{,p3,...,p}) denote the unique solution of (1) and
the equilibrium point (m*,p*) of system (1) to the origin. Using the transformations
m; = m; —mj; and p; = p; — p} (i=1,2,...,n), we can transform (1) into the matrix form as

follows:

D) = 3 s 7 (D228 — Am(t,x) + WF (p(t - o (8), %)),

aple, ! plt,
pz(;ix) =2 ka1 %(Dz {;Eka)) — Cp(t,x) + Bm(t — t(¢t), %),

3)

where

A =diag(ay, ay,...,a,),  B=diag(by,by...,b,),  C=diag(ci,ca...,cn),
Dy = diag(Dy, Dok .., Do)y m(t,) = (my(8,), ma (£, %), ..., m(6,)) T,
D} = diag(D%y, Dy, DY), p(t,%) = (11t %), p2(t%), ..., a6, %))
Fp(t-0@),%) = (i (p(t -0 (0),%)).f (2 (t = 0 ©),%)),.... £ (p(£ - 0 (8), %)),
filp(t-o®),%) =gi(pi(t —o(©),%) +p}) —gi(p}), i=12,...,n
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Now we introduce impulses and stochastic perturbation into account, and equations (3)

become

dm(t,%) = jy 7= (D 2289 di — Am(t,x) dt + Wf (p(t — 0 (2), %)) dt

+S(t,m(t,x), p(t,x)) dB(¢), t+#t,t>0,

dp(t,x) = Yk, %(D}t%‘:‘))dt — Cp(t,x)dt + Bm(t — t(£),x)dt, t#t,t>0, (4)
Am(ty,x) = m(t], x) — m(ty, x) = Uym(ty, %), k€N,

Ap(ty, x) = p(tf,x) — m(t, x) = Vip(ti,x), k€N,

where m(¢{,x) = lim,_, ¢ m(t, x), p(t;, %) = limt_,t; p(t, x), ty represent the moments when
impulses occur, #; < fx,1, limy_, o, & = 00, and B (¢) denotes an n-dimensional fBm with
Hurst parameter H € (0, %].

2.2 Preliminaries

In this section, we introduce some necessary definitions, assumptions, and lemmas
needed for the subsequent discussion. Let (2, %, P) be a complete probability space with
filtration {.%,},> satisfying the usual conditions (i.e., it is increasing and right continuous,
and .% contains all P-null sets). For convenience, let AT denotes the transpose of a matrix
A, Amax(A) and Ayin(A) denote the largest and smallest eigenvalues of a square matrix A,
respectively.

The vector norm || - || is defined as

172
|yt %)|| = (nyT(t,x)y(t,x) dx) , Vy(tx) € C1([0,+00] x Q,R"),

172
”z(t,x) ||d = (f sup z7(t,x)z(t, %) dx) , Vz(t,x) € Cl([—d,O] X Q,R"),
Q

-d<t=<0

and for a real square matrix A = (@), xn, its norm ||A||, (p = 1,2, 00) is defined as
n n
Al :m?mei,L lAll2 = /2max (ATA),  [Alloo = max ) _ lag],
i=1 j=1

and we write ||A||, = Al (p = 1,2, 00) without causing any confusion.

Definition1 According to [18], the trivial solution of system (4) with initial values ¢(t, x),
@*(t,x) € C([-d,0] x Q,R") is said to be exponentially stable in the mean-square sense if
there exist constants o, ', M, M’ > 0 such that

E|m(t,®)|* <MlglPe™,  E|pt.»)|* <M e’ t=0,
where
Mt A I L
Furthermore, we assume that ||| = |||V |¢* || As a result, the following lemma follows

directly from Green’s second identity [19].
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Lemmal Let Ry >0 and R, > 0 be a pair of diagonal matrices. Then

l

amI(t, 0 om(t,
/MRIZ—(D,( l x))dx
o) ot pay 0y 0Xxk
1
d am(t,
- / mT(t,x)R12—<Dk m( x)>dx,
Q P Bxk Bxk
apT(t, N ap(t,
/ P ( x)R2 —<D?i p( x)>dx
Q ot ” 0xx 0
0 ap(t,x)
= T(t,2)R — | D dx.
/Qp(x) DD e L

Lemma 2 Let x,y € R" be two n-dimensional column vectors, and Az = (a;) € R™" be a
positive definite matrix. Then we have

xTAgy < xTA4x + yTAgy,

where Ay = %diag(Zi laal,Y ;lanl,....> ;lainl) and As = %diag(Zi lail, Y lagils. ..
Y ilauil) are positive definite diagonal matrices, and |a| is the absolute value of a real

number a.
Proof
an o N
T
x Azy = (%1,...,%,)
Ayl Apn Yn

1
2 2 2 2 2 2
< E[(lﬂlﬂxl +lan|x] + -+ lamlat) + (laalxs + |azlag + -« + |anla;)
2 2 2
+oo o+ (lawlx) + lanlx) + - + |@unlx],)
2 2 2 2 2 2
+ (laulyy + laalys + - + lamly,) + (lazly; + laxly; + - + |anly;,)

+oot (lawly? + lazalys + - + amly?)]
7. (1 1 ! 1
= x" diag §Z|61i1|:~~»52|ﬂm| x+y" diag EZIaul,.--,EZIaml y
= xTAux +yT Asy.
The proof is completed. g

To investigate the mean-square exponential stability of trivial solution for system (4),
we introduce the following conditions:

(Al) The function f(p(t, x)) satisfies the Lipschitz condition: there exists a positive con-
stant K such that

[f (&) = f (s, ) | = K]p(t,%) - pls,)

, Vs, te[0,+00).
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(A2) The noise intensity S(¢, m(¢, x), p(,x)) in equation (4) satisfies the condition

trace[ST (t, m(t, x), p(¢, x))S(t, m(t, x), p(t, x))]

< m” (t,x)Aym(t,x) + pT (t,x)Asp(t, x),

where A; and A, are known matrices.
(A3) There exist positive definite matrices Py, Py, Q;, Qo such that the following linear
matrix inequalities are satisfied:
2

b4 2
——PlDL — 2P1A + 2Q3 + —
2 1-1

Q6 + HfZH_lQl > 0,
(5)

7.[2
_7P2Dz - 2P2C + 2Q5 +

2K
1- /TL Q4 + Ht2H71Q2 > O,

where Qs, Q4, Qs, Qg of the same forms as A4, A5 in Lemma 2 are positive definite

diagonal matrices, and

(Ad)  p = supyn(tk — tk-1) <00,

0<Ap< —ln|:k5(ﬂ1 + Ba) + (MK + 7»7)} (6)

1-u
where 131 = SUPgen ”I + uk”zx 132 = SUPgen ”I + Vk”2r )‘-5 = max{)‘max(Pl):}\max(PZ)}x
)\6 = )\max(Q4)J )\7 = )\max(Q6)-

(A4*) p =supgn(tc — tie) <00, 0 < Ap < —Inf[A5(B1 + B2) + d(A6 K + A7)].

(A5) There exists a positive constant 7 such that

In(1/A
n(/4)§n§o¢, k=1,2,..., @)

bk — tka

where Agq = min{Apin(P1), Amin(P2)}, and o will be defined in (21).

3 Exponential stability
In this section, we establish conditions of the exponential stability for system (4) by con-

structing a suitable Lyapunov function.

Theorem 1 Ifassumptions (Al)-(A5) hold, then the trivial solution of system (4) is globally
exponentially stable in the mean-square sense.

Proof Define a Lyapunov function as follows:

V(t,m(t, %), p(t,%)) = Vi(m(t, %), p(t,x)) + Va(t) + V3(2),
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where
Vi (m(t, %), p(t,x)) = / (m” (&, x)Pym(t, %) + p” (¢, %)P,p(t, %)) dx,
Q

__2 Lo
Vo(t) = —7 /Q/t_a(t)f (p(s,%)) Quf (p(s, %)) ds dx,

2 t
Vs(t) = —./ / m? (s,2)Qem(s, x) ds dx.
1- M JQ -1

Using Itd’s formula, we have

Ld om(t,x)
= 2/ m? (t,%)P; Z — (Dk ’ ) dt — Am(t,x) dt
Q P Bxk 8xk

+ Wf(p(t - U(t),x)) dt + S(t, m(t, x), p(t, x)) dBH(t):| dx

+ He?H / trace(ST (t, m(t,x), p(t, x))PlS(t, m(t, x), p(t, x))) dxdt
Q

[

T 0 L op(t, x)
2 /Qp (t,%)P, |:Z Fy (Dk o ) - Cp(t, %) + Bm(t - t(t),x)i| dxdt

k=1

l
o [ aml,
= / mT(t,x)P18—<Dk m( x))dxdt—z f m (&, %)PLAm(t, x) dx dt
U Q Xk Q

0xy

+2/ m” (t,x)PyWf (p(t - o (2),x)) dxdt+Z/pT(t,x)PzBm(t—r(t),x) dxdt
Q

+zZ/p (*, x)Pz—(Dk a( ))d dt - 2/ pT (6, )P, Cp(t, x) dx dt

+Ht2H’1/ trace(S” (¢, m(t, x), p(t, %)) P1S(t, m(t, ), p(t, x))) dx dt
Q

+ Z/QS(t,m(t,x),p(t,x)) dxdB"(t). (8)

According to the Dirichlet boundary conditions, Green’s formula, and Lemma 1, we have
om(t,x)
2 t,x)Pr— | D dx
Z/m(x)l (k = )
1
9 om(t,
2y / —(mT(t,x)Ple m( x))dx
P Q Bxk 3xk
!
am’ (t, am(t,
_22/( m 69 b p, x)>dx
P Q axk 8xk
! om(t,x) !
=22/ <mT(t,x)P1Dk ’ > -ndx
o JaQ Ok /g
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l T
ad L, am(t,
_ZZ/ Z5 x)Pl k s dx
= Ja 0xx 0xy

!
amT (¢, Im(t,
=_2Z/ m(6®) p b IMERN
P} Q an Bxk

2
< f m (6, x)PDymt,x) dx, ©)
Q

where n denotes the outer normal vector of 0Q, and

am(t, x)\'
(mT(t,x)Ple M( x)>
axk k=1
om(t, om(t, am(t,
:(mT(t,x)PlDl m( x),mT(t,x)PID2 m( x),...,mT(t,x)P1D1 n;( x)>.
x|
Similarly, we get
I
9 dm(t,x) 72 /
2 Tt,P—D* dx < Tt’ P. Dot %) dx. 0
;/Qp(x)zaxk<k8xk>x—ZQP(x)zLP(x)x (10)

Substituting (9) and (10) into (8) and using Lemma 2, we obtain

2
dv, < _71_/ mT(t,x)PlDLm(t,x)dxdt—2/ m? (t,x)PLAm(¢, x) dx dt
2 Jg Q
+2/ mT(t,x)ng(t,x)dxdt+foT(p(t—a(t),x))Qy‘(p(t—a(t),x))dxdt
Q Q
2
T / P (t,%)P,D:p(t, x) dxdt -2 f PT(t,%)P,Cp(t, %) dx dt
2 Jo Q
+2/QpT(t,x)Q5p(t,x)dxdt+/QmT(t—r(t),x)Qﬁm(t—f(t),x)dxdt
+Ht2H’1/mT(t,x)le(t,x)dxdt+Ht2H’1/pT(t,x)sz(t,x)dxdt
Q Q
+2/(;S(t,m(t,x),p(t,x)) dxdB" (¢). (11)

Now, we calculate the differential of V5(¢) and V3(¢):

av,

2 T
-4 /Qf (p(t,)) Quf (p(t, %)) dxdt

21-5(1)
S /Q FT(o(t - 0(6)2)) Quf (ot - 0 (0), %)) dn e

2K
l-p

2 /Q FT(o(t = 0(6),)) Quf (ot - o (0),2)) dxdt, 12)

IA

P (t,%)Qup(t, x) dx dt
Q
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and

dVs = L_ m? (¢, x)Qem(t,x) dx dt
1- 22 Q
2(1 - 1(2)) T
T /Qm (£—1(@),x)Qem(t — T(t), x) dxdt
2

=< —_/mT(t,x)Qsm(t,x)dxdt
1—/,1, Q

—2/ mT(t—t(t),x)Qﬁm(t—r(t),x) dx dt, 13)
Q

where Lemma 2 is applied. Combining (11), (12), and (13) and taking the expectation of
both sides, we derive that

3
EdV = ZEdW

i=1

2
< —%E / m (¢, x)P,Dym(t,x) dx dt — 2F / mT (&, x)PLAm(t, %) dx dt
Q Q

2K
+ 2IE/ m? (¢, %)Qsm(t, x) dx dt + -
Q 1-4

E/pT(t,x)Q4p(t,x)dxdt
Q

2
_ %E/pT(t,x)Pszp(t,x)dxdt—2E/pT(t,x)P2Cp(t,x)dxdt
Q Q

2
1-p

+2E/pT(t,x)Q5p(t,x)dxdt+ E/ m? (¢, x)Qem(t, x) dx dt
Q Q

+ HtZH_I]E/ mT (t,x)Qum(t, x) dx dt
Q

+Ht2H—1]E/pT(t,x)Q2p(t,x) dxdt
Q

= Ef mT(t,x)Hlm(t,x)dxdt+E/pT(t,x)Hzp(t,x)dxdt, (14)
Q Q

where [T = _§P1DL —2PIA +2Qs + 1T2,1Q6 + HEPPALQy, T, = —HTZPsz —2P,C +2Q5 +
%Qz} + Ht?'71Q,. This implies that

EdV < )\11E||zfn(t,x)||2 + AzE”p(t,x) Hz

< a3(E|m(tx) | +E|p@x)|°), (15)

where A1 = Anax(IT1), A2 = Amax (I12), and A3 = max{Ai, A},
On the other hand, for V (¢, m(¢, x), p(¢,x)), we have the estimates

EV (¢, m(t, %), p(t, x)) = EVi(m(t, %), p(t, %))
= IE/ (mT(t,x)le(t,x) +pT(t,x)P2p(t,x)) dx
Q

> Ma(E|m(t )| + E|p(t,2)])
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and

BV (£, m(t, %), p(t, %)) < 15 (E|m(t, )| + E|pt, %))

173 2
/ E”p(s, x) || ds

k—o (k)

LK
+ —
1-4

A7
+ -
1-p

17
/k E”m(s,x)”zds, k=0,1,2,..., (16)
L= (tk)

where As, Xg, A7, and L4 were defined in assumption (A4) and (A5), respectively. Thus, we

obtain
1
E|m(t,)|” + E|p(t,0)]* < BV (6 m(e,), p(6,). (17)
Substituting (17) into (15), we have

EdV (&, m(t,x), p(t, %)) < %]EV(t,m(t,x),p(t,x)) dt
4

= kEV(t, m(t,x), p(t,x)) dt, (18)

where A = i—z. Integrating the both sides of inequality (18) from #;_; to ¢ (¢ € (tx_1, tx], k =

1,2,...), we obtain
EV (t,m(t,%), p(t, %)) < V(0,m(0,%),p(0,%)) - €, te[0,4], (19)
and

EV (¢, m(t, x), p(t, x))

< V(e_pm(t_x),p(t_1 %)) - Y, te et k=2,3,.... (20)

We define the function r as follows:

rz)=(z+A)p+ ln[)»5(ﬂ1 +By) + (ALK + A7)e2d} z € [0, +00).

1-u
Then, we have

d?(heK + Ay)e?

T =B + o) + dingK + iy~ & 2 €102

r(z2)=p+

and r(z) — +00 (z — +00). Moreover, from (6) we have r(0) < 0. Thus, there exists a

unique positive number « such that () = 0, that is,

(@+M)p= —ln|:k5(ﬁ1 +B2) + dﬂ (MK + x7)ead]. (21)

1-
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For t € [0, 1], we have by (19) that

EV (¢, m(t,x), p(t, %)) < A5 (E”m(O,x) Hz + E”p(O,x)“z)
AeK
16Mf E|p(s,)| ds

A7 0 2
+ :/ E||ms, )| ds
1-4J 1

d
<25+
1-

_um+mﬁw%V
"

Therefore,

E||m(t,x)|* < —]EV(t m(t, x), p(t,x)) < %(2/\5 o (x61<+ 17)) I (2™

1 d
= —(2x5 + ——= (6K + A7) |e* P |1y |2
)»4 1- 122
M
s;ﬁ%%m,tdam, (22)
4

where M; = 2A5 + &[MK + A7])e**9” 5 0, and « is defined in (21). Similarly, we can
conclude that

E|pex)|* <MlyiPe®, telo,4]. (23)

Equations (22) and (23) then yield

sup E”m(t x) || < —”w” —a(t-(4)) ”w” —at) ar
f-t(t)<s<t;,x€Q
(24)
s E|ple)| < Sy e ) ||w|| 2t g7
f-o () <s<t1,x€Q 4
From the last two equations of system (4) we conclude that
]E”m(t,’(',x) ||2 = EH I + Up)m(tg,x) ||2
< |+ ||2 - E|m(ty, x) ||2 < BiE | m(ti, x) 2
E|p(t;,%)|* =E[|( + Vop(tex)|* (25)

<|a+ V|- E|p»)|* < BE| s,

k=12,....

Thus, according to (21)-(25), we have

EV (&, m(t,%),p(t} %))

< s (E|m(sx)|" +Elp (%))
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t t
T e dse 7 [1 Emen]as
- Jy o) T= b Jy—e(ey)
< s(BIE|m(t1, %) Hz + BE | p(t1, %) ||2)
t t
e ey R P
1= Jy-ow) 1= Jy @)
MKo - A
[As(ﬂ1+ﬂz)+ 0T e 4 1_7; e }—nwnz o

M
< [mﬂl #B2)+ T (K x»e“] 71 [y |2en
- 4
= g ||w|| (26)
Now, we will show that

EV (¢, m(t;,%),p(tf,%)) < e_(““)p% e, k=1,2,.... (27)
4

It is obvious that (27) is true when k = 1 by (26). We assume that (27) holds for k = i, that

is,
EV (&, m(t],x),p(t] %)) < e ¢r ||1/’||2 o,
Then, for ¢ € (¢, ti41], we get
E||mit, )| < iEV(t,m(t,x), p(6,x)) < iEV(t;,m(tj,x), p(t, %))
< e—(A+a)p % ”,w ”23_0“1‘6)*/7 - e—otp % ”,w ”23—oztl'
< e-““-’”%nwnze-“’f - %HW”ZE‘”. (28)

Similarly, we have

M
E|p(t%)|* < A,.jl 2. (29)
4

In addition, from (28) and (29) it follows directly that

_ M; o
sup EHm(t,x) H <— ”W”Z o (tip1-7(ti1)) < — Hw”2e atisg T
i1 —T<s<tj;1x€Q )\. A

(30)

M _
sup E”p (t, %) “ ”1//”2 —a(ti1-0 (ti41)) < Té||w||2e—ati+1eaa‘

_ i+1
£i41~0 <S=<tj;1.%€Q Ay

By (21), (25), and (28)-(30) we obtain

EV (&1, m (8,1, %), p(t},1,%))
x61<

E”p(s, t) ||2 ds

tiv1-0 (£41)

= as[E|m(e0, )| + E|p(t0%) ]
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1
1 M tis1—7(tis1)
<X [ﬁlEHWl(tm,x)H + BoE || p(tis1, %) ”2]

Liy
+“5/‘1 E|p(s, o) > ds
L= it Jo -0t

Liy
+ M_/ 1 IEHm(s,t)szs
L=t J vt

]E|| m(s, t) ||2 ds

2 _
Iy [|7en

)\‘l+l

AeKo - AT
|:)»5(,31+,32)+ s i|
l—u

d
= |:)”5(51 +p2) + _I_L(A6I<k7)e“d] Ly Peetin

M
—(r 1 2 —at;
= ¢ +01)PF”W” e otin

which shows that (27) holds for k = i+ 1. Therefore, (27) is true for every k = 1,2,..... Hence,
for t € (¢, tk+1], we can conclude by (27) that

E||m(t, x) ||2 < iEV(t,m(t,x),p(t,x)) < iEV(t};,m(t,ﬁ,x),p(t,:,x))ew—tk)

o M — Ol 1 —O
< e W oY IPe e = e Sy e
Ay Ay
t L —at 2 —at
<e™ kMJWH ot = MJWH
M M
< LMy Pe < g Pe @, k=1,2,.... (31)
Ay Ay
Similarly, we have
_ 1 (o—
Elp(t,»)|” < AhwwW‘"< lpPe @™, k=12,.., (32)
4

which, together with (22), (23), and (31), show that the trivial solution of system (4) is
globally exponentially stable in the mean square sense. O

Remark 1 If the time delays are constant functions with respect to ¢, that is, t(¢) = 7,
o (t) = o, then Theorem 1 reduces to the following result.

Corollary 1 If assumptions (Al)-(A3), (A4*), and (A5) hold, then the trivial solution of

system (4) with ©(t) = 7, o (t) = o is globally exponentially stable in the mean-square sense.

Remark 2 Because the fBm becomes the standard Brownian motion when H = %, the ex-
ponential stability conditions derived in Theorem 1 for the GRNs with fBm will become
mean-square exponential stability conditions for the GRNs with standard Brownian mo-
tion, which, to the best our knowledge, has not been reported in the literature. Based on
Theorem 1, the following result for the GRNs with standard Brownian motion can be ob-

tained.
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Corollary 2 If assumptions (Al), (A2), (A4), and (A5) hold and Eq. (5) in (A3) is replaced
by the equations

2
—EPIDL - 2P1A + 2Q3 +

2 1
—Qs+ -Q1>0,
i

1- 2
”ZPD* 2P,C +2Q 2KQ 1Q 0

-—— - + + +-0Q2>0,
) 2Dy 2 5 - i 4 5 )

then the trivial solution of system (4) is globally exponentially stable in the mean-square
sense.

4 Numerical simulations
In this section, we illustrate our results in a numerical example. Without loss of generality,

we consider a two-dimensional system (n = 2, [ = 1) and choose the parameters of system
(4) as follows:

02 O 02 0
A = ) B = )
0 03 0 0.2
05 0 01 O
C = ) D = )
0 04 0 02
N 02 0 015 O
Dk = ’ Uk = ’
0 0.2 0 015
01 O .
Vi = ’ W= 03 O ’
0 01 0 02
0.1 +0.2|sint| 0.1+ 0.1]sint|
O'(t) = . ) T(t) = . )
0.1 +0.1|sint| 0.1+ 0.2|sint|

2
fx) = 11‘7 =02k  H=04,  S(tmp)=—-01(m+p).

By using MATLAB to solve the inequalities given in conditions (A1)-(A5), we get the fol-
lowing feasible solution:

01005 0 01526 0
Pl = ) PZ = )
0 01201 0 01628
22341 0 4.0292 0
Q= [ 0 3.6024i|’ Q= [ 0 2.8485]

.3761 577
m, - 0.376 0 , m,- 0.5773 0 ‘
0 0.4841 0 0.2709

We know that the conditions of Theorem 1 are satisfied. By Theorem 1 we can conclude
that the trivial solution of system (4) is exponential stability in the mean-square sense.

In order to show the exponential stability of the trivial solution of system (4), the sys-
tem is solved numerically using the Euler method. The numerical results are presented in
Figures 1-4. Figures 1(b), 2(b), 3(b), 4(b) plot the exponential stability of the trivial solution
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m,(x.t)

Figure 3 Contour plot and sectional view of protein concentration p+ (t, x).

(a) (b)
Figure 1 Contour plot and sectional view of mRNA concentration m (t, x).
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Figure 2 Contour plot and sectional view of mRNA concentration m;(t, x).
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Py(%.t)
p,(0.2, 1)

(a)

Figure 4 Contour plot of and sectional view protein concentration p;(t, x).

at x = 0.2. The four figures show that the concentrations of both mRNA and protein are

exponentially stable, indicating effectiveness of the results derived in Theorem 1.

5 Conclusions

In this paper, we analyze the mean-square exponential stability for the comprehensive
GRNs with (a) diffusion-reaction, (b) time-varying delay, (c) impulsive control, and (d) fBm
for extrinsic noise. The stability analysis is a more challenging than the previous analysis

reported in the literature that considered only one or two of the four model components.

Our derived conditions of the mean-square exponential stability have a simple form and

can be used for evaluating the exponential stability of GRNs in a numerically straightfor-

ward manner.
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