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Abstract

In this paper we give Banach fixed point theorems and explicit estimates on the rates
of convergence of the transition function to the stationary distribution for a class of
exponential ergodic Markov chains. Our results are different from earlier estimates
using coupling theory, and from estimates using stochastically monotone one. Our
estimates show a noticeable improvement on existing results if Markov chains
contain instantaneous states or nonconservative states. The proof uses existing
results of discrete time Markov chains together with h-skeleton. At last, we apply this
result, Ray-Knight compactification and 1td excursion theory to two examples: a class
of singular Markov chains and Kolmogorov matrix.

Keywords: exponential ergodicity; Markov chain; fixed point theorem; Poisson point
process

1 Introduction
Throughout this paper, unless otherwise specified, let {X;;¢ € [0,00)} be a time homo-
geneous, continuous time Markov chain with an honest and standard transition function
pij(t) onastate space E = {1,2,3,.. .}, and its density matrix is Q = (g;), g; = —¢ii. Let P* and
E” denote the probability law and expectation of the Markov chain respectively under the
initial condition of Xy = x, where x € E. Let X = (82, %, %, X;, 0, P*) be the right process
associated with p;().

In this paper we consider the Markov chain which is an exponential ergodicity, that
means, there is a unique stationary distribution 7 = (1) (j € E), constants R; < oo and
a > 0 such that

Z|Pij(t) - ;| < Rie™™
j

for all i,j € E. Our goal is to find out the computable bounds of the constants R; and «,
especially a.

There has been considerable recent work on the problem of computable bounds for
convergence rates of Markov chains. Recently, the authors (see [1-4]) gave the bounds of
convergence rates for Markov chains. Their main methods are based on renewal theory
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and coupling theory. And in [5-7], the authors gave the convergence rates of stochasti-
cally monotone Markov chains. Their results and methods have the advantages of being
applicable to some Markov chains or processes.

However, their methods are not fitted for the general continuous time Markov chains,
especially when the symmetric condition, coupling condition or stochastically monotone
one is not satisfied. For example, the bounds of Markov chains with instantaneous states
such as Kolmogorov matrix, or the regular birth and death process. In this paper, we dis-
cuss this problem.

Let i € E and suppose that X, = i, define

T - inf{¢ > 0|X; #i} if this set is not empty,
' +090, otherwise

to be the sojourn time in state i.
Define

e inf{t > T1|X; =j} if this set is not empty,
/ +00, otherwise.

Our central result is the following theorem.

Theorem 1 Suppose that p;(t) is an irreducible and ergodic transition function with sta-
tionary distribution {rj,j € E} and m € E is a stable state. If there is a positive constant
such that A < inf,,cg q,, and Ei{eA’rL} < oo for all i € E, then we know that py(t) is exponen-
tially ergodic. Moreover, if

)\'2
S ht @ - NEHETY 1)

o

then there exists R; < oo for some (and then for all) i such that

Z|pij(t) - 7| <Rie™.

J

In this paper we shall first develop the methods in [2] to the continuous time situation,
which leads to considerable improvements of convergence rates. And this result shall be
in a wider range of application than existing results in [5-7]. Next we shall give some
fundamental lemmas and the proof of the main theorem in this paper. Finally, we shall
apply our result and the It excursion theorem to compute two examples in Section 3,
which will show the advantages of our result.

2 Proof of Theorem 1

2.1 Definitions and some fundamental lemmas

Let {Y,};°, be a time homogeneous Markov chain with one-step transition matrix [T =
(IT) on the state space E. Suppose that {Y,,}7° is an aperiodic, irreducible ergodic Markov
chain with a transition function IT; and stationary distribution 7; (j € E). Let IT = (IT;(n))
be an n-step transition matrix and n; =inf{n|n >1,Y, =i} foralli € E.
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Definition 1 We say that {Y,,}32, is p-geometrically ergodic (for short, geometrically er-
godic) if there exits a number p with 0 < p <1 such that

| [T(n) — ;| < Cjp" @)
for any n € N and i,j € E, where p is called ergodic index.

Lemmal Suppose I1; and i are defined as above, m € E is a fixed state,a <1, b > 0, there
is a function V(x) > 1 on E such that

> V() = aV(i) + bl (i) 2)
i

(called drift inequality). If I1,,,, > § > 0, then we have

Z|n,, m -l M_I)VU)P” (3)

forl>p>1—M7", where

882 2
{l—a+b+bz+32838(s (&) [(1—a)b+b2]}. (4)

T (1-ap?

Proof From (1) together with Theorems 2.1 and 2.2 in [2], we can get the proof of
Lemma 1. 0

Definition 2 Given a number % > 0, the discrete time Markov chain {X,;,}32, having a
one-step transition function p;;(/) (and therefore an n-step transition function p;(nh)) is

called the /-skeleton of {X;,t > 0}.

Lemma 2 Suppose that p;(t) is an irreducible and ergodic transition function, m € E is a
fixed state; for a constant X (0 < A < q,,), we have E™{e*™m} < 00. Let

= inf{nh|n > 1, X,;, = m}
forall h>0.If (1 — e®=4mMEm {2} < 1, then we know that

) < eTIE)
T 1- (1 - el-amh)Em{ghtn)

(i # m), (5)

e—am)h

E™{eMin) <

T 1—(1-el-amh)Em{grti}’ (©)

Proof 1t is obvious that 1 is not an absorbing state, otherwise p;;(£) is reducible. Suppose
that E!{e*™} < 0o. Let

71 = inf{¢|X; = m},

y = inf{t|t > 11, X; # m},
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Ty1 = Inf{t]t > yi, Xy = m}

and

Vi1 = Inf{t|t > tre1, Xy # m},
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where k =1,2,...and m is recurrent. Then the stopping times mentioned above are almost

surely finite and

O<N<TD<Y <.

From the strong Markov property of X, it is easily known that 1 — 71, Y2 — 72, 3 — 73, ...

are independent identically distributed exponential random variables with mean ¢,,. So

we have Py, — 7o < h,Vk} = 0.
We can easily get nf’ <tu+hon{y -1 >h}and nﬁ’n < T +hon

Vet = Trka1 > My Y — Tu < B,V < k.
If i # m, then we have

E"{eh’flﬂ} = Ei{e’\”?";yl -7 > h}
o0

+ ZEi{e)‘”?";ka T >y -1, <hVn < k}
k=1

< e)‘hEi{er';'; Ti06. > h}

o0

+ e EE ™ Yo — T > By — Ty < Vn < k],

k=1

If i = m and 1; = 0, then we have

E{e?n) = El{em; -1 > h)
oo

+ Y B Yot — Tt > By Y — T < 1V < K
k=1

< MPHT > h)

o0
+ e e Yo — T > v — Ty < Vn < k],

k=1

If i # m, then we have, for each k > 1,

Ei[ekrk“; Yk+1 — Tk+1 > h’ Vn—Tn = h,Vl’l = k]
_ Ei{Ei[eA’k*l;Vk+1 — Tpe1 > h, Vn—Tn < h,VI’l < k|ytk+l]}
= g dmhE! [e)\rkﬂ; Yn—Tn <hVn< k]

= e’thEi{Ei[e'\’k+1; Vo—Tn <h,Vn < klﬁrk]}

(8)
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_ e—thEi{Ei[e)\(l'ytzoafk*'rk); Tl o th < h, .o |ng.rk]}
= e E{EM [ Ty < h]s vy — Tu < b, Vn < k- 1}
= e EM [ Ty < h)E €y — T, < B,V <k -1}

= e (B[ Ty < b)) E'| )

— o Imh (Em [e“;'; T, < h])kEi {e;\r,; }
and

E™ [e’\’&; T, > h] = E" {E"‘ [e’\(fz‘+°9h+h); T, > hlﬁh]}
=E" [eM‘Em{e)\’t+ }; T, > h]

Tt
So
EM[e¥™n Ty < h) = E"[e¥ ] - E" [ Ty > h] = (1 — e tmh) e f hom ), 9)
By (9) and the equations above we have

E' [ et = Tiwr > 1y Yn — Tw < 1, ¥ < K]

= pmh (1 _ e(x-qm)h)k[ m {exr;, }]kEi{exr;, }
by (7). If
(1 - e(x_q'”)h)Em {e“V; } <1,

then we have

e(l—qm)hEi{ekr;;, }

EifeMn) < .
{ } = 1— (1 - el-amh)Em{erun)
And by (8) we have
(A=gqm)h
Em{ekflfln} < et .
—1- (1 — e()\*qm)h)Em{e)nf;;,}

So Lemma 2 is proved. O

Remark 1 From (5) we get that when /2 | 0 and i # m,
E{en) = [1+ (g — 1) (E™ [} = 1)l + O(1?) |E{ e ). (10)
From (6) we see that when % | 0,

E™{em) —1= (g — M)(E™{e ) — 1)l + O(?). (11)
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Proposition 1 (see [8], p.224) Let {Gy, k = 1,2,...} be at most countable collection of un-
bounded open subsets of (0,00). Then, in any nonempty open subinterval I of (0,00), there
exits a number h with the property that for each k, nh € Gy for infinitely many integers n.

2.2 Proof of Theorem 1
(1) For each % > 0 such that (1 — e~ 9" E™{ ) < 1, we write pf?j(n) for the transition
function of /-skeleton {X,,;}:°,. Consider

Ei{emn) ifi 4 m,

V(i) =
D=1, ifi=m

and
ap=e", by=eM (Em {e”’ﬁf} - 1).
For any i # m, by (10) we have

}Lh sz] Vh(]) = qu thE] }an + ekhp?m
JEE j#m

_ Ei[ek(nZ°9h+h);Xh #m|+ E"[ekh;Xh =m)|

= Ei{em} = V(i)
Similarly we can get

Ah mej Vh(]) = e)\h Zprn/E] Mlm} + e)\hpilfnm
JEE j#m

Em[ (7hiobp+h), . X, #m] +Em[ M, X, = ]

_prfeh) <14 (E7]eh) -1),
By (11) we have

pr; Vi(j) = an V(i) + bl iy (i)

jEE

for any i € E. By (2) we know that pf]f(n) satisfies the drift inequality.
Let 8, = e”9", obviously we have p’ > ). Let

1 32-882( by
My=—"—1- by + b2 h
Py AT T (

2
> [(1 - ah)bh + bi]

1—611,,

By (3) and (4) we obtain

> |pijnh) - | < vaw (12)
JjEE

forany 1> p>1-M;"' from Lemma 1.
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(2) From (11) we have

M =
g l—ah

1 [1+ (gm —k)(E’:{e“'”} -1 . O(h)},

which gives

)\2

1 _
M = @ Ee - )

h+ O(hz).

Hence, for any

)"2
S ht @ - NEHET 1)

o

there exist £ >0 and 0 < /1 < & such that ™" > 1 - M; . By (12) we get

—ah

€ N _—anh
E |pi(nh) — ;| < ————— V3 (i)e™. (13)
P e —(1-M;")

(3) For each i € E, let

Bi= inf{ﬁ‘eﬁt Z’Pij(t) — 71;] is bounded on (0, oo)}.

jeE

We have

Jult) =P pye) - |

JjEE

for any / > 1, which is a continuous and unbounded function on (0, 00). Then we know
that

Gi = {tlfu(t) > 1},

for i € E and [ > 1, which is a class of nonempty and unbounded open sets on (0, 00). From
Proposition 1, for every Gy, there exists 0 < &1 < ¢ such that there are infinitely many nk
belonging to G;;, where n=1,2,....

If nh € Gy, then by (13) we have

—ah

Suloh) = S ) )| <

-1

Vh(i)e(ﬁ+l —oz)nh’
1

£ —(- M)

which gives ; + [t —a > 0.
By the arbitrariness of / and «, we get

)\2
A+ (g — W(EM{em) -1)

Bi=
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From the definition of ;, it is easy to know that for any « > 0,

)"2
S A+ (@ = DE () 1)

o

and i € E, there exists R; > 0 such that

Z|pij(t) -7 <Rie™™.

jeE
Definition 3 Let
ot = sup{(x|for alli,j € E,3R; >0 s.t. ‘p[j(t) - n,»’ < R[,'e“t}.

The constant o* is called the maximal exponentially ergodic constant of a transition func-

tion p;;(¢).

Remark 2 If p;(¢) is irreducible, m is a stable state and A > 0 which make Em{etm) < 00,
then we know that pj(¢) is still ergodic and the result in Theorem 1 remains valid from the

proof of Theorem 1.

Remark 3 From Theorem 1 and Definition 3 we know

AZ
o > - .
A+ (qm — A)(E™{erm} 1)

3 Two examples
In this section we compute the maximal exponentially ergodic constants for two types
of chains: a kind of singular Markov chain in which all states are not conservative and

Kolmogorov matrix in which state 1 is an instantaneous state.

3.1 Akind of singular Markov chain
Suppose E ={1,2,...} and

o={0o o - o -, (14)

where 0<q1<q2<---<q,<---<ooandinfiq;' =0 for i =1,2,.... In this case the tran-
sition function with Q-matrix above is not unique (see [9, 10]), but the honest transition

function p;;(t) with Q-matrix is unique and its resolvent is

D ker ARG ()
A ZkeE ZmeE akRin;;qn()‘)

Ry(3) = RF™(3) + E'{e™7} (15)
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where ay (k € E) are sequences of nonnegative real numbers such that

Zak =00 and Z ZakR?yL“(l) =1,

keE keE meE

where R;;‘i“(k) is the resolvent of the minimal transition function pgﬂ"(t). From [5] it is
known that this chain is not symmetric, so we cannot discuss its ergodicity with coupling
theory. We also cannot adapt existing results to this chain. The following are our main

methods and result.

3.1.1 Ray-Knight compactification

Theorem 2 For the Markov chain with Q-matrix (14), the Ray-Knight compactification
of the state space E is E = EU {00}, X = (2,.F, %1, Xy, 0, P¥) is the right processes with the
transition function p;(t).

Proof Consider

o= inf{t|t > 0,Ve > 0, there are infinite jumps of X in (¢ — &, + 8)}.

Then we have

R;;?in O E |:/ e_)LtIU}(Xt) dtj|
0

. Tl
= §;E' [ f et dt]
0

_ O
)\+ql'

and

Ei{e-xa} _ Ei{e-m}

= qi
At
Then by (15) we have
5 4
ii qi A+q,~
Ri(A\) = —— + ,
v Atgi A+qiAd oy )»T;k
which gives
aj

lim Ry(A) = ——d .
S v

So we can get that the Ray-Knight compactification based on pj(¢) is E =EU{oo} and

aj
Atqj
Rooj(X) = =
Zk:l A+qx
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After the Ray-Knight compactification, the Markov chain X = (£2, .7, %, X;, 0;, P¥) is the
right process with the transition function p;(t). O

Remark 4 This chain also holds the strong Markov property.

3.1.2 Excursion leaving from state co
Foreach i€ E, let

o; = inf{t > 0|X; = i}

be the hitting time of state i. By T3, o and o; defined above, we have Pi[o < 00] =1 (i € E).
Consider excursion leaving from state co of X, and let ¢(x) = E*[e~">] for x € E U {o0};
it is easily verified that ¢(-) is a 1-excessive function of X.
And then we have the following result.

Theorem 3 There exists a continuous additive function L, of X such that
(1) E*{/y° e dL} = ¢(x) for any x € E U {oco};
(2) suppdL = {t|X; = oo};
(3) Lo = 0.

Let
U = {w(-)Iw(-) € D[0,00),3s > 0, w(s) € E, w(-) = 00 on [N (w),0)},

where 14, (w) = inf{t|t > 0, w(t) = co}. We write U for Boolean algebra on U, {W,};>¢ for
coordinate process, {4 };-o for natural filtration and 6, for shift operator. (U,U) is called
the excursion space.

Foranyt > 0, define B, = inf{s|L, > t}, { 8;} is the right reverse of local time L;. Let D, (w) =
{t|B:- < B:}. We have known that between excursion leaving from state oo of X and D, (w)
is one-to-one correspondence (see [11, 12]).

Theorem 4 Foranyt € D,, let

Xﬂt,+s(w)r lfO <s< ,Bt - ﬂt—;

Yl = 0, ifs> B — B

then {Y;;t € D,} is the Poisson point process on the excursion space (U, %) (see [13]), and
the characteristic measure P(-) satisfies

P({Wy =ity Wy =in}) = >kl () - " (bn = tucr)-
keE

Remark 5 This means that the characteristic measure P(-) has the same distribution as
ZkeE akpk{'}'

Remark 6
(1) The state space of the right process X is E U {oo}, where oo is the branching point;
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(2) The local time L, of X on Sy is continuous;

(3) The excursion measure P() is o -finite and satisfies
P({Wo ¢ E})=0 and P({Wo =k}) =a
forallk € E.

3.1.3 Maximal exponentially ergodic constant

The following theorem gives the stationary distribution.

Theorem 5 The transition function p(t) defined above is ergodic, and its stationary dis-

tribution is

-1
aiq; .
M= ——, VieE.
l pat ﬂquI
Proof (1) According to R;;?i"()») = Ai—”q and
1= RN (1) = ,
> 0= Y
keE meE keE
we have Y ;2 arq;! < +00.
(2) The resolvent of p;(t) is
5 2
ij qi Atg;
Ry(h) = ——+ :
ij A+ g )»+q,')\zzili—qu
which gives
;= lim AR;(\) = L;l <00
oo ! Y o Ay '
Then we complete the proof. d

In the following we discuss the conditions of exponential ergodicity and convergence

rate of exponential ergodicity.

Theorem 6 If

0<A il A (16)
<AL q1,
Y roa aic(qr — q1)!

then for some (and then for all) i € E, E'[*1] < oo, pij(t) is exponentially ergodic. Moreover,
for this X, if

)\2
o< T »
A+ (g - M) (EH T ) - 1)
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where

a a
£l { oy } ,
har=3 5 ot
k>

then there exists R; < oo for any i € E such that

Z|Pij(t) - j| < Rie™™.

JjEE
Proof (1) Foranyi e E (i #1),

E! [ AU]] El[ T1+G'100T1)] _ qia_l kEw[eAal]-

In the following we compute E*[e*1].
Consider the coordinate process W(s) on the excursion space (U, % ). For any i € E,
define

n; = inf{s|W(s) = i} (iekE), Neo = inf{s| W = 00}.
When s > 115, W(-) equal to 00, s0 1; > 17, equal to n; = co. Let
Co={W|W, #1}, G ={W|Wo =1}.
Obviously Cy, C; € % and Cy U C; = U. Let t = inf{¢|B; > 01} (t > 0) and
~tlsls € Dyps<t,Y, € G,
where #A denotes the cardinal of A, then we have

P¥{r >t} =P>{Z; =0}

— e*alt’

which gives that 7 is exponential random variable with mean a;.
And hence we have

E*® [ )»01] E® |:exp{}‘<Z(1(0,01](S)O‘OOI{CO}(YS)) o 95) }i|

seG

= E*{exp[AB.]}

=f E®{et are " dt.
0

S

From the computation of the Poisson point process, we know that
Eoo{ekﬁ[} — Eoo{ekz

}

= exp{tP((e"> = 1)I;c;y(¥y)) },
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which gives

00 o0
A
P((e"> = 1)I;c;y(Yy)) = X:ﬂkEk[eMT 1]= Z &
k=2 = *
Hence
[ee] o A
E®[gr1] = / t{ I _ }dl’
[e ] \ ay exp ;%-A @

ay

0o agA
EDING Py

Therefore, if (16) is satisfied, then we have E*[¢*!] < oo, which gives E{[e*1] < co. From
[13], Lemma 6.3, we know that p;;(¢) is exponentially ergodic.
j y erg
(2) If i #1, then 7" = 07. If A satisfies (16), then we have

B ) = F[e9] oo

for any i € E from Theorems 1 and 5.
If m =1 in Theorem 1, by the method of (1) above, we have

{ )L'L’l } El{ T1+610T1)}

— El [e)»Tl]EOO [eko'l]
a; a;

agh "
“ha -3 ax—

We complete the proof of this theorem. d

Remark 7 Obviously, the maximal exponentially ergodic constant satisfies

)\2
S @D EPT) -1

3.2 Kolmogorov matrix
This following example contains an instantaneous state.

Suppose that ¢, g3, . .. are sequences of positive real numbers and consider Q-matrix as
follows:

where Z:’fz q;"! < oo. This matrix is called the Kolmogorov matrix. There are infinitely
many dishonest processes with this Q-matrix. The authors (see [8, 9, 14]) have shown that
the process with the following resolvents is the only honest one.
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Let
o0 1 -1
Ru()»)——<1+2 ) ,
k:2k+qk
1 )
Ryj(A) = Ruy(2) - (7=>2),
A+ g
Ra(\) = —— Ry(h) (i=2)
A+ i
and
qi 1 3jj .
Ri;i(\) = Ry (A) - > 2),
(%) Py (i) )»+q,'+)\+61j (i,j=2)

where A > 0 and the state space is E = {1,2,3,...}.

Obviously, the transition function p;;(¢) which corresponds with the resolvents above is
the only honest one. Though this chain is weakly symmetric, its convergence rate is still
unknown because of its instantaneous state.

3.2.1 Ray-Knight compactification

Theorem 7 For the Markov chain with Q-matrix above, the Ray-Knight compactification
of the state space E is still E, X = (82,.% , %1, Xy, 0y, P¥) is the right process with the transition
Sfunction py(t).

Proof It is obvious that
]lm RU()‘) = le(}n)
11— 00

By using the methods in [11], we show that E = E. In the Ray-Knight topology, instanta-
neous state 1 is the limit point of sequences {2,3,...}. So we know that the Markov chain
X = (2,9, %:,X:,0, P¥) is the right process with the transition function p;(¢) (see [14,
15]). O

Remark 8 This chain holds the strong Markov property.

3.2.2 Excursion leaving from state 1
For each i € E, the definition of T3, o, 0; as above. Then obviously for each i € E, we have
Pi[o < o0] = 1, which means that instantaneous state 1 is a recurrent state of X.

Consider excursion leaving from state 1 of X, and let

o(x) =E* [e“’l]

for all x € E; it is easily verified that ¢(-) is a 1-excessive function of X.
And then we have the following result.

Theorem 8 There exists a continuous additive function L, of X such that
(1) E*{ [, e*dL} = (x) for all x € E;
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(2) suppdL = {t|X; =1};
(3) L1 = 0Q.

Let
U = {w(-)Iw(-) € Dg[0,00),3s > 0,w(s) € E,w(-) =1 on [m(w),00)},

where n;(w) = inf{t|t > 0, w(¢) = 1}. We write U for Boolean algebra on U, {W,},;>¢ for co-
ordinate process, {{;}:-o for natural filtration and 6, for shift operator. (I,U) is called the
excursion space.

For any t > 0, let B, = inf{s|L, > t}, {B;} be the right reverse of local time L;. Let D, (w) =
{t|B:- < Bi}. We have known that between excursion leaving from state 1 of X and D,(w)
is a one-to-one correspondence.

Theorem 9 Forany t € D, define

Xﬂt_+s(w); i]CO <s<Bi— B

=y, ifs> fi— P

then {Y;t € Dy} is the Poisson point process on the excursion space (U, % ), and the char-
acteristic measure P(-) satisfies

P({Wy =ity Woy = in}) = Y PR (@) - P, (b = bca)-
keE

Remark 9 Theorem 9 means that the characteristic measure P(-) has the same distribu-
tion as ZkeEPk{-}.

Remark 10
(1) The state space of the right process X is E, where 1 is the branching point;
(2) The local time £L; of X on & is continuous;

(3) The excursion measure P(-) is o -finite and satisfies
P({Wo=1})=0 and P({Wo=k})=1
for all k € E\{1}.

3.2.3 Maximal exponentially ergodic constant

The following theorem will give the stationary distribution.

Theorem 10 The transition function p;(t) defined above is ergodic, and we know that its
stationary distribution is

! N

M= 1
1+ Z/ﬁzqkl

forallje E\{1}.
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Proof (1) According to Theorem 1.3 in [8], p.157, we have
i = }1_13(1) AR;(A) = tl_iglopij(t),

which gives

1
=lim AR;(A) = lim ARy(A) = ————

5 )\l_rf}) (M) ,\f}, u(A) 1+ 210(22%;1 <0

and
-1
i = lim AR;;(A) = /R <00
SRS R 1+ d4;
for each i > 2.
Thus the proof is completed. O

In the following we discuss the conditions of exponential ergodicity and the convergence
rates of exponential ergodicity.

Theorem 11 If

0<Xi< 2 (17)

1
SRR
Y@k — q2)71
then for some (and then for all) i € E, E'[¢*"] < 00, s0 py;(t) is exponentially ergodic. More-
over, for this A, if

)"2
a< T )
A+ (g2 — V(B2 ) - 1)

1 1

= )L y
@2=r1-307% qikfx

then there exists R; < oo for any i € E such that

Z‘Pi]’(t) -] < Rie™™.
jeE
Proof (1) For any i € E (i > 3), we know

1

Eilg02) = pil MTi+oao0r))
e} = pife o) =

El{eAUZ }

Then we will compute E!{e**!}. Consider the coordinate process W (s) on the excursion
space (U, % ). For any i € E, define

n; =inf{s|W(s) = i}.
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Let
Co={W|Wo#2} and C={W|W,=2},

then we know that Cy,C; € % and Co U C; = U.
Let T = inf{¢|B; > 03} (¢ > 0) and

Z} =tlsls€ Dp,s <t,Y; € Ci},
we have

Pt >t} =P{zl =0}

= o PWo=2)t _ 1

’

which gives t is exponential random variable with mean 1 and

El{emz} o [exp{k (Z(I(oﬁz](s)aool{co}(Ys)) o 95) ”

seG

= El{exp[)\ﬂ,]}

[o.¢]
[ Benea

0

From the computation of the Poisson point process, we have

El{e’w‘} _ El{exz}}

= exp{tP((¢ = 1)]1c,)(Yy))},

which gives

P((e —D)Iicy(Ye)) = Y EF[er —1] =) > ~.

k=3 s Tk~
So
1f > A
E {ett =/ ex t{ —l}dt
) 0 P %;Qk—)»
_ 1
1-3 0% 255

Therefore, if (17) is satisfied, then we get that E}[¢**?] < oo and Ei{e**!} < co. From
Lemma 6.3 in [8], p.228, we know that pj;() is exponentially ergodic.
(2) If i > 3, then we have 75 = 5. If A satisfies (17), then we have

Ei{ek‘rf} :Ei{ekaz} <00

for any i € E from Theorem 1.
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Let m =2 in Theorem 1, by the method of (1) above, we have

B[ | = 2T
_fene(e]
B 1 1
q@-r1-300

So the result is proved from Theorem 1. O

Remark 11 According to the results above, the maximal exponentially ergodic constant
of this example satisfies

)\.2
=t @ NEET ) -1
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