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Abstract

In this paper, the author considers the following nonlinear fractional boundary value
problem:

{ LD P )+ 10 W o)+ VFGu®) =0, aeteloT],
)

where OD;ﬁ and ID}’S are the left and right Riemann-Liouville fractional integrals of
order 0 < B < 1, respectively, VF(t,x) is the gradient of F at x. By applying the variant
fountain theorems, the author obtains the existence of infinitely many small or high
energy solutions to the above boundary value problem.

Keywords: fractional differential equations; variant fountain theorems; critical point
theory; variational method

1 Introduction
Fractional calculus has applications in many areas, including fluid flow, electrical net-
works, probability and statistics, chemical physics and signal processing and so on; see
[1-6] and the references therein. In recent years, there have been many papers dealing
with the existence of solutions of nonlinear initial (or boundary ) value problems of frac-
tional equations by applying nonlinear analysis such as fixed point theorems, lower and
upper solution method, monotone iterative method, coincidence degree theory. However,
up to now, there are few results on the solutions to fractional boundary value problems
that are established by the variational methods; see for example, [7-20]. It is often very dif-
ficult to establish a suitable space and variational functional for fractional boundary value
problem, especially for the fractional equations including both left and right fractional
derivatives.

Jiao and Zhou [7] were first to show that the critical point theory is an effective approach
to track the existence of solutions to the following fractional boundary value problem (BVP
for short):

41D W ®) + LD W (1) + VF(tu(t) =0, ae.tel0,T],

u(0) =u(T) =0, (L)
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where (D, and tD}ﬁ are the left and right Riemann-Liouville fractional integrals of order
0 < B <1, respectively, VF(¢,x) is the gradient of F at x.
Asin [7], for any u € AC([0, T],RN), BVP (1.1) is equivalent to the following problem:

dt

2 (10D DYu(t) - 1,DE(ED%u(t)) + VE(t u(t) =0, ae.te[0,T], 12)
u(0) =u(T) =0, '

where o =1- /2 € (1/2,1].

Physical models containing fractional differential operators have recently renewed at-
tention from scientists which is mainly due to applications as models for physical phenom-
ena exhibiting anomalous diffusion. A strong motivation for investigating the fractional
BVP (1.1) comes from the fractional advection-dispersion equation (ADE). A fractional
ADE is a generalization of the classical ADE in which the second-order derivative is re-
placed with a fractional-order derivative. In contrast to the classical ADE, the fractional
ADE has solutions that resemble the highly skewed and heavy-tailed breakthrough curves
observed in field and laboratory studies [21, 22], in particular in contaminant transport of
groundwater flow [23]. In [23], Benson et al. stated that solutes moving through a highly
heterogeneous aquifer violate the basic assumptions of local second-order theories be-
cause of large deviations from the stochastic process of Brownian motion.

In [7], Jiao and Zhou obtained the existence of solutions for BVP (1.1) by the mountain
pass theorem under the Ambrosetti-Rabinowitz condition. Following Jiao’s work [7-16]
studied the BVP (1.1) or its variant form. In [8, 9], Chen and Tang studied the existence
and multiplicity of solutions by use of the mountain pass theorem or the fountain theorem.
In [10-12], by use of some three critical points theorem or the mountain pass theorem, the
authors, respectively, studied the existence of multiple solutions to the following problem:

: 410D, () + L, D (1) + AVE(t,u(t)) =0, ae.te[0,T], L3)

u(0) =u(T) =0,

where A is a parameter. In [13], by using the critical point theorem established by Bonanno,
Bai investigated the following problem:

{ 410D, (' () + 1,07 (W (1)) + ra(t)f (u(t)) =0, ae. €0, T], L4)

u(0) =u(T) =0,

where A is a parameter and a : R — R is a nonnegative continuous function. In [14], by
applying critical point theorems, Li, Sun and Zhang studied the existence of solutions to
the following problem:

: ~L LoD () + 1D (' (1)) = Ault) + VE(t,u(t)), ae.tel0,T], L5)
u

(0)=u(T) =0,

where A lies various interval. In [15], by the variational method combined with an iter-
ative technique, Sun and Zhang investigated the existence of solutions to the following
problems:

{ 400D, (W (0) + 4Dy (W (O) + (6, u(®) =0, t€[0,1] L6)

u(0) = u(1) = 0.
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Very recently, in [16], by using a three critical points theorem, Ferrara and Hadjian studied

the existence of three solutions for the following problem:

u(0)=u(T) =0, a7)

: 4 (LoD, (' (8) + 3:D7° (/) + Af (£, () + ng(t u(t)) =0, ae.te[0,T],
where A, it are two parameters and f, g : [0, T] x R — R are two nonnegative continuous
functions.

Some fractional equations including both left and right fractional derivatives and having
some relations with BVP (1.1) were also investigated; see, for example, [17-20]. By the
critical point theory, Jiao and Zhou in [17] established the existence of solutions for the

following fractional boundary value problem:

DS (0D u(t)) = VF(t,u(t)), a.e.tel0,1], (1.8)
u(0) =u(T) =0.

On the other hand, the variant fountain theorems are effective tools for studying the
existence of infinitely many high or small energy solutions [24, 25].

Different from the work mentioned above, in this paper, the author attempts to apply
the variant fountain theorems to study the existence of infinitely many small or high en-
ergy solutions to BVP (1.1). As pointed out in [24, 25], the variant fountain theorems do
not need the (P.S.) or (P.S.*) conditions, which is an important condition usually assumed
in the literature. By taking advantage of the variant fountain theorems, to consider the
infinitely many solutions to BVP (1.1) in this paper, the Ambrosetti-Rabinowitz condition
is not needed. This is one of the new features of the paper compared with some papers
above such as [9]. In [9], because of applying fountain theorems, the (P.S.) condition, or
say, the Ambrosetti-Rabinowitz condition (which ensures that the P.S. condition holds) is
necessary. In addition, the assumed conditions in this paper are easy to verify.

The paper is arranged as follows. In Section 2, the author presents some necessary pre-
liminary facts that will be needed in the paper. In Section 3, the author establishes the
existence of infinitely many small or high energy solutions for BVP (1.1) and gives two

examples to show the effectiveness of the results obtained.

2 Preliminaries
To apply the variant fountain theorems to the existence of infinitely many solutions for
BVP (1.1), we shall state some basic notations and results, which will be used in the proofs
of our main results.

Throughout this paper, we denote « =1— g, and we assume that the following condition
is satisfied.

(H) F(¢,x) is measurable in ¢ for every x € RN and continuously differentiable in x for

a.e. t € [0, T], and there exists 2 € C(R*,R*), b € L([0, T],R") such that

|F(t,x)| < a(|x|)b(t), ’VF(t,x)| < a(|x|)b(t) (2.1)

forallx € RN and a.e. £t € [0, T.
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Definition 2.1 ([6]) Let f be a function defined on [a, b]. The left and right Riemann-
Liouville fractional integrals of order y for function f denoted by ,D;”f(¢) and ,D,” f(¢),
respectively, are defined by

né _L ' _ -1
D, f(t)_l"(y)/a (t-s)"f(s)ds, telabl,y>0

and

o 1 P o
D0 = / (=) () ds, telably>0,

provided in both cases that the right-hand side is pointwise defined on [a, b], where I is
the gamma function.

Definition 2.2 ([6]) Let f be a function defined on [a, b]. The left and right Riemann-
Liouville fractional derivatives of order y for function f denoted by D} f(¢) and D} f(¢),
respectively, exist almost everywhere on [a, b]. ,D} f(t) and tDZf(t) are represented by

yeq LA
«Dif(t) = Ty de /a (t-9)"""f(s)ds, telab]
and
(—1)” 4" b o
tD}b/f(t) = 1"(” ~ y) % l (S — t) 14 lf(s) ds, te [ﬂ, b],

where n -1 <y <nand n € N. In particular, if 0 < y <1, then

anf(t)z F(l_y)%/;t(t—S)_yf(S)dS, te [a¢b]
and
d b
tDZf(L‘) = _F(ll— ) p / (s—=t)"f(s)ds, te€la,b].

Definition 2.3 ([6]) If y € (n—1,n) andf € AC"([a, b], RY), then the left and right Caputo
fractional derivatives of order y for function f denoted by ¢D} f(¢) and fDZf(t), respec-
tively, exist almost everywhere on [a, b]. <D/ f(t) and fDZf(t) are represented by

D}f (&) = uD]"f " (e) = F(n;—y) / t (=) (s)ds

and

(-
I'(n

- )" b —y—
cpY _ n Y =nen) (g = — )L gy d
t b,f(t) ( 1) t+y f (t) )/)/t. (S t) f (S) S,

respectively, where ¢ € [a, b]. In particular, if 0 < y <1, then

1
r1-y)

DIF() = DI () = / -8 ds, telab]
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and
) L
;sz(t) = —tDZ7 f/(t) = —1_‘(17_)/) / (S - t)fyf/(s) dS, te [ﬂ, b]

Let us recall that for any u € L7[0,T], 1 < p < oo, ||ull, = (fOT lu@)|P dt)V?, and u €
C[Or T]: ”u”oo = maX¢e[o,T) |u(t)|

Definition 2.4 Let 0 <@ <1and1 < p < co. The fractional derivative space E,” is defined
by the closure of C{°([0, T], RN) with respect to the weighted norm

T T 1/p
||u||a,p=(/ lu(o)[” dt + / |8D‘§‘u(t)|pdt> , VueE”,
0 0

As in [7], we note the following.

Remark 2.1
(1) The fractional derivative space E;” is the space of functions u € L#([0, T], RY)
having an ath order Caputo fractional derivative §D%u € LP([0, T], RN) and
u(0) = u(T) =0.
(2) Forany u € Ey*, noting the fact that #(0) = 0, we have §D%u(t) = ¢D%u(t), t € [0, T.

Lemma 2.1 ([7]) Let 0 <@ <1 and 1 < p < co. The fractional derivative space Eg’p isa

reflexive and separable Banach space.

Lemma 2.2 ([7]) LetO<a <land1<p<oo.Foranyue Eg’p, we have

TO(
llaellp = m”%l)‘?””p-

Moreover, ifoa >1/p and 1/p + 1/q =1, then

a—1/p
(@)((@ —1)g +1)Va 16D ul,-

Il < =

According to Lemma 2.2, we consider E;” with respect to the norm

T 1/p
Iy = [50%ul, = ([ ssucear)

in this paper.

Lemma 2.3 ([7]) Let O<a <landl<p<oo.Ifua > 1% and the sequence {uy} converges

weakly to u in E;”, i.e. ux — u, then uy — u in C([0, T1), i.e. ||t — ug|loc — 0 as k — oo.

In the following, we always consider the space E;” with p = 2 and denote E* = EY* with

the corresponding norm ||| = ||u||e,2. Moreover, we always assume that % <a <l
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Remark 2.2 By Lemma 2.1, it is easy to see that the space E* is a separable Hilbert space
with the inner product

T
(u,v) = / (6Dfu(e), DS v(e)) dt, u,v e E”.
0
Lemma 2.4 ([7]) If1/2 <« <1, then for any u € E*, we have

T
1
2 _ CD(X ,CDOZ 2'
|cos(rar)|[lu)? < /0 (5D u(t), Tu(t))dts—|cos(m)|nu||

Let us denote D*u(t) = 20D¢7 1 (§ DY u(t)) — 1, D57 ((D%u(t)).

Definition 2.5 A function u € AC([0, T],RY) is called a solution of BVP (1.2) if
(1) D*u(z) is derivable for almost every ¢ € [0, T], and
(2) u satisfies (1.2).

Remark 2.3 As before, for o =1 - 8/2 with 1/2 <« <1, if u € AC([0, T],RY) is a solution
of BVP (1.1) iff u is a solution of BVP (1.2).

To study the existence of infinitely many solutions of BVP (1.2), we need to introduce
the following variant fountain theorems. Let X be a Banach space with the space norm
I+ 1I, and X = @y X; with dim X; < 0o for any j € N. Set Wi = D, X;, Zk = D, X), and
Bi = {ue€ Wi lul < px}, Sk = {u € Zy : |ull = rx}. For px > i > 0, consider a family of C*-
functionals ®; : X — R defined by

D; (1) = A(u) — AB(u), X1 ell,2].
The following two variant fountain theorems were established in [24, 25].

Lemma 2.5 Assume that ®, satisfies:

(A1) @, maps bounded sets into bounded sets uniformly for A € [1,2], and @, (-u) = O, («)
forall (A, u) € [1,2] x X;

(Az) B(u) > 0 forallu € X, and B(u) — oo as |\u|| — oo on any finite-dimensional subspace
of X;

(A3) there exists pr > ri > 0 such that

ax(A) =

= inf  ®,(u) >0,
ueZp,llull=pg

bi(\)= max @,(u)<0, Vriell,2],
ue Wi, llull=ri
dir(\) = inf  ®,(u) >0 ask— ocouniformly ) € [1,2].

ueZy,||ull<pg

Then there exist A, — 1, u,(A,) € W, such that

) (un))lw, =0 and @, (u(h)) > ek asn— oo,
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where ci € [di(2), br(1)]. In particular, if {u(),)} has a convergent subsequence for every k,
then ®; has infinitely many nontrivial critical points {ur} € X \ {0} satisfying ®1(ux) — 0~

asn— oQ.

Lemma 2.6 Assume that the functional ®; defined above satisfies:

(B1) @, maps bounded sets into bounded sets uniformly for A € [1,2], and ®;(-u) = O, (u)
forall (A, u) €[1,2] x X;

(B2) B(u) >0 forall u € X, A(u) — oo or B(u) — 0o as ||u|| — oo; or

(Bs) B(u) <0 forallue X, B(u) - —oo as |u|| — oo;

(By4) there exists px > ry > 0 such that

br(A)= inf D, (u)>ar(A)= max D,(u), Virell,2].
UEZp,||ull=rr u€ Wi, llull=pg

Then

br(A) < ck(A) = inf max ®; (y(w)), Vre[L2],
yel'x ueBy

where T'y = {y € C(By,X) : y is odd, y |3p, =1id} (k = 3). Moreover, for almost every X €
[1,2], there exists a sequence { u/; (M)} such that

sup||uk(3) | < oo, O, (up(W) > 0 and Dy (up(L)) — k() asn— oc.
n

Remark 2.4 Carefully analyzing the proof of Lemma 2.5 and Lemma 2.6 in [24, 25], we
can find that the condition (A3) in Lemma 2.5 and the condition (B4) may be slightly weak

compared to the condition (A3)’ and condition (B4)’, respectively, as follows:

(A3) There exista ko > 0 and pg > r¢ > 0 such that for k > k&, the following relations hold:

ﬂk()\') = q>}~(u) = O’

inf
ueZp,llull=px

br(A)= max D;(u)<0, Viell2],
ue Wi llull=rg

di(A)= inf  ®,(u) > 0 ask — oo uniformly A € [1,2].

ueZp,llull<pg

(By)" There exista ko > 0 and px > ¢ > 0 such that for k > ko, the following relation holds:

br(A)= inf O, (u)>ar(A)= max Dy(u), Viell,2].
ueZi,||\ull=ri ue Wi, llull=pk

Then the conclusions in Lemma 2.5 and Lemma 2.6 still hold for k > k.

3 Mainresults

We define a family of functionals @, : E¥ — R as follows:

®; (u) = Au—2ABu, rel[L,2], (3.1)
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T T
Au=—= / (605 u(t), iDGu(2)) dt, Bu = / F(t,u(t)) dt. (3.2)
0 0

In view of [7], we know that under the condition (H), ®; is continuously differential and
1 T
<<I>;(u),v) = - 5/ [(BD‘t"u(t),iD‘}v(t)) + (ED‘}u(t),gD‘;‘v(t))]dt
0

-\ / ' (VE(t,u(®)), v(t)) dt (3.3)
0

for any u,v € E*.
Definition 3.1 A function u € E* is called a weak solution of BVP (1.2) if

1 T
5 / (508 u®), sD5v(®)) + (sD5u(t), gD v(®)) ] dt
0

+ /OT(VF(t,u(t)),V(t)) dt=0 (3.4)
for any v € E*.
By Theorem 4.2 in [7], we have the following lemma.
Lemma 3.1 Ifu € E* is a weak solution of BVP (1.2), then u is a solution of BVP (1.2).

Hence, by Remark 2.3, and (3.1)-(3.4), we may concentrate our attention on finding crit-
ical points of the functional ®; in E* to obtain some solutions of BVP (1.1).

Since E* is a separable Hilbert space in terms of Remark 2.2, we can choose a completely
orthonormal basis {;}{° of E and define X; = Re;. Then W}, Z; can be defined as before.

We give a list of assumptions which will be used in the sequel.

(Hy) F(t,x) >0, F(t,—x) = F(¢,%), for allx € RN and a.e. t € [0, T.
(Hy) There exist constants o,d > 0 such that

F(t,x)

lxl—o0  |x|”

>d forae tel[0,T].

(H3) There exist constants 0 < 7,7 <2, and § > 0, function [ € L?[0, T (p = 2/(2 — n)) with
I(t) > 0 for a.e. £ € [0, T], and function c satisfying that ¢(¢) > 0 a.e. £ € [0,1], 0 <
fOT ¢ (t) dt < oo for some r > 0 such that

c(®)|x|" < F(t,x) < I(t)|x|" (3.5)
for all x € RN with |x] <8 and a.e. £ € [0, T].
(Hs) There exist constants y, i with y € (0,2), 1 < 1/2 and a function d € L**7) such

that

F(t,x) — /L(VF(t,x),x) <d(t)x]” forallx e RN anda.e. t €0, T].
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We give several lemmas below which will be used in the proof of our main results.

Lemma 3.2 Let E be any finite-dimensional subspace of E*. Then there exists a constant
g0 > 0 such that

meas{t € [0, T]||u(t)| = eollull} = o
forall u € E\ {0}.
Proof On the contrary, suppose that there exists a sequence {u,} C E \ {0} such that

1 1
meas4 ¢ € [0, T]Mu,,(t)‘ > —|lully <—, VmeN.
n n

Letv, = 2, n e N. Then ||v,| =1 and

lunll’
1 1
meas{te [0, T]‘}v,,(t)| > —} <—, VmelN. (3.6)
n) n
By the boundedness of {v,}, passing to a subsequence, if necessary, we may assume that

v, — v with |v|| =1 in E for some v € E. From the equivalence of any norm in finite-

dimensional space, it follows that
T 2
f |v,,(t) - v(t)’ dt— 0 asn— oo. (3.7)
0
Since v # 0, there exists a constant §, > 0 such that
meas{z € [0, T]|v(£)| = 80} = So. (3.8)

Let 2, ={t€[0,T]: |v,(t)| < %}, Q¢ ={te[0,T]:|v,()] = %}; and Q = {t € [0, T]||v(?)| >
80}. Then for n large enough, from (3.8), (3.6), it follows that

meas(2,, N p) > meas() — meas(Qfl) > %50,
and therefore
T 2 2
/ [va(t) = v(t)|" dt > / [va(t) = v(t)|” dt
0 QN
> / (V@] = 2|vu(e)||v(2)]) dt
;N2
2 2,
> 8o 8o — - meas(£2,, N Q) > 550 >0

for n large enough. This is in contradiction with (3.7), and the proof is complete. O

By an argument similar to the proof of Lemma 3 in [26], we can obtain the following
lemma.
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Lemma 3.3 Assume that the function G(t, x) satisfies the following requirements: (i) G(¢, x)
is measurable in t € E for every x € RN and continuous in x for a.e. t € E, where
0 <measE < oo. (ii) There exists a constant d > 0 such that limy_,., G(t,x) > d, for a.e.
t € E. Then, forevery 0 < dy < d,and § > 0, there exists a subset Es C E with meas(E\ Es) < §
such that limy_, o, G(t,%) > do uniformly for all t € E;.

Proof First, we show that the following conclusion is true.

Conclusion Assume that the function sequence {g,} satisfies the following: (i) g,(¢) is
measurable in ¢ € E. (ii) There exists constant d > 0 such that lim,_, . g,(¢) > d, for a.e.
t € E. Then, for every § > 0, there exists a subset Es C E with meas(E \ Es) < § such that
lim,,—, o0 g4 (t) > d uniformly for all £ € E;.

In fact, without loss of generality, we may assume that lim,,_, o g,(¢) > d for all ¢ € E.
Define E,, = (-, {t € El|gk(¢) > d}. Then E,, is measurable and E, C E,, if n < m. Thus, E =
Uflil E, and meas E = lim,,_, o, meas E,;, which implies that lim,,_, ., meas(E \ E,,) = 0. Hence,
for every 8§ > 0, there exists ny such that meas(E \ E,;) < 8. Let Es = E,,;, then meas(E \
E;) < 8, and there exists ng such that g, (¢) > d for all £ € Es as n > nyg, i.e. lim,_, 0 g,(¢) > d
uniformly for ¢ € Es.

Now, let g,(¢) = infy>, G(¢,x). Then by the continuity of G(¢,x) in x for a.e. t € E, we
know that g,(¢) is measurable for all n. Also, lim,_,» g.(t) > d for a.e. ¢t € E. Thus, for
every 0 <dy < d, and § > 0, by the above conclusion, there exists a subset Es C E such that
lim,,, o g4(t) > d uniformly for ¢ € Es, and so, limyy—, o G(£,%) > dy uniformly for ¢ € E;.

O

Lemma 3.4 Assume that (H), (H;), and (Hy) hold. Then B(u) > 0 for all u € E* and
B(u) — oo as ||u|| = oo on any finite-dimensional subspace of E*.

Proof It is obvious that B(u) > 0 for all # € E? by (H;) and (3.2).

Let E be any finite-dimensional subspace of E*. We claim that B(u) — oo as |u| —
oo on E. In fact, for any u € E, set D, = {t € [0, T]||u(t)| > &o|lu||}, where &g is given in
Lemma 3.2. Then measD, > gy by Lemma 3.2. In terms of Lemma 3.3 combined with
condition (H;), we know that for § = £9/2, and 0 < dj < d, there exist R > 0 and a subset
E; C [0, T] with meas([0, T] \ Es) < & such that

F(t,x) >dy|x|° as|x| > Rforallt € Ej. (3.9)
Now, for any u € E, denote E, = D, N E;, from

T - measE, = meas([0, T] \ E,)

meas(([0, 71\ D,) U ([0, T1\ Es))

IA

T — meas D,, + meas([0, T] \ E;)

< T-¢0/2,
we get meas E, > £9/2. Thus, for any u € E with ||| > £, by (3.9) we have

= %

F(t, u(t)) > do|u(t)‘(7 > doeg |ul|® forallteE,,
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and therefore
r 1
B(u):/ F(t,u(t))dtz/ F(tu(t)) dt > 5dosg+1||u||".
0 Ey

This shows that B(#) — oo as ||u|| — oo on E. The proof is complete. a

Lemma 3.5 Assume (H), (H,), and (H3) hold. Then there exist a ko > 0 and two sequences
0 < rg < px = 0 as k — oo such that for k > ko, the following relations hold.:

ar(M)= inf  ®y(u) >0, br(A)= max D,(u)<0, Viel[l2];
u€Zp |lull=pk u€ Wi, llull=ri

di()) = inf  ®,(u) >0 ask— oo uniformly for A € [1,2].
u€Zp; |lull <pk
Proof Let a = sUp,cz, =1 l#ll2, we claim that ax — 0 as k — oo. Indeed, if not, then
there exist a constant ¢ and a sequence {u;} C E* with »; L Wi such that [|z;|| =1 and
llwll2 > &, where k; > 3, kj — oo asj — oo.
For any v € £, we may choose w; € W), such that w; — v on E” noting that E* =
@5 Xj. From

[, )| =[G, w; = )| < il Iw; = VIl = llwj = vl = 0 asj— oo,

we know that #; — 0 in E%, and therefore u; — 0 in C[0, T] in view of Lemma 2.3. Con-
sequently, ||u;2 — 0 as j — oo. This contradicts the fact that x|, > &.

Now, take §; = %8, where § is described in (Hs). Then for any u € E* with ||u|| <
81, it follows from Lemma 2.2 that |u(t)| < 8, for any ¢ € [0, T']. Hence, according to (Hs),
we get

c®|u@®)]" < F(t,u®) <1®)|u@®)|”, aetel0,T]

for any u € E* with ||u|| < é;, and therefore

T T
/ o(0)|ue)|" dt < / F(eu) de < [10)] @) (3.10)
0 0
by the Holder inequality. Thus, by Lemma 2.4 together with (3.1)-(3.2), we obtain
1 2 0
;. (u) = §|COS(0HT)|||M|| =20l Nl (3.11)

for any u € E* with ||u|| < &, and all A € [1,2]. In view of the definition of o, we know that
lltll2 < ok |lue|| for any u € Zg. Then (3.11) implies that

1
©u) = o |cos(m) | lull® = 2\l e 1" (312)

for any u € Z; with |[u|| < 8. Set¢; = %l cos(ar)|, ¢z = 2||{||,. Then (3.12) is reduced to the

form

;. () > crllull* - cooy [l (3.13)
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2¢co

for any u € Z; with ||u|| < &;. Let 6 = ?a}z. Obviously, x — 0 as k — oo since o — 0 as
1

k — oo.Let pg = Okﬁ , then px — 0 as k — o0, and therefore, there exists a ko > 0 such that

Pk < & as k > ko. Hence, for any k > ko and u € Z; with |u| = pk, from (3.13), it follows
that

c
®; () > c1pf - 20 pf = Elp,f > 0. (3.14)

So,

ar(A)= inf @y (u) > C—l,olf >0.
u€Zy,||ull=pk 2

In addition, for any k > ko, all A € [1,2] and u € Z; with |lu|| < px, noting that
;. (1) = —crf lul|" = —coa) pl — 0 as k — oo,
we have

di(\) = _inf  Du(u) > -ca)pl > 0 ask— oco.
ueZy lull <px i

This means that
lim infdi (1) > 0. (3.15)
k—o0

Again, according to the fact that F > 0 on [0, T] x RN, by applying Lemma 2.4, we obtain

T
@, () < _% /o (5D u(t), SD%u(t)) dt

1
< - 2= 52 3.16
~ 2| cos(am)| el = 2|cos(arr)|'0k (316)
for any u € Z; with |lu]l < pr, and all A € [1,2]. Combining (3.15) with (3.16), we get
di(A) — 0 as k — oo uniformly for all A € [1,2].
On the other hand, once again using (3.10), and applying the reverse Holder inequality,
for any u € E* with |lu|| < 8;, we have

T T
/ F(t,u(t))dt > / c(®)|u®)|" de
0 0

T -1/r T 1/s
Z(/o c(t)"dt) (/(; ‘u(t)’ dt) =collull;,, (3.17)

where ¢y = ( fOT c(t)7dt)™", s = {=. In terms of the equivalence of any norm on finite-
dimensional space, we know that for any fixed k € N, there exists a constant b; > 0 such
that ||u||sc > bi|lu| for any u € Wy. Thus, by Lemma 2.4, (3.1)-(3.2) and (3.17), we get

1
@ (1) < -————|lul|® - cobf |ul* (3.18)
2| cos

(amr)]
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for any u € Wy, and all A € [1,2]. Since 0 < 7 < 2, we may choose 0 < rx < min{§;, px} small
enough so that

1

2 T.T
———ri—cbir; <0
2| cos(arm)| ¥ Kok =

and therefore (3.18) implies

br(A)= max D,(u)<0

ue Wi llull=rg
for all A € [1,2]. The proof is complete. d
Now, we are in a position to state our first result in the present paper.

Theorem 3.1 Assume that (H), (Hy)-(Hy) hold. Then BVP (1.2) has infinitely many small
energy solutions uy € E* \ {0} satisfying
1 (T T
—5 /0 (6D5 u(t), DG u(e)) dt — /0 F(t,u(t))dt — 0~ ask — oco.
Proof By Lemma 2.2 and Lemma 2.4 combined with assumption (H), it is easy to see that
®; maps bounded sets into bounded sets in E¥ uniformly for A € [1,2]. Also, evidently,
®D; (1) = @, (—u) for all A € [1,2] and u € E¥ observing that condition (H;) holds. Now, in
terms of Lemma 2.5 together with Lemmas 3.4-3.5 and Remark 2.4, we conclude that, for
every fixed k > ko, there exists {A*} with AX — 1as n — 0o, and u(AX) € W,, such that
;,; (u()»ﬁ))lwn =0, ;, (u()\];)) — ¢ € [d(2),bk(1)] asn — oo.
We claim that the {u(kﬁ)} is bounded in E¥. For simplicity, we still denote )Jy‘, as A, in the
following.
In fact, by Lemma 2.2 and Lemma 2.4 together with (H,), we have

(% _ M) |cos(ar)| HM()WI)”2

1 T
< _(5 - M) /0 (5D () (1), £ D5 ) () lt
= @y, ((hn)) = (@5, (), u(hn)

T
’y /0 [E (6 u0)(®)) - 1 (VE(t, 1) ), 1) (0))] i

T
fck+o(l)+2/0 ’d(t)Hu(k,,)(t)‘ydt

< +0(1) + 2/|dll -y | uh)||}

2\ dll2-n T

4
T+ 1) , (3.19)

”u()hn)

<cr+o(l)+

noting that ®; , (u(,)) — cx as n — oo and @} (u(r,))lw, = 0. Thus, it follows from (3.19)
that the sequence {u(},)} is bounded.
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Now, we show that {x(),)} has a convergent subsequence for every fixed k > k.

In fact, owing to the fact that the sequence {#(1,)} is bounded, and E¥ is reflexive, we
know that there exists u € E* such that, up to a subsequence, u(1,) — u in E*. Keep-
ing in mind that {e;} is the completely orthonormal basis of E%, W, = L(ey, ey,...,e,),

u= ;’:01 (ej, u)ej, and letting P, : E“ — W, be the orthogonal projection operator, we know

n

that P,u = Z;:o (ej, u)e; and P,u — u in E* as n — oo. Therefore, u(A,) — P,u — 0 in E*
as n — oo. Thus u(r,) — P,u — 0 in C[0, T] as n — oo. Also, by u(,) - P,u — 0, there
exists a constant M; > 0 such that ||u(},) — P,u|| < M for all n € N. Moreover, from the
fact that @ (u) € (E*)*, it follows that

(@1 (), u(ry) = Pyut) = 0 as n — oo. (3.20)

Also, since @] € C(E* — (E¥)*), we have

’(cbi(Pnu) - QD/I(M), u()‘n) - Pnu)’ S ’(D;(Pnu) - CD;(M)} ”u()‘n) - Pnu”

< M;|®}(Pyu) - @, (w)| - 0 asn— oo, (3.21)
observing that P,u — u in E*. Therefore, by (3.20), (3.21), we have

’(cDi(Pnu): u()\n) - Pnu>| = ‘(d)/l(Pnu) - q)i(u): u()\n) - Pnu>|

+ (@4 (), u(hn) = Pyus)| — 0 (3.22)

as n — oQ.

Now, by (3.22) and applying Lemma 2.4, we have
|cos(ar)| || Py (u(nn) — us) ||2
T
<- /0 (605 Py (1(h) — 1) (8), (DG Py (u(Mr) — ua) (2)) it
= (@}, (Pats(hn)), P () — 1)) = (D (Pryta), Py (M) — 1))
T T
A / (VE(t, Pya(0n)), Po (1) — 1)) i~ / (VE(t, Pyie), P () - u)) dt
0 0
T
= —( @} (Pyu), u(hn) = Pyta) + 1 /0 (VE(t, u(n)(®)), u(rn)(t) — (Pa)(2)) dit
T
- /0 (VE(, (Puu)(2)), u(3,)(2) = (Puua) (1)) dt
T
< [(®}(P1s), () — Pyus)| + 2/0 [VE(& u(hn)(®) | |u(un)(€) = (Paus)(2)| dt
T
+/(; |VE(t, (Puu)(®)) | |e(h) () — (Paua)(8)| dt = Q, (3.23)
noting that P,u(},) = u(},) since u(x,) € W, and (@;n(u()»n)),P,,(u()»,,) —u)) = 0 since

@} (@(rn))lw, = 0. Also, according to u(r,) — u, P,u — u in E* as n — o0, there ex-
ists My > 0 such that ||u(A,)|| < M, ||P,u|| < M, for all n € N. Therefore, it follows from



Chai Advances in Difference Equations (2016) 2016:213 Page 15 of 23

Lemma 2.2 that |u(),)|cc < Ms, |Pyit|eo < Ms for all n € N for some M3 > 0. Then, by (H),
we immediately obtain

[VE(tu)(©)| = max a(ls)be),  [VE(e (Pu)| < max a(jx])b(0)
for all n € N. Thus,
T
/o IVE(, 1400,)(®) || (0) — (Poa0)(8)] dt

T
< max a(|x|)|u(k,,)—P,,u|oo/ b(t)dt — 0
0

T xl=M3

as n — 00, and
T
/0 IVE(t, (P () |10 ) 0) — (Poia)(0)| it

T
< max a(|x|)’u(k,,)—P,,u‘oo/ b(t)dt — 0
0

x| <M3
as n — 00, since u(r,) — P,u — 0 in C[0, T'] as before. Thus, by (3.23) we know that Q, —

0 as n — oo according to (3.22). Also, by (3.23), we have

1/2

| cos(a)|

for all n € N. On the other hand, since P,u — u — 0 in E* as n — oo, for arbitrary ¢ > 0,
there exists a N > 0 such that ||P,u — u|| < & as n > N. Thus

leh) = Puss|| = ||us(hn) — e]| = e = Pall = || () — e — & (3.25)

as n > N. Consequently, by (3.24) and (3.25), we have

1/2
4 — u] < (M> e

| cos(ar)|

as n > N, and therefore,

1/2
lim ||u(k,,)—u|| < lim (”Q7"”> +e=g¢,
n—00

n—oo\ | cos(amr)|

which means that lim,_. . ||#(A,) — #| = O because of the arbitrariness of &; namely,
u(r,) — u in E*. Hence, by Lemma 2.5 and Remark 2.4, we know that Theorem 3.1 is
true. This completes the proof. O

Now, we establish another result in this paper. To this end, we first give some assump-

tions.

(H)" There exist constants ¢ > 0, p > 2, and 0 < g < p such that

F(t,x) < c(|x|p + |x|q) for all x € RN and a.e. t € [0, T].
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(Hs)" limjy_ ¢ sup ‘lf) < Ll i"‘Tgﬁ)
(Hq)" limp, o0 FIEclz) =oo fora.e te[0,T].

(Hs)' There exist constants @ > 2 and d > 0 such that

|cos(arr)| uniformly for a.e. ¢ € [0, T7.

WE(t,x) — (VF(t,x),x) < d(l + |x|2) forallx € R, and a.e. £ € [0, T].
By Lemma 3 in [26], we can easily see that the following lemma is true.

Lemma 3.6 Assume that (H), (Hy)' hold. Then for every § > O there exists a subset Es C
[0, T] with meas([0, T \ Es) < 8 such that

F(t,x)

lxl>o0  |x|?

=00 uniformly for t € Es.

We establish the following lemma to obtain the second result in this paper.

Lemma 3.7 Let (H), (H;), (Hy)'-(Hy)' be satisfied. Then there exist two sequences py > ry >
0 such that

b= inf  ®;(u)>ar(A)= max D,(u), Vrel[l2].
ueZ, ||ull=ri u€ Wi llull=px

Proof We divide the proof into two parts.
Part L. In this part, we will prove that there exists a sequence ry > 0 such that

b= inf ®,(u)>0, VAell2]

ueZy, ||ull=ri

In fact, by (Hs)', there exists a subset Ey C [0, T] with measEy = T such that dy <

(r(a—”|cos(an)| where dy = sup,g, (limp o sup ‘ ‘2 ) Taking ¢ > 0 such that dy <

472
( 4‘)‘;21,1) | cos(am)| — &/2, it follows that there exists § > 0 such that
(o +1))?
|F(t,x)| < (% |cos(a7t)| - 8/2) |2 (3.26)

as |x| <8 for t € Ey. By (Hy)' together with (3.26), we know that there exists a constant
¢; > 0 such that

|E(t,%)| < <(F(Z‘T+Zj|cos(an)| - 8/2) ll? + ¢ |l (3.27)

forallx e RN and a.e. £ € [0, T].

Let o = sup,cz, uj=1 #llp. Using the method as in the proof of Lemma 3.5, we can
deduce that ox — 0 as k — oo. Thus for any u € Z, by (3.1), (3.27), Lemma 2.2, and
Lemma 2.4, we have

1 T
D, (u) > —|c0s(om)|||u||2—2/ F(t,u(t)) dt
2 0

T
> %|cos(om)|||u||2—2(%|cos(an)| - —)/o |u(e)|” dt
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T
—2cs/ \u(t)|p dt
0

> l|cos(om)’ llul? - l|c0s(om)| - 78T2a lull? = 2c.0 || u)|?
—2 2 (I (a +1))2 ek
8T2o¢ )
= ———lull® = 2c.af ||ull”.
@D flull 20y |ull
, . _er b
Accordingto p > 2 and oy — 0 as k — 00, if we take ry = (m)l’ 2o, 7, thenr — o0

as k — o0, and

Lz_p

o eT*> 2
D; (1) > ce m o >0, Viell2]

for any u € Z; with || u|| = r¢. Thus,

bk()\,) = inf CD)L(M) > Cgip (ﬂ) O[kip >0, Vie [1, 2]

ueZy,||ull=rg

Part II. In this part, we will show that there exists a sequence {px} with pi > r¢ such that

ar(\)= max ®,(u)<0, VArell2].
ue Wi, llull=pg

In fact, for any fixed k € N, by Lemma 3.2, we know that there exists a constant & > 0
such that

meas{t €[0,T]: |u(t)’ > 8k||u||} > &k (3.28)

for any u € Wj. By Lemma 3.6, for 0 < 8 < £/2, there exists Ex C [0, T] with meas([0, 7 \
Ej) < 8 such that

F(t,x)

lxl>o0  |x|?

=00 uniformly for t € E;.

Thus, for My = , it follows that there exists Ry > 0 such that

2
\cos(an)\s]‘:’
F(t,x) > M|x|> forallt € E; (3.29)

as |x| > Rg. Take Sy = Ry/ex and let D, = {t € [0, T1||u(t)| > ex|lu||}. Then, for any u € Wy
with ||#] > Sk, we have

u(t) > exllull > Ry fort € D, (3.30)
Let E, = D, N Ei. Then it follows from (3.29)-(3.30) that
F(t,u(0)) > M|u(®)|* forallt€E, (3.31)

for any u € Wi with |lu| > Sk.
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Since

T - meas E, = meas([0, T] \ E,)
= meas(([0, T]\ D,) U ([0, T\ Ex))
<T-measD, + meas([O, T] \Ek)

< T—¢rl2,

we know that meas E,, > /2.
Thus, by (3.28), (3.30)-(3.31), and Lemma 2.4, for any u € Wy with |lu|| > Sk, we have

1 T
@) = ool - /0 F(t,u0) dt

2| cos(ar)|

2
=< m”ldﬂ —LMF(t,u(t))dt
1

< — 2—M/ t zdt
< rcoamy I =M [ luto)

1 2 1 301,112
——— \ul|” — = Mieillu
2ICOS((M”II 17 = 5 M llul

2
—m flaell” (3.32)

So, choosing px > max{Sk, ¢}, it follows from (3.32) that

1 2

@, (u) < Pk

- _2|cos(an)|

for any u € Wy with ||u|| = px. Hence

ar(A)= max  ®;(u) <0, VAe[l,2],and pg > 7.
ue Wy, llull=pk

Consequently, from Part I and Part II we conclude that Lemma 3.7 is true. O
Now, we state another result in this paper.

Theorem 3.2 Assume that (H), (H;), (Hy)'-(Hs)" hold. Then BVP (1.1) has infinitely many
high energy solutions uy € E* \ {0} satisfying

1 T T
- / (5D i (£), Dl (1)) dlt ~ / E(t,m(0)) dt — 00 ask — oo,
0 0

Proof As in the proof of Theorem 3.1, it is easy to see that the conditions (B;), (B;), and
(B4) of Lemma 2.6 hold under the assumptions (H) and (H;) combined with the fact that
A(u) — oo as ||ul| = oo, and applying Lemma 3.7. Consequently, by Lemma 2.6, we know
that for a.e. A € [1,2], there exists a sequence {u’;(k)}jﬁl such that

sup”uﬁ(k)” < 00, ol (u’;(k)) —0 and &, (uﬁ(k)) — cr(A) (3.33)

as 71 — OQ.
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Owing to the fact that p > 2, it follows that

P

b = eT™ 2 2 5
A) > A>T | —m8m8m — =
62 0:0 = 7 (G ) b oo

as k — oo because oy — 0 as k — 0o. Also since

() = jnf max D, (yw) < max D; (1) < max D1 (u) =

we have
br <c(A) <e¢ forall A €[1,2]. (3.34)

We choose a sequence A,, — 1 as m — oo with %, € [1,2] such that (3.33) holds for
all A, (m =1,2,...). Using arguments similar to the proof of Theorem 3.1, we can prove
that the sequence {u/;()\m)}flil has a strongly convergent subsequence. Now, we show this
simply as follows.

In fact, since {u'n(()\m)}zil is bounded, there exists a #*(%,,) € E%, up to a subsequence,
such that u’;(km) — 4 (%,,) as n — o0, and therefore, uﬁ(km) — (A, in C[0, T] as n —
00, keeping in mind Lemma 2.3. Let M > 0 be a constant such that || u’fl(km) —uF (Al <M,
IIMﬁ(Am)ll < M, Vn > 1. Then there exists M; such that |u];()\m)(t)| < Mj, VYn > 1, for all
t € [0, T], |u*(hy)(t)| < My, forall £ € [0, T] by Lemma 2.2. Moreover, by uﬁ()»,,,) = u* (L),
and @) (u*(A,)) € (E*)*, we know that (@] (X (X)), uk(A) — k(X)) — 0 as n— oo.
Also from CIJ:\m(u',;()\m)) — 0 as n — oo and |luk(X,) — u* (M| < M, it follows that
(CD/M(u’;()»m)), uk (M) — ¥ (X)) — 0 as n — oo. Hence, by Lemma 2.4 and conditions (H)
and (H;), we get

’cos(an)’ H uﬁ()»m) —uF () ”2
T
=- f (505 (1t o) = 1 o)), D5 (s (o) — 1 (1)) ) it
0
= (@), (tp(Am))s thy o) = 1" (M) = (@] (" M) ) 1y () — 1" (M)

T
+ A,,,/ (VE(t,uf (L) @), () (&) — 1" (M) (1)) dit
0
T
- [ (T ) 0) )0 - )
0
T
<0(1) + 2|upy (m) — 1" (M) / |VE(t,ul (1) (@) ] dt
0
T
+ |ty ) = ()|, / |VE(t, uf (1) (@) dt
0

T
<0(1) + 3|up (m) — 1" ()| max a(|x|)/0 b(¢)dt — 0

x| <M

as n — 00. Thus, we conclude that u’f,(km) — uF(),,) as n — oo in E¥. Hence, it follows
from (3.33)-(3.34) that

), (' (m) =0 and @, (" (M) € [brr -
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We claim that the sequence {u* (Am)}55; is bounded.

In fact, if not, then there exists a subsequence of {uk(km)}m 1» still denoted by
{uk(km)} _1» such that luk(h)ll — oo as m — o0o. Let v, = ”Z,(E
av e E% up to a subsequence, such that v,, — vin E%, and therefore vm — vin C[0, T] by

. Then there exists

Lemma 2.3.
Case 1. If v # 0 in E*, then meas Ey > 0, where Eg = {t € [0, T]|v(¢) # 0}. By Lemma 2.4,
condition (H;), and the fact that ®;_ (u*(1,,)) € [br, k], we have

2| cos(a)| +oll)

~ 1 |5, k(1))
2fcos(an)l  luk(h)lI?

e / ' (6D ) 0), EDF U () (1)) dt —
20 G2 o

TR G0 0)

‘A/o WG
Et, (o) (2))
——— 2

>/EO G2

/ vt )|2F(t u ()\m)(t) t. (3.35)

®;,, (u* (Am))
l[2% (Ao ) |12

Since [¢X (k) (®)] = [V (E)]]|6¥ (M) | = 00 as m — oo for all t € Ey, by (Hy)' we see that

F(t,u* (1n)(2))
|k (1) (212

2

|Vm(t)’ — o0 fora.e. tekE,.

Ftu(

m ) dt = o0, which contra-

Thus, using Fatou’s result, we obtain lim,,__ _ |, o [V, (2)]?
dicts (3.35).
Case 2. If v = 0 in E%, then v(¢) = 0 for all £ € [0, T] by Lemma 2.2. Thus, by condition

(Hs)' together with Lemma 2.4, we have

(% — 1) |cos(om)}
1 T
(15 )iy [ GPEw LD ) 0)

O () = (0], () )]

T
+ m /0 (LE(t,u* () (@) = VE (£, u* (1) @), t* (1) (1)) dt

2d r

2dT

=oW+ EaaE T2

T
d /0 v dt, (3.36)

noting that @;m(uk()\m)) =0and ®;,, (uX(ry)) € [br, k). Thus letting m — o0 in (3.36), we
obtain (5 —1)| cos(ax)| < 0, which contradicts the fact that x> 2.
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So, summing up the above analysis on Case 1 and Case 2, we know that the sequence
{tX(Ap) o 1 isbounded in £%. Hence, there exists a uk € E, up to a subsequence, such that
w*(A) = u* in E* as m — oo, and therefore, u*(,,) — u* in C[0, T] as m — oc. By the
standard method, we can prove that u* is a critical point of ®;. Taking into account the
fact that & (uf) > by — 00 as k — 00, we know that BVP (1.2), i.e., BVP (1.1) has infinitely
many high energy solutions. The proof is complete. d

Let us draw a conclusion for this paper. Because of applying the variant fountain theo-
rems, the results for the existence of infinitely many small or high energy solutions to BVP
(1.1) are obtained without the assumption for the Ambrosetti-Rabinowitz condition, while
the A.R. condition is usually assumed in the literature. On the other hand, the assumed
conditions in this paper are easy to verify, especially such as conditions (H;) and (H4)'. In
general, some conditions corresponding to (H;) and (Hy)" are required to hold uniformly
for some variable on some interval, while the formulas in (H,) and (H4)" only need to hold
for a.t. t € [0, T] due to applying Lemma 3.3 and Lemma 3.6 in this paper. So, it can be
expected that Lemma 3.3 and Lemma 3.6 may be applied conveniently to some problems
in the future to weaken some conditions. Finally, to show the effectiveness of the results

obtained, two examples are given as follows.

Example 3.1 Consider the following boundary value problem:

410D, () + 1D (1) + VE(tu(t) =0, ae.tel0,T], (337)
u(0) =u(T) =0,

where th_ﬂ and tD}’S are the left and right Riemann-Liouville fractional integrals of order
0 < B <1, respectively, F(¢,x) = (sin Zt)|x|" + clx’ + e’ In(1 + #?), t € [0, T], x € R, and
t€(1,2),0>2,¢>0.

It is easy to see that F satisfies the following conditions:

(1) F(t,x) > 0, F(t,—x) = F(t,x),t € [0, T], x € R.

(2) E(t, %), |Fi(t, )| < a(|lx])b(2), t € [0, T],x € R, where a(x) = &7 + &% + x> + 2™+ 271+,
b(t) = Tsin 5t +ch + 2¢".

(3) lim gy oo infyefo, 7] Flgjl’;‘) =¢>0,t€[0,T].

(4) F(t,x) > (sin Z7t)|x|* with T € (1,2) fort € [0, T], x € R, and 0 < fOT (sin %t)‘% dt < oo.
Also,

E(tx) < |a|” +clxl® + e’ < (L+c+e”)|al”

as x| <1, t € [0, T], noting that 6 > 2, and 7 € (1,2).
(5) Take u € (%, %). Then 0 < ut < 1,1 < ub, and therefore,

F(t,x) — n(F,

(i
= (o

A

(%), %)

2
) (1= put)|x™ + e - ub)x|’ +e <ln(1+x) 1 . xz)

+ x2

thl NII:I

>(1 uo)lx* +e’ In(1+4%), tel0,Tl,xeR.
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2
% = 0, there exists a M > 1 such that In(1 +x?) <

(1+x2

Owing to lim .o % =0,limy o

M|x|*, for all x € R. Hence,
E(t,x) — u(Fu(t,x),x) < (1+ Me")|x]", te€[0,Tl,xeR.

So, all the assumptions of Theorem 3.1 are satisfied, and therefore, BVP (3.37) has infinitely
many small energy solutions.

Example 3.2 Consider the following boundary value problem:

410D, (' () + LD (1) + VE(tu(t) =0, ae.tel0,T], (338)
u(0) =u(T) =0,
where OD;’S and tD}ﬂ are the left and right Riemann-Liouville fractional integrals of order
0 < B < 1, respectively, F(t,x) = é‘|x[? + nIn(1 + x%>sin®¢), t € [0, T], x € R, p > 2, and
satisfying 0 < 7 < FL(L“T;BZ cos(am). It is easy to see that F satisfies the following conditions:
(1) F(t,x) > 0, F(¢t,—x) = F(t,x),t € [0, T], x € R.
(2) F(t, %), |Fy(t,%)| < a(|lx])b(t), t € [0,T], x € R, where a(x) = &” + 21 + x + 42, b(t) =
pe’ +2n sin?¢, noting that In(1 + x) < x for all x > 0.
(3) F(t,x) < (T + n)(|x]? + |x|?) forall t € [0, T], x € R.

In(1+x2 sin? ¢

P ) = psin®t<n, t€(0,T).

i Etx) 1 T, P2 4 1
(4) limy 0 T < limyyoe” [x77 + limy o 7

(5) lirnlxl—)oo F‘E:";) = liIn|x|—>o<> |x|p—2 =00,
(6) Take i € (2,p). Then

2nx? sin® ¢
WE(t, x) — (Fx(t, %), %) = (u - p)e‘lal” + unln(l + * sin® £) - 7772
1+xZsin“¢

< un ln(l +x%sin® t)

< un(l+x%)

forall £ € [0, T], x € R. Hence, all the assumptions of Theorem 3.2 are satisfied and there-
fore BVP (3.38) has infinitely many high energy solutions.
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