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1 Introduction
For the symmetric Ornstein-Uhlenbeck operator, the eigenfunctions are the well-known
Hermite polynomials [1]. The eigenfunctions of a type of finite-dimensional normal but
non-symmetric Ornstein-Uhlenbeck operators have recently been found. They are the so-
called complex Hermite polynomials [2] (or, say, the Hermite-Laguerre-Ito polynomials)
where the idea is to proceed by means of a decomposition to the summation of series
of up to a 2-dimensional normal Ornstein-Uhlenbeck operator [3]. But if the Ornstein-
Uhlenbeck operator is not normal, the general eigenfunctions are still unknown up to
now.

In the present paper, we consider the d-dimensional (d > 2) non-symmetric Ornstein-

Uhlenbeck process

®] = 1 0 - 07[x0® dB,(0)
O|_[0 - 1 - 0[][R], 5B w
dX,(¢) 0 0 0o -+ - X4(2) dB,(t)
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The associated Ornstein-Uhlenbeck operator is

) K]
Ag=(=cx1 +x9)— + (—cxg +x3)— + - -+
8x1 8963

9 a2 92 02
—cxd—+02(— 4 ) 1.2)

+— +—5
2 2 2
0xg oxy  0xj 0x;

Denote B = —cId+R with Id the identity and R the nilpotent. Clearly, A; is a non-
symmetric operator since B does not satisfy the reversible? condition of Ornstein-
Uhlenbeck [4]

BQ=QB",

where Q = 202 1d is the diffusion coefficient matrix and B* is the transpose matrix of B.
The associated Markov semigroup (7'(¢));>o on the Banach space of the bounded mea-
surable functions is

(T(t)f)(x) = 1 2 / e’(Qzl%}’)/‘lf(eth _y) dy, (13)

(47T)3/2(det Qt) R3

and
¢ *
Qt:G2/ esBesB ds.
0

It is well known that (7(¢));>o extends to a strongly continuous semigroup of positive
contractions in the Hilbert space Li = L*(R?,du), where 1 is the unique invariant measure
[5, 6]. Still we denote by (A4, D) the generator of (T'()):>o in LZ; it was shown [7] that
the spectrum consists of eigenvalues of finite multiplicities, 0 (A;) = {-nc: n € N}, and all
the generalized eigenfunctions are polynomials and form a complete system in Li. Let
y = —nc. It follows from [7, Theorem 4.1] that the algebraic multiplicity of y is

n+d-1
=" (14)
and it follows from [7, Proposition 4.3, Theorem 4.1] that v4 (y), the index of the eigenvalue
y,is
va,(y)=1+(d-1Dn. (1.5)

A natural question is what the geometric multiplicity of the eigenvalue y is. In addition,
since the spectral subspace associated with y (i.e. Ker(y —A4)"4 (7/)) is a finite-dimensional
vector space over the real field R, what is the Jordan decomposition (or the Jordan canon-
ical form) [8, 9] of A, restricted on the spectral subspace? That is to say, what are the
integers r >0, 0 < g, < gr1 < -+ < q1 < qo < va(y) and the generalized eigenfunctions
forfr-1s -2 fisfo, such that

Vo (v =Adfir..s (v —AD)® i :k=0,1,...,7} (1.6)
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form the basis of the spectral subspace associated to y, and
(y —A))%*fr=0, k=0,1,...,r? (1.7)

The integers (g,,4,-1,---,91,490) are also called Segre characteristic (or, say, Segre type,
Segre notation). f is called a lead vector (or, say, a cyclic vector, a generator) of a Jordan
chain {fi, (y = Aa)fer ..., (¥ — Ag)% i} by some authors [9, 10].

In the present paper, we present an approach to calculate the Jordan decomposition and
the generalized eigenfunctions (see Theorems 2.1, 3.1) for d = 2,3.> The proof of The-
orem 2.1 is by direct calculation. The main techniques of the proof of Theorem 3.1 are
canonical projection and the theory of systems of linear equations. This approach is novel
to the Jordan decomposition of differential operators as far as we know.

It is a difficult problem to get the geometric multiplicity of the eigenvalue of a dif-
ferential operator from the perspective of functional analysis. It is well known that the
spectrum of the symmetric Ornstein-Uhlenbeck operator is the starting point of stochas-
tic analysis (more precisely: Malliavin calculus), thus the analogous results of the non-
symmetric Ornstein-Uhlenbeck operator are interesting. We will treat the more general
non-symmetric Ornstein-Uhlenbeck operator in the future.

2 In case of dimension 2
In this section, we treat the case of d = 2. Denote p = % The Hermite polynomials [1] are
defined by the formula

dn
Hy) = (p)' e e, n=12,....
X

Clearly, it has a power series expression,

[n/2]

Hy(x,0)= ) (;k) 2k - )" K (= p)f,

k=0

and satisfies
d
d—Hn(x, p) = nH, 1(x, p),
x
Hn+1(x: /0) = an(xv /0) - ann—l(xr P),

E v LV 0) = )
P ga tr gy e 0) = (. p).

Theorem 2.1 The geometric multiplicity of the eigenvalue y is 1. Set

Li/2]

1 J
Gl(x) = E gm(—%> Hi,zl'(x), i=0,1,.... (21)
j=0

Suppose f = G, then {f,(y — A2)f,(y — A2)*f,...,(y — A2)"f} forms a basis of the spectral
subspace associated to y. Also

> k—i

i=

n—k n—k—i /
om0 (-2) ()G (22)
0
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where k =0,1,...,n and H)(y) = 0 when [ < 0. In particular, (y — A)"f = (-1)"H,(y) is the
eigenfunction associated to y.

Proof We need only prove Eq. (2.2). It is easy to check that G;(x) satisfies the recursion
relation:

(—ic - A2)Gi(x) = =yCi1 (%) + 52 Gia (%),

(2.3)
Go(x) =1, Gi(x) = «.

Clearly, for any differentiable function k(x), g(y), we have

2

0 9
(v —A)h(x)g(y) = g0)(y — A2)h(x) + ¢ - h(x) (—p oy2 " y@)g(y).
Then by the property of the Hermite polynomials [1], we have

(V - AZ)Gi (x)H2/<—n+i(y)

= Hyonei )| ~yGia () + %Gi_z ) + (i - n)cGi(x)}

+¢Gi(x)(2k — n + D) Ho_p1i(y)  (by (2.3))

= Hoi_nii(9) | —yGiz1 (%) + Z%Gifz(x) +2(i+ k- ”)CGi(x)]

= —Gi1(%) [Hok-nsin1 () + (2k — 11+ i) pHop i1 (9) ]

+ Hatnii(9) [Zﬁ Gia) + 2(i + k- n)ch(x)}.
c
By mathematical induction, we have

(-1 - Al

n-k n—k—i )
__ Z (_%) (n B ;{ ~ i) (v — A2)Gi(x)Hop—pri(y)

n—k—i k
= Z<——) (n e i) Giaa (%) [Hat-nrin1 (9) + (2k = 1+ D) pHop_sia (9) ]

n—k 0 n—k+1-i k
+ Z <_2_C> (n e i) Gi» (x)sz—n+i(V)
n—k-1 n—k-1-i
—p <_£) (n—i- k)( k ) Gi(%)Hoje-n+i(y)
— n—k—i

n—k-1 keio1
p k+1
) 2 Gi H, +1)—-n+i .

i=0 ( > (”—k—i—l) () Ho(ks1)-n+i () .

3 In case of dimension 3
In this section, we treat the case of d = 3. For convenience, we give some notation firstly.
Set P for the space of all polynomials with variables (x, y, z), P, the space of polynomials of

Page 4 of 14
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degree less than or equal to 7, and H,, the space of homogeneous polynomials of degree 7.
Then P = J,, P, and one has the usual direct sum decomposition of all polynomials [7],

P =P Hn- 3.1)
m=0

Notation1 Sety = -nc,r =[5 and p = %
By the monomials property of the Hermite polynomials [1]
[n/2] "
no_ k
=) <2k> (2K = D11p" Hyy - (x),

k=0

the Hermite polynomials are another basis of P.
Let H,, = span{H;(x)H;(y)Hk(z),i + j + k = m}, then we have another direct sum decom-
position of all polynomials, i.e.,

P=UP» Pu=PH,. (3.2)
n m=0

We denote by Q,, the canonical projection [11] of P onto #,,,.
Theorem 3.1 Let

qr=2n+1-4k, k=0,1,2,...,r. (3.3)
Then there exist {fi, k= 0,...,r} so that

{fk,(y — A3y (y —A3)BVfy k= O,...,r}

forms a basis of the spectral subspace associated to y. Set hy = (y — Az)%\fi.. Then {h, k =
0,1,2,...,r} are the basis of the eigenspace of the eigenvalue y and satisfy

k K
Qi = Z(—zﬁ-l( )Hki(x)HZi(y)ani(z). (3.4)
i=0

i
The proof of Theorem 3.1 is presented in Section 3.1. The following is a by-product.

Corollary 3.2 The geometric multiplicity of the eigenvalue y of the Ornstein-Uhlenbeck
operator As isr + 1.

3.1 Proof of Theorem 3.1
Note that

) > 2 9 LA 5 9
=—c|-p—=+x—)-cl-p—=+y—|-c|-p—=+tz— | +y— +z—.
3 P2 TV ox P2 TV ay Pozz T %8z) TV ax Ty


http://www.advancesindifferenceequations.com/content/2014/1/34

Rao et al. Advances in Difference Equations 2014, 2014:34 Page 6 of 14
http://www.advancesindifferenceequations.com/content/2014/1/34

It follows from the property of the Hermite polynomials [1] that

(y — A3) (Hi(x)H;(y)Hk(2))
= (m — n)cH;(x)H;(y)Hi(z) — iH;-1 () [Hj1(9) + joHj—1 (9) | Hi(2)

— jHi(%)H;_1(y)[Hic1(2) + kpHy1 (2) ] (3.5)
For convenience, Eq. (3.5) can be rewritten in the following way.

Proposition 3.3 Ifp € H,, then (y —As)p = Qu(y —A3)p + Qum-o(y —As)e. In particular,

(v — A3) (Hi(x)H;(9)Hi(2)) = Qum(y — As) (Hi(x)H;(y)Hi(2))

+ Qua(y — As) (Hi(0)Hj(y)Hi(2)), (3.6)
where m=i+j+k and

Qunly — A3) (Hi(x)Hj(y)Hi(2)) = (m — n)cH;(x)H;(y)Hi(2) - iH1(x)Hj1 () Hi(2)

- jH; (x)]_[j—l (V) H1(2), (3.7)
and

Qualy — As)(Hi(x)H;(y)Hi(2))

= —1jpHi1 (¥)Hj1 () Hi(2) — jkpHi(x)Hj1 (y) Hy1 (2)- (3.8)
In particular, if m = n, then
Qu(y — As)(Hy(x)H;(9)Hi(2)) = —iH; 1 (x)Hj1 (0)Hi(2) - jHi(x)Hja () Hia (2). - (3.9)

Remark 1 Equations (3.7)-(3.9) make us use the terminology of graph theory. In fact, by
Eq. (3.9), we have a weighted and directed acyclic graph (which also can be seen as a Hasse
diagram) of the evolution of basis of H/, operated by Q,,(y — As). For example, when n = 3
and 7 = 4,° the directed acyclic graphs are, respectively,

300 — 210 — 201

\ /111\102/

120 — 030 — 021

012 — 003

400 — 310 — 301 — 211 — 202 — 112 — 103 — 013 — 004

N N

220 — 130 — 121 — 031 — 022

\040/

where we denote by the triple integers (i, , k) the Hermite polynomial H;(x)H;(y)H(z). It
follows from Eq. (3.9) that the weights of the arrows between (i,/, k) and (i,j — 1,k + 1),
(i-1,j+1,k) are —j, —i, respectively.
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One can find many properties from the directed acyclic graph. For example, for the ver-
tex (i,], k) with i + j + k = n, the height (which is defined by the distance between vertices
(1,0,0) and (i, /, k) and thus is between 0 ~ 2n) is /1 = j + 2k. For simplicity, in each height of
the graph, we list the vertices (i, ], k) decreasingly by lexicographic order. Then the vertices
(4,),k) and (k,, i) are symmetric about the nth height of the graph.

It follows from Eq. (1.4), Corollary 3.2, and Theorem 3.1 that the order of the graph
(the numbers of vertices in the graph) is the algebraic multiplicity of y, gx are 1 plus the
distance between vertices ([5] + k,0,[5] — k) and ([5] - k,0,[51 + k), and the numbers

of vertices in the nth height of the graph is the geometric multiplicity of y.

Proposition 3.4 The spectral subspace associated to y = —nc belongs to @EOJ H o
Proof Suppose that f is a generalized eigenfunction, i.e., there exists an integer k > 1 such
that (A — A3)Xf = 0. It follows from Eq. (3.7) that if the degree of f is m # n, then Q,,(A —
A3)*f #0. This is a contradiction; then f € P, and the degree is exactly 7.9 If there is an
i=0,1,..., L”T‘lj such that Q,,_;_of #0, then by Eq. (3.6), Q,,_1_2:(A — A3)*f #0. This is a
contradiction; then f € @-% H. .. O
Lemma 3.5 For any polynomial g € H,, with m # n, there exists a unique solution f € H,,
to the equation Q,,(y — As)f = g.

Proof Suppose that

g= Y byHx)H(y)H(2)

i+j+k=m

andf =), ik aH;(x)Hj(y)Hy (2). It follows from Eq. (3.7) that

Qm(y _A3)f
= Qu(y — A3) Z aijicH;(x)H;(y) Hi (2)

i+j+k=m

= Y ap[(m - n)cHi(x)H;(y)Hi(z)

i+j+k=m
— iH; 1 (x)Hj1 (9)Hi(2) = jH; () Hj1 (y) Hia (2) |

= b,,kH,(x)H,()/)Hk(Z)
2

i+j+k=m

By the linear independence of {H;(x)H;(y)Hi(2) : i + j + k = m}, we have a system of (m”)

2
m+1

2
We sort {H;(x)H;(y)Hi(2) : i + j + k = m}, which appear in the directed acyclic graph in

linear equations in ( ) unknowns.

Remark 1. The coefficient matrix of the linear equations is a lower triangle matrix with

nonzero diagonal entry (m — n)c. Thus the linear equations have a unique solution. ~ [J
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Suppose that f = Zfoj Jin—as with f; € H.. It follows from Eq. (3.6) that

R 1%
(y —As)f = (¥ —A3) D>z = D _[Qunas(y —As)fon-as + Qunasa(y — As)fonas]
s=0 s=0
L]

= Qm(y _AB)fm + Z Qm—Zs(V _AS)[fm—2s +fm+2—25]'

s=1

Thus the equation (y — As3)f = g is equal to the system of equations

Ouly —As)fm=g (3.10)

m

Qm—ZS(V _AS) m-2s = _Qm—ZS(V _A)fm+2—25: §= 17 27 ooy \‘EJ (311)

It follows from Lemma 3.5 that when m # 1, Eq. (3.10) has a unique solution f,, € #,, and

/
m-2s*

when m — 2s # n, Eq. (3.11) has a unique solution f,_»; € H
Clearly, if f satisfies (y — As)f = g, so does f + & where / is any eigenfunction of As
associated to y. Thus we have the following proposition.

Proposition 3.6 For any g € P with Q.28 =0,5=0,1,2,..., there exist solutions f € P
to the equation (y — As)f = g. In addition, iff is the same degree polynomial to g then there

exists one and only one solution.

Proposition 3.7 Set vy = Zfzo(—Z)k’i (llf)Hk_,»(x)Hgi(y)H,,_k_i(z), k=0,1,...,r. Then it sat-
isfies the equation Q,(y — As)yi = 0.

Proof Suppose that vy = Zf;o a;Hy_i(x)Ho;(y)H,—x_i(z). By Eq. (3.7), we have

k
Qu(y = As)Wi = Quly — As) Y aiHi—i(w)Hoi(y) Hyi-i(2)

i=0

k
= > —ai[(k - ) Hiia ()i (0) Hyp-k—i(2)
i=0

+ 2iHj_i(¥)Haio1 (0) Hy-k-i41(2) ]

=0.

By the linear independence of {H;(x)H;(y)H(z)}, we have a system of k linear homoge-
neous equations in k + 1 unknowns. The coefficient matrix is

k2 0 0 --- 0 0 0]

0 k=1 4 0 --- 0 0 0

0 0 k-2 6 --- 0 0 0
My = —

0 0 0 0 --- 2 2k-1 0

0 o 0 0 --- 0 1 2k |

Clearly, the solution is 1-dimensional and 4; = (—2)k’i(k), i=0,...,k, is a solution. O

i
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Now suppose that 41 =  + ¢ with ¢ € H,, and ¢ € P,_»; then by Eq. (3.6),

(y —As)h=(y —A3)y + (v —A3)9
= Qu(y —A3)Y + [Qualy —A3)¥ + (v — A3)].

Therefore, the equation (y — A3)h = 0 is equivalent to two equations:

Quly —A3)¥y =0, v eH,
(y —A3)p =-Qualy —A3)Y, ¢ePuy.

(3.12)

(3.13)

By Proposition 3.7, Eq. (3.12) has 1 + r independent solutions. It follows from Proposi-

tion 3.6 that there exists a unique ¢ satisfying Eq. (3.13) for each ¥. Thus we have the

following corollary.

Corollary 3.8 The geometric multiplicity of the eigenvalue y = —nc is greater than or equal

to1+r (i.e, there are at least 1 + r independent solutions to the equation (y — Az)h = 0).

Denote by A, k = 0,1,...,r the solutions to the equation (y — As)h = 0 given by Corol-

lary 3.8. Clearly, & = ¥ + (Id —Q,,) i, where v, € 1), is the same as in Proposition 3.7.

Suppose that fi = @i + gr with ¢ € H,, and gx € P,_», then

(r = A9)" i = (v = A3)™ H(x + &)

= Qu(y —A3) % gp + Qua(y — As)% g + (v — A3) ™ g
Therefore, the equation (y — A3)%~'f; = I is equivalent to two equations:

Quly — A3) g = Y,

(v = A3)% g = (1A= Q) = Quoaly — As)™* gy

(3.14)

(3.15)

Note that Y = "5 o biHii())Hai () Hir-i(2). Set @ = 35 aiHy_ii(6)Hai(y) Hi—i(2), then
the Lh.s. of Eq. (3.14) is a linear mapping from the span{H,_;_;(x)Hy;(y)Hx_i(z) : i = 0, ..., k}
to the span{Hy_;(x)Hy;(y)H,_r-i(z) : i = 0,..., k}. The linear mapping is the evolution from
the 2k-height to the 2(n — k)-height of the directed acyclic graph in Remark 1, which is
represented in the natural basis by a (k + 1)-square matrix S,_x (it is the multiplication of

some matrices; for details, please refer to Section 3.2). By Proposition 3.10, the matrix S,_¢

is nonsingular, which implies that Eq. (3.14) has a solution. Since g, (Id —Q,,) i € P,_», it

follows from Proposition 3.6 that Eq. (3.15) has a solution. Then we have the following

proposition.

Proposition 3.9 There exists an fi, € P, such that (y — A)% Yy = .

Proofof Theorem 3.1 Note that ¢ = O,/ in Proposition 3.7 are linear independent, so are

the eigenfunctions /. Let {f, k = 0,1,...,r} be as in Proposition 3.9. Then the generalized

eigenfunctions {(y —A)’fk :j=0,1,...,qx -1, k=0,1,...,r} are linear independent (please

refer to the proof of [12, p.264, Theorem 6.2.]).

Page 9 of 14
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Note that gx = 2n + 1 — 4k; then the algebraic multiplicity of the eigenvalue y can be

decomposed to

(” ; 2) Z(zn +1-4k) = qu (3.16)

k=0

Thus {(y = AYfi:j=0,1,...,qx — 1,k = 0,1,...,r} forms a basis of the spectral subspace
associated to y. Together with Proposition 3.8, we see that the geometric multiplicity of
the eigenvalue y is equal to r + 1 (otherwise, the algebraic multiplicity should be greater
than (";1)). Then {/, k =0,...,r} forms the basis of the eigenspace of y. Equation (3.4) is

exactly the conclusion of Proposition 3.7. 0

3.2 Linear mapping represented by the multiplication of some matrices
For example, by Eq. (3.9), when # is odd, the evolution from the (n — 1)-height to the n-
height (the n-height to the (n + 1)-height) of the directed acyclic graph is

Quly —As) Y aiHya_i(%)Hy(y)H,_i(2)
i=0

= Z ai(~(r + 1= ))H,_i(x)Hy12:(y)Hy—i(2) — 2iHy11-i(x)Hai1 () Hyri1-4(2))
i=0

r

=Y (~r+1=da;— 2+ 2)ai1)H, () Hi2i0)H, (2)  (where a1 =0),
i=0

Quly —As) > biH,_(x)Hy,2:(y)H,_i(2)
i=0

=Y (=(r+1=i)biy — (1 + 20)b;) (%) Hoi(y)Hy1-i(2)  (where b_y =0).
i=0

Then the matrices associated to the linear mappings are —Dy, —A¢ (see below). When #
is even, the evolution from the (# — 1)-height to the n-height (the n-height to the (n + 1)-
height) of the directed acyclic graph is

r-1

Qu(y —A3) Z ¢iH,_i(%)Hoi1 () Hy—1-4(2)
i-0

=Y (~(r+1=i)eis = (1+ 20)c)) Hri(®)Hai(9)H, () (where ¢y = ¢, = 0),

i=0

Qu(y —A3) Z diH,_i(x)Hy;(y)H,_;(2)

i=0

,_.

r—

=3 (~(r = )i = 2 + 20)dis1 ) Hy_i1 (¥) Hoinr (9) Hri(2).

i=0

Then the matrices associated to the linear mappings are —B;, —C; (see below).
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The others are similar. In general, the matrix S,  (see Proposition 3.9) associated to the
linear mapping of the evolution from the (2k)-height to the 2(n — k)-height of the directed

acyclic graph is as follows.

Proposition 3.10 Let r = | 5|. If n is odd, then suppose that Sy is an (r + 1 — k)-square

matrix given by

So = DoAo,

(3.17)
Si = DiCiSiiBiAr, k=1,2,...,7,
where Dy, A are (r + 1 — k)-square matrices,
[r+k+1 2 0 0 --- 0 0 0 ]
0 r+k 4 o --- 0 0 0
0 0 +k-1 6 --- 0 0 0
Ar = ! , (3.18)
0 0 0 0 -+ 0 2k+2 n-(Q2k+1)
L O 0 0 o --- 0 0 2k +1
and
! 0 0 0 0 0 ]
r—k 3 0 0 0 0 0
0 -k-1 5 0 --- 0 0 0
Dy = ' , (3.19)
0 0 0 0 2 n-2k-2 0
L O 0 0 0 0 1 n-2k

1 0 0 0 0 0 0 |
r+k 3 0 0 0 0 0
0 r+k-=1 5 0 0 0 0
Bl = | et ) (3.20)
0 0 0 0 2%m+2 n-2k-2 0
0 0 00 -~ 0 2k+1  n—2k
0 0 0 0 0 0 2%k
and
[r—k+1 2 0 0 0 0 0
0 r—k 4 0 0 0 0
0 0 r-k-16 --- 0 0 0
Ce= " . (3.21)
0 0 0 0 2 n-2k-1 0
0 0 0 0 0 1 n—2k+1
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If n is even, then suppose that Sy is an (r + 1 — k)-square matrix given by

S0 = Idr+1;
Sk = DiCiSi—1BrAss

where Dy, Ag are r + 1 — k order matrices,

A =

and

Dy =

and

0 0 0 0
0 0 0 0
0 0 0 0
[r—k+1 2 0
0 r—k 4
0 0 r—-k-1
0 0
0 0 0

Then the matrices Sy are nonsingular.

k=1,2,...

7+ k 2 0
0 r+k-1 4
0 0 r+k-2
0 0 0
| 0 0 0
! 0 0 0
r—k 3 0 0

0 0 0
0 0 0
0 0 0

0 2k+1 n-2k

0 0 2% |
0 0
0 0
0 0
n-2k-1 0
1 n+1-2k

................................................................... )

(3.22)

) (3.23)

) (3.24)

0 0 0o |
0 0 0
0 0 0
(3.25)
2%+2 n-2k-1 0
0 2k n+1-2k
0 0 2%k -1
0 0 0 ]
0 0 0
0 0 0
(3.26)
2 n-2k 0
0 1 n—2k+2 |

Remark 2 Set the column vector i = [(=2)F, ( k J(=2)K 1., (k)(—2)2, (/1()(—2),1]’, where

k-1 2

k=0,1,...,r. We conjecture that the column vector #,_ is the eigenvector of S associated

Page 12 of 14
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to the eigenvalue Ax, which is defined as follows: when # is odd,

)"0 = 11
(3.27)
A =2k(2k + 1)(4k —1)(4k + DAk, k=1,2,...,r,

when 7 is even,

Ao =1,
{kk =2k(2k —1)(4k - 3)(4k — DAy, k=1,2,...,r.

If the conjecture is valid, then we can characterize the leader vectors f; more clearly, i.e.,

k ) /
Q=32 (l‘) Hyet i) H () Hii(2).

Apply the notation in [10, 13]. Let A be an p x g matrix, o = {i1,...,is},and 8 = {j1,...,j:},
1<i<-<ig<p,1<ji<---<j, <q.Denote by Aliy,...,isJ1,.--,j:], or simply Ale, 8],
the submatrix of A consisting of the entries in rows ij,...,i; and columns j,...,j;. Let
A(iy,...,islj1,- -, j:) be the submatrix of A obtained by deleting rows i, ..., is and columns

Jji>-..,ji. For convenience, A(iy, ..., i|) (A(|j1,...,j:)) means deleting rows (columns) only.

Proof We divide the proof into three steps.

Claim 1: All the minors (i.e., the determinant of the square submatrix) of the matri-
ces Ay, Bx, Cx, Dk, k =1,...,r, are nonnegative. Since Ax (Bx) and DkT (C,f) have the same
types, we only need to prove the cases of A, Bx. The square submatrix of By is the same
as that of a certain Bg(i]), i = 1,...,7 + 2 — k, which is a direct sum of two matrices [13]
with the same type of Dy or A;. Thus we only need to prove the case of A. In fact,
Alir,...,i5)1,...,js] is a direct sum [13] of several nonnegative triangular matrices, which
implies that A[iy,...,is/1,. - -,/s] has a nonnegative determinant.

Claim 2: All the minors of Sx are nonnegative. In fact, we have the following type of

Binet-Cauchy formula:

det(AB)[e, ] = Y _ detAle, k] x detAl, B, (3.28)

where A (B) is m X n (n X m) matrix, m < n, k runs over all the sequences of {1, ..., n} with
the same length of «, B. By successively applying Eq. (3.28), we have
det Sg[a, B] = det(DiCiSk-1BrAr) e, B]

= Y detDi, ]

K1,K2,K3,K4

x det Cy i1, k] det Sg_1[Ko, k3] det By i3, 4] det Ag[ky, B.

Together with Claim 1 and by mathematical induction, we have det S¢[«, 8] > 0.
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Claim 3: det S > 0. Clearly, detSq > 0. Since det Ay, det Dy > 0, we need only prove that
det(CiSk_1Bx) > 0. By the Binet-Cauchy formula, we have

det(CSe1Bi) = Y _ det Ce(|d) det Sy (il7) det By (j]).
ij

Clearly, det Ci(|i), det Bx(j|) > 0. By the induction assumption detS;_; # 0, Claim 2 implies
that there exists at least one det Sx_;(i|j) > 0. This ends the proof. O
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Endnotes
@ Itis well known that the reversibility is equivalent to the symmetric property of the generator for a Markov process
with invariant distribution.

b We think that the approach is also able to solve the same problems for d > 4.

The directed acyclic graph can easily be given for any integer n, and we ignore it for convenience.
The reader can also refer to [7, Proposition 3.1].
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