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1 Introduction

Throughout this paper we take g = €7, where J(t) > 0. The classical Jacobi theta func-

tions 6;(z|t), i = 1,2, 3,4, are defined as follows:
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m=-00
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Ou(zlt) = Y (-1)"q" ™. (14)
m=—00

Recently, Chan, Liu and Ng [1] proved Ramanujan’s circular summation formulas and
derived identities similar to Ramanujan’s summation formula and connected these iden-

tities to Jacobi’s elliptic functions.

Subsequently, Zeng [2] gave a generalized circular summation of the theta function
03(z|t) as follows:
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where
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A special case of formula (1.5) yields the following result (see [1, Theorem 3.1]):
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@33(/(, 0;0, ‘L') =kn

Upon a, b, n and k are any positive integer with k =a + b.

More recently, Liu further obtained the general formulas for theta functions (see [3]),
but from one main result, Theorem 1 of Liu, we do not deduce our results in the present
paper. Many people research the circular summation formulas of theta functions and find
more interesting formulas (see, for details, [4—15]).

In the present paper, we obtain analogues and uniform formulas for theta functions

01(z|t), ab(z|T), O3(z|T) and 64(z|T). We now state our result as follows.

Theorem 1 For any positive integer k, n, a and b withk=a +b,x =1,2,  =3,4.

« For a, b even, we have

%9“ JTS T Qb i_z JTSL
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« For a even, n and b odd, we have
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where

00
@aﬁ (&l, b;y; 'L') — kniaaq%eabiy Z (_1)a(m1+<~+ma)+(ﬁ+1)(n1+~~+nb)

] 50005511 500Ny =—00
2(my+---+mg+ny+---+np)+a=0

2

m1+ +mt21+nf+ RSV ORS +mae(2k(m1+ +mg)+al)i

X q v, (1.11)
2 Proof of Theorem 1
From Jacobi’s theta functions (1.1)-(1.4), we have the following properties respectively:

01(z + |T) = —61(2|7), 01(z + wT|T) = —q e 220, (2| T), (2.1)
O(z + 7 |7) = —B5(2|7), Os(z + mT|T) = ¢ e X0, (z|7), (2.2)
03(z + |t) = O3(2|7), O3(z + t|T) = ¢ e ¥405(z|7), (2.3)
O4(z + 7|T) = O4(2|T), Os(z + T|T) = —q e 220,(z| 7). (2.4)

From (2.1)-(2.4), by using the induction, we easily obtain

O1(z+nmt|T) = (—1)"q‘”ze_2””9 (z|1), (2.5)
Or(z+nmt|t) =q " e 220, (2|T), (2.6)
O3(z + nt|t) = " e 2"#05(2|7), (2.7)
Oy(z + nrt|t) = (-1)"qg™" e‘2”i294(z|t). (2.8)
Let
“ a LTS T e y ms| T
f= 29 ( " kn | ko2 )9ﬁ<kn b kn W) 29)
Casel. Whena =1, 8 =3.
The function f(z) becomes of the following form:
“ p SIS T (2 Y, TS| T
flz) = Ze ( t kn2>93 <E —r W) (2.10)

From (2.10) we easily obtain

kn-1

=305+ 2 il )4 (55 Bolee)
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seem- S (G B (63 )
+ (- 1)“9“( =42 %)e?(%—% ki> (2.12)
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Comparing (2.11) and (2.12), when a4 is even, we get
flz+m)=f(2). (2.13)

By (2.5) and (2.7), and noting that a + b = k, we obtain

=)

T z y 7s
— o’ 2422
kn? ) 3<kn b kn

kn-1

B y 7S T
flz+mt) = ZO <—+—+k—n+ nW

z y 7S T
] AL
3<kn b kn " o
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m) (2.14)
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Obviously, when « is even, we have

fe+mt)=q"e**f(2). (2.15)

We construct the function f @) By (2.13) and (2.15), we find that the function f @ s

03(zl7) " (Z\f)
an elliptic function with double periods 7 and 77 and only has a simple poleat z = 7 + %~

in the period parallelogram. Hence the function Hf((zl)r) is a constant, say, this constant is
denoted by Ci3(a, b;y, 1), i.e.,

flz) _
93(Z|l') = CIB(d’ b!_y: T):
we have
f(z) = Ci3(a, b;y, 7)05(2| 7). (2.16)

By (1.3), (2.10) and (2.16), we have
kn-1

a YL TS| T \gp( 2 Y, TS| T
o ] AL
Z ( " kn2> 3<kn b kn an)

= Ci3(a, b;y,7) Z q’” iz, (2.17)

By (1.1) and (1.3), we obtain
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§=0 M1,..,Mg, 015001 =—00

iz(2my+-+2mg +2n1 +--+2np +a) ,(2m1+-~-+2ma+a 2r11+»-«+2nb)
X e kn eV a -
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X e kn

= Ci3(a, b;y,7) Z q’” iz, (2.18)
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By equating the constant term of both sides of (2.18), we obtain

C13(a) b,)’, T)

2 2,2 2
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Clearly,

T
, by, b; — 2.20
Cis(a, b;y,7) = @13(61 e kn2> (2:20)

where

Ci3(a,b;9,7)
o0
_ kniaq%eubiy Z (_1)m1+»~~+maqm%+---+m§+n%+---+ni+m1+---+ma

1Y yoeey g 1] 5oy =— 0O
2(my+---+mg+ny+---+np)+a=0

« el2klm +"'+Wla)+ﬂ2)ij/' (2.21)

In the same manner as in Case 1, we can obtain Case 2 below.
Case 2. Whena =2, 8 =3.
The function f(z) becomes of the following form:

kn-1
T z y 7s

pb( = 2,22
kn2)3</m b kn

a 7TS
f(Z)—ZG ( t

T
W) (2.22)

From (2.22) we easily obtain

kn—-1 Z T
Zga b( 2 Y TS
k kn b kn|kn?
a y| t z y|t
Z =)ol = -2 — 2.2
+62 (kn p kn2> (k b kn2> 223
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=N o= +2+=
fle+m)= Z (kn 2 tn kn2> (kn b kn
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ERWIERE
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Comparing (2.23) and (2.24), when a is even, we get

T
kn?

T
W) (2.24)

flz+m)=f(2). (2.25)
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By (2.6) and (2.7), and noting that a + b = k, we obtain

T z y 7s T
— e =L, 22 —
an) 3(kn b kn " T2
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flz+mT) ZG“(— Z k_ nné

L
kn?
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_ —1 —212 0&1 Z TS| T Qb i — Z 7T_ L . 2.26
Z |2 )3 \dn " b T k| ko2 (2.26)
Obviously, we have
flz+7T) = g e ?f(2). (2.27)
We construct the function Gf(z|1' By (2.25) and (2.27), we find that the function f(( ‘) ) is
an elliptic function with double periods 7 and 77 and only has a simple pole at z = 5 + %~
in the period parallelogram. Hence the function 9{((2'1) is a constant, say, this constant is
denoted by Cy3(a, b;y, ), i.e.,
f(2)
) b )
bo(elr) ~ RGBT
we have
f(2) = Cs(a, by, 7)03(z]7). (2.28)

By (1.3), (2.22) and (2.28), we have
kn-1

YL TS| T \gp( 2 Y, TS| T
o ] AL
Z 2( "k kn2> 3<kn b kn an)

= Cyl(a, b;y, 1) Z q" e, (2.29)

m=—00

By (1.2) and (1.3), we obtain

kn-1 2 im2inZsen?
P A I A (2 4 2mg + 20 4o+ 20 +a)

q 4kn Z Z q kn? e kn

s=0 my,...Mg,N1,...,hp=—00

(2m1+ H2mgta  2m +- "‘2”17) ims(2my +-+2mg +2n1 +-+21p +a)
X ey a b kn

= Cysla, b;y,T) Z q" e (2.30)

m=—00

By equating the constant term of both sides of (2.30), we obtain

0 m%+»-«+m3,+n%+~»+n%+m1+«~+ma

Cas(a, by, t) = knqﬁ e Z q kn2

1] 5enes. g 1] ey Hp=—00

2(my+---+mg+ny +---+np)+a=0

x e S +ma)+ 5] (2.31)
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Clearly,
T
Caz(a, b;y,7) = Co3 (ﬂ b; s @), (2.32)
where
it 2 2,2 2
Cazla, b;y,T) = knq%e“biy Z A R R

Y500 1] e p=—00
2(my+---+mg+ny+---+np)+a=0

% e(2k(m1+--»+ma)+a2)i)’. (233)

Case 3. Whena =1, 8 =4.
The function f(z) becomes of the following form:

T z y 7s
— e = _Z 2
kn2) 4 (kn b kn

kn-1

- af 2,V TS
f(z)_zgl(knJrqukn

s=0

T
W) (2.34)

From (2.34) we easily obtain

kn-1

f@=20( 5+ 2

s=1

£e)

L (2 Y TS
n? kbkn

)(ki

T y| T
o0l —+=|— “l— 2.35
¥ ( a| ko2 b kn? ) (2.35)
kn-1 y - z y s
= O\ —+=+— o = -=+ —=|—
fle+m)= Z (kn 2 tn knz) 4(/ b kn kn2>
ana y T T

04 — 0 —-%|-— 2.36
+ED (kn knz) (kn b| kn? ) (2.36)

Comparing (2.35) and (2.36), when « is even, we have

flz+m)=f(2). (2.37)
By (2.5) and (2.8), and noting that a + b = k, we obtain

T z 'y 7s T
— e (=L ,22 -
an) 4(kn b kn " T2

kn-1

flz+mT) ZG“(— Z k_ nné

T
kn?

kn-1

— (—1)n gL ez a S| T ob i _ Z JT_S L C(2.
=7 ZG <kn |02 )\ " b T k|l (2.38)
« When a and b are even, then k# is also even, we have
flz+7m1) = g e 2f(2). (2.39)

, by (2.37) and (2.39), we find that the function f(( I) 5 is

63 (z|1:
Tt

an elliptic function with double periods 7 and 7 7 and only has a simple poleat z = % + &~

We construct the functlon
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f(2)
03(z|7)

in the period parallelogram. Hence the function is a constant, say, this constant is

denoted by Ciy(a, b;y, 1), i.e.,

f(2)
03(z|T)

= Cula, by, 1),
we have
f(2) = Cula, b;y,7)03(z|7). (2.40)

By (1.3), (2.34) and (2.40), we have

T z y ms|t
gr( 22 TS T
kn2> 4<kn b n kn2>

= Cula, by, 7) Z q" e (2.41)

m=—00

kn-1

B L
ZG ( kn

By (1.1) and (1.4), we obtain

0o 2 it 412 4ern?
L A LR S iz(2my +---+2mg+2n] +--+2np+a)

a
iaq 4kn2 E q kn2 e kn

] 5ees Mg 111 5.3 =—0Q

(2m1+ +2mg+a 2n1+ *2"17) ims(2my +--+2mg +2n] +--+2np +a)

X ey a b kn

= Cula, by, Z q’" miz (2.42)

By equating the constant term of both sides of (2.42), we obtain

oo

Cula, b;y, ) = krziﬂqﬁeiy Z (=1)m+mp

T yerss g 1] 5oves Ty =— 0O
2(my +--+mg+ny+--+np)+a=0
2 2,2 2
Y+ A MG A R A 4 g 2iy

x q o2 e [k(m1+...+ma)+%]. (2'43)

« When a is even, n and b are odd, then k# is also odd, we have

flz+7mT) = —q e ¥*f(2). (2.44)

We construct the function f (Z) By (2.37) and (2.44), we find that the function S (( ‘)T) is

an elliptic function with double perlods 7 and 77 and only has a simple pole at z = 7 + &F

in the period parallelogram. Hence the function 9f (( ‘) j is a constant, say, this constant is

denoted by Cia(a, b;y, 1), i.e.,

f(@)
Oa(z|7)

= C14(dr byyy t);

we have

Sf(2) = Cula, by, 7)0a(z] 7). (2.45)
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By (1.4), (2.34) and (2.45), we have

kn-1 z y ms
Ol —+=+ —
Z ! (kn ¥ a " kn

s=0

—C14ﬂby,‘[) Z( l)m m? 2mtz

m=—00

By (1.1) and (1.4), we obtain

tehzyns
2 )\ " bk

T
kn?

o m%+-~+m%+n%+~-+nz+m1+~-+ma

a
iaq 4kn2 E q kn2

Y pees Mg 1] 5y Ly =—00

2my+-+2mg+a 2n1+ +2my,

e

)

iz(2my +-+2mg+2n1 +--+2np +a)

ins(2my +-+2mg +2n1 +--+2np +a)

x e 2 5 e

= 2 .
= Cula, b;y, 1) Z (=1)7q"™ i,

m=—00

By equating the constant term of both sides of (2.47), we obtain

[ee]

Cula, by, 7) = kniaqﬁ e Z

] 500y Mg 31T 5
2(my +--+mg+ny+--+np)+a=0

m%+~~+m£+n%+~-v+ni+m1+m+ma

2iy

X q kn2

Clearly, in (2.43) and (2.48), we have

T
Cul(a, b;y, C b; —
1(a, by, 7) = Cua (ﬂ b kn2>

where

o0

Cula, byy,T) = km'“q% ey Z

[k(my+--+mg)+ %

(_1)m1+~~+nh

Y yers g 1] 5enes i =—00

2(my+---+mg+n1+--+np)+a=0

2

xq

In the same manner as in Case 3, we can obtain Case 4 below.

Case 4. When o =2, = 4.

2,2
m1+ G e et g

The function f(z) becomes of the following form:

kn-1

f@=3 68 ( L=

« When a and b are even, we have

f(Z) = C24(ﬂ, b;y’T)03(Z|T)7

bkn

T z
b
knz) 4 (kn

(_l)mﬁwmb

(2k(rmy +--+mg)+a)i iy

TS
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o0
a .
Coala, by, T) = kngskn® & E (=1)ym+rrs
Y yoeiy Mg 1] 5oy iy =— 0O

2(my+-+mg+ny+---+np)+a=0

m%+--»+m%+n%+---+ni+m1+»--+ma 2

a2
x q 2 g ab Komoma)+ ], (2.52)

« When a is even, n and b are odd, we have

f(2) = Coula, b;y, 7)0a(z|7), (2.53)

o]

a .
C24(6l, b;y; T) — k}’lq4k"2 ely § (_1)n1+-..+}’1b
] 5eeey Mg,1] 5., =—00

2(my+---+mg+ny+---+np)+a=0

m%+»-«+m,2,+n%+<«»+n12’+m1+~»+ma 2iy

a2
x q e e ab kim+-+ma)+ 53] (2.54)

Clearly, in (2.52) and (2.54), we have

y T
Coula, b;y,t)=0C b —,— |,
2a(a yr) 24(61 ab kn2>

where

o)
a i 242+ et
@24(d,h;y,f) :knq4eabzy § : (_1)n1+ +anm1+ Mg AN+ ALt g
A Mg ,1] 5000, =—00
2(my+---+mg+ny+---+np)+a=0

2)-

v, (2.55)

x e(2k(m1+---+ma)+a

Therefore we complete the proof of Theorem 1.

3 Some special cases of Theorem 1
In this section we give some special cases of Theorem 1 and obtain some interesting iden-
tities of theta functions.

Corollary 1 For any positive integer n, we have

4n-1

2912<41+z+n_s ;2>032<i_z+ﬂ_5 LZ) (3.1)

= n 2 4nl|dn dn 2 4dn|dn

! z y mws| T z y mws|rt
- 2l s 2y 2| e Dy 2 3.2
;2<4n+2+4n 4n2>‘*(4n 2 " an 4n2> (3:2)
= dne~3/42 y‘i 62 o‘i 0s(2|7) (3.3)
4p? 4n?

y _ T

:613(2:211:4_}’12)93(Z|T)_024(2:211:4_1,12)93(Z|T)’ (3'4)

where C13(2,2;y,t) and C4(2,2;y, T) are defined by (2.21) and (2.55), respectively.
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Proof Takinga=b=2and @ =1, f =3 in (1.11), we have

Ci13(2,2;9,7)

00
1 2,2, 2, 2 . .
=—q? § (_1)m1 +my qml MY Y 1Y+ e8ly(m1 +m2)651y

my,m2,n1,n3=—00
my+may+ny+nz+1=0

oo
1 i 2,2 2 2 .
= —4ngre®” 2 : (=1)lg™ s =) (Len 1) gBigl
m,n,l=—00

00
_ _4nq% eSiy Z (_1)l+mqm2+m+12+l+n2+(1+n+m+1)2 eSiy(l+m)

m,n,l=—00

= 4ne 707 (4y|1)02(0| 7). (3.5)

Takinga =b=2and « =2, 8 =4 in (1.11), we have

00
Coa(2,2:v. T) = 4n % _1)mtn m%+m%+n%+n%+m1+mze8iy(m1+mz)65iy
24\2, 23, q q

mj,ma,ny,ny=—00
my+my+ny+ny+1=0

= 4ne‘3iy912(4y|r)9§(0|r). (3.6)
Obviously, we find that C13(2,2;7,7) = C24(2,2;y,T) = 4ne 370} (4y|7)03 (0] 7). O

Taking # = 1 and letting z — 4z, y > 2y, T > 4t in Corollary 1, we get the following
identities for theta functions:

Qf(z+y|t)9§(z—y|r)+612<z+y+%‘T)@?(Z—J@%’r)
+02z+ +z‘r 02( 2 +£‘f
1 Y 2 3 y )
3 3
c(eore (e
4 4
2 2 2 T 2 T
:92(z+y|t)94(z—y|r)+02(z+y+ Z‘r)94<z—y+ Z“L’)
+02(z+ +z‘r 02 z - +£‘T
2 y 2 4 y )

9 3 9 3
+6, z+y+7‘t 0, z—y+z‘r (3.8)

= 4e73292(2y|7)02(0|7)03(42|47). (3.9)

Further, taking y = 0 in the above identities, we obtain the following additive formulas of
the theta function 63(z|t):

1
03(4z|4t) = @ |:912(z|t)9§(z|t) + 912 <z+ %’t)GB? <z + %“L’)

3 3
+0] Z+z“t 03 z+z‘r +6; Z+—n‘1' 62 Z+—n“[ (3.10)
2 2 4 4
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L n
49292 |:92(z|t)9 (zlT) + 65 <z+ Z‘ >92<z+ Z‘T>

+62 z+z’r 62 z+z‘r +62 z+3—n‘r 62 z+3—nr (3.11)
2 217 )7 2 2 4 * 4 ’ '
where 6; = 6,(0|1), 63 = 63(0|7).
Similarly, we have the following.
Corollary 2 For any positive integer n, we have
iy ns T z ws| T
292 ] ALY (3.12)
4n 2 4n 4n? dn 2 4n|4n>
4n-1
_292 nS t 02 i_Z+EL (3.13)
4n 2 4n|4n® ) > \4n 2 4n|4n? '
= 4ne 302 y| = )02 ( 0| = )63(2)7) (3.14)
- 2\Maw2 )73 \Pla2 )% '
T T
-eu(2,2; y B5(2lt) = Cos( 2,2, 2, = )65(el2), (3.15)
4p? 4 4n?

where C14(2,2;y,7) = C23(2,2;9,7) = 4ne 3703 (4y|t)03(0|7) are defined by (2.49) and
(2.33), respectively.

Taking # = 1 and letting z +— 4z, y — 2y, T — 4t in Corollary 2, we get the following
identities of theta functions:

612(2 +y|t)9§(z—y|t) +912(z+y+ %‘r)@f(z—)w %‘T)

i3l )il 3h)
3 3

+012<z+y+ _n‘r)ef<z_y+ l‘,) (3.16)
4 4

2 2 2 T 2 T

=92(z+y|t)93(z—y|r)+02(z+y+ Z‘r)93<z—y+ Z‘T)
+02(z+ +z’r 02( 7 - +Z‘T
2 Yy 2 3 y )

3 3

+022<z+y+ %‘t)@%(z—)w Zn‘r) (3.17)

= 4e737202(2y|7)62(0|7)03(4z]4T). (3.18)

Further, taking y = 0 in the above identities, we obtain other additive formulas for the theta
function 63(z|t) as follows:

03(4z|4t) = 019 |:9 (Z|7,')9 (z|1) +92 <z+ Z’ >GZ <z+ %“L’)
3

9 b4 2 b4 2 3 2 3
+6; Z+—“L’ h z+—‘7: +6; Z+—“L’ 0 Z+—“L’ (3.19)
2 2 4 4
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1 2 2 2 T 2 T
" 40202 |:92 (z]7)b5 (z7) + 6, <Z+ Z‘T>93 z+ Z‘T

v63(z+ 2Je )i (= 3r ) vei o+ e Joi (=« 2 )| 20

where 6, = 6,(0|7), 63 = 65(0]1).
Taking a =2, b =1in (1.9), (1.10) and (1.11), we have the following.

Corollary 3 For n odd, we have

3n-1
z y wms| T z ws| T
02 = +Z + = |— )0u| — -
; 1(3;1 2" 3n 3n2> 4( Y 3n2>
316 o‘f 02( 2| = Vou(zl) (3.21)
= Y41 _— _ — z .
S\ 32 )2\ 2 32 )T
DT
= 614 (21 ]-7 57 @)94(2“’), (322)
s z y ws| T z Ts| T
07 = Ou — -y+ —|—
Z < 312 3 3n2) 4(311 7 3 3712)
316 0‘ " Vo2 (2|2 Vouial) (3.23)
= n _— _ .
\ U3 ) 2 32 )7
_ DT
= 624 (27 17 5’ ﬁ)%(zh)» (324)
where C14(2,2;y, 7) and Cp4(2,2;y, T) are defined by (2.49) and (2.55), respectively.
Proof Takinga=2,b=1and « =(1,2), 8 =4 in (1.11), we have
o0
C1(2,1; ¥ T)= —anz &5 Z (_1)m1+m2+n1qm%+m%+nf+m1+m266(m1+m2)5y
my,my,n;=—00
my+my+n1+1=0
_3nq266zy Z q 2 4 (I-m)2 +(1+1)%+1 thl
l,m=-00
o0
=3I’1q% Z qm2+m+12+l+(l+m+l)2eSiy(2(1+m)+2)
l,m=—00
= 3n63(0|7)03 (3y|7), (3.25)
o0
@24(2, l;y, ‘L') = gnq% e6iy Z (_l)nl qm%+m%+n%+m1+m266(m1+m2)iy
mj,may,np=—00
my+my+n1+1=0
o0
— 3nq%e6iy Z (_1)l+1qm2+(l—m)2+(l+l)2+le6iyl
l,m=—00
o0
_ —3nq% Z (_1)l+m qm2+m+lz+l+(1+m+1)2 BD(2(em)+2)
l,m=—00
= 3n63(0|7)02(3y|7). (3.26)

Page 13 0of 15


http://www.boundaryvalueproblems.com/content/2013/1/59

Cai et al. Boundary Value Problems 2013, 2013:59
http://www.boundaryvalueproblems.com/content/2013/1/59

O

Taking # = 1 and letting z — 3z, y — 2y, T > 37 in Corollary 3, we get the following
identities for theta functions:

02(z + y17)0a(z — y|7) + 6} (z +y+ %‘r)&;(z—y + %‘t)
2 2 2 2
+0 |l z+y+ ?"L’ Oslz—y+ ?‘r =305(0]7)65 (3y|7)04(z|T) (3.27)
and
022(2 +9|7)0a(z - y|T) + 022 (z +y+ %‘r>94(z—y+ %"L’)
9 2 2w 9
+05z+y+ ?‘r Oslz—y+ ?‘t =365(0|7)6; (3y|7)0a(z|T). (3.28)

Further taking y = 0 in the above identities, we obtain the following additive formulas for
the theta function 64(z|t) as follows:

1
04(3z|37) = W[Of(zh)&;(zh) +812 <z+ %‘1)94(z+ %‘r)

3V2
5 2 2
+06; z+—’r 04 z+—’r (3.29)
3 3
and

04(3z|37) =

1
36,67 [922(Z|r)94(z|r) +622(z+ %‘T)94<z+ %‘r)

+ 62 z+2—n‘t 04 z+2—n‘t (3.30)
2 3 3 ’ ’
where 61 = 6,(0|1), 85 = 6,(0|7), 65 = 05(0]| 7).

Corollary 4 When n is odd, we have

kn-1

PENA <z ¥ ? ‘r) = Ca3(k, 0;0, 7)6, (knzlkn’t), (3.31)
n

s=0
where Cs3(k,0;0, t) is defined by (1.7).

Proof Replacing z by knz + knm + knz% and t by kn?7 in (1.6), we obtain

kn-1

Zek z+7'(+;fzﬂ+E T
= 3 2  kn

2
= C33(k,0;0,7)(7)05 <knz +knm +m knz ! ‘kn%). (3.32)

Substituting # by 2x + 1 in the left-hand side of (3.32), we get (3.31). O
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