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1 Introduction

The problems defined in cylindrical domains have been considered extensively. But for
some phenomena, such as water waves representing rich phenomena on time-varying spa-
tial domains, for example, the propagation of a tsunami across the open ocean (see [1]),
the depth changes as the wave propagates toward the shore, which be seen as an exam-
ple of a system with time-varying domain. In situations involving rapid temporal changes,
such as those occurring during earthquakes or landslides, we may consider a time de-
pendent depth. In other areas, there are a large number of biological processes involving
non-cylindrical domains, such as the migrating range of species with season changing,
mammalian coat patterns, skin patterns on tropical fish, solid tumor growth etc. Hence,
it is necessary to study problems defined in domains varying with time.

Let {O}};cr be a family of nonempty bounded open subsets of RY such that

O, CcO; s<t. (1.1)
Define
Q1= U O; x {t}, Q.= U Or x {t} foranyT >, (1.2)
te(r,T) te(r,T)
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and

Q. := U O, x {t}, VreR,

te(t,+00)
Seri= ) 00 x{t), Vr<T and 3= [ 00, x {1).
te(z,T) te(t,+00)

We consider the following initial boundary value problem with homogeneous Dirichlet

boundary condition:

8 Au+g(u)=f(t) inQ,
u=0 onX, (1.3)

u(t,x) = u.(x), xe€O,,

where u; : O; — R and f : Q. — R are given for 7 € R, and g € C'(R,R) satisfies the
conditions that there exist nonnegative constants oy, , B, /, and p > 2, such that

-B+alslf <g(s)s<B+aylslf’, VseR, (1.4)
and
gs) =~ VseR. (1L5)
For each T > 7, consider the auxiliary problem

% Au+gu)=f() inQ.r,
u=0 onZX,r, (1.6)

u(t,x) = u.(x), xe€O,,

where u; : O; — R for t € R, g satisfies (1.4)-(1.5), and f : Q;,r — R.

When the domains vary with respect to time, even though the forcing term f is inde-
pendent of time, the problem is still non-autonomous.

For domains O; = O, t € R, (1.3) returns to the usual non-autonomous reaction-
diffusion equation which was studied extensively (see, for example, [2-7]). Specially, we
have [5] obtained a pullback attractor in L”(O) (p comes from (1.4)) by requiring

Ifll20) < Cre*,  VteR,

where 0 < & < A, A is the first eigenvalue of —~A in H}(O). Recently, Lukaszewicz in [4]
applying the Galerkin method and the Gronwall lemma introduced in [3] with forcing
terms f € L2 (R;L%(0)) and

loc

t
|6l ds <o

considered the existence of pullback & attractor in L”, which, to the best of our knowledge,

is the best result.
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For the case of domains changing in time, one may refer to [8—14] and the references
therein. Specially, for domains expanding in time (that is, the condition (1.1)), by using a
penalty method, the authors in [10] considered the existence and uniqueness of a varia-
tional solution for (1.3) and obtained (L*(O,),L*(O;)) pullback %, attractor. By applying
a diffeomorphism, [11] obtained the existence and uniqueness of a weak solution for (1.3),
furthermore, one proved the existence of a (L2(0,), L*(0;)) pullback 2 attractor.

Then, as the problem defined in a cylindrical domain, we may ask whether the pullback
attractor in L”(O;) exists as well; moreover, for any § > 0, what is the result as regards the
pullback attractor in L2**((;)?

In cylindrical domains, by applying the Garlerkin method and selecting | (u— M), [P~%(u —
M), as a testing function, the pullback attractor in L” has been proved (see [4—6]). But
in non-cylindrical domains, due to the characteristic of the penalty term (which is de-
fined in Hilbert space), it is difficult or even impossible to choose |(x — M), [P~2(u — M),
as a testing function, so the method in [4] cannot be applied directly to deduce the ex-
istence of pullback attractor in L?(O;). On the other hand, when we have a forcing term
f €Ly (R;L*(Oy)), it is impossible to obtain a solution u € L2**(O,) for any § < 0. Based
on the existence of the L?(O;) pullback %, attractor, the authors in [13] provided a new
method to show that the pullback Z;, attractor in L*(O;) can attract sets in the topology
of L**3(0;) (V$ € [0,00)). But the existence of a pullback Z;, attractor in L>*3(0,) is still
unknown.

In this paper, by applying the definition of a variational solution and a maximum princi-
ple, we first consider the existence of a pullback %), attractor in L”(O,); then, as a corollary,
with the forcing term satisfying f € L (RN*!), we establish the existence of the pullback
D, attractor in L>*3(0,) (8 € [0, +00)) for a non-autonomous reaction-diffusion equation
defined in non-cylindrical domains. The main results are the following.

Theorem 1.1 Suppose (1.1), (1.2), (1.4), and (1.5) hold, u. € L*(O;) and f € L, (RN*') sat-
isfying

t
/ e*u’[f(r)ﬁ dr<+oo forallteR,

o0

here Ay is the first eigenvalue of —A in Hy(O;). Then the process U(:,-) corresponding to
problem (1.3) has a minimal unique pullback 9, attractors o/ (t) in L (O;) (p comes from
(1.4)) forall t e R.

Theorem 1.2 Suppose that (1.1),(1.2), (1.4), and (1.5) hold, u, € L*(O;) andf € L2 (RN*).
Let U(-,-) be the process generated by the variational solutions of (1.3). Then, for any § €
[0, 00), there exists a pullback 9, attractor o in >+ (Oy), that is, o is compact, invariant

and we have a pullback 9, attracting in the topology of L**(O,) for any § € [0, +00).

This paper is organized as follows. In Section 2, we will present some definitions, and
related results as regards the pullback attractor and a variational solution. By means of
the definition of the variational solution and the maximum principle, in Section 3, the
pullback %, attractor in L?((;) is established (see Theorem 1.1). In Section 4, the higher-
order integrability of the approximation solution and the variational solution associated
to (1.3) are obtained. Furthermore, we discuss the existence of a pullback 2, attractor in
L**%(0,) (8 € [0, +00)) (see Theorem 1.2).
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2 Preliminaries
For each t € R, we denote by (-,-); and | - |, the usual inner product and related norm in
L?(O,) and by ((-,-)); and || - ||; the usual gradient inner product and associated norm in
H}(O,). The usual duality product between H}(O,) and H™(O;) will be denoted by (-, -),.
Also (-,-); and || - |lz7(0,) represent the duality product between L#(O,) and L7(O;) with
}7 + %1 =1 and associated norm.
2.1 Pullback attractor
We will recall some concepts about pullback attractor which can be found, for example,
in [6, 10].

We consider a process (also called a two-parameter semigroup) U on a Banach space X,

i.e. afamily {U(¢, T); —00 < T < t < +00} of continuous mappings U(¢, 7) : X — X, such that
U(t,T)x=x and U(t,t)=U(t,s)U(s,t) forallt <s<tandwxeX.

Suppose Z is a nonempty class of parameterized sets D ={D(t):t € R} C P(X), where
P(X) denotes the family of all nonempty subsets of X.

Definition 2.1 It is said that B € Z is pullback 2 -absorbing for the process U(-, ) if for
any £ € R and any D € 9, there exists a 7y = 7o(t, D) < ¢ such that

U(t,7)D(t) C B(t) forall T < 1o(t, D).

Definition 2.2 The process U(:,) is called norm-to-weak continuous if
U, t)x, — U(t,T)x asx, —> xinX

for all £ > 7, 7 € R, where X is a Banach space.

Let X be a complete metric space and B be a bounded subset of X. The Kuratowskii

measure of noncompactness «(B) of B is defined by
a(B) = inf{§ > 0 | B has a finite open cover of sets of diameter < §}.

Definition 2.3 A process {U(¢,7)} is called pullback w-Z-limit compact if for any € > 0
and D € 9, there exists a 7o(D, t) < ¢ such that a(U; <, U, T)D(7)) <€.
Theorem 2.4 Let U(t, T) be a process in X satisfying the following conditions:
(i) U(t, ) is norm-to-weak continuous in X;
(ii) there exists a family B of pullback P-absorbing sets in X;
(i) U(t, ) is pullback w-D-limit compact in X.
Then there exists a minimal pullback 9-attractor o inX given by

o =wB,0=Jus)B).

S<t t<s
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By following a similar process to Lemma 2.1 in [4], we can get the result defined in non-
cylindrical domains; it is very useful for checking condition (iii) in Theorem 2.4 when the
phase space is a Lebesgue space L?(O;).

Theorem 2.5 Let U(t, T) be a process in L¥(O,) and L1(O,) respectively, p > q > 0, satisfying
the following conditions:

(i) U(t, 7) is pullback w-D-limit compact in L1(Oy);

(ii) foreverye>0 and B € 9, there exist M = M(E,B) and 1 = ‘L’l(a,B) such that

/ ‘Ll(t,r)u, |pdx<8
Ut )ur| =M

foranyu, € B(r), Tt <ty andanyt e R.
Then U(t, T) is pullback w-2-limit compact in LF (O;).

Theorem 2.6 ([15]) Let X, Y be two Banach spaces, X*, Y* be respectively their dual
spaces. Assume that X is dense in Y, the injection i : X — Y is continuous, its adjoint
i*:Y* — X* is dense, and U is a norm-to-weak continuous process on Y. Then U is a
norm-to-weak continuous process on X if and only if, for any t € R, t > t, U(t, ) maps
compact sets of X to bounded sets of X.

2.2 Variational solutions for equation (1.6)
As it is convenient for the application later, we recall some notations and variational solu-
tions of (1.6) given by [10].
For each T > 7, denote
Usr:={¢ € L*(r, T;Hy(Or)) N L7 (1, T; I (Or)), ¢’ € L* (7, T;L*(Or))
and ¢(t) = ¢p(T) =0,0(t) € Hé(Ot) fora.e. t € (t, T)}.

Definition 2.7 A variational solution of equation (1.6) is a function u such that

(C1) uel’(r,T;Hy(Or)) NLF (1, T; I (Or));

(C2) u() e H(l)(Ot) ae. te(r,T);

T
(C3) / [ (0, 8'©))., + (), 6(0))), + (¢ (1), $(0)) ]

T
= / (f@®),¢(t))  dt forany ¢ € Uy 1;

t
(C4) lim L / |u(s) - u(t)|2Tds =0.
>t t—-T J;
Theorem 2.8 ([10]) Suppose that (1.1), (1.2), (1.4), and (1.5) hold, for f € L*(z, T; L*(Or))
and u, € L*O,), there exists a unique variational solution u € L*(t,T;Hy(Or)) N
L?(7, T; LP(Or)) of equation (1.6) and the variational solution satisfies the energy equality
ae.te[t,T], thatis,

t
T

()] +2 / |us)| ds +2 / (e(u(®)), u(s)) pds = luc % +2 / (fs) u(s) ds (2.1)
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holds for a.e. t € [t, T). In addition, u € C([t, T); L*(Or)) and satisfies the energy equality
forallt € [t, T]. Moreover, if u, € Hy(O,) N LP(O,), then u also satisfies

ue L®(t, T;Hy(Or)) N L®(x, T;17(O7)), ' € L*(t, T;L*(Or)).

Definition 2.9 ([10]) u«: Q,; — Riis called a variational solution of (1.3), if, for any T > 7,
u restricted in Q.7 is the variational solution of (1.6).

Let

t

feLli (RY*) and / e [f(s)|§ ds<+oo foranyteR. (2.2)
—00
Suppose f satisfies (2.2), from Theorem 2.8 and Definition 2.9, for any v € R, any u, €
12(0;)and a.e. t € (1, T) (T > 1), there exists a unique variational solution u(-; 7, ).
q
Let

U(t, Oy i= ult; T, uy), —00<T <t<00,u, €L*0O,), (2.3)

then (2.3) defines a process U(-,-) of a family of set {u, € L*(O,),t € R}.
Let R, be the set of functions r: R — [0, co) satisfying

lim "% r3(z) =0,
where A1, is the first eigenvalue of —A in H}(O;). Denote by %, the family of D:= {D(t) C
L*(O,), t € R} such that

D(t) C B(O,rb(t)) for some rp(t) € Ry,

here B(0, rp(t)) is the closed ball with center in 0 and radius rp(2).
Then, the following result holds.

Lemma 2.10 ([14]) Suppose (1.1), (1.2), (1.4), and (1.5) hold, u, € L*(O,) and f satisfies
(2.2). Then, process U(-,-) associated to equation (1.3) generates a unique (L*(0,),L*(Oy))
pullback 9, attractor .

Together with Theorem 2.5 and Theorem 2.6, we easily obtain the pullback %,, attractor
in I” (p > 2) defined in domains increasing with time.

Theorem 2.11 Let U(¢, T) be a process in L (O,) satisfying the following conditions:
(i) U(t, ) is norm-to-weak continuous in LP(Oy);
(ii) there exists a family B of pullback 9, -absorbing sets in L (Oy);
(iii) U(z, ) is pullback w- D, -limit compact in L (Oy).
Then there exists a minimal pullback 9, -attractor o inIP (O,) given by

o =wB,0=Jus)B).

S<t t<s
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To make the test function used later meaningful, in [14], the following maximum prin-
ciple holds.

Lemma 2.12 ([14]) Suppose u, € L>®(O,) N HY(O,), f € L“(QT,T), and g satisfies (1.4).
Then there exists a positive constant K depending on ||u.||1=0,), ”f”LOO(Q, o B and o
such that the variational solution u of equation (1.6) satisfies

Il 20, ) = K-

3 Pullback %, attractorin L?
In this section, by applying the definition of the variational solution of equation (1.6), we
consider the existence of a pullback %, attractor in L? (p satisfying (1.4)).

Denote

w(t), e {u(t), wh)z0, {u(t), u(t) <0,
0, u(t) <0, 0, ud) > 0.

Lemma 3.1 Assume u,,, € L*°(O;) N H(l)(O,),fm e L™

loc

(R,L*(0Oy)), then the variational
solution u,,(t) of (1.6) satisfies the inequality

d » ap . »
il (@ =20, [, + 507 [ [(anto] -0,

<Cpu /O fon(®)| dix (3.1)

forae. te(t,T).

Proof For any fixed 7 € (o0, T], denoted by u,,(¢) we have the variational solution of
equation (1.6) corresponding to data (u;,f) with

tem € L°(O:) NHy(O;) and  f, € L(Qq 7). (32)
By Lemma 2.12 and Theorem 2.8, we know
tm € L* (7, T;Hy(Or)) NL*(Qx 1)

and for any n € Ccl(‘L', T), nuy, € Uy,7. According to the details of Lemma 2.12 (introduced
in [14]), that is, denoting

K := max{

|ttemll (00 Uil @, )

and by (1.4), we know there exists a positive constant K’ depending on nonnegative con-
stants B, o, and a positive constant M, such that

gis)>K', s=M or g(s)<-K, s<-M. (3.3)
Defining

K := max{K',M} +1,
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we have ||t [0, ) < K. Hence, we obtain
) ~
|t = M) |" (s — M) € L* (7, T; Hy(Or)) N L¥(Qx,1)
for the M above and p > 2, and for any n € Ci(r, T),
p-2
T)’(Mm _M)+| (Mm _M)+ eZ/{z',T-
So, according to the definition of a variational solution, we can choose
-2
Y(£) = 77|(um -M), |P (t — M),

as a testing function to obtain

T T
f [~ (um@®), W' @) + ((um(@®), ¥ (@))) . + (g(m(®)), ¥ (2)) ] dt = f (fn(8), () . dit,
therefore, for a.e. t € (z, T),

(O, |G = M) [ Wt = M) ) 3+ (D), |t = M) 77 (11 = M),
+ (g(um(®),
= (fm(t):

(t — M), ’piz(um - M)+)T

(o~ M) " (2t — M), 1. (3.4)

Notice
/O o)t = Dt = M), dix

1 _
< —/ ()| e + ﬂ/ |2t — M), |77 dix. (3.5)
(241 Or 4 Or
By (1.4), as M is large enough, we know g(u,,(t)) > 5|, (t) [P, hence,

/O &) |G = M) [t — M), dx
> D un Ot = M)t — M), dx
2 or

|2p—2

> 2y [ |t = M), [P e+ 2 | |t — M), [ . (3.6)
or 4

Z o0
Inserting (3.5) and (3.6) into (3.4), for a.e. ¢ € (7, T), we deduce

d
G n©-30) 10, s L0 [ (-0, P 2 [ o ax @)

fora.e. t € (r, T) holds.
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Similarly, replacing (u,,(¢) — M), with (u,,(t) + M)_ and following a similar process, we
obtain

d
@)+ 7M)_| 0+ L /O JCHCRONREE L /O ol ax 39)

forae. te(t,T).
Combining inequalities (3.7) and (3.8), we see that (3.1) holds for a.e. t € (z, T). O

The following Gronwall lemma, introduced by Lukaszewicz in [3], is useful in an in-
equality for estimating.

Lemma 3.2 ([3]) Forsome X >0,7 € Rands>t,let
y'(s) + ay(s) < h(s),

where functions y, y', h are assumed to be locally integrable and y, h are nonnegative on the
interval t <s <t +r, for some t > t. Then

) t+5 t+r
yt+r)<e’zZ / y(s) ds + e ¢+ / e h(s) ds.
rJe t

In cylindrical domains, Lemma 3.3 and Lemma 3.4 in [4] have provided the method
checking the conditions of asymptotic compact in L?(O) (p > 2), and following a similar

idea, we establish the lemma in non-cylindrical domains.

Lemma 3.3 Let D={D(t):t € R} € D, Then, for any € > 0 and each t € R, there exist
constants M and 1, = 11(t, D) such that

/ |(|L1(t,r)uf|—M)+|de<8 (3.9)
O(|U(t,T)ur |>M)

forany v <7tj,anyu, € D. Furthermore, there exists a constant M > 0 such that

/ !U(t,t)uz|pdx<e
O (U(tT)ur |=M)

forany v <t and any u, € D.
Proof Assume that u,,, € L*(O,) N Hy(O;) and f,, € LOO(QT,T) forany fixed t <T,T €
R. Then for u, € L*(O;) and f € L (R;L*(O,)), there exist sequences u,,, € L(O;) N
HY(O:), fin € L®(Q;,1), such that

Uem — U, in L2(O;), fn—f in Lz(r, T;LZ(Ot)), m — +00,

and, foreachm=1,2,...,

ltem|? <20u > +1,  |[ful><2/f13+1. (3.10)
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Applying the Gronwall Lemma 3.2 to (3.1) and combining with (3.10), we obtain for r > 0

||(|um(t+ f)| _M)+Hi!’((97")
s 2 (T2
=52 [ o] -0,

t+r
— 4P A2 4y AP Ap-2¢ 2
+e 4 ( )Cp,aw es V(s)|Tds
t

t+y » r
2[7 (f ||uV"(S)HLI7(OT) dS+ EMPKI)HV')
t

t+r
+ e_%pM[%Z (&+7) Cp,al b / e%pMP723 V(S) |§w ds. (3.11)
t
Noting nu,, € U1 (any n € Ci(z, T)), we have

T
/ [~ (®), (1Om(®)) ) 1 + (U, O (®)) 1 + (g (1 (®)) 1O 1n(2)) ] At
T
- / (o0, 1Ot (1)),
in addition, for a.e. t € (t, T),

(Lt/m(t), um(t)) rt ((um(t)’ um(t)))T + (g(um(t)): um(t))T = (fm(t)x um(t)) T (3.12)
By using (1.4) and the Cauchy inequality, it follows that

d

Z O+ [+ 200 [ )],

1
< — @[} +2B10r| ae.te(r,T),
ALT

and, in particular, that

d
@7+ rr @[+ 200 |un(®) 7,0,

< i[fm(t)@ +2B|07| ae.te(z,T). (3.13)
ALT

Integrating the inequality (3.13) over [, + 5], we have

r

t+y
201 [ Juns) o s
t

1 t+ %
< —f )2 ds + 81O + [un(e)
t

2 t+% 9 % 2
<— d. @) t 3.14
_M'T/t 9 ys + 57—+ rBIOs + (0] (3.14)
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for any ¢ € (z, T). In addition, applying the Gronwall lemma to (3.13), we also have

2B|07|

t
2 (e 1 _ 2
|um(t)|T <e Mttt T)Iu,mlf + —)LlTe M'Tt/ e’\l’TS[fm(s)|Tds+ "
y T 5

1 L
< e_“'T(t’T)(2|ut 2+1) + Ck—e_xl'Tt/ s [f(s)‘szs
1,T -0

Lo L g, 21011

(3.15)
LT ALT

for any ¢ € [z, T], where Ay, is the first eigenvalue of —A in H}(Or).
Combining (3.14), (3.15), and (3.11), we know that

[ (e + ) = M), o,

t+r
_apyp2r 2 _ap -2 ap -2 2
< a M2 PCy+e 4 M (t+r)Cp,a1,r e 1 M SV(S)}TdS’
r t

where C; is a constant independent of m, and depending on i, e”\lvT(t”)|ur|3,

ffoo eM’TS[f(S)|%~dS, ZﬂloT\, t+3 lf(s)|2TdS

ALT t
So, (|t (t + )] — M), is bounded in L*¥(z, T; LP(Or)) and there exists a subsequence

denoted still by (|u,, (¢ + )| — M), such that

(Im| = M), — (Jul - M), weakly star convergence in L(z, T; I”(Or)).
Hence,

[ (e + [ =M), o,

t+r
_apyp-ar 2 _ap yp-2 ap yp-2 2
<e a Moy et M (”’)Cp,al,r ed M S[f(s)des
r t

for the C; above.
Foranyt € R, ¢ > 0, and any De D, there exist constants 1, (¢, 75) and M; such that for
M > M and 7 < 1y (¢, f)), one obtains
oup —2r 2 &
e M -2°C < =,
r

moreover, with M large enough and the function f integrable on [¢, ¢ + r], we have

t4r
ap p-2 2 1P ) p-2 £
e M2 2P e M SV(S)|ZTdS<—.
roy J; 2

Therefore,
| (|t + 1) = M), [0, <2

for M > M; and 1 < 11(t, f)).
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Finally, let M := 2M, and by (3.9) we conclude that

/ ’U(t,t)u,}pdx
O (lU(t,T)uc |2M)

f (Ut | - M) + M)? dx
O (lU(t,T)uc |22M)

<ot (f (Jut, v)u:| - M)’ dx + / MP dx)
O (Ut T)ur |22M) O (lU(t,T)uc |22M)
52”_1(/ (|U(t,r)u1’—M)pdx
Oc(IU(t,T)uc |=M)

+/ (‘Ll(t,r)ury —M)pdx>
O(IU(t,7)ur |=M)

<2¢
for any 7 < 1y (¢, f)) and any u, € D. O

Now, we prove Theorem 1.1.

According to Lemma 2.10, Theorem 2.5, and Lemma 3.3, it is sufficient to check the
existence of a pullback 7, absorbing set in L”.

By Lemma 3.3, for any u, € D and any 7 < 7y(¢,¢, D), we have

/ |U(t, T)Uy, |p dx
Oy

\U(t,T)u. [ dx + / Ut t)u.|” dx

—/(9¢(U(t'f)ur<2M) O (Ut )ur [22M)

<myio) 2 | (|t 0| - MY’ dx
O(|U(t,T)ur |>M)

< (2MP|O;] +1.

4 Pullback 7, attractor in L2+

Throughout this section, the T will be required to obey T'> ¢ or T > s + 1. We first con-
sider the higher-order integrability for approximation solutions and variational solutions
of (1.6), respectively, then we obtain a pullback Z;, absorbing set in L2**(0;) (¥$ € [0, o0)).
Finally, we prove the existence of a pullback %, attractor in L?**(O;) for any § € [0, 00).

4.1 Higher-order integrability for approximation solutions
For any D={D@t):teR} e Py, and u, € D(t), set u(t) = U(t, t)u,. For any fixed t €
(—o0, T, denoted by u,,(t), we have the variational solution of equation (1.6) correspond-
ing to the data (u,,,,f) satisfying

U € L°(O;) NHy(O;) and fe L®(Q..7). (4.1)

By Lemma 2.12 and Theorem 2.8, we know

Um € L* (v, T; Hy(O1)) N L¥(Qx 7)
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and

T T
/ [ (10,8 ©)).1 + (1m0, $0)).1 + (&t (8)), $(0))., ] dt = / (F(0), ), dt

for any ¢ € U, .
For any 6 > 0, we still have

|thn|t4n € L* (7, T; Hy(O1)) NL¥(Qr 1),
and, for any n € C(z, T),

Nlttm|"tm € L* (v, T; Hy(O7)) N L¥(Qr 1)

%(mumﬁum) € L*(z, T;L*(Or)),
() |tn(T) | 1 (T) = 1) |1 (2)

0(0)|un(8) | U (2) € HY(O,) ae.t e (z,T).

|eum(f) =0,

Hence, we can choose 1|u,,|%u,, as a test function to obtain

/T a0, (000 10 )+ (0100 0)
+ (@(un(0) 1O |1 (8)| (8)) ;]
= / T(f(r),n(t)|um<t>|9um(t))Tdt,
moreover,

0

T
f [0 |1 ®) () 1 + (0 [0 )] 100))),

+ (@t (®)), | O ) 1 = (FE)s |1 ()| ts(2)) ] n(8) dt = 0,

forany n € Ccl(‘L', T).

Therefore, fora.e. t € (t, T),

(), |1 O 1(©)) 1+ (U(2), |1 (D) 1 () 1 + (& (U (©)), |1 (0) 1 (8))
= (F O, |tm(®)] () - (4.2)

By (1.4), we know
/ & (®) |1 (®)| () dx = —B / |t(8)|” d + o / |t (8)| . (4.3)
Or Or Or

Noticing (3.3), we can select an appropriate K’ such that

Uu(t)>M>1 forae.te(zr,T). (4.4)
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So,

[ 5@l w01 < [ {70
Or Or
=V Olmo [ om0l s
Suf(t)”po(oT/ |m(t)|0+2 X. (4.5)

Combining (4.2), (4.3), and (4.5), we deduce

0+2

1 1
B / [yt

0+2

2\ N N
+<e+1>(9 5) [ 190 s ] o,
T

0
< Blun®] 350, + F O oo [ O 2200, (4.6)

fora.e. £ € (t, T). Due to u,,(t) € Hy(O,) and

it follows from (4.6) that

0+2 2\’ 422 +0
Tzl O, + 00 (725 ) [ Vo] sl

0+2
=< Cﬂv|OT\v9sV(f)HLOO(OT) H U (2) ”Lgﬂ(OT) fora.e.te(z,T). (4.7)

We prove the following result.

Theorem 4.1 LetD e Dy, and T be a fixed time. Assume further that the initial data u.,,
and f satisfy (4.1). Then, foreacht € (t,T) andeach h = 0,1,2,..., there exist two sequences
(positive constants) Tu(t, D) (depending only on h, t, \,7 and D) and M,,(t) (depending
onlyont, h, .y, N, |Or| and ||f (t)||.o0,)), Such that for any m =1,2,..., the variational
solution u,, of (1.6) satisfies

N ~

h ~ A
(Ap) / |um(t)|2(N*2) dx < My(t) foranyt—t > Tt D)
Or

and

s+1 Z(L)hﬂ % 5
(1) / ( / e, 202 dx) dr < B,(0)
s Or

forany s — T > Ty(t,D).

Proof Selecting 6 =0 in (4.2), for a.e. t € (7, T), we have

(4, (0)s i (®)) - + (e (®), () 1 + (€ (i (D)) i (8)) 1. = (&), 1 (£)) - (4.8)
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By using (1.4) and the Cauchy inequality, it follows that

d 2 2 1 2
E!um(t)h + ||um(t)||T + 21 ||um(t) H’ZP(OT) < E [f(t)|T +2B|0r| ae.te(r,T),

and, in particular, that
d 2 2 »
E |um(t)‘T + 1,T|um(t)’T + 200 || um(t) ”LP(OT)
< L f@] +2p101] ae.te(@T), (4.9)
AT

moreover,

1OrIIf Ol 0, , 2P107|

2 a7 (t-T) 2
Uy (b)), < e T u + 4.10
’ m( )‘T — | ‘Eml-[ }\.iT )\LT ( )
for any ¢ € [z, T], where Ay is the first eigenvalue of —A in H}(Or).
By (3.10) and (4.10), we know
’um(t)‘i <e T (2|2 +1)
|O7If ()17 280
+ 4 O, PIOTL oran s e (z,T). (4.11)
)"l,T )"I,T
Foreach t € R, let
. 1O7If ()17 28|10
(0 = lfz LX) Bl Tl’
}”l,T )"I,T
combined with (4.11) to get
’um(t)ﬁw < eI (|2 + 1) + My(2). (4.12)

Noticing that u, € D(r) with D={D(t):teR} e Dh,» by (4.12), there exists a constant
T'(t, D) such that

(]2 <1+ My(t) forallt—7 > T'(t, D). (4.13)

Taking 6 = 0 in (4.7) and integrating with respect to ¢, we obtain

s+1
2/ /o |V | (2)| ‘2 dxdt < (Cp 071100, + 1)(My(2) +1)
s T

foralls—t > T'(¢, D). (4.14)

On the other hand, from the embedding H}(Or) < L (Or), we know that there is a
constant cy such that

el 2 o, Sen|VI9l] 20, VO € Ho(Or). (4.15)

T)
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From (4.14) and (4.15), it follows that

s+l
2/ HMm ® ”LA21N2 ©n) dt < C?\[(CﬂJOTLV(t)HLOO(OT) + 1)(M6(t) + 1)

s

oralls—7 > t, > . .

for all T'(t,D) (4.16)
Setting

Mo(t) = max{cjz\,(C,gJ@THW)”LDO(OT) +1) (fVI6(t) + 1),[\/[6@) + 1}

and by (4.13), (4.16), we know that (4) and (By) hold.

In the following, performing induction, we assume (A;) and (By) hold to prove (A1)
and (Bj.1).

Taking 6 = 2(55)"*! - 2 in (4.7), we obtain

d a( ALyl N h+1 N-2 h+l N bl
E”um(t)”ﬁf\;;\i)hﬂ(oﬂ'{'<4<m) _2><T> / |V|um(t)|N |2dx

N h+1 2 L)hﬂ )
+ 20!1(m> ” Uy (t) ”p;zNXf Py

(O7)
< ChIOrN M Ol | 1m(®)] ”’2)>h+1(OT) ae.te(r,T), (4.17)
moreover,
i = Cuiomminop lin @S
2N=2) *<OT> 7 ®=2"" 0y
aete(r,T). (4.18)

Applying the uniform Gronwall lemma to (4.18) and by (B)) we get

|u (t)|2(NA£2)h+1 dx < Cj
o 1 = Lt 0,8107IN BIF @ 5007
T

foranyt— 7 > Tu(t,D) + 1. (4.19)

Foranys—1 > Tu(t, D) +1, we integrate (4.17) over [s,s + 1] and obtain

s+1
s
N2
/ / 9 i | Pt = o oo (4.20)

Since u,, is a variational solution of (1.6) and bounded in LOO(Q,,T), um € Hy(O) NL®(O;)
h+l

fora.e.t € (r,T), and |um(t)|(1\%) € HY(O,) fora.e. t € (7, T), again with the embedding

N h+1

1" 2, o) = e[V ]n(]

or) ’LZ(OT)

to get

s+1 2(%);”261 Nﬁ J C’ 491
= <
/; /;9T|um(t)| X t CN ﬁ|OT\Nh|[ft)||Loo o7 ( : )
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foranys—7 > Tu(t, D) + 1. Therefore, we set
Tpn(t,D) = Ti(t, D) + 1
and
My (0) = max{CMh(n,ﬂJOTLN,h,uﬂz)||Loc(OT)’szvcfwh(t),,s,\oT|,N,h,|y<,>”Lm(OT) b
from (4.19) and (4.21) we know that (A1) and (By,1) hold. O
4.2 Higher-order integrability for variational solutions

Now, as initial data #, € L2(O,), we establish the following results for the variational so-
lution of equation (1.3).

Theorem 4.2 LetD={D(t): T €R} € Dy, Then for each t € R and each § € [0, 00), there
exist constants T(t,8, D) and Mj(t) such that

”u(t) HLM(ot) <M;s(t) foranyt—t > T(t,8,D). (4.22)
Proof For each fixed t e R and 1 € {0,1,2,...}, take
Ti(t,D) = Tu(t, D) +1,

where T7,(t, D) is just the constant given in Theorem 4.1 corresponding to the pair ¢, /.
Setting

T=t+1
and for any (fixed) 7 satisfying
T <t-Ti(t,D),

we consider the approximation on the interval [z, T].
When u, € L*(0,), there exists a sequence {u,,,} C L*(O;) such that

Upm — Ue in L2(O;) asm — o00.

On account of the proof of Proposition 11 in [10], we have
2 ! 2
|um(t)—un(t)|T+2 ||um(s)—un(s)||Tds
T

t
2
s|mm—um@+2{/|maw—u49nds
T

for all ¢ € [t,T] and n,m > 1. By applying the Gronwall lemma, we conclude from the
inequality above that

{un} is a Cauchy sequence in L*(z, T; Hy(Or)) N C([r, T1;L*(Or)). (4.23)
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On the other hand, by (4.9), it can be proved that
{tn} is bounded in L™ (7, T; L*(O7)) N L*(t, T; Hy(O7)). (4.24)
Consequently, from (4.23) and (4.24), it follows that
um — u  in C([t, T};L*(Or)),
in particular, for each ¢ € [, T, there exists a subsequence {u,,} such that
Uj(t) = u(t) ae xeOr.

Therefore, set Mj,(t) = My(¢t) for (A;) and (B,) in Theorem 4.1, and as m — +00, accord-
ing to Fatou’s lemma:

L)h

/ |L1(t,r)uryz(f\”2
Or

.. 225
< liminf !umj(t)| dx
Oor

m— 00

dx

VI (t)

for any t — v > Tj(¢, D) holds.
For each § € [0, 00), there is a unique % € {1,2,3,...} such that

N h-1 N h

Then, for each § € [0,00) and anyt — © > Tj,(¢, D), we have

N

8

2+8

248 X 124
w550 = @] 5 100 5
2+8 1- 248
< (Mu(®)) A" 1O A
and let
My(e) = (W10)* T 0, 7 2O

(which depends only on §, ¢, i, N, B, ||f (£)llz0(0,)» A1,> and |O;]) and T(t,8,f3) = Th(t,b)
(where the constant / is fixed by (4.25)), we know that, forany t € R, any D(t) € %, there
exist constants T'(¢,8, D) and M;(¢) such that

|4®)] 2030,y < Ms(®)  forany t -7 > T(¢,8,D). O
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4.3 The proof of Theorem 1.2

Proof 1t is sufficient to verify the conditions of Theorem 2.4. According to Theorem 2.6,

the norm-to-weak continuity is easily checked.

For any ¢ € R, denote

B(t) = {u(t) satisfying ||u(t) ||L2+5((9[) < M(;(t)},

then, according to Theorem 4.2, for any ¢ € R and any u, € D(t), there exist B(t) and
T(t, 8,15) such that

Ut t)u, € B(z)

for any t — v > T(t,8,D), that is, there exists a pullback 9, absorbing set in L**? (V§ €
[0, +00)).

By Theorem 4.2, we know that, for any ¢ > 0, any § € [0, +00), and each ¢ € R, there exist

positive constants T(t, 8,13, ¢) and M such that

/ ) |U(t,t)u1|2+8dx<s
O (U(t,T)ur |2M)

forany ¢t -t > T(¢, 8,D,¢). Combining Theorem 2.5 and Theorem 2.10, we prove that the
process U(t, T) associated to (1.3) is pullback w-Z-limit compact in L2**(Q;). O
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