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Abstract

Some oscillation criteria are established for the second order nonlinear neutral
difference equations of mixed type.

2 a B
A (oxn + axy—z, £ bXn40,)" = GnXy_o, + pnxfwz, n=np

where ¢ and 3 are ratio of odd positive integers with B > 1. Results obtained here
generalize some of the results given in the literature. Examples are provided to
illustrate the main results.
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1 Introduction
In this article, we study the oscillation behavior of solutions of mixed type neutral dif-
ference equation of the form,

2 o B
A (xn + axp—z, £ DXpar, ) = Gy o, + pnxfwz

where n € N(ny) = {ng, no + 1, ...}, ny is a nonnegative integer, a, b are real nonnega-
tive constants, 73, 75, 01, and 0, are positive integers, {g,} and {p,} are positive real
sequences and o, f3 are ratio of odd positive integers with > 1.

Let 0 = max {r;, 01}. By a solution of Equation (E.) we mean a real sequence {x,}
which is defined for n > n, - 6 and satisfies Equation (E.) for all n € N(ny). A nontri-
vial solution of Equation (E.) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise it is known as nonoscillatory.

Equations of this type arise in a number of important applications such as problems
in population dynamics when maturation and gestation are included, in cobweb mod-
els, in economics where demand depends on the price at an earlier time and in electric
networks containing lossless transmission lines. Hence it is important and useful to
study the oscillation behavior of solutions of neutral type difference Equation (E.).

The oscillation, nonoscillation and asymptotic behavior of solutions of Equation (E.),
when b =0 and p, =0ora =0and p, =0 or b =0 and ¢, = 0 have been considered
by many authors, see for example [1-4] and the reference cited therein. However, there
are few results available in the literature regarding the oscillatory properties of neutral
difference equations of mixed type, see for example [1-8]. Motivated by the above
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observation, in this article we establish some new oscillation criteria for the Equation
(E.) which generalize some of the results obtained in [1-3,5-7].
In Section 2, we present conditions for the oscillation of all solutions of equation (E

+). Examples are provided in Section 3 to illustrate the results.

2 Oscillation results
In this section, we obtain sufficient conditions for the oscillation of all solutions of
Equation (E.). First we consider the Equation (E.), viz,

A? (%n + axp—r, — bxpyr, ) = qnxff_gl + anfwz, n € N(nop).

To prove our main results we need the following lemma, which can be found in [9].
Lemma 2.1. Let A > 0, B> 0 and vy > 1. Then

1
AY +BY > 2r1 (A+B)”, (2.1)
and
AY —BY > (A—B)”, if A>B. (2.2)

Theorem 2.2. Let 0, >11, 03 >T, and {q,} and {p,} are positive real nonincreasing

sequences. Assume that the difference inequalities

i)
2, _ Pn pla
At 26-1(1 + aﬁ)ﬁ/a Ynioy Z 0 (2.3)
has no eventually positive increasing solution,
ii)
2, Pn Bl
ks 26-1(1 + ab)Pl Vn-oy+m 2 0 (2.4)
has no eventually positive decreasing solution,
iii)
q p
Azyn + b; yg/—ottfl—fz + bg yf-{-‘éz—n S 0 (25)

has no eventually positive solution.

Then every solution of Equation (E.) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of Equation (E.). Without loss of general-
ity, we may assume that there exists n; € N(ng) such that x, 4 > 0 for all n > n;. Set
Zn = (Xn + aXp—r, — bXpir, ).

Then

2 B
Az, = nXn_g, + pnxﬁw2 >0, n>ny,
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which implies that {z,} and {Az,} are of one sign for all n, > n,. We claim that z,, > 0
eventually. To prove it assume that z,, < 0. Then we let

0 < Uy =—2y = (DXpsr, — Az, — Xn)* < DOXS

Nty
Thus

xﬁzl;uﬂiﬂ n>ny.
From Equation (E.), we get

0= A2y + GuXly_q, +Pxxl,y, = APuy + Z; we ’;; o

Hence {u,} is a positive solution of inequality (2.5), a contradiction.
Therefore z,, > 0. We define

b

1 e (2.6)

Yn=2n+ a’gzn_rl -
Then, we have

2 2 2 2
A2y, = A%z, +adP A Zp_g, — A Zpyq,

26-1
B B B
= qnxnfal + pnxg-f—dz + aﬂqn—h xnfalfrl + aﬂpn—ﬁ xn+azfr1 (2'7)
b? bP
— xﬂ — xﬂ
25,1 q"+fz n—o1+7, 2/3,1 pnﬂ’z N+0y+7) °

Using the inequality (2.1) in (2.7), we obtain
q b
Az}/n = 2137_11 (%n—o, + axn—al—rl)ﬁ Y qn“’lesfaﬁrz
Pn b

B _ B
+ 213,1 (foUz + aerUz*T] ) 2)3,1 pﬂ+fzxn+az+rz'

Now using the inequality (2.2), we obtain

Ay, > 221'1 zf/_of,l + 22)71115{‘;2 > 0. (2.8)
Consequently {y,} and {Ay,} are of one sign, eventually. Now we shall prove that y, >

0. If not, then let

b# bP
O0<vp=—pn= 2/3,1Zﬂ+fz - aﬂznfrl —Zy = Zﬂflznﬂz'
Hence
26-1
Zn = BB Un—1y,
and (2.8) implies
dn pla Pn pla

2
0 > A Un + bﬂ Un—rrl—tz bﬂ n+o,—12°
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We obtain that {v,} is a positive solution of inequality (2.5), a contradiction. Next we
consider the following two cases:

Case 1: Let Az, < 0 for n > n3 > n,. We claim that Ay, < 0 for n > n3. If not, then
we have y, > 0, Ay, > 0 and A%y, > 0 which implies that nlggo Yn =00, On the other
hand, z, > 0, Az, < 0 implies that nlgglo Zn =€ < 00 Then applying limits on both sides

of (2.6) we obtain a contradiction. Thus Ay, < 0 for n = n3. Using the monotonicity of
{z,,}, we now get

b
Vn—o, = Zn—o, + aﬁznfalftl - 2ﬁ71zn701+r2 =< (1 + aﬁ)znfalfrl-
This together with (2.8) implies
n B
Azyn Yn/f;ﬁr] .

>
26-1(1 + ab)Pl*

Thus {y,} is a positive decreasing solution of inequality (2.4), a contradiction. Case 2:
Let Az, > 0 for n > n3. Now we consider the following two cases. Case (i): Assume
that Ay, < 0 for n > n3. Proceeding similarly as above and using the monotonicity of
{z,,} we obtain

Yoy < (1+ aﬂ)zn,gl.
Then using this in (2.8) we obtain

an _pla n Bl n Bl
>
por o = 26-1(1 + aﬂ)ﬂ/a Yoo = 28-1(1 + aﬁ)ﬁ/a o

AZYn > 5
and again {y,} is a positive decreasing solution of inequality (2.4), a contradiction.
Case (ii): Assume that Ay, > 0 for n > n3. Then y,,,, < (1 +af)z,,, which in view

of (2.8) implies

Pn Ble Pn Blo

A%y, > ,
! 28-1(1 4 apyPla’™

n = zﬁ—lz"+‘72 >
that is, (2.3) has a positive increasing solution, a contradiction. The proof is
complete.

Remark 2.1. Theorem 2.2 permits us to obtain various oscillation criteria for Equa-
tion (E.). Moreover we are able to study the asymptotic properties of solutions of Equa-
tion (E.) even if not all assumptions of Theorem 2.2 are satisfied. If the difference
inequality (2.3) has an eventually positive increasing solution then the conclusion of
Theorem 2.2 is replaced by “Every solution of Equation (E.) is either oscillatory or |x,,|
— o asn —> oo,

Remark 2.2. In [2, Theorem 7.6.26], the author considered the Equation (E.) with o =
B =1, p,=p, and q, = q and obtain oscillation results with (1 + a - b) > 0. Hence
Theorem 2.2 generalize and improve the results of [2, Theorem 7.6.26].

Remark 2.3. Applying existing conditions sufficient for the inequalities (2.3), (2.4), and
(2.5) to have no above mentioned solutions, we immediately obtain various oscillation
criteria for Equation (E.).
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Theorem 2.3. Let 0, >71, O 2 2, and f§ = o. Assume that

n+0,—1,
lim sup Z (n+oy—s—1)ps > (1+a*)2*7 ", (2.9)
n—oo s=n
and
n
lim sup Z (n—s+o; — 11 +1)qs > (1 +a%)2%7, (2.10)
=0 n—o1+1,

and that the difference inequality (2.5) has no eventually positive solution. Then every
solution of Equation (E.) is oscillatory.

Proof. Conditions (2.9) and (2.10) are sufficient for the inequality (2.3) to have no
increasing positive solution and for (2.4) to have no decreasing positive solution,
respectively (see e.g., [2, Lemma 7.6.15]). The proof then follows from Theorem 2.2.

Remark 2.4. Taking into account the result of [2], we see that the absence of positive
solution of (2.5) can be replaced by the assumption that for the corresponding equation

qdn Jo Pn Bla

b’B n—o;—1 + bﬁ ))n+02712 = 0

Azy,, +

every solution of this equation are oscillatory.
Next we consider the difference Equation (E,)

2 a B
A% (xp + axp—z, + bXniry)” = GnXy_g, + pnxﬁw2

and present conditions for the oscillation of all solutions of Equation (E,).

Theorem 2.4. Assume that 6, > 11, Oy 2 Ty + 2, & =MiN{Gn—0,, Gn, Gnsr,} and

Py = min{py o, P, Pnivy b If

*
2., Pn Blo
A yﬂ bﬁ Bla yﬂ—fz+02 - 7 (2.11)
48-1( 1 +af +
26-1
has no eventually positive increasing solution, and
*
2 Pn Bo
A Yn — B/o Yn—oz+r2 >0, (2.12)

B-1 B v
4 <1+a +25_1>

has no eventually positive decreasing solution, then every solution of (E.) is oscillatory.
Proof. Let {x,} be a nonoscillatory solution of (E,). Without loss of generality, we
assume that there exists an integer n; € N(np) such that x,, 4 > 0 for all n > n;. Setting

o
Zn = (Xn + aXp—z, + bXnyz,)
and

b
Yn=2n+aPzy o + e (2.13)
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Then z, > 0, y,, > 0 and

A2y = qudh_ +paxt, > 0.

n+o, —

Then {Az,} is of one sign, eventually. On the other hand

2, B B B B B B
A Yn - qnxn—al + p"xn+02 +a qn*ﬁxn—al—zl +a pnfflxnﬂrz—rl

b? b?

B B
+ 25,1 qn+fzxn—al+'[2 + 2/3,1 pn+fzxn+az+r2'

Using (2.1) in (2.15) we obtain

I q
Azyn = Zﬂil (xnffﬁ + ax"*tﬁ*fl)ﬂ + 2:;+j21 bﬂxf—mﬂz
pfl Pnst, bﬂxﬂ

+ 28-1 (xn+az + a‘xn+0277-—1)/3 + 28-1 n+oy+1,
or
2 Lo Ble | .+ pla
A Vn = 481 (qnzn_al +pnzn+o'z> 1 n=nj.

Next we consider the following two cases:
Case 1: Assume that Az, > 0. Then Ay, > 0. In view of (2.16), we have

2 * Ble
AYnir, = 4ﬁ71pn+‘[2zn+0'2+f2’

Applying the monotonicity of z,, we find

5 b 5 b
Yn+o, = Znto, + A" Zn—1y40, t 2ﬂ_1zn+t2+az <|(1+a"+ Zn+1y+0, -

281
Combining (2.17) and (2.18) we have

sz Bla

AZYnH:z Z bﬂ ﬂ/(x yn+az.
-1
48 <1+aﬂ+2ﬂ_1>

Thus

Py Bl

2
A Yn — bh Bla Yn—tr40y =
-1
4p (1 +af + 2/31)

Page 6 of 10

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Therefore {y,} is a positive increasing solution of the difference inequality (2.11), a

contradiction.

Case 2: Assume that Az, < 0. Then Ay, < 0. In view of (2.16) we see that

1
) Bla
A Yn—11 = 48-1 q:_rlznfrﬁm'
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From the monotonicity of {z,} we find

b
Yn—oy = (1 + aﬁ + 2,371 ) Zn—11—0y -

Combining the last two inequalities, we obtain

*
2 In—r, Bla
A Yn—rl Z blg ﬁ/a}/nfal. (220)
48-11 1+ af +
28-1
Iy B
Azyn - " Bla yn/f;ﬁr] = 0

B-1 B b7
4 <1+a +2,31)

Therefore {y,} is a positive decreasing solution of the difference inequality (2.12), a
contradiction. This completes the proof.

Theorem 2.5. Assume that 0, > 1, Oy > 1,+2, B = o, §;, = Min{Gn_o,,Gn,qn+r2}and

p;: = min{Pn—al 7 pnr mez} . [f

n+o, —1,—2

th
lim sup Z (n+oy —1p—s—1)p; > 41 (1 +a% + a1 ) , (2.21)

s=n

has no eventually positive increasing solution, and

n
th
lim sup Z (n—s+1)g > 4! (1 +a% + 2a1>, (2.22)

—> 00
n S=N—01+7;

has no eventually positive decreasing solution, then every solution of (E.) is oscillatory.

Proof. Conditions (2.21) and (2.22) are sufficient for the inequality (2.11) to have no
increasing positive solution and for (2.12) to have no decreasing positive solution,
respectively (see e.g., [2, Lemma 7.6.15]). The proof then follows from Theorem 2.4.

Remark 2.5. When a = B = 1, Theorem 2.5 involves result of Theorem 7.6.6 of [2].

o) —

! ) 2. 0. Suppose that

Theorem 2.6. Let B=«a, 8§ = “ ;Tl >0, and §, =

there exist two positive real sequence {@,} and {y,} with Ap, > 0 and Ay, < 0, such
that

a

b
q: > 491 (1 +a% + Ja—1 ) ¢n+l¢n781r (2.23)

and

o

b
pfl > qo-1 <1 +a% + 201—1) 1//n+11//n+621 (224‘)

where P, qyare as in Theorem 2.4. If the difference inequality

Avp + ¢pp—s,Vn—s, = 0 (2.25)
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has no eventually negative solution, and
Av, + @Dnﬂszvnﬂgz >0 (2.26)

has no eventually positive solution, then every solution of Equation (E.) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of Equation (E,). Without loss of general-
ity, we assume that there exists an integer 7; € N(np) such that x,,» > 0 for all n > n;.
Define z,, and y, as in Theorem 2.4. Proceeding as in the proof of Theorem 2.4, we
obtain (2.16). Next we consider the following two cases.

Case 1: Assume Az, > 0. Clearly Ay, > 0. Then as in case 1 of Theorem 2.4, we find
that {y,} is a positive increasing solution of inequality (2.19). Let B, — Ayy + Ynlnas,-
Then B,, > 0. Using (2.24), we have

Ay Ay
AB, — an - Wn+1Bn+52 = AZYn - " Ayn — wn+1wn+52}’n+282
Yn Yn
> AZYn - wn+1¢n+82}’n+282
p*
> Az)’n - " b Vn—1,+0,
4o-1 (1 +a% + )
2&—1
> 0.

Define B,, = y,,v,. Then {v,} is a positive solution of (2.26), a contradiction. Case 2:
Assume that Az, < 0. Clearly Ay, < 0. Then as in case 2 of Theorem 2.4, we find that
{y,.} is a positive decreasing solution of inequality (2.20). Let A, — Ay, + ¢nyn—s,. Then
A,, < 0. Using (2.23), we have

A Ag
AA, — - ¢n+1An—61 = Az)’n - " AYn — Gne1Pn—s,Yn—25,
o &n
> AZYn - ¢n+1¢n+81}’n7281
q*
> Azyn _ n

b Vn—oy+1 > 0.
4a-1 <1 +a% + >
2&—1

Define A,, = ¢,v,. Then {v,} is a negative solution of inequality (2.25), a contradic-
tion. This completes the proof.

From Theorem 2.6 and the results given in [7] we have the following oscillation cri-
teria for Equation (E,).

o) —

! ) 2. 0. Suppose that

Corollary 2.7. Let B=a, 81 = “ ;Tl >0, and §, =

there exist two positive real sequence {@,} and {y,} with Ap,, > 0 and Ay, < 0 such
that (2.23) and (2.24) holds. If

n—1 81 S1+1
liminf ) ¢, > (51+ 1) , (2.27)

s=n—34y1;

and

n+8—1 8, 8r+1
lim inf + 2.28
ipint 3 v () 2
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then every solution of Equation (E.) is oscillatory.

Proof. 1t is known (see [7]) that condition (2.27) is sufficient for inequality (2.25) to
have no eventually negative solution. On the other hand, condition (2.28) is sufficient
for inequality (2.26) to have no eventually positive solution.

Remark 2.6. From the results presented in this section, we observe that when the coef-
ficient p,, = 0 or the condition on {p,} is violated the conclusion of the theorem may be
replaced by “Every solution {x,} of equation (E.) is oscillatory or x,, — o as n — oo

Once again from the proofs, we see that if q,, = 0 or condition on {q,} is violated then
the conclusion of the theorems may be replaced by “Every solution {x,} of Equation (E.)

“«

is oscillatory or x, & 0 as n — ",

3 Examples
In this section, we provide some examples to illustrate the main results.
Example 1. Consider the difference equation

1
A? (% + 2% Xy, — 27 2Ky, ) = ) (27 %n—0, + 27 P Xpsor) - (3.1)

Here ¢ = =1, a=2", b=2"%, q,=22"", p,=2"7"1.

It is easy to see that condition (2.9) of Theorem 2.3 is not satisfied and hence Equa-
tion (3.1) has a nonoscillatory solution {x,} = {2"} — o as n — oo.

Example 2. Consider the difference equation

1
A? (xn +270 Xpn—1; — 2t2xn+r2) = 8 (2_01 Xpn—oy + 2U2xn+az) . (3.2)

Here ¢ =B8=1, a=2"", b=2%2, g, = -3 Pn = 2973 g1 >1, 00> 1. It

is easy to see that condition (2.10) of Theorem 2.3 is not satisfied and hence Equation

1
(3.2) has a nonoscillatory solution {x,} = { } — Oas

on
n—> oo,

Example 3. Consider the difference equation

o

A [ (0 + @n—ry +bXp—r)) | = qx0_, +p X2, 1>y (3.3)

where p > 0, g > 0 are constants and c; >t1 and G, >7,. It is easy to see that

N N 2+¢ 6?1
p,=pand p,=p. Assume that ¢ > 0. Let ¢,= ,

2 (8, + 1)
2+¢ 8% i — T
1//n=< +> 251 7Whei’€5i=gl fli-12
2 (82 +1)>* 2

Clearly {@,} and {y,} satisfies the condition of Corollary 2.6. If

2 2 31 2 o

w_1[2+¢ 8] s b

q>4 ( ) ) ((5 1)81+1) <1+a +2a_1>
1+
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and

2+8\° 8 ? b*
p >4t 2 1+a%+
2 (82 " 1)82+1 Da—1

then condition (2.23) and (2.24) holds. Further we see that

- s 81+1
. 2+e 8y' g 1
lim inf Z b5, = ( 2 ) (8, + 1)51+181 g (51 + 1)

s=n—=4;

and

I 5 Sr+1
- 2+¢ 8 b2 \"
llrll'l_l)glf ; ws+52 = ( 2 ) (57_ " 1)52+1 82 > (52 + ])

By Corollary 2.6, we see that all solutions of Equation (3.3) are oscillatory.

We conclude this article with the following remark.

Remark 3.1. It would be interesting to extend the results of this article to the equa-
tion

A (anA(xn + b xp—r, £ ¢ Xpyr,)”) = qnxf_(71 + DX

where o, B, and y are ratio of odd positive integers.
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