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Abstract
This paper deals with a parabolic reaction-diffusion system with a nonlinear
absorption term, meanwhile the two equations of the system coupled via nonlinear
boundary flux which obey different laws. Under the hypothesis condition of the initial
data, we get the sufficient and necessary conditions under which there exist initial
data such that non-simultaneous blow-up occurs.
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1 Introduction and main results
In this paper, we focus our attention on the non-simultaneous blow-up phenomenon of the
following reaction-diffusion system with two parabolic equations coupled via nonlinear
boundary flux, and one equation with a nonlinear absorption term:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ut = uxx – λum, vt = vxx, (x, t) ∈ (, ) × (, T),
ux(, t) = epv(,t)uα(, t), vx(, t) = uq(, t)eβv(,t), t ∈ (, T),
ux(, t) = , vx(, t) = , t ∈ (, T),
u(x, ) = u(x), v(x, ) = v(x), x ∈ [, ],

(.)

where the parameters p, q,α,β ,λ, m ≥ . Assume the initial data u, v are increasing,
positive continuous functions and satisfy

⎧
⎪⎨

⎪⎩

u′
() = epv()uα

(),
v′

() = uq
()eβv(),

u′
() = , v′

() = ,

which are the compatibility conditions of the initial data. Furthermore u′′
 – λum

 ≥ , v′′
 ≥

, for x ∈ [, ].
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Remark . Under the above assumptions, in the light of the comparison principle, we
can get ux, vx, ut , vt ≥  immediately.

The nonlinear reaction-diffusion systems like (.) originate from the description of
chemical reactions, heat transfer, etc.; see [, ]. The Neumann boundary conditions with
cross-nonlinear terms can be made explicit as the boundary fluxes in heat transfer. The
system (.) physically describes heat transfer in a mixed medium with an absorption
and nonlinear boundary flux which obeys different laws, a power law and an exponential
law; see [–]. In recent years, phenomena of non-simultaneous blow-up for nonlinear
parabolic systems were widely studied [–].

When λ = , the system (.) without absorption term has been considered by many
authors. In [], Song gave the blow-up conditions and blow-up rates. Liu and Li [] got
the parameter regions, in which non-simultaneous blow-ups may occur.

Inspired by the above work, we will focus on the simultaneous and non-simultaneous
blow-up conditions to system (.), and list our main results as follows.

Theorem . Let μ = max( m+
 , ), if any of the following conditions holds:

() α > μ,

() β > ,

() pq > β(α – μ),

the solutions of (.) may blow up with proper initial data.

If the blow-up conditions of (.) in Theorem . are already satisfied, actually the blow-
up occurs, then we get the requirement under which simultaneous or non-simultaneous
blow-up occurs.

Theorem . Non-simultaneous blow-up may occur if and only if

{
α > q + ,
α > μ or α = μ > 

or β > p.

On the basis of the above theorem, we get a corollary straightforwardly, as follows.

Corollary . Any blow-up is simultaneous if and only if

{
β ≤ p,
α ≤ q +  or α < μ.

We organize the rest of this paper as follows. In the next section, we address the blow-
up conditions of system (.), and we give the proof of Theorem .. In Section  we will
consider the sufficient and necessary conditions of u blowing up while v keeps bounded,
which will be written as a lemma. In Section , the sufficient and necessary conditions of
v blowing up while u remains bounded will be researched, in order to complete the proof
of Theorem ..
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2 Blow-up
In this section, we consider the blow-up condition of system (.). In the light of the
comparison principle, we structure sub-solutions of this system, as derived from Hu and
Yin [].

Proof of Theorem . Under the parametric assumption, we can get

epv ≥ vp, eβv ≥
(

β

β + 

)β+

· vβ+.

Assume (u, v) is a pair of solutions of the following system:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ut = uxx – λum, vt = vxx, (x, t) ∈ (, ) × (, T),
ux(, t) = vp(, t)uα(, t), t ∈ (, T),
vx(, t) = uq(, t)( β

β+ )β+ · vβ+(, t), t ∈ (, T),
ux(, t) = , vx(, t) = , t ∈ (, T),
u(x, ) = u(x), v(x, ) = v(x), x ∈ [, ].

(.)

According to the conclusions of [], let μ = max( m+
 , ), if any of the following condi-

tions holds:

() α > μ,

() β > ,

() pq > β(α – μ),

the solutions of system (.) may blow up with suitable initial data. It is easy to check that
(u, v) is a pair sub-solution of (.), which indicates the solutions of (.) also blow up by
the comparison principle. �

3 u blows up while v remains bounded
In the next two sections, we prove Theorem . with five lemmas. This section deals with
the conditions of u blowing up while v remains bounded.

First of all, we consider the single equation problem

⎧
⎪⎨

⎪⎩

ut = uxx – λum, (x, t) ∈ (, ) × (, T),
ux(, t) = uα(, t)eph(t), ux(, t) = , t ∈ (, T),
u(x, ) = u(x), x ∈ [, ],

(.)

where the parameters m, p, α, λ agree with system (.), and h(t) is a continuous, bounded,
and non-decreasing function, with h(t) ≥ δ > .

Now we prove a lemma, using similar steps to Theorem . in []. C is a positive con-
stant independent of t, and it may change during the proof and at different places.

Lemma . Assume u is a solution of (.), and one of the following conditions holds:

(i) α > μ,

(ii) α = μ >  with δ >


p
log

(
λ

α

)

.
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Then u may blow up for sufficient large initial value, and furthermore

u(, t) = max
[,]

u(·, t) ≤ C(T – t)
–

(α–) ,  < t < T , (.)

where T is the blow-up time.

Proof Assume w is a solution of the following problem:

⎧
⎪⎨

⎪⎩

wt = wxx – λwm, (x, t) ∈ (, ) × (, T),
wx(, t) = wα(, t)epδ , wx(, t) = , t ∈ (, T),
w(x, ) = u(x), x ∈ [, ].

(.)

In the light of the comparison principle, w ≤ u, in (, ) × [, T). Obviously the two
parameter conditions in the lemma are, respectively, the same as

(i)

{
m ≤ ,
α > 

or

{
m > ,
α > m+



and

(ii)

⎧
⎪⎨

⎪⎩

m > ,
α = m+

 ,
δ > ( λ

α
)


p .

From Theorem . in [], there exist initial data u such that w blows up. Thus, u blows
up at a finite time T .

Similarly to [, ], we utilize the scaling method to obtain the blow-up rate estimate
(.). Let M(t) = max[,] u(·, t) = u(, t), for t ∈ (, T), and assume

ϕk(y, s) =


M(t)
u
(
ky + , ks + t

)
, [–/k, ] × (

–t/k, 
]
,

it is easy to check

 ≤ ϕk ≤ , (ϕk)s ≥ , ϕk(, ) = .

Let k = M–α+(t), ϕk solves the following problem:

⎧
⎪⎨

⎪⎩

(ϕk)s = (ϕk)yy – λMm–α+(t)(ϕk)m, (y, s) ∈ (–/k, ) × (–t/k, ],
(ϕk)y(, s) = (ϕk)α(, s) · eph(ks+t), s ∈ (–t/k, ],
(ϕk)y(–/k, s) = , s ∈ (–t/k, ].

(.)

Now we will prove that there exist constants c >  and C > , such that

c ≤ (ϕk)s(, ) ≤ C, (.)

for every k small.
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First of all, we prove case (i), when α > μ, it easy to check Mm–α+ →  as t → T . For
given {ϕkj}, there exist a continuous function ϕ and, maybe, a subsequence of it, which is
also denoted by {ϕkj}, such that ϕkj → ϕ, kj → , as M → ∞.

As h(t) is bounded, we conclude that ϕkj is uniformly bounded. Using the Schauder es-
timates

‖ϕkj‖C+α,+α/ ≤ C.

The upper estimate in (.) follows immediately.
To get the lower bound of (.), and prove it by contradiction, we assume that the lower

bound does not hold and that there is a sequence ϕkj such that (ϕkj )s(, ) → . As ϕkj → ϕ,
 ≤ ϕ ≤ , ϕ(, ) = , ϕs ≥ , ϕs(, ) = , and ϕ satisfies

{
ϕs = ϕyy, (y, s) ∈ (–∞, ) × (–∞, ],
ϕy(, s) = ϕα(, s) · eph(T), s ∈ (–∞, ].

(.)

Set ψ = ϕs, thus ψ satisfies

{
ψs = ψyy, (y, s) ∈ (–∞, ) × (–∞, ],
ψy(, s) = α · ϕα–(, s) · eph(T) · ϕs(, s) ≥ , s ∈ (–∞, ].

(.)

Meanwhile (ϕkj )s(, ) → ϕs(, ), thus ψ(, ) = ϕs(, ) = , as ψ = ϕs ≥ , hence ψ has
a minimum at (, ). By Hopf ’s lemma ψ ≡ , that is to say, ψ is independent of s. Thus ϕ

satisfies the ODE problem

⎧
⎪⎨

⎪⎩

ϕyy = ,
ϕy() = eph(T) ≥ eδp,
ϕ() = ,

(.)

then ϕ(y) ≥ eδp · y + , which make a contradiction of the fact that  ≤ ϕ ≤ , hence (.)
holds, and (.) follows immediately.

Now, we prove case (ii). The proof of upper bound in (.) is similar, we omit it. The
main difference of case (ii) is the critical case α = m+

 > . Thus (.) becomes

{
ϕs = ϕyy – λϕm, (y, s) ∈ (–∞, ) × (–∞, ],
ϕy(, s) = ϕα(, s) · eph(T), s ∈ (–∞, ].

(.)

To obtain a contradiction, we set ψ = ϕs, thus

{
ψs = ψyy – λ · m · ϕm– · ψ , (y, s) ∈ (–∞, ) × (–∞, ],
ψy(, s) = α · ϕα–(, s) · eph(T) · ϕs(, s) ≥ , s ∈ (–∞, ].

By Hopf ’s lemma, ψ ≡ , ϕ satisfies

⎧
⎪⎨

⎪⎩

ϕyy – λϕm = ,
ϕy() = eph(T) ≥ eδp,
ϕ() = .

(.)
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The first equation in (.) we multiply by ϕy, and we integrate from  to y. Since α = m+
 ,

we derive

ϕ
y = ϕ

y () +
λ

α
ϕα –

λ

α
,

so

ϕy =
[

ϕ
y () +

λ

α
ϕα –

λ

α

] 


,

where ϕy ≥ . Furthermore

y =
∫ y


ϕy

[

ϕ
y () +

λ

α
ϕα –

λ

α

]– 


dy =
∫ ϕ(y)

ϕ()

[

eph(T) +
λ

α
ϕα –

λ

α

]– 


dϕ.

Noticing δ > 
p log( λ

α
), we deduce

y ≥ –
(

eδp –
λ

α

)– 


,

which contradicts y ∈ (–∞, ). We conclude (.) is true, and (.) follows. �

Lemma . Let u be a solution of following problem:

⎧
⎪⎨

⎪⎩

ut = uxx – λum, (x, t) ∈ (, ) × (, T),
ux(, t) ≤ Luα(, t), ux(, t) = , t ∈ (, T),
u(x, ) = u(x), x ∈ [, ],

(.)

with λ > , α, m ≥ . If u blows up at a finite time T , then either α > μ or α = μ > , and
there exists a positive constant C, such that

u(, t) = max
[,]

u(·, t) ≥ C(T – t)
–

(α–) , as t → T .

Proof The proof of Lemma . is similar to Lemma . in [], and we omit it here. �

Lemma . There exist initial data such that u blows up while v remains bounded if and
only if

{
α > q + ,
α > μ or α = μ > .

Proof We first prove the sufficient condition.
To find suitable initial data (u, v), such that u blows up while v remains bounded, fix

v so that v(x) ≥ δ > 
p log( λ

α
), and denote K = max[,] v = v(), N = eβK

K + . Assume
w(x, t) is a solution of (.), then w(x, t) is a sub-solution of u. There must exist sufficiently
large initial data u such that w blows up at a finite time T ≤ ε, under the assumption
δ > 

p log( λ
α

).
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We claim that there exists u large enough such that v < K . If it is not true, there must
exist t < T , which is the first time max[,] v(·, t) = v(, t) = K . We denote the cutoff
function

ṽ(x, t) =

{
v(x, t), (x, t) ∈ [, ] × [, t],
K , (x, t) ∈ [, ] × [t, T].

(.)

Meanwhile, assume ũ(x, t) solves

⎧
⎪⎨

⎪⎩

ũt = ũxx – λũm, (x, t) ∈ (, ) × (, T̃),
ũx(, t) = ũα(, t)epṽ(,t), ũx(, t) = , t ∈ (, T̃),
ũ(x, ) = u(x), x ∈ [, ],

(.)

then the blow-up time of ũ, which is denoted by T̃ , is later than T . We conclude by
Lemma .

ũ(, t) = max
[,]

ũ(·, t) ≤ C(T̃ – t)
–

(α–) ,  < t < T̃ .

Thus,

u(, t) = ũ(, t) ≤ C(T̃ – t)
–

(α–) ≤ C(T – t)
–

(α–) ,  < t < t. (.)

Let 	(x, t) be the fundamental solution of the heat equation in [, ], so

	(x, t) =



√

π t
exp

{
–x

t

}

.

From the classical theory of the heat equation, we know that 	 satisfies (see [])

∫ 


	(x – y, t – z) dy ≤ ,

∫ t

z
	(, t – τ ) dτ =

√
π

√
t – z,

∫ t

z
	(, t – τ )


(t – τ )

dτ ≤ C∗√t – z,

∂	

∂ηy
(x – y, t – τ ) =

x – y
(t – τ )

	(x – y, t – τ ), x, y ∈ [, ],  ≤ z < t.

We deduce from the Green’s identity of (.) for v that

v(x, t) =
∫ 


	(x – y, t – z)v(y, z) dy +

∫ t

z

∂v
∂x

(, τ )	(x – , t – τ ) dτ

–
∫ t

z

∂	

∂ηy
(x – , t – τ )v(, τ ) dτ +

∫ t

z

∂	

∂ηy
(x, t – τ )v(, τ ) dτ , (.)

with  ≤ z < t < T ,  < x < . Set z = , and x → , one derives that

v(, t) =
∫ 


	( – y, t)v(y, ) dy +

∫ t


uq(, τ )eβv(,τ )	(, t – τ ) dτ

+
∫ t


v(, τ )	(, t – τ )


(t – τ )

dτ .
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Combining with (.), we have

v(, t) ≤ v() + Ceβv(,t)
∫ t


(t – τ )– q

(α–) – 
 dτ + C∗√t · v(, t). (.)

As q < α – ,

∫ t


(t – τ )– q

(α–) – 
 dτ <


NC

,

and we can choose enough large u such that T sufficiently small, it implies
√

t ≤ √
T ≤


NC∗ . Therefore

N – 
N

v(, t) ≤ v() +

N

eβv(,t).

Thus

N – 
N

K ≤ K +

N

eKβ ,

so

N ≤ eKβ

K
+ ,

which is a contradiction.
Next, we prove the necessary condition.
If u blows up, v remains bounded. Then v ≤ K for (x, t) ∈ [, ] × [, T), so

⎧
⎪⎨

⎪⎩

ut = uxx – λum, (x, t) ∈ (, ) × (, T),
ux(, t) ≤ uα(, t)epK , ux(, t) = , t ∈ (, T),
u(x, ) = u(x), x ∈ [, ].

Thus we can conclude from Lemma . that α > μ or α = μ > . Furthermore,

u(, t) = max
[,]

u(·, t) ≥ C(T – t)
–

(α–) , as t → T .

Now, we will show the requirement of q < α – . Let x →  in (.), we deduce

v(, t) ≥
∫ t

z
uq(, τ ) · eβv(,τ )	(, t – τ ) dτ ≥ C

∫ t

z
(T – τ )– q

(α–) – 
 dτ .

Then we get q < α – , in order to ensure the boundedness of v(, t) as t → T . �

4 v blows up while u remains bounded
This section focuses on the conditions of v blowing up while u remains bounded, in order
to complete the proof of Theorem ..

Lemma . There exists ε > , such that

v(, t) ≤ –


β
log

[
β · ε · uq

 ()(T – t)
]
. (.)
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Proof Let J(x, t) = vt – εv
x , where ε is a constant to be determined. For any initial data v,

we can take small ε < β

 , such that

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Jt – Jxx = ε · v
xx ≥ , (x, t) ∈ (, ) × (, T),

Jx(, t) = [q · uq– · ut · eβv + (β – ε)uq · eβv · vt](, t) ≥ , t ∈ (, T),
Jx(, t) = , t ∈ (, T),
J(x, ) ≥ , x ∈ [, ].

By the comparison principle J ≥ , thus vt(, t) ≥ εv
x(, t), in t ∈ [, T). Then

vt(, t) · e–βv(,t) ≥ εuq(, t).

Integrate the above inequality on (t, T) to obtain

∫ T

t
e–βv(,ξ )vξ dξ ≥

∫ T

t
ε · uq(, ξ ) dξ ≥ ε · uq

 () · (T – t).

Hence (.) follows. �

Lemma . There exist initial data such that v blows up while u remains bounded up to
blow-up time T , if and only if p < β .

Proof First, we prove the sufficient condition.
We denote a set of initial data as follows:

V =
{

u(x) = u() +
(√

M +  – M
)
/ –

√

 – M
(√

M +  – M
) · x/,

v(x) = v() +
(√

N +  – N
)
/ –

√

 – N
(√

N +  – N
) · x/, x ∈ [, ]

}

with M = epv()uα
(), N = uq

()eβv(). Set one ε = ε = β

 , uniformly in Lemma . for any
initial data in V .

Fix u() = ξ > , with N > ξ. Meanwhile, we can set the initial data v large enough
such that T satisfies

N ≥ ξ +
β

β – p
· C · Nα

 · (βεξ
q


)– p
β · T

β–p
β .

Consider the scalar problem as follows:

⎧
⎪⎨

⎪⎩

ut = uxx – λum, (x, t) ∈ (, ) × (, T),
ux(, t) = Nα

 (βεξ
q
 )– p

β (T – t)– p
β , ux(, t) = , t ∈ (, T),

u(x, ) = u(x), x ∈ [, ],

where u satisfies u′
() = Nα

 (βεξ
q
 · T)– p

β , u() = ξ, u′
(x), u′′

(x) ≥ , u(x) ≥ u(x).
Since β > p, by Green’s identity,

u ≤ ξ + C · Nα
 · (βεξ

q


)– p
β ·

∫ t


(t – τ )– 

 (T – τ )– p
β dτ

≤ ξ +
β

β – p
· C · Nα

 · (βεξ
q


)– p
β · T

β–p
β ≤ N,
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so u satisfies

ux(, t) ≥ (
βεξ

q


)– p
β (T – t)– p

β · uα(, t).

It follows from Lemma . that u satisfies

⎧
⎪⎨

⎪⎩

ut = uxx – λum, (x, t) ∈ (, ) × (, T),
ux(, t) ≤ uα(, t) · (βεξ

q
 )– p

β (T – t)– p
β , ux(, t) = , t ∈ (, T),

u(x, ) = u(x), x ∈ [, ].

In the light of the comparison principle, u ≤ u ≤ N, and hence v blows up alone.
Next, we prove the necessary condition.
Since u ≤ C, by Green’s identity,

v(, t) ≥ log
[
C(T – t)

]– 
β , t ∈ (, T).

Then




u(, t) ≥ C
∫ t


(T – τ )– p

β (t – τ )– 
 dτ .

Thus, β > p must hold to ensure the boundedness of u. �
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