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Abstract

In this paper, both global exponential stability and periodic solutions are investigated
for a class of delayed reaction-diffusion BAM neural networks with Dirichlet boundary
conditions. By employing suitable Lyapunov functionals, sufficient conditions of the
global exponential stability and the existence of periodic solutions are established for
reaction-diffusion BAM neural networks with mixed time delays and Dirichlet
boundary conditions. The derived criteria extend and improve previous results in the
literature. A numerical example is given to show the effectiveness of the obtained
results.
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1 Introduction

Neural networks (NNs) have been extensively studied in the past few years and have found
many applications in different areas such as pattern recognition, associative memory, com-
binatorial optimization, etc. Delayed versions of NNs were also proved to be important for
solving certain classes of motion-related optimization problems. Various results concern-
ing the dynamical behavior of NNs with delays have been reported during the last decade
(see, e.g., [1-7]). Recently, the authors in [1] and [2] considered the problem of exponential
passivity analysis for uncertain NNs with time-varying delays and passivity-based con-
troller design for Hopfield NN, respectively.

Since NNis related to bidirectional associative memory (BAM) were proposed by Kosko
[8], the BAM NN have been one of the most interesting research topics and have attracted
the attention of researchers. In the design and applications of networks, the stability of the
designed BAM NNis is one of the most important issues (see, e.g., [9-12]). Many important
results concerning mainly the existence and stability of equilibrium of BAM NNs have
been obtained (see, e.g., [9-15]).

However, strictly speaking, diffusion effects cannot be avoided in the NNs when elec-
trons are moving in asymmetric electromagnetic fields. So, we must consider that the ac-
tivations vary in space as well as in time. In [16—34], the authors considered the stability of
NNs with diffusion terms which were expressed by partial differential equations. In par-
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ticular, the existence and attractivity of periodic solutions for non-autonomous reaction-
diffusion Cohen-Grossberg NNs with discrete time delays were investigated in [20]. The
authors derived sufficient conditions on the stability and periodic solutions of delayed
reaction-diffusion NNs (RDNNs) with Neumann boundary conditions in [21-25]. In these
works, due to the divergence theorem employed, a negative integral term with gradient
was removed in their deduction. Therefore, the stability criteria acquired by them do not
contain diffusion terms; that is to say, the diffusion terms do not have any effect on their
deduction and results. Meanwhile, some conditions dependent on the diffusion coeffi-
cients were given in [30, 32-34] to ensure the global exponential stability and periodicity
of RDNNs with Dirichlet boundary conditions based on 2-norm.

To the best of our knowledge, there are few reports about global exponential stability and
periodicity of RDNNs with mixed time delays and Dirichlet boundary conditions, which
are very important in theories and applications and also are a very challenging problem.
In this paper, by employing suitable Lyapunov functionals, we shall apply inequality tech-
niques to establish global exponential stability criteria of the equilibrium and periodic
solutions for RDNNs with mixed time delays and Dirichlet boundary conditions. The de-
rived criteria extend and improve previous results in the literature [22, 29].

Throughout this paper, we need the following notations. R"” denotes the n-dimensional
Euclidean space. We denote

m
||u(t,x)—u*|| :/ Z|ui—uf|rdx,
2

||(p,4(s,x) —-u* || = sup |:/ Z|§0m(s,x) - M?|rdx:|
—00<s<0 Q i-1

and

n
||v(t,x)—v*|| =fZ’Vj—vf‘rdx,
S

r>2.

<pv(s,x)—v*” = sup |:/ Z‘(pv,»(s,x)— f|rdxi|,
-00<s<0 Q j=1

Let u; = u;(t,x), v; = vj(t, x).

The remainder of this paper is organized as follows. In Section 2, the basic notations,
model description and assumptions are introduced. In Sections 3 and 4, criteria are pro-
posed to determine global exponential stability, and periodic solutions are considered for
reaction-diffusion recurrent neural networks with mixed time delays, respectively. An il-
lustrative example is given to illustrate the effectiveness of the obtained results in Sec-
tion 5. We also conclude this paper in Section 6.

2 Model description and preliminaries
In this paper, the RDNNs with mixed time delays are described as follows:

dui _ Xl: i(D 8u,~) - pi(wi(t, %))
9t = = 8xk zkaxk pi\uill,

+ 2By (5(6:)) + 3 (Biy (vt - 60, ))

J=1 Jj=1


http://www.boundaryvalueproblems.com/content/2013/1/105

Zhang et al. Boundary Value Problems 2013, 2013:105 Page 3 of 23
http://www.boundaryvalueproblems.com/content/2013/1/105

+ ,21: b; /_ N Ki(t = s)f:(vi(s,%)) ds + Li(t),
(1)

l

av; 0 L 0V
+ Y (dygi(uilt,0)) + Y (dydi (it - 75(0), %))
i=1 i=1
+ Zd,,/ k,,(t 8)gi (u (s,x)) ds +Ji(t).

The RDNNs model given in (1) can be regarded as RDNNs with two layers, where m is
the number of neurons in the first layer and # is the number of neurons in the second layer.
x=x5,%...,x) € QC R, Qisa compact set with smooth boundary 92 and mes 2 > 0
in the space R’ u = (uy, us, ..., )" € R™, v=(vi,vs,...,v,)" € R". u;(t,x) and v;(t, x) rep-
resent the state of the ith neuron in the first layer and the jth neuron in the second layer at
time £ and in the space , respectively. bj;, bﬂ, bﬂ, dy, d and d are known constants denot-
ing the synaptic connection strengths between the neurons in the two layers, respectively;
fir fir fir @ @ and g; denote the activation functions of the neurons and the signal propaga-
tion functions, respectively. I; and J; denote the external inputs on the ith neuron and jth
neuron, respectively; p; and g; are differentiable real functions with positive derivatives
defining the neuron charging time; 7;(¢) and 6;;(t) represent continuous time-varying de-
lay and discrete delay, respectively; D > 0 and Dj > 0,i=1,2,...,m, k=1,2,...,/ and
j=1,2,...,n, stand for the transmission diffusion coefficient along the ith neuron and jth
neuron, respectively.

System (1) is supplemented with the following boundary conditions and initial values:

u;(t,x) =0, vi(t,x) =0, t>0,x€dq, (2)

ui(s,x) = <Pui(5,x)’ Vj(srx) = (DV]‘(S,QC), (S7x) € (_OO:O] x (3)

foranyi=1,2,...,mandj=1,2,...,n, where # is the outer normal vector of 9$2, ¢ = (

(Quts -+ s Pums oty - -»@um) T € C are bounded and continuous, where C = {(p|(p i

(o)

into R™*" with the topology of uniform convergence for the norm

"‘””:H( )H supo[ Z|<pm| dx} supo|:/QZ|<pV,|’dxi|.
—00=<s=< —00=<s=< j:l

Remark 1 Some famous NN models became a special case of system (1). For example,
when Dy, = 0 and D;fk =0(=1L2,...,m k=12,...,1), the special case of model (1) is
the model which has been studied in [13-15]. When b; =0 and d;; =0, i=1,2,...,m, j =
1,2,...,n,system (1) became NNs with distributed delays and reaction-diffusion terms [18,
22, 29].

u

o) =

)

— Rm”‘}, It is the Banach space of continuous functions which maps (( o O])
(=00,0]

Throughout this paper, we assume that the following conditions are made.
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(A1) The functions 7;(¢), 0;(¢) are piecewise-continuous of class C' on the closure of

each continuity subinterval and satisfy

0 < 7(t) < 7y, 0 < 0;(¢) <6y, Ti(t) < pe <1, 0i(t) < o <1,
= max {g;}, 0= max {6;}
1<i<m,1<j<n 1<ism,1<j<n

with some constants 7;; > 0,6; >0, 7>0,6 >0 forall £ > 0.
(A2) The functions p;(-) and ¢;(-) are piecewise-continuous of class C* on the closure of

each continuity subinterval and satisfy

a;=infpj(¢)>0, pi(0)=0,
CER
. /
G = ;rellfeqj(;“) >0, ¢;(0)=0.
(A3) The activation functions and the signal propagation functions are bounded and

Lipschitz continuous, i.e., there exist positive constants L{ , L{ , L{ LS, L‘lg and L‘lg such that

for all 1,12 €R,

[i(m) = fi(m2)| < L{|'71 - nal, [ﬁ(fh) —j?j(ﬁz)| < L{|’71 -2l
fi(m) - fi(n2)| < m-nal, lgi(m) - gi(n2)| < LI - mal,
|8i(m) = gi(n2)| < L - nal, |lgi(m) - gi(n2)| < Ll = mal.

(A4) The delay kernels I(ﬁ(s),Ki(s) :[0,00) = [0,00) (i=1,2,...,m,j=1,2,...,n) are
real-valued non-negative continuous functions that satisfy the following conditions:
() [y Ki(s)ds=1, [y Ki(s)ds=1;
(if) JOO sKji(s) ds < o0, fomo sl_(,j(s) ds < 00;

(iii) There exist a positive u such that
+00 +00 B
/ se!“Kji(s) ds < 0o, / 5e!*Kji(s) ds < oo.
0 0

Let (u*,v*) = (uf, u3,...,ul,vi,v5,...,v}) be the equilibrium point of system (1).

Definition1 The equilibrium point of system (1) is said to be globally exponentially stable
if we can find r > 2 such that there exist constants @ > 0 and 8 > 1 such that

||u(t,x) -u* || + H v(t,x) —v* ||

< ﬂef2at(H¢u(S,x) —u* || + Hgﬂv(s,x) —v* ||) (4)
forall ¢t > 0.

Remark 2 It is well known that bounded activation functions always guarantee the exis-

tence of an equilibrium point for system (1).
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Lemmal [33] Let Q2 bea cube |x;| <d; (I=1,...,m), and let h(x) be a real-valued function
belonging to C*(2) which vanishes on the boundary 9Q of Q, i.e., h(x)|aa=0. Then

oh |

/hz(x)dx<d2/ Fv

3 Global exponential stability

dx. (5)

X

Now we are in a position to investigate the global exponential stability of system (1). By
constructing a suitable Lyapunov functional, we arrive at the following conclusion.

Theorem 1 Let (Al)-(A4) be in force. If there exist w; >0 (i=1,2,...,n+m), r > 2, y; > 0,
Bji > 0 such that

n
w; (—rnaf‘lD,'l —rnal +2(r-1) Z al +(r-1) Z a. M“)
j=1

j=1

T

_eM( )+ 1yl vy (L )><0

T

n
+ Zwmﬂmr(ld;ﬂr(@g)r + |‘~"ij|r1

j=1

and

i=1 i=1

Wm+j< rm ’1D*l—rmc +2(r— 1)20 +(’"_1)churl>

9 f - \r
+Zw, (|b,L| (L) + 1Bl (,f)’+|bji|'ﬂ,§(L{))<o, (6)

1- e

inwhichi=1,2,...,m,j=12,...,n, L{, L{, Llf., L, L‘g and L‘lg are Lipschitz constants, D; =
minlfkfl{Dik/d,%}, D;.“ = minlsksl{ka/d,%}, then the equilibrium point (u*,v*) of system (1) is
unique and globally exponentially stable.

Proof If (6) holds, we can always choose a positive number § > 0 (may be very small) such

that
n n .
B (ﬂmf‘lm -l 2r=1)) a4 (-1 a /j>
J=1 j=1
n _ . i ) )
* Zwmﬂm'(%l’@f)' #ldyl (L) + |d,7|’yi;(L‘f’)r> +5<0
j=1 T
and

wm+,< rmc”lD*l— rmc; +2(r — 1)2 (r-1 ZC Vi )

i=1

0 7

+Zwl (|b,l| ,) +|Z),,|'1 eﬂg( 4) +1bil” ﬂﬂ(Lf)>+8<0, 7)

wherei=1,2,...,m,j=12,...,n
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Let us consider the functions

n
Fl(x;") =w; (—rna{‘lDil —rna; +2(r—1) Za{

j=1

+(r—1)za;ﬂ,;f’1 / kji(s)ds+2x;"naf_1>
0

j=1
n ~ eT ~
> wm+jm’(|di;|'(b§)r + |dii|rq (z)
j=1
.

+ Ir;llyl’y,«f(L‘?i)rfo

s /_Q/ (s) ds)

and

m m ’ +00
G; (y}*) = Winj |:—rmc;_lD;‘l —rmc; +2(r-1) Z ¢ +(r-1) Z A7 /o kij(s) ds
i=1 i=1

m
+ 2yfmc;‘1:| + Z win’(|bji|’(L{)r
i1
0.

(L) + |13,,-|f,3,;(Lf )’ /0 ¢ ki(s) ds), (8)

- e
+ 1| ——
"1 e

where x7,y7 € [0,+00),i=1,2,...,m,j=12,...,n.

From (8) and (A4), we derive F;(0) < =6 < 0, G;(0) < -6 < 0; Fi(x}) and G,«(y;") are con-
tinuous for x;.",y;‘ € [0, +00). Moreover, Fi(x}) — +00 as x{ — +00 and Gj(y;") — +00 as
y]’f — +00. Thus there exist constants ¢;, 0j € [0, +00) such that

n
Fi(g;) = w; <—rna{‘1Dil —rna; +2(r-1) Z a;
j=1

n , +00 n
+(r-1) Z a; j;’Tl /0 kii(s) ds + 28,’l’lﬂ;_l) + Z Wm+/mr<|dij|r(L‘zg)r
j=1 =t

T

e B _ +00 .
+ |di,'|’1 — (8" + |d,7|’yl;(Lf‘)r/0 > k;i(s) ds) =0
T

and

m
Gi(0)) = Wiy (—rmcle;"l - rmc; +2(r-1) Z c;

i=1

m , +o0 m
+(r=1) Z c;yi;m / kij(s)ds + 20jmc;_l) + Z win" <|bji|’(L{)r
i=1 0 i=1
9 .

7, € r T o ar(rf\" > ;S
+ |bjl'|r1 ~ (Lj;) + |bﬁ| ,Bﬁ(L{) /0 62 J kﬁ(s) dS) =0, (9)

wherei=1,2,...,m,j=12,...,n.
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n
Fi(a) =w; (—rnangil —rna; +2(r-1) Za?
j=1

+(r_1)Za B 1 / kji(s) ds + 2ana;” ) +Zwm+1m <|dz;| (L)'

j=1
T

€ a\r 7 &i e 2057,
l_MT(Li) + |dy|” yu(L )/0 e “ky(s)ds ) <0

+ |dy|"

and

m
Gj(a) = W) (—rmc}‘lD]’.‘l - rmc; +2(r-1) Z c;
i=1

m , +00 m
+(r-=1) X:cj’yij—m /0 kij(s)ds + Zamc;‘l) + Zwm’(lbﬁV(L{)r
1 i-1

0 +00

1Bl —— (L) + 1Bl ﬁﬂ(Lf)/O

= e**kii(s) ds) <0, (10)
Mo

wherei=1,2,...,m,j=12,...,n
Suppose (i, V) = (ug, Un, ..., Uy, V1, V2, . . .
1) as

,v,)T is any solution of model (1). Rewrite model

0(u; — uf) B ! 0 d(u; — uf) .
ey - ; (Dik—> — (pi(wi(t, %)) - pi(u}))

- 0xy 0xy

n

+Z(bii(ﬁ("i(t’x))_ﬁ("7))) Z( (¢ = 6:0),%)) = £ (%))

j=1

n

+ Zl_ﬂji/ kit — ) (£ (vi(s, %)) —]_j(v]*)) ds, (11)
R

Avi—vH) g (v, —v¥)
+ Z (@i (it %)) )+ Y (i (@ (it - 7(0),%)) - & (7))
i=1
+ Zc_li,-f kij(t - 5) (& (i(s, %)) — @i () ) dis. (12)
i=1 -

Multiplying (11) by u; — u} and integrating over 2 yield

Page 7 of 23
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+
—
—_
S
/;
&
|
R
v
=

) () = £(v)))) dx

(vt = 6:(0),%)) =/ (}))) d

) [ =G 005) =507 ) s .

According to Green’s formula and the Dirichlet boundary condition, we get

[

( 8(u,
Dix 3
k=1

Moreover from Lemma 1, we have

! o(u; —
3 o
>l

) s

_ui)>dx:
Xk

g

k=1

1 2
O(ui — u?
3 [u(MeY g,
P Q 8xk

u—u dx<—Dl||u,

uf 5

From (11)-(15), (A2), (A3) and the Holder integral inequality, we obtain that

d

dt Jq

|ui—u}k|2dx

5—2Dil‘/|ui—u?|2dx—2ﬂi/|Mi—14ﬂ2dx
Q Q

n
+ 2/9 Z(|bﬁ||ui - uﬂLﬂv/ - v}“|)dx
j=1

”il/sz“?’ﬂl\uf—uz‘mv,«(r—eﬁ(n,x)) F07) )

+2;:/Q|:(|l_9/,-|/_wkji(t—s)|u,-—uﬂ[ﬁ(v,(s,x)) —ﬁ(vl*)|) ds] dx.

Multiplying both sides of (12) by v; — v}, similarly, we also have

d

dt Jo

|V]' - v7|2dx

5—2D71/|V/—V7|de—20if|"/‘ ARE
Q Q

Qa

u,—uvaj—

vﬂ)dx

+ZZ/;Z(|6~iij||§(ui(t—ri,»(t),x)) _g(”zﬁ)HV/—Vﬂ)dx

SR

- 5)|i(wi

5.) -5l - s |
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Choose a Lyapunov functional as follows:
m
= / Z wi| na ™ u; — uf| e
Qo
+ Z \bjil"n"

[ 1y, 0) =7 () dt

_]l

1-peo

+;Il_9jilfnrﬁ,§/0 kji(S)/ D (v, %) - £ (v)) | dE ds:|
/Zwm+;|:mc 1|V1 ’|r 2at

+Z|dl,|

o e ) de

_/'Lr t r,,(t)

t
+Z|d,,|'mw; / Ky (s) / 202 (uile, %)) - (u:‘)!’dsds} dx.

Its upper Dini-derivative along the solution to system (1) can be calculated as follows:

_10|u; —u _
D'V t)</2w,|:rmz Hu; - i}r Oui —ui| e + 20’ nal, 1|u,»—uﬂr
ot

n 6

# Qi e ) =507

j=1

_Z|b]l|

ji(t))e at V(v,(t 6;i(t), x )) ~1(V1*)|r
zafzw,wﬂ / sk 91 (6.9) ~5 ()| ds
ZMZ|bﬂ|r”rﬂ,l/ Kii(9)|fi (vt - 5,%)) — ( 9| dsj| dx
" P r—1 8|V/ V] | dat Qat r—1 * |7
+ QZW’”U rmc; v - v]| —57 ¢ +20e” m; |v,—vj|
j=1
2atZ|dzj|rmr—|gl(u (t x)) gl( ){r

i=1

~ e
_ Z |dij|rmr1

O~ 1) |2 2 (¢ - 5(0),%)) - &)

T

oo 7 r
2‘”2 gl f €Ky ()| (wi(t,x)) - &(w]) [ ds

et Z \dy|"m" Y /o kij(9)|@i (it - 5, %)) —gi(u?)’rd5:| dx
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= / 2w [m"?—1|ui - “ﬂrzew<_D"l|“i ARk
o hy
+Z |b}1||u1 Lf|V/_V1 |)
+ Z |bﬂ||”t Hf V/(t 0;i(2), x)) _f(vz*)’)
- t - -
+z(|b,l-| / k,i(t_s>|u,,_u;|wv,<s,x)>_,;<V;>|)ds)
=1 -
" ~
: 2ae2atnﬂ;‘—l|ui _ M;k{r + eZatZ |bﬁ|rnr

j-1

2at2|bﬂ| Vl(t jir % )—Z(V}“)V

2atZ|b/l|rnr‘3]lf Zaskﬂ V] t x)) (V}k)’rdS
_BZat2|Bﬂ| :3,;/ kii(9)|fi (vt - 5,%)) — ( 9| ds} dx
j=1
r-1 r=2 o2t « |2

/Zwm+,|:rmc |v, | ( -D l|v}—v | —cj|v,»—vj|
+Z(|d,»,»|L‘f|ui— Hv}—v +Z |d,,|‘g t,j,x))—g(uf)Hv,»—vﬂ)
i=1 i=1
3 ([ Bte-olatuis) -0y |)ds)

+2ae™ mC 1|V/_ 1| +e2atz|d”| " —’gl(u @ x)) &l )‘r
i=1
= a7 e - ) - 2 ()|
i=1
m +00 _ r
te 2atzldu|rm’y;/ e kii(s)|gi (uit,x)) - &i(u})| ds
i=1 0
o2t Z |dl]|’”m Vi / /_Q‘/'(S) |§i(ui(t - er)) _gl(u;k) |rds:| dx. (18)

From (18) and the Young inequality, we can conclude

D+ / ZafZWl[<_rnar lDl’ul_u ‘ —rna: ‘ul_u |

i=1

+(r—1)2af|ui—uf|r
j=1
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+Zn|bﬂ| |V,—l| +(r—1)Za |ul u|
j=1
+Z|b]z| V]t sz(t) x)) ];( )|
rem0 Y (s [ el )
j=1 -
+Z(|b,,|’n',3ﬂ/ k]l(t—s)[f V,(s,x)) ( )| ds)) +2ana§‘1|ui—u7|r

+Z|bﬂ|’n’ v](tx) f( )|

_Z|bﬂ| }’[ V] t ejl(t) x)) f( )|
eSS [ ek toten) ) s
- Z |blz|rnr18ﬂ/ kll(s)lf Vl(t S x)) ( )| dsj| dix

n
+/Qez°‘t2wm+,|:<—rmc;1D;“l|v/ - v]*| ~ rmc; |v, -V |
-1

m m
+ =103l = v [+ D (1l (L) i = 14[1)
i=1 i=1

=1 (ly=vi1") + D 1yl m" (g (it — (), %)) — & (wf) |
i=1 i=1

+(r—1)Z(Cf%y_’_£1/ /;ti(t‘s)}"i“’ﬂrdS)
i=1 -0

' Z(mrm’y; [ Hute - latuts.n) —éi(u;-*)i’ds))

+ 2amcf’1|v,- - v’f{

]

T
ij

8 (10,9) - &)
=3 iyl - 7y0,) - )|
i=1

+Z|dl,|’m’y; f €Ky (s)[&i (1:(t,%)) = & ()| ds

_ Z \dj|"m" Vi / kij(s)|gi (it - s,%)) - @i (u) |rdsj| dx
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m n
< / e E |:wi (—rna;_lDil— rna; +2(r —1) E a; +2anal”!
Q -
i=1

j=1

n

+(r=1) Z(d:«ﬁ;rrl f kji(t_s) ds)) + Zwm+jm’(|di/|’(L§)r

j=1 - j=1
T

+ |c~z’,7|’ﬁ(L‘§)r + |c_i,j|’yi;/() eZ“Sl}i/(s)(L‘gi)rds)] Iui - u}“|rdx

T

" m
+ / 2at Z |:Wm+j (_rmc;’—lD;"[ - rmc; +2(r-1) Z c;
Q

j=1 i=1

m
]}lj(t —5) ds) + 2amc;_1> + Z win' (|bji|r(L/f’)r

i=1

(L) + 1B B (L)) /0 4 ki(s) ds):| vi—vi[dx.  (19)
From (6), we can conclude
D*V(t)<0 andso V() <V(0), t>0. (20)

Since
m
1 r
:/Zw{na? |ui(0,x)—uﬂ
250
n
£y Ibl'n
j=1

e i)

i (&

+ Z |b11|rnr,3ﬂ/ k}z(s)/ 2 Hg)lf V] E,x)) ( )| 3 ds:|

n
+/ Zwm+j|:mc;_1|vj(0,x)—v;‘|r
Q

j=1

S [ e ) -a)
i=1 1= te oy

+Z|5lzy|rmryi;/ /(,](S)/ 20(s+8) |gz(u (&, x)) gt( )! d§ dsj|
i=1
/ergzix{w, |:nu’ l‘u (0,x) — u*‘r

n
+ Z |bji|rl’lr
j=1

A [° r
(L) /_9ﬁ|v,«($,x)—v;‘| dg

n oo . +00 0 ,
+ > bl (L) ﬂ;/ k,,-(s)/ v (E,x) - v7| déds} dx
j=1 0 —-s
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. Z{Ll‘i"{w’“’}[ 0 -l

0
/ lus(6,) — 13|

Tj

m
+ Y ldyl (L5) m"
i=1

+Z|dl,| m' (Lf) yl,f k,,(s)/ A8 |8, ) — | dsds]dx

T

g 20
< Lmax {w;} + max{wm+,} max |:Z|d,]| m L y”/ kL,(s)se ds:|

+ max{wmﬁ} max [Z |dl,| Lg m e—M:| } ||<pu s, %) —u* Hr

1<j<n
+ [1m<1a<x{wmﬂ} + max wl} max |:Z |bji|"n" ’/ 5> ki (s) ds:|
+ max {w} max 2”: |l~9~|’n’(L*?~’)r89—(9 (s, %) = v (21)
e i A ji i) 1_ 1o v\S, .
Noting that
et (1552121+n w,»)(Hu(t,x) —u*|| + vt x) -v*|) = V@), t=o0. (22)
Let

p = max{lmax {wi} + max{wmﬂ} Inlax |:Z |dl]| m’ Lg yz] / kz} S)Sezas ds]

m T
~ anr e't
i uax wn ) max | 3 Iy (1) |,
1<j<n Lsj<n| <= 1-u
i=

T

n - +00
1m<laLx{w,,,+,} + max {w,} max |:Z |bji|’n’(L{)r ]’l/ Se2"’skji(s) ds:|
j-1 0

0
+ max {w,} max |:Z|b]l|r d Lg " :|]/ min {w;}.
1<i<m 1<i<m+n

Clearly, g > 1.
It follows that

),

for any t > 0, where B > 1 is a constant. This implies that the solution of (1) is globally

et ) — || + | v(t, %) = v | < Be™> (|| @uls,x) — u*| + | @u(s,%) - v*

exponentially stable. This completes the proof of Theorem 1. d

Remark 3 In this paper, the derived sufficient condition includes diffusion terms. Unfor-
tunately, in the proofin the previous papers [21-24], a negative integral term with gradient
is left out in their deduction. This leads to the fact that those criteria are irrelevant to the
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diffusion term. Obviously, Lyapunov functional to construct is more general and our re-
sults expand the model in [22, 29].

When I;ﬂ» =0and cNZl-,» =0(1=12,...,mj=12,...,n), system (1) becomes the following
BAM NNs with distributed delays and reaction-diffusion terms:

! n

ou; ol u;
T g (0ag )~ te )+ (i)

k=1 j=1

n

by /_ . kii(t - s)f:(vi(s, %)) ds + I;(¢),

+
j
! m
av; 0 D
B_tj Za—< ) g v,(t x) +; ,,g, u,(tx

k=1
+Y dy / kit — )@ (ui(s, %)) ds + Jj(2).
i=1 -

For (23), we get the following result.

Corollary1 Let (Al)-(A4) be in force. If there exist w; >0 (i =1,2,...,n+m),r > 2, y; >0,
Bji > 0 such that

w( rna;” 1Dl—rmz +2(r—1)2u +(r—1)Za yl)

j=1 j=1

+Zwm+jm (|dL]| (Lg) + |dz/| Vu( )V) <0

j=1

and

Wm+j< ’1D*l—rmc +2(r—1)ZC +(’"_1)churl>

i=1 i=1

3w (1Bl () + 1Bl B,(E)) <0, (24)
i=1

wherei=1,2,...,m,j=1,2,...,n, LJ;, LJ;, LJ;, Lf, L;g and Lf? are Lipschitz constants. Then the
equilibrium point (u*,v*) of system (1) is unique and globally exponentially stable.

4 Periodic solutions

In this section, we consider the stability criterion for periodic oscillatory solutions of sys-
tem (1), in which external input /; : R* — R, i=1,2,...,m,and J;: R* = R, j=1,2,...,mn,
are continuously periodic functions with period w, that is,

Li(t + w) = L;(¢), Jit+w)=J(t), i=12,...,mj=12,...,n

By constructing a Poincaré mapping, the existence of a unique w-periodic solution and its

stability are readily established.
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Theorem 2 Let (Al)-(A4) be in force. There exists only one w-periodic solution of sys-
tem (1), and all other solutions converge exponentially to it as t — +oo if there exist con-
stants w; >0 (i =1,2,...,n+m), r >2,7; >0, B;; >0 (i =1,2,...,m, j = 1,2,...,n) such

that
n n ’
w; (—rmzleil —rna; +2(r-1) Z a; +(r-1) Z afﬂj;ﬁ>
j=1 J=1
n . et B
+ Zwm+;m’<|dij|’(Lf)’ + |di/|r1 — ( i) + |dl}| Vu( ) ) <0
j=1 ‘
and

Wmﬂ( rlD*l_rmc +2(r I)ZC +(r 1)ZC )/l/r1>

i=1 i=1

7 0 f r 7 f r
+ sz (lbp| ) + |bji|r1_eM6 (L{) + |b/‘i|rﬁ,'ri(]~{) ) <0, (25)

wherei=1,2,...,mandj=1,2,...,n, L{, L{, L}f, L, Lf? and Lfg are Lipschitz constants in
(A3).

Proof For any (i‘v‘), (5‘:) € C, we denote the solutions of system (1) through ((g)), ((“9)

and ((9), ((42)) as )
(t, 0 %) = (116 o)y Ui (600 %) Y 9002) = (1 00 0), Vil 000 0))
and
(t, Yo%) = (116 Vi) (6 V%)) VY0 ) = (106 Y 0), Vil Y 0))
respectively. Define

ut((pu: x) = I/l(t + 97 (pwx)’ 9 € (—OO, 0]; t Z 0,

Ve(@y,x) =v(E+60,9,,%), 6 €(-00,0],£=0.
Clearly, for any ¢ > 0, (Zﬁgz’v‘;) € C. Now, we define
Yi= ui(tr q)urx) - ui(t: wu’x)r Z/’ = V/’(tr QOV,?C) - V]’(tr wv,x)-

Thus, we can obtain from system (1) that

3y < 9 3y;
3—); = (Z — (Dik Bjc}k) — (pi(ui(t, 0u> %)) — pi(i(t, Vs %)) )

P E)xk

n

+ Z bii(f(vi(t, 00, %)) = £(vi(t, ¥, %)) ))
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S B0 40109) =000 1,7)

+ Z(Bﬂ / kii(t - s)(]_;(vj(s, (pv,x)) ]_‘(V,(s, 1/f,,,x)))> ds,
j=1 -
!

R T P

+ Z dij(gi(ui(t pus %)) — gi(ui(t, Vs %))

1

+

M§

(i (& (e (£ = T5(8), 9 6) ) — & (i (£ = T4(8), Y ) )))

1

+

Ms

<z;/ kz;(t S)(gz(uz(&%,x)) gt(uz(srwu,x))) >

1l
—

i

We consider the following Lyapunov functional:

/ Zwl|:nar 1|yl|r 2ot

+Z|iaﬁ|’n’<1—u9) i(vi(&, 00,) = (&, Y, %)) | dE
j=1

t —19/‘,' (t

+Z|b/z|rnrﬁﬂ/ kjl(s / 2+
X lfj(vj(gr wv’x)) ]?(V;(é %;x))| d§ d5:|
/ ZWWH] |:}’I’ICV 1|Zl| eZott

+ Z |dl]|rmr(1 M) |§i(ui($r %,x)) _é}i(”z’(g’ %,x))|rd€ ds

t— le(t)

m t

+00
§ U|rmryl;'/ kij(s)/ e20t(s+5)
15

i=1 S

X |§i(ui(§r §0urx)) _gi(ui(g’ %,x))|rd€ d5:| dx

By a minor modification of the proof of Theorem 1, we can easily get

” u(t, Pu, x) — u(t, Yy, x) “ + ” v(t, @y, %) — v(t, ¥y, %) “

< B (llgu = Vull + llgw = ¥ll) (26)
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for t > 0,in which B > 1 is a constant. Now, we can choose a positive integer N such that

Be*Ne < 1. (27)

e—an <
P - 4

N

Defining a Poincaré mapping P: C — C by

(%)< (41, o8
(%% Vo (@y)

due to the periodicity of system, we have

PN (‘pu) _ (uNa)(wu)> (29)
Py VNw(9v)
Let £ = Nw, then from (26)-(29) we can derive that
()= o)l=16)- ()
Py Yy 2 Yy ’
which shows that PV is a contraction mapping. Therefore, there exists a unique fixed point

(Zi‘;) € C, namely, PN (g%) = (:’;%)

Since PN(P(Z%;)) = P(PN (z;?:)) = P(Z%;), then P(Zg) is also a fixed point of PV. Because of
the uniqueness of a fixed point of PV, then P(Z'Z) = (Z‘Z)
Let (u(t, ¢}, %), v(¢, ¢}, x)) be the solution of system (1) through ((8), (g‘Z)), then (u(t +

w, @5, %), V(L + o, ¢}, %)) is also a solution of system (1). Clearly,
(MHw ((/)Z: x)) _ (”t (uw (‘PZ))) _ (ut ((/JZ; x))
Vitw ((pjr x) V¢ (Vw ((Pff)) Vi (‘Pf, x)

for t > 0. Hence (u(t + o, %, x), v(t + o, ¢}, x))T = (u(t, ¢, %), v(t, 7, x))T for £ > 0.
This shows that (u(t, ¢, x), v(t, ¢, x))T is exactly one w-periodic solution of system (1),

and it is easy to see that all other solutions of system (1) converge exponentially to it as
t — +00. The proof is completed. O

5 lllustration example
In this section, a numerical example is given to illustrate the effectiveness of the obtained
results.

Example1 Consider the following system on = {(x1,%2)7|0 < xx < +/0.27,k =1,2} C R?:

! n

d i d Gl i
a—l/: = ; a—xk(D 891: ) Pz( i(tix)) + }:Zl(b]lﬁ(vl(t’x)))
+ (B (vi(t - 0u(0),x))) + D by / Kii(t = ) (vi(s, %)) ds + Li(2),
(30)

av; 0 L 9 “
T ga_xk<Djka_xk> qj V/(t x) +l=Z1 L,g, ui(t, x

m

+ Z(;i,jg,-(u,’(t - ‘(,-j(t),x))) Zc_l [ l_qj(t - s)_i(u,'(s, x)) ds +Ji(t),

i=1 i o0

I
[
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u, (x, 05018,

Figure 1 The surface of uq(x;,0.5018,t) when x; = 0.5018.

u,(x, 05018,

0484

Figure 2 The surface of u;(x;,0.5018,t) when x; = 0.5018.

u; =0, vi=0, t>0, x €08,

ui($, %) = Qui(s, %), vi(s,%) = @ij(s,%),  (s,%) € (-00,0] x 2,

where kj(¢) = ky(8) = te™, i,j,1 = 1,2. fin) = fo(n) = i(n) = s(n) = fi(n) = fo(n) = @a(n) =
&) =g =gMm) fél(’l_) =g (n) =tanh(n), n =m =1=2, 1, =2.5, 6;(t) = 7;i(t) = 0.02 —
0.01sin(2rt), I = I} = I} = I = LS = L§ = 1, i,j = 1,2. pilui(t,%)) = uilt, ), q;(vj(t,)) =
2v(t,x), D1 =Dy =1,Df =D; =2, a1 =ay =1, c1 =cy =2, 7 =2, iz = iy = 0.2, dyy = 0.5,
dip =1, dy =05, dyy = 0.2, dyy =01, dip = 0.2, dyy = 0.3, dyy = 0.5, dyy = 0.2, dip = 0.6,
dy = 0.5, dyy = 0.8, byy = 0.3, by = 0.6, by = —0.5, byy = —0.8, byy = -1, byp = 0.5, by = 0.3,
byy = 0.3, by = —0.1, byy = 0.2, by; = 0.5, byy = 0.4. By simple calculation with wy = wy =
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2

LR ]

u, 0.5018,x, 4

Figure 3 The surface of u41(0.5018, x3,t) when x; =0.5018.

Figure 4 The surface of u;(0.5018, x3,t) when x; = 0.5018.

w3 =ws =1, Bu1 = P12 = P = Poz =1 and y11 = Y12 = Y1 = ¥22 = 1, we have

|~

i

2 2
— rna; ™ Dihy — rnal + 2(r — 1) Z al+(r-1) Z aify’”

j=1 j=1
2 1 _ ) )
) mr<|d1/|r(L§)r + |dli|rﬁ(big)r + |dlj|rV1;(L'ig)r> =-115<0, (31)
1 = M
2 2 .
— rnaly Doy — rndly + 2(r — 1) Z ay+(r—1) Zagﬁ];ﬁ
j=1 j=1

(L) + |£z2,|ry;,<L§y) __238<0, 32)

2
r e ]
I (e

j-1 i
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25

—_
o

/

v, (¢, 0.5018 1)

05

15

v fx, D.5018.)

(151

Figure 6 The surface of v,(x;,0.5018,t) when x; = 0.5018.

—rmc DAy — rmcy + 2(r — 1)2 (r-1 chj/d_l

i=1

7 1 F\r T o (1\"
+Z (lbh 4 +|bu|fm(L{) + byl ﬂli(L{)>:—19.15<0

and
2 2

— rmcy ' Dihy — rmchy + 2(r — 1) Z c+(r—1) Z Ay
i=1 i=1

7 1 f\r T N
+Z (|b2, L) +|b2i|’m(ﬁ;) +|b2i|’,82’i(Lf2)):—20.98<0,

that is, (6) holds.

Page 20 of 23

(33)

(34)
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v, 05018 5, 1)

Figure 7 The surface of v1(0.5018, x3, t) when x; = 0.5018.

W 060185, 1)

Figure 8 The surface of v5(0.5018, x5, t) when x; =0.5018.

The simulation results are shown in Figures 1-8. When x, = 0.5018, the states sur-
faces of u(x;,0.5018,¢) are shown in Figures 1-2, while x; = 0.5018, the states sur-
faces of u(0.5018,x,,¢) are shown in Figures 3-4. When x, = 0.5018, the states sur-
faces of v(x;,0.5018,¢) are shown in Figures 5-6, while x; = 0.5018, the states surfaces
of v(0.5018, x5, £) are shown in Figures 7-8, which illustrates that the system states in (30)
converge to equilibrium solution. Therefore, it follows from Theorem 1 and the simulation
study that (30) has one unique equilibrium solution which is globally exponentially stable.

Remark 4 Since —a; + % ]il(Lf)z(lbﬂ |2+ |1;j1 [2) = 0.25 > 0, the conditions of Corollary 3.2
in [22] and —ra; + (r — 1) Z/ilL{ (IBp] + 1bpl) + L§ 37 (|dyl| + 1dy) = 3.3 > 0, under the
conditions of Example 1, the conditions of Theorem 1 in [29] are not satisfied. However,
by (31)-(34) and Theorem 1, we can derive that (30) has one unique equilibrium solution

which is globally exponentially stable.
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6 Conclusions

In this paper, by employing suitable Lyapunov functionals, Young’s inequality and Hélder’s
inequality techniques, global exponential stability criteria of the equilibrium point and
periodic solutions for RDNNs with mixed time delays and Dirichlet boundary conditions
have been derived, respectively. The derived criteria contain and extend some previous
NN in the literature. Hence, our results have an important significance in design as well
as in applications of periodic oscillatory NNs with mixed time delays. An example has
been given to show the effectiveness of the obtained results.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

WZ designed and performed all the steps of proof in this research and also wrote the paper. JL and MC participated in the
design of the study and suggested many good ideas that made this paper possible and helped to draft the first
manuscript. All authors read and approved the final manuscript.

Author details
"Institute of Mathematics and Applied Mathematics, Xianyang Normal University, Xianyang, 712000, China. 2School of
Science, Xidian University, Xi'an, Shaanxi 710071, China.

Acknowledgements

The authors would like to thank the referees for valuable comments and suggestions in improving this paper. This work is
partially supported by the National Natural Science Foundation of China under Grant No. 60974139, the Special Research
Project in Shaanxi Province Department of Education (2013JK0578) and Doctor Introduced project of Xianyang Normal
University under Grant No. 12XSYK008.

Received: 18 October 2012 Accepted: 12 April 2013 Published: 26 April 2013

References
1. Kwon, OM, Park, JH, Lee, SM, Cha, EJ: A new augmented Lyapunov-Krasovskii functional approach to exponential
passivity for neural networks with time-varying delays. Appl. Math. Comput. 217(24), 10231-10238 (2011)
2. Ji, DH, Koo, JH, Won, SC, Lee, SM, Park, JH: Passivity-based control for Hopfield neural networks using convex
representation. Appl. Math. Comput. 217(13), 6168-6175 (2011)
3. Lee, SM, Kwon, OM, Park, JH: A novel delay-dependent criterion for delayed neural networks of neutral type. Phys.
Lett. A 374(17-18), 1843-1848 (2010)
4. Cao, J, Wang, J: Global exponential stability and periodicity of recurrent neural networks with time delays. IEEE Trans.
Circuits Syst. I, Regul. Pap. 52(5), 920-931 (2005)
5. Huang, C, Cao, J: Convergence dynamics of stochastic Cohen-Grossberg neural networks with unbounded
distributed delays. IEEE Trans. Neural Netw. 22(4), 561-572 (2011)
6. Ensari, T, Arik, S: Global stability of a class of neural networks with time varying delay. IEEE Trans. Circuits Syst. I,
Express Briefs 52(3), 126-130 (2005)
7. Rakkiyappan, R, Balasubramaniam, P: Delay-dependent asymptotic stability for stochastic delayed recurrent neural
networks with time varying delays. Appl. Math. Comput. 198(2), 526-533 (2008)
8. Kosko, B: Bi-directional associative memories. IEEE Trans. Syst. Man Cybern. 18(1), 49-60 (1988)
9. Park, JH, Kwon, OM: Delay-dependent stability criterion for bidirectional associative memory neural networks with
interval time-varying delays. Mod. Phys. Lett. B 23(1), 35-46 (2009)
10. Park, JH, Park, CH, Kwon, OM, Lee, SM: New stability criterion for bidirectional associative memory neural networks of
neutral-type. Appl. Math. Comput. 199(2), 716-722 (2008)
11. Park, JH, Kwon, OM: On improved delay-dependent criterion for global stability of bidirectional associative memory
neural networks with time-varying delays. Appl. Math. Comput. 199(2), 435-446 (2008)
12. Cao, J, Wang, L: Exponential stability and periodic oscillatory solution in BAM networks with delays. IEEE Trans. Neural
Netw. 13(2), 457-463 (2002)
13. Park, J, Lee, SM, Kwon, OM: On exponential stability of bidirectional associative memory neural networks with
time-varying delays. Chaos Solitons Fractals 39(3), 1083-1091 (2009)
14. Wu, R: Exponential convergence of BAM neural networks with time-varying coefficients and distributed delays.
Nonlinear Anal,, Real World Appl. 11(1), 562-573 (2010)
15. Liu, X, Martin, R, Wu, M: Global exponential stability of bidirectional associative memory neural networks with time
delays. IEEE Trans. Neural Netw. 19(2), 397-407 (2008)
16. Zhang, W, Li, J: Global exponential synchronization of delayed BAM neural networks with reaction-diffusion terms
and the Neumann boundary conditions. Bound. Value Probl. 2012, Article ID 2 (2012). doi:10.1186/1687-2770-2012-2
17. Zhang, W, Li, J, Shi, N: Stability analysis for stochastic Markovian jump reaction-diffusion neural networks with
partially known transition probabilities and mixed time delays. Discrete Dyn. Nat. Soc. 2012, Article ID 524187 (2012).
doi:10.1155/2012/524187
18. Song, Q, Zhao, Z, Li, YM: Global exponential stability of BAM neural networks with distributed delays and
reaction-diffusion terms. Phys. Lett. A 335(2-3), 213-225 (2005)


http://www.boundaryvalueproblems.com/content/2013/1/105
http://dx.doi.org/10.1186/1687-2770-2012-2
http://dx.doi.org/10.1155/2012/524187

Zhang et al. Boundary Value Problems 2013, 2013:105
http://www.boundaryvalueproblems.com/content/2013/1/105

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

34.

. Zhang, W, Li, J: Global exponential stability of reaction-diffusion neural networks with discrete and distributed

time-varying delays. Chin. Phys. B 20(3), Article ID 030701 (2011)

Pan, J, Zhan, Y: On periodic solutions to a class of non-autonomously delayed reaction-diffusion neural networks.
Commun. Nonlinear Sci. Numer. Simul. 16(1), 414-422 (2011)

Song, Q, Cao, J: Global exponential stability and existence of periodic colutions in BAM with delays and
reaction-diffusion terms. Chaos Solitons Fractals 23(2), 421-430 (2005)

Cui, B, Lou, X: Global asymptotic stability of BAM neural networks with distributed delays and reaction-diffusion
terms. Chaos Solitons Fractals 27(5), 1347-1354 (2006)

Zhao, H, Wang, G: Existence of periodic oscillatory solution of reaction-diffusion neural networks with delays. Phys.
Lett. A 343(5), 372-383 (2005)

Song, Q, Cao, J, Zhao, Z: Periodic solutions and its exponential stability of reaction-diffusion recurrent neural
networks with continuously distributed delays. Nonlinear Anal., Real World Appl. 7(1), 65-80 (2006)

Wang, Z, Zhang, H: Global asymptotic stability of reaction-diffusion Cohen-Grossberg neural network with
continuously distributed delays. IEEE Trans. Neural Netw. 21(1), 39-49 (2010)

Zhang, X, Wu, S, Li, K: Delay-dependent exponential stability for impulsive Cohen-Grossberg neural networks with
time-varying delays and reaction-diffusion terms. Commun. Nonlinear Sci. Numer. Simul. 16(3), 1524-1532 (2011)
Wang, L, Zhang, R, Wang, Y: Global exponential stability of reaction-diffusion cellular neural networks with S-type
distributed time delays. Nonlinear Anal., Real World Appl. 10(2), 1101-1113 (2009)

Zhu, Q, Li, X, Yang, X: Exponential stability for stochastic reaction-diffusion BAM neural networks with time-varying
and distributed delays. Appl. Math. Comput. 217(13), 6078-6091 (2011)

Lou, X, Cui, B, Wu, W: On global exponential stability and existence of periodic solutions for BAM neural networks
with distributed delays and reaction-diffusion terms. Chaos Solitons Fractals 36(4), 1044-1054 (2008)

Zhang, W, Li, J, Chen, M: Dynamical behaviors of impulsive stochastic reaction-diffusion neural networks with mixed
time delays. Abstr. Appl. Anal. 2012, Article ID 236562 (2012). doi:10.1155/2012/236562

Wang, Z, Zhang, H, Li, P: An LMl approach to stability analysis of reaction-diffusion Cohen-Grossberg neural networks
concerning Dirichlet boundary conditions and distributed delays. IEEE Trans. Syst. Man Cybern., Part B, Cybern. 40(6),
1596-1606 (2010)

Lu, J: Robust global exponential stability for interval reaction-diffusion Hopfield neural networks with distributed
delays. IEEE Trans. Circuits Syst. Il, Express Briefs 54(12), 1115-1119 (2007)

Lu, J, L, L: Global exponential stability and periodicity of reaction-diffusion recurrent neural networks with
distributed delays and Dirichlet boundary conditions. Chaos Solitons Fractals 39(4), 1538-1549 (2009)

Wang, J, Lu, J: Global exponential stability of fuzzy cellular neural networks with delays and reaction-diffusion terms.
Chaos Solitons Fractals 38(3), 878-885 (2008)

doi:10.1186/1687-2770-2013-105
Cite this article as: Zhang et al.: Global exponential stability and existence of periodic solutions for delayed
reaction-diffusion BAM neural networks with Dirichlet boundary conditions. Boundary Value Problems 2013 2013:105.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 23 of 23


http://www.boundaryvalueproblems.com/content/2013/1/105
http://dx.doi.org/10.1155/2012/236562

	Global exponential stability and existence of periodic solutions for delayed reaction-diffusion BAM neural networks with Dirichlet boundary conditions
	Abstract
	Keywords

	Introduction
	Model description and preliminaries
	Global exponential stability
	Periodic solutions
	Illustration example
	Conclusions
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


