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Abstract

The main aim of this paper is to study and establish some new coincidence point and
common fixed point theorems in the product space of mixed-monotonically
complete quasi-ordered metric space. Especially, we shall study the fixed points of
functions having the monotone property or the comparable property in the product
space of quasi-ordered metric space. An interesting application is to investigate the
existence and uniqueness of a solution for the system of integral equations.
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1 Introduction

The existence of coincidence point has been studied in [1-4] and the references therein.
Also, the existence of common fixed point has been studied in [5-15] and the references
therein. In this paper, we shall introduce the concept of mixed-monotonically complete
quasi-ordered metric space, and establish some new coincidence point and common fixed
point theorems in the product space of those quasi-ordered metric spaces. We shall also
present the interesting applications to the existence and uniqueness of solution for system
of integral equations.

In Section 2, we shall derive the coincidence point theorems in the product space of
mixed-monotonically complete quasi-ordered metric space. In Section 3, we shall study
the fixed point theorems for the functions having mixed-monotone property in the prod-
uct space of monotonically complete quasi-ordered metric space. Also, in Section 4, the
fixed point theorems for the functions having the comparable property in the product
space of mixed-monotonically complete quasi-ordered metric space will be derived. Fi-
nally, in Section 5, we shall present the interesting application to investigate the existence
and uniqueness of solutions for the system of integral equations.

2 Coincidence point theorems in product spaces
Let X be a nonempty set. We consider the product set

X"=Xx---xX.
—————
m times

©2014 Wu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2014/1/230
mailto:hcwu@nknucc.nknu.edu.tw
http://creativecommons.org/licenses/by/2.0

Wu Fixed Point Theory and Applications 2014, 2014:230 Page 2 of 36
http://www.fixedpointtheoryandapplications.com/content/2014/1/230

The element of X" is represented by the vectorial notation x = (x, ..., x), where x® € X
fori=1,...,m. We also consider the function F: X" — X" defined by

F(X) = (Fl(x))F2(x)r- .. 7Fm(x))r

where Fy : X" — X forall k =1,2,...,m. The vectorial elementX = (0,52, ..., z") ¢ x™
is a fixed point of F if and only if F(X) =X; that is,

’

EGEDF?,....7) =30

forallk=1,2,...,m.

Definition 2.1 Let X be a nonempty set. Consider the functions F : X" — X" and f :
X" — X" by F = (F,F,,...,Fr) and f = (fi, /3, ..., fx), where F; : X" — X and f; : X" — X
fork=1,2,...,m.
«+ The element X € X™ is a coincidence point of F and f if and only if F(X) = f(X), ie.,
Fi(X) = fxX) forall k =1,2,...,m.
« The element X is a common fixed point of F and f if and only if F(X) = f(X) =X, i.e.,
F(X) = i(x) =30 forall k =1,2,...,m.
« The functions F and f are said to be commutative if and only if f(F(x)) = F(f(x)) for all
x e X™.

Let ‘<’ be a binary relation defined on X. We say that the binary relation ‘<’ is a quasi-
order (pre-order or pseudo-order) if and only if it is reflexive and transitive. In this case,
(X, <) is called a quasi-ordered set.

For any x,y € X", we say that x and y are <-mixed comparable if and only if, for each
k=1,...,m, one has either x® < y® or y® < x®_ Let I be a subset of {1,2,...,m} and
J={1,2,...,m}\ I. In this case, we say that I and J are the disjoint pair of {1,2,...,m}. We

can define a binary relation on X" as follows:
x=<;y ifandonlyif M < y(k) forkel and y(k) <x® forke]. (1)
It is obvious that (X", <) is a quasi-ordered set that depends on 1. We also have
x=;y ifandonlyif y=<;x (2)
We need to mention that / or J is allowed to be empty set.
Remark 2.1 For any x,y € X", we have the following observations.
+ If x <;y for some disjoint pair I and J of {1,...,m}, then x and y are <-mixed
comparable.

« If x and y are <-mixed comparable, then there exists a disjoint pair / and J of

{1,...,m} such thatx <;y.

Definition 2.2 Let / and / be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, <), we consider the quasi-ordered set (X", <) defined in (1).
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+ The sequence {x,},cn in X is said to be a mixed <-monotone sequence if and only if
Xy =X Xyl OF Xy < %y (i€, x, and x,,41 are comparable with respect to ‘<’) for all
neN.

« The sequence {X,},cn in X™ is said to be a mixed <-monotone sequence if and only if
each sequence {xg,k)},,eN in X is a mixed <-monotone sequence for all k = 1,...,m.

+ The sequence {X,} ey in X™ is said to be a mixed <;-monotone sequence if and only if
Xy <1 Xp41 OF X041 <7 Xy, (i€, X, and X,,41 are comparable with respect to ‘<;’) for all

neN.

Remark 2.2 Let ] and J be a disjoint pair of {1,2,..., m}. We have the following observa-
tions.

(@) {Xu}new in X™ is a mixed <;-monotone sequence if and only if it is a mixed
<y-monotone sequence.

(b) If {x,}sen in X™ is a mixed <;-monotone sequence, then it is also a mixed
=<-monotone sequence; that is, each sequence {xﬁ,k)}y,eN in X is a mixed <-monotone
sequence forall k=1,...,m.

(©) If {xu}uen in X is a mixed <-monotone sequence, then, given any n € N, there
exists a disjoint pair of I,, and J, (which depends on n) of {1,...,m} such that
Xy I, Xn+l OF Xp41 1, Xpp-

(d) {xu}nen in X is a mixed <-monotone sequence if and only if, for each n € N, x,, and

X,+1 are <-mixed comparable.

Definition 2.3 Let / and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, <), we also consider the quasi-ordered set (X", <;) defined in (1), and the function
f: (X", <) — (X", <)

+ The function f is said to have the sequentially mixed <-monotone property if and only
if, given any mixed <-monotone sequence {X,},en in X”, {£(x,)}en is also a mixed
=<-monotone sequence.

« The function f is said to have the sequentially mixed <;-monotone property if and
only if, given any mixed <;-monotone sequence {X,},en in X", {f(x,)},en is also a

mixed <;-monotone sequence.

It is obvious that the identity function on X" has the sequentially mixed <;-monotone
and <-monotone property.

Let X be a nonempty set. We consider the functions F : X” — X" and f : X" — X"
satisfying FP(X™) C £(X™) for some p € N, where F(x) = F(F/~}(x)) for any x € X™.
Therefore, we have Ff (x) = Fr(FP"1(x)) for k = 1,...,m. Given an initial element x =
(xf)l),xéz),...,xém)) € X™, where xg() € X for k =1,...,m, since FP(X™) C f(X™), there ex-
ists x; € X" such that f(x;) = F/(x¢). Similarly, there also exists x, € X such that f(x;) =

F?(x;). Continuing this process, we can construct a sequence {xX,},cn such that
f(x,) = FP(x,,-1) 3)
for all # € N; that is,

1 5
Fex) = fi(x, oo x®, ) = P D a ) = Pk,
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for all k =1,...,m. We introduce the concepts of mixed-monotone seed elements as fol-
lows.

(A) The initial element xq is said to be a mixed <-monotone seed element of X" if and
only if the sequence {x, },en constructed from (3) is a mixed <-monotone
sequence; that is, each sequence {xf,k)},,eN in X is a mixed <-monotone sequence for
k=1,...,m.

(B) Given a disjoint pair I and J of {1,2,...,m}, we say that the initial element x is a
mixed <-monotone seed element of X™ if and only if the sequence {X,},en
constructed from (3) is a mixed <;-monotone sequence.

From observation (b) of Remark 2.2, it follows that if xq is a mixed <;-monotone seed

element, then it is also a mixed <-monotone seed element.

Example 2.1 Suppose that the initial element x, can generate a sequence {X,},cn such
that, for each k = 1,...,m, the generated sequence {xﬁ,k)}neN is either <-increasing or <-
decreasing. In this case, we define the disjoint pair I and J of {1,2,...,m} as follows:

k

¢ )}neN is < —increasing} and J={1,2,...,m}\ L (4)

I= {k : the sequence {x
It means that if k € /, then the sequence {xg,k)},,eN is <-decreasing. Therefore, the sequence
{X}uen satisfies x,, < X,,41 for any # € N. In this case, the initial element X is a mixed <;-
monotone seed element with the disjoint pair / and J defined in (4).

Definition 2.4 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’ We say that
(X, d, <) is mixed-monotonically complete if and only if each mixed <-monotone Cauchy

sequence {x,},en in X is convergent.

It is obvious that if the quasi-ordered metric space (X, d, <) is complete, then it is also
mixed-monotonically complete. However, the converse is not necessarily true.

For the metric space (X, d), we consider the product metric space (X", 0) in which the
metric 0 is defined by

_ (k) oK)
x,y) = kirllaxm{d(x Bl (5)
or
oax,y) =Y _d(x,y0). (6)
k=1

Remark 2.3 We can check that the product metric ? defined in (5) or (6) satisfies the
following concepts.
« Given a sequence {x,},cn in X, the following statement holds:

0(x,,X) = 0 if and only if d(x(k),?(k)) — 0 foralk=1,...,m.

n

« Given any € > 0, there exists a positive constant £ > 0 (which depends on €) such that
the following statement holds:

o(x,y) <€ ifandonlyif d(x(k),y(k))<{’-e forallk=1,...,m.


http://www.fixedpointtheoryandapplications.com/content/2014/1/230

Wu Fixed Point Theory and Applications 2014, 2014:230 Page 5 of 36
http://www.fixedpointtheoryandapplications.com/content/2014/1/230

Mizoguchi and Takahashi [16, 17] considered the mapping ¢ : [0, 00) — [0, 1) that satis-
fies the following condition:

limsupp(x) <1 for all ¢ € [0, 00), (7)
x—>C+
in the contractive inequality, and generalized the Nadler fixed point theorem as shown
in [18]. Suzuki [19] also gave a simple proof of the theorem obtained by Mizoguchi and
Takahashi [16]. In this paper, we consider the following definition.

Definition 2.5 We say that ¢ : [0, 00) — [0,1) is a function of contractive factor if and only
if, for any strictly decreasing sequence {x,},cn in [0, 00), we have

0 <supg(x,) <1. (8)

Using the routine arguments, we can show that the function ¢ : [0, 00) — [0,1) satisfies
(7) if and only if ¢ is a function of the contractive factor. Throughout this paper, we shall
assume that the mapping ¢ satisfies (8) in order to prove the various types of coincidence
and common fixed point theorems in the product space.

Let (X, d) be a metric space, and let F : (X",0) — (X", 0) be a function defined on (X", )
into itself. If F is continuous at X € X", then, given € > 0, there exists § > 0 such that x € X™
with 9(X, x) < § implies 0(F(X), F(x)) < €. From Remark 2.3, we see that F is continuous at
X € X™ if and only if each Fy is continuous at X for k = 1,..., m. Next, we propose another
concept of continuity.

Definition 2.6 Let (X, d) be a metric space, and let (X", ) be the corresponding product
metric space. Let F: (X”,0) — (X",0) and f : (X™,0) — (X™,0) be functions defined on
(X™,0) into itself. We say that F is continuous with respect to f atX € X" if and only if, given
any € > 0, there exists § > 0 such that x € X" with 9(X,f(x)) < § implies ?(F(X), F(x)) < €.
We say that F is continuous with respect to f on X™ if and only if it is continuous with
respect to f at each X € X™.

It is obvious that if the function F is continuous at X with respect to the identity function,
then it is also continuous at X.

Proposition 2.1 The function F is continuous with respect to f at X € X" if and only if,
given any € > 0, there exists § > 0 such that x € X" with d(’a?(k),fk(x)) <Sforallk=1,...,m
imply d(Fi(X), Fr(x)) <€ forallk=1,...,m.

Theorem 2.1 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Consider the functions F : (X™,0) — (X",0) and f : (X",0) — (X",0) sat-
isfying FP(X™) C £(X™) for some p € N. Let Xo be a mixed <-monotone seed element in X™.
Assume that the functions F and f satisfy the following conditions:

o Fandf are commutative;

o f has the sequentially mixed <-monotone property;

o ¥ is continuous with respect to f on X™";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the
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inequalities

p (60,51 < d(x®,y0) )
and

d(F,(x), F{ () < ¢(p(fi®).£c(y)) - p(fc (). fi(y)) (10)

are satisfied for all k = 1,...,m. Then ¥ has a fixed point X such that each component x*
of X is the limit of the sequence {f;(X,)}nen constructed in (3) forallk =1,...,m.

Proof We consider the sequence {x,},cy constructed from (3). Since xo is a mixed <-
monotone seed element in X", i.e., {X,},cn is a mixed <-monotone sequence, from ob-
servation (d) of Remark 2.2, it follows that, for each n € N, x,, and x,,,1 are <-mixed com-
parable. According to the inequalities (10), we obtain

d(fk(xnﬂ)’fk(xn)) = d(F]I:(xn): F]I(g(xn—l))
= QD(/) (ﬁ((xn)tfk(xn—l))) : p(fk(xn)tﬁ((xn—l))- (11)

Since f has the sequentially mixed <-monotone property, we see that {f(x,)},cn is a mixed
=<-monotone sequence. From observation (d) of Remark 2.2, it follows that, for each n € N,
f(x,) and f(x,,1) are <-mixed comparable. Let

& = p(ﬁ((xn)rfk(xn—l))'
Then, using (9) and (11), we obtain
Eni1 = p(fk(xnﬂ)!fk(xn))) = d(ﬁ((xn+l)rﬁ((xn)) <o) & <& (12)

which also says that the sequence {§,},en is strictly decreasing. Let 0 < y = sup, ¢(&,) < 1.
From (12), it follows that

d(ﬁ((xnﬂ):fk(xn)) =< Y- En and $n+1 =< Y- Em
which implies
d(fk(xn+l)7ﬁ<(xn)) = Vn : gl' (13)

For n1,ny € N with 1 > 1y, since 0 < y < 1, from (13), it follows that

n1—1

A(fi (X)), fi (X)) < Z d(fi(xj41),fc(x;))  (by the triangle inequality)

j=n2
n-1
<&y ¢y (by(13)
j=n2

&-y"-(1-ymn™) &.ym
< <
- 1-vy 1-y

— 0 asny; — o0,
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which also says that {fx(x,)},cn is a Cauchy sequence in X for any fixed k. Since f has the
sequentially mixed <-monotone property, i.e., {f¢(X,)}sen is a mixed <-monotone Cauchy
sequence for k =1,...,m, by the mixed <-monotone completeness of X, there exists 0 e
X such that fi(x,) > *X asn — cofork =1,...,m. By Remark 2.3, it follows that f(x,,) — X
as n — 00. Since each f; is continuous on X", we also have

Sie(f(x,)) = fix(X)  asn— oo.

Since F? is continuous with respect to f on X, by Proposition 2.1, given any € > 0, there
exists & > 0 such that x € X" with dx%, f;(x)) < & forall k = 1,...,m imply

d(F®), ! (x)) < % forallk=1,...,m. (14)

Since fi(x,) — *% as n — oo for all k = 1,...,m, given ¢ = min{e/2,8} > 0, there exists
no € N such that

d(fk(xn),BE(k)) <¢ <8 forallmeNwithn>npandforallk=1,...,m. (15)
For each n > ng, by (14) and (15), it follows that

d(FP (), F(x,)) < % forallk=1,...,m. (16)
Therefore, we obtain

d(F)®),59) < d(F{®),fi(kng1) + (i (Xug21), 20)
= d(FYR), F (Xn)) + d(fi(Xng11),2%)
<S+¢ (by(5)and 16)

<e foralk=1,...,m.

Since € is any positive number, we conclude that d(Ff (X), ) =0 forallk =1,...,m, which
also says that F{ (X) =%x® forall k =1,...,m, i.e., F’(X) =X. This completes the proof. [

Remark 2.4 We have the following observations.

« In Theorem 2.1, if we assume that the quasi-ordered metric space (X, d, <) is
complete (not mixed-monotonically complete), then the assumption for f having the
sequentially mixed <-monotone property can be dropped, since the proof is still valid
in this case.

« The assumptions for the inequalities (9) and (10) are weak, since we just assume that it
is satisfied for <-mixed comparable elements. In other words, if x and y are not

=<-mixed comparable, we do not need to check the inequalities (9) and (10).

In Theorem 2.1, we can consider a different function p that is defined on X" x X" in-

stead of X x X. Then we can have the following result.

Page 7 of 36
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Theorem 2.2 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Consider the functions F : (X™,0) — (X",0) and f : (X™,0) — (X",0) sat-
isfying FP(X™) C £(X™) for some p € N. Let Xo be a mixed <-monotone seed element in X™.
Assume that the functions F and £ satisfy the following conditions:

o Fandf are commutative;

o f has the sequentially mixed <-monotone property;

o ¥ is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of the contractive
factor ¢ : [0,00) — [0,1) such that, for any two <-mixed comparable elements x and y in

X", the inequalities
p(x,y) <d(x®,yP) (17)

and

d(F; (%), F(y)) < ¢(p(£x),£(y))) - p(£(x), £(y)) (18)

are satisfied for all k = 1,...,m. Then F? has a fixed point X such that each component xX)
of X is the limit of the sequence {fi(x,)}nen constructed in (3) forallk =1,...,m.

Proof Using a similar argument to the proof of Theorem 2.1, we can obtain the desired

results. O

By considering the mixed <;-monotone seed element instead of mixed <-monotone
seed element, the assumptions for the inequalities (9) and (10) can be weaken, which is
shown below.

Theorem 2.3 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Consider the functions F : (X™,0) — (X",0) and f : (X",0) — (X"*,0) sat-
isfying FP(X™) C £(X™) for some p € N. Let Xo be a mixed <j-monotone seed element in
X", and let (X", < (£5xy)) = (X, <) be a quasi-ordered set induced by (f,F,x). Assume
that the functions F and f satisfy the following conditions:

« Fand f are commutative;

o f has the sequentially mixed <;-monotone property or the sequentially mixed

=<-monotone property;

o ¥ is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) — [0,1) such that, for any x,y € X" withy <1 X or X XY, the inequalities

p (6,51 < d(x®,y0) (19)
and

d(FE(x), F2(y)) < o(p (). £x(¥))) - o (fc(x), £i(¥)) (20)
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are satisfied for all k =1,...,m. Then ¥? has a fixed point X such that each component ¥X)
of X is the limit of the sequence {f;(X,,)}nen constructed in (3) forallk =1,...,m.

Proof We consider the sequence {x,},cn constructed from (3). Since x¢ is a mixed <;-
monotone seed element in X, it follows that {x,,},cn is @ mixed <;-monotone sequence,
i.e., for each n € N, x,,_1 <1 X, or X,; <1 X,_1. According to the inequalities (20), we obtain

A (fi (1), fi (%)) = d(Ff (%), Ff, (%-1))
= </)(,0 (fk(xn):fk(xn—l))) : p(fk(xn)’fk(xn—l))-

Using the argument in the proof of Theorem 2.1, we can show that {fi(x,)},cn is a Cauchy
sequence in X for any fixed k. Now, we consider the following cases.

«+ Suppose that f has the sequentially mixed <;-monotone property. We see that
{f(x,1)}nen is @ mixed <;-monotone sequence; that is, for each n € N, f(x,,) <7 £(x,41)
or f(x,41) <1 £(x,,). Since {fx(X»)}nen is @ Cauchy sequence in X for any fixed k, from
observation (b) of Remark 2.2, we also see that {fx(x,)}scn is @ mixed <-monotone
Cauchy sequence for k =1,...,m.

«+ Suppose that f has the sequentially mixed <-monotone property. Since {X,},en is a
mixed <;-monotone sequence, by part (b) of Remark 2.2, it follows that {x;k)},,eN inX
is a mixed <-monotone sequence for all k =1,...,m. Therefore, we see that
{fc(x,1)}nen is @ mixed <-monotone Cauchy sequence for k=1,...,m.

By the mixed <-monotone completeness of X, there exists XX € X such that f;(x,) — %)
as n — oo for k = 1,...,m. The remaining proof follows from the same argument in the
proof of Theorem 2.1. This completes the proof. O

Remark 2.5 We have the following observations.

+ In Theorem 2.3, if we assume that the quasi-ordered metric space (X, d, <) is
complete (not mixed-monotonically complete), then the assumption for f having the
sequentially mixed <;-monotone can be dropped, since the proof is still valid in this
case.

« From the observation (a) of Remark 2.1, we see that the assumptions for the
inequalities (19) and (20) are indeed weaken by comparing to the inequalities (9) and
(10).

« We can also obtain a similar result when the inequalities (19) and (20) in Theorem 2.3
are replaced by the inequalities (17) and (18), respectively.

Next, we shall study the coincidence point without considering the continuity of F”.

However, we need to introduce the concept of mixed-monotone convergence given below.

Definition 2.7 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’ We say
that (X, d, <) preserves the mixed-monotone convergence if and only if, for each mixed <-
monotone sequence {x,},cn that converges to %, we have x,, <x or X < x,, for each n € N.

Remark 2.6 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’ and preserve
the mixed-monotone convergence. Suppose that {x,},cy is a sequence in the product
space X" such that each sequence {x%)},.cn is a mixed <-monotone convergence sequence
with limit point %™ for k =1,...,m. Then we have the following observations.


http://www.fixedpointtheoryandapplications.com/content/2014/1/230

Wu Fixed Point Theory and Applications 2014, 2014:230 Page 10 of 36
http://www.fixedpointtheoryandapplications.com/content/2014/1/230

(a) Foreach n €N, x,, and X are <-mixed comparable.
(b) For each n € N, there exists a disjoint pair I, and J,, (which depend on #) of
{1,...,m} such that x,, <;, X or X 5, X,,, where I, or ], is allowed to be empty set.

Definition 2.8 Let / and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, =), we consider the quasi-ordered set (X", <;) defined in (1), and the function f : X" —
X",

+ The function f is said to have the <-comparable property if and only if, given any two
=<-comparable elements x and y in X", the function values f(x) and f(y) are
=<-comparable.

«+ The function f is said to have the <;-comparable property if and only if, given any two
<j-comparable elements x and y in X", the function values f(x) and f(y) are

<j-comparable.

Theorem 2.4 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Consider the functions F :
(X™,0) = (X™,0) and £ : (X",0) — (X™,0) satisfying FZ(X"™) C £(X™) for some p € N. Let
Xo be a mixed <-monotone seed element in X' . Assume that the functions F and f satisfy
the following conditions:

o Fandf are commutative;

o f has the <-comparable property and the sequentially mixed <-monotone property;

o each fi is continuous on X™ for k =1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any two <-mixed comparable elements x andy in X", the

inequalities

p(x®,y0) < d(x®,y0) 21)
and

d(F;(x), F{(y)) < ¢(p(c®)./e(y))) - p(fe (), £ic(y)) (22)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists X € X™ of F such that FP(X) = £(X). If p = 1, then X is a coincidence point
of Fand f.
(ii) Ifthere exists anothery € X™ such that X andy are <-mixed comparable satisfying
() = £3), then £) = (7).
(ili) Suppose that X is obtained from part (i). If X and F(X) are <-mixed comparable,
then £1(X) is a fixed point of F for any q € N.
Moreover, each component Al of X is the limit of the sequence {fi(x,,)}nen constructed in
(3)forallk=1,...,m.

Proof From the proof of Theorem 2.1, we can construct a sequence {X, },en in X™ such that
fi(x,) = 0 and fi(f(x,)) — fi(X) as n — oo, where {f;(X,)},en is @ mixed <-monotone
sequence for all k =1,..., . Since fi(f(x,,)) = fx(X) as 1 — o0, given any € > 0, there exists
ny € N such that

A(fe(£x)). /i ®) < g (23)
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for all n € N with n > ng and for all k = 1,...,m. Since {fi(X,)},en is a mixed <-monotone
convergence sequence for all k = 1,...,n, from observation (a) of Remark 2.6, we see that
f(x,) and X are <-mixed comparable for each n € N. Since f has the <-comparable prop-
erty, it follows that f(f(x,;)) and f(X) are <-mixed comparable. For each 1 > 1y, we have

d(Ff(i\): Ff (f(xn))) = <P<P (f/((i)’ﬁ(<f(xn)))) : p(f/((i)’ﬁ(<f(xn))) (bY (22))
< p(fi®).fi(f(xn))) < d(fi®).fc(f(x))  (by (21))
< g (by (23)), (24)

Since F and f are commutative, we have f(F?(x)) = F/(f(x)) for all x € X", which also im-
plies

Sie(£(x)) = fie (F (x-1)) = Fy (£(x0-1)).
Now, we obtain

d(FX),fi®) < d(F{®), F (£(xuy))) + d(F; (E(xy)) i ()
= d(FLR), Ff (£xny))) + d (i (£ g 1)) /i B))

€ €
< 3 + 5 (by (23) and (24))

= €.

Since € is any positive number, we conclude that d(F; (%), fx(X)) = 0, which says that F% () =
fiX) forallk =1,...,m, i.e., FP(X) = £(X). This proves part (i).

To prove part (ii), since f has the <-comparable property, it follows that f(x) and f(y)
are <-mixed comparable. If f;(X) #fx(¥), i.e., d(fx(X),fx(¥)) # 0, then we obtain

A(fi®).f(¥)) = dEL R, E®) < ¢ (0 (k@£ D)) - 0 (e®.®)  (by (22))
<P(A®.AW) = d(k®.A©)  (by 2D).

This contradiction says that f;(X) = fi(¥) forall k = 1,...,m, i.e., £(X) = £(y).
To prove part (iii), using the commutativity of F and f, we have

f(F®) = F(f®) = F(FPR) = FP(E®). (25)

By taking y = F(X), the equalities (25) says that f(y) = F?(y). Since X and y = F(X) are <-
mixed comparable by the assumption, part (ii) says that

£(x) = £(y) = £(FX)) = F(f(%)),
which says that f(X) is a fixed point of F. Given any g € N, we have

F(f7(x)) = {9 (F(f(x))) (by the commutativity of F and f)
- 11 (£®)) = £1(R),

which says that £7(X) is a fixed point of F. This completes the proof. d
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Remark 2.7 We have the following observations.

+ In Theorem 2.4, if we assume that the quasi-ordered metric space (X,d, <) is
complete (not mixed-monotonically complete), then the assumption for f having the
sequentially mixed <-monotone property can be dropped, since the proof is still valid
in this case.

« We can also obtain a similar result when the inequalities (21) and (22) in Theorem 2.4
are replaced by the inequalities (17) and (18), respectively.

Theorem 2.5 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Consider the functions
F: (X",0) — (X™,0) and f : (X",0) — (X",0) satisfying F(X™) C £(X") for some p € N.
Let xo be a mixed <;-monotone seed element in X™, and let (X", <t xy)) = (X", <1) be a
quasi-ordered set induced by (f,F,x). Assume that the functions F and f satisfy the follow-
ing conditions:

o Fand f are commutative;

o f has the sequentially mixed <;-monotone property or the sequentially mixed

=<-monotone property;

o each fi is continuous on X™ fork =1,...,m;

+ f has the <jo-comparable property for any disjoint pair I° and J° of {1,...,m}.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,...,m}
With y <> X or X <o Y, the inequalities

p (60,51 < d(x®,y0) (26)
and

d(F(x), F2(y)) < o(p (). £x(¥))) - o (f(x), £i(¥)) (27)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists X € X™ of F such that FP(X) = £(X). If p = 1, then X is a coincidence point
of Fand f.

(ii) Ifthere exist a disjoint pair I° and J° of {1,...,m} and anothery € X™ such that X
andy are comparable with respect to the quasi-order ‘<o’ satisfying F(y) = £(y),
then £(X) = £(y).

(ili) Suppose that X is obtained from part (i). If there exists a disjoint pair I° and J° of
{1,...,m} such that X and F(X) are comparable with respect to the quasi-order ‘<o,
then £1(X) is a fixed point of F for any q € N.
Moreover, each component &) of X is the limit of the sequence {fi(X,,)}en constructed in
(3) forallk=1,...,m.

Proof From the proof of Theorem 2.3, we can construct a sequence {X,},cn in X" such
that fi(x,) — x* and fi(f(x,)) — fi(X) as n — oo, where {f;(x,)}.en is a mixed <-
monotone sequence for all k = 1,..., m. Since f;(f(x,,)) — fx(X) as n — 00, given any € > 0,
there exists 7y € N such that

A(fe (). i ®) < g (28)
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for all n € N with n > ng and for all k = 1,...,m. Since {fi(X,)},en is a mixed <-monotone
convergent sequence for all k =1,...,m, from observation (b) of Remark 2.6, we see that,
for each n € N, there exists a subset [, of {1,...,m} such that

f(x,) <5, X or X<, f(x,). (29)
Since f has the <--comparable property for any subset I° of {1,..., m}, it follows that
£(£(cn) <0, ) o £R) <, £(E(x,)- (30)

For each n > gy, we obtain

d(Fy (), F (£(x)) < ¢(p (e, £ (£(x)))) - 0 (i R).fe(£(x)))  (by (29) and (27))
< p(i®).fi(£(xn))) < d(fi®).fi(f(x4)))  (by (30) and (26))

<5 (yes).

Using the same argument in the proof of Theorem 2.4 immediately, we complete the
proof. d

Remark 2.8 We have the following observations.
+ Suppose that the inequalities (21) and (22) in Theorem 2.4, and that the inequalities
(26) and (27) in Theorem 2.5 are satisfied for any x,y € X™. Then, from the proofs of
Theorems 2.4 and 2.5, we can see that parts (ii) and (iii) can be changed as follows.

(i)’ If there exists another y € X™ satisfying F/(y) = £(y), then £(X) = £(y).
(iii)" Suppose that X is obtained from part (i). Then f7(X) is a fixed point of F for any
geN.

+ We can also obtain a similar result when the inequalities (26) and (27) in Theorem 2.5
are replaced by the inequalities (17) and (18), respectively.

Next, we shall consider the uniqueness for a common fixed point in the <-mixed com-
parable sense.

Definition 2.9 Let (X, <) be a quasi-order set. Consider the functions F : X" — X" and
f: X" — X™ defined on the product set X" into itself. The common fixed point X € X"
of F and f is unique in the <-mixed comparable sense if and only if, for any other common
fixed point x of F and f, if x and X are <-mixed comparable, then x = X.

Theorem 2.6 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Consider the functions F :
(X™,0) = (X™,0) and £ : (X",0) — (X™,0) satisfying F’(X™) C £(X") for some p € N. Let
Xo be a mixed <-monotone seed element in X". Assume that the functions F and £ satisfy
the following conditions:

« Fandf are commutative;

o f has the <-comparable property and the sequentially mixed <-monotone property;

o F? is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
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Suppose that there exist a function p : X x X — R, and a function of the contractive factor

¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the

inequalities

p (60,30 < d(x®,y0) 31)
and

d(F(x), F(y)) < ¢(p(fe).£c(y))) - p (). /e (y)) (32)

are satisfied for all k = 1,...,m. Then the following statements hold true.

(i) ¥? and f have a unique common fixed point X in the <-mixed comparable sense.
Equivalently, if y is another common fixed point of ¥ and £, and is <-mixed
comparable with X, then y =X.

(i) For p #1, suppose that F(X) and X obtained in (i) are <-mixed comparable. Then F
and £ have a unique common fixed point X in the <-mixed comparable sense.

Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from Remark 2.3 and part (i) of Theorem 2.4, we have £(X) = F/(X).
From Theorem 2.1, we also have F?(X) = X. Therefore, we obtain

X =f(X) = F*(x).

This shows that X is a common fixed point of F? and f. For the uniqueness in the <-mixed
comparable sense, let y be another common fixed point of F? and f such thaty and X are
=<-mixed comparable, i.e., y = £(y) = F/(y). By part (ii) of Theorem 2.4, we have {(X) = f(y).
Therefore, by the triangle inequality, we have

dxy) <d(x.fx) + d(f(X),£(y)) + d(£(¥),y) =0, (33)

which says that X =7. This proves part (i).

To prove part (ii), since F(X) and X are <-mixed comparable, part (iii) of Theorem 2.4
says that f(X) is a fixed point of F, i.e., f(X) = F(f(X)), which implies X = F(X), since X = f(X).
This shows that X is a common fixed point of F and f. For the uniqueness in the <-mixed
comparable sense, let y be another common fixed point of F and f such thaty and X are
=<-mixed comparable, i.e., ¥ = £(y) = F(y). Then we have

y=£) =F =F(f®) =F*§) =--- = F’(y).
By part (ii) of Theorem 2.4, we have f(X) = £(y). From (33), we can similarly obtain X =.
This completes the proof. |

Remark 2.9 We can also obtain a similar result when the inequalities (31) and (32) in
Theorem 2.6 are replaced by the inequalities (17) and (18), respectively.
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Since we consider a metric space (X,d, <) endowed with a quasi-order ‘<] given any
disjoint pair I and J of {1,...,p}, we can define a quasi-order ‘<;’ on X" as given in (1).
Now, given any x € X, we define the chain €(=,x) containing x as follows:

C(=px) ={yeX":y</xorx=;y}

= {y € X : x and y are comparable with respect to ‘ <; ’}.

Next, we shall introduce the concept of chain-uniqueness for a common fixed point.

Definition 2.10 Let (X, <) be a quasi-order set. Consider the functions F : X — X" and
f: X" — X™ defined on the product set X" into itself. The common fixed point X € X"
of F and f is called chain-unique if and only if, given any other common fixed point x of F
and f, if x € €(x0,X) for some disjoint pair /° and J° of {1,...,m}, then x =X.

Theorem 2.7 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Consider the functions
F: (X™,0) — (X™,0) and £ : (X™,0) — (X™,0) satisfying FP(X™) C £(X™) for some p € N.
Let xg be a mixed <;-monotone seed element in X", and let (X", <(tEx,) = X", <) bea
quasi-ordered set induced by (f,F,Xx). Assume that the functions F and f satisfy the follow-
ing conditions:

o Fandf are commutative;

o f has the sequentially mixed <;-monotone property or the <-monotone property;

o F? is continuous with respect to £ on X";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,...,m}
with'y <o X or X <o Y, the inequalities

p(x%,y 1) < d(x®, %) (34)
and

d(F;(x), F(y)) = ¢(p (). £c(y))) - o (). fe(Y)) 35)

are satisfied for all k = 1,..., m. Then the following statements hold true.

(i) ¥? and £ have a chain-unique common fixed point X. Equivalently, if y € €(<2,X) is
another common fixed point of F¥ and £ for some disjoint pair I° and J° of {1,...,m},
theny =X.

(i) For p #1, suppose that F(X) and X obtained in (i) are comparable with respect to the
quasi-order ‘X’ for some disjoint pair I° and J° of {1,...,m}. Then F and f have a
chain-unique common fixed point X.

Moreover, each component ¥ of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from Remark 2.3 and part (i) of Theorem 2.5, we can show that X
is a common fixed point of F” and f. For the chain-uniqueness, let y be another common
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fixed point of F¥ and f withy </ X or X <o y for some disjoint pair I° and J° of {1,...,m},
i.e,y =f(y) = F/(y). By part (ii) of Theorem 2.5, we have f(X) = £(y). Therefore, by the
triangle inequality, we have

dXy) <d(X% X)) + d(fX),£¥)) + d(£{),¥) =0,

which says that X =y. This proves part (i). Part (ii) can be similarly obtained by applying
Theorem 2.5 to the argument in the proof of part (ii) of Theorem 2.6. This completes the
proof. O

Remark 2.10 We have the following observations.

« Suppose that the inequalities (31) and (32) in Theorem 2.6, and that the inequalities
(34) and (35) in Theorem 2.7 are satisfied for any x,y € X”. Then, from Remark 2.8
and the proofs of Theorems 2.6 and 2.7, we can see that parts (i) and (ii) can be
combined together to conclude that F and f have a unique common fixed point X.

+ We can also obtain a similar result when the inequalities (34) and (35) in Theorem 2.7

are replaced by the inequalities (17) and (18), respectively.

Now, we are going to weaken the concept of mixed-monotone completeness for the
quasi-ordered metric space. Let (X, d, <) be a metric space endowed with a quasi-order
‘<’ We say that the sequence {x,},cn in (X, <) is <-increasing if and only if x; < xy,; for
all k € N. The concept of <-decreasing sequence can be similarly defined. The sequence
{xy}nen in (X, x) is called <-monotone if and only if {x,},cn is either <-increasing or <-
decreasing.

Let I and J be a disjoint pair of {1,2,....,m}. We say that the sequence {x,},cn in (X", <)
is <;-increasing if and only if x,, <; x,,41 for all # € N. The concept of <;-decreasing se-
quence can be similarly defined. The sequence {X,},en in (X", <) is called <;-monotone
if and only if {x,},cn is either <;-increasing or <;-decreasing.

Given a disjoint pair [ and J of {1,2,...,m}, let f : (X", <;) — (X", <) be a function
defined on (X", %) into itself. We say that f is <;-increasing if and only if x <; y implies
f(x) < f(y). The concept of <;-decreasing function can be similarly defined. The function
f is called <;-monotone if and only if f is either <;-increasing or <;-decreasing.

In the previous section, we consider the mixed =<;-monotone seed element. Now, we
shall consider another concept of seed element. Given a disjoint pair / and J of {1,2, ..., m},
we say that the initial element X, is a <;-monotone seed element of X" if and only if the
sequence {X,},cn constructed from (3) is a <;-monotone sequence. It is obvious that if xq

is a <;-monotone seed element, then it is also a mixed <;-monotone seed element.

Definition 2.11 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’ We say
that (X, d, <) is monotonically complete if and only if each <-monotone Cauchy sequence

{xn}nen in X is convergent.

It is obvious that if (X, d, <) is a mixed-monotonically complete quasi-ordered metric
space, then it is also a monotonically complete quasi-ordered metric space. However, the
converse is not true. In other words, the concept of monotone completeness is weaker

than that of mixed-monotone completeness.
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Theorem 2.8 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete. Consider the functions F : (X™,0) — (X",0) and f : (X"™,0) — (X™,0) satisfying
FP(X™) C £f(X"™) for some p € N. Let xo be a <;-monotone seed element in X", and let
(X™, X(eEx0) = (X, <) be a quasi-ordered set induced by (f,F,Xo). Assume that the func-
tions F and f satisfy the following conditions:

« Fand f are commutative;

o fis <;-monotone;

o F? is continuous with respect to f on X™";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X*> — R, and a function of the contractive factor
¢ :[0,00) — [0,1) such that, for any X,y € X" with y <1 X or X <1, the inequalities

p(x0,y ) < d(x®, y0) (36)
and

d(F;(x), F(y)) < ¢(p (). £c())) - p (). fe(y)) (37)

are satisfied for all k = 1,...,m. Then ¥ has a fixed point X such that each component x*
of X is the limit of the sequence {fi(x,)}nen constructed in (3) forallk =1,...,m.

Proof We consider the sequence {x, },cn constructed from (3). Since X is a <;-monotone
seed element in X, i.e., X, <1 X,41 for all n € N or x,,,; < x,, for all #n € N, according to
the inequalities (37), we obtain

d(fk(xnﬂ):fk(xn)) = d(Ff(xn),ij(xn—l))
< (o () fi(xn-1)) - 0 (i), f (K1) (38)

Since f is <;-monotone, it follows that f(x,,) <; f(x,,,1) for all # € N or f(x,,,1) <; f(x,,) for
all e N. Let

Er = p(fi (), fi (1))
Then, using (36) and (38), we obtain

Eni1 = P (fi(Xni1) fi (X)) < d(fi(Xni1), fi (X)) < @(En) - & (39)
Let 0 < y = sup, ¢(&,) < 1. From (39), it follows that

A(feXni1): fi(xn)) <v - and &1 <y - &
which implies

A(fi(Xna), fi(x4)) < " - &1

Using the argument in the proof of Theorem 2.1, we can show that {f;(x,)},ex is a Cauchy
sequence in X for any fixed k = 1,...,n. Since f is <;-monotone and {X,},cn is a -
monotone sequence, it follows that {f(x,)},cy is a <;-monotone sequence.
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o If {f(x,)}sen is @ j-increasing sequence, then {fx(x,)}.cn is a <-increasing Cauchy
sequence for k € I, and is a <-decreasing Cauchy sequence for k € J.
o If {f(x,)}sen is @ ;-decreasing sequence, then {fi(x,)}.cn is a <-decreasing Cauchy
sequence for k € I, and is a <-increasing Cauchy sequence for k € /.
By the monotone completeness of X, there exists X € X such that f;(x,) — % as n —
oo for k =1,...,m. The remaining proof follows from the same argument in the proof of

Theorem 2.1. This completes the proof. 0

Remark 2.11 We can also obtain a similar result when the inequalities (36) and (37) in

Theorem 2.8 are replaced by the inequalities (17) and (18), respectively.

Next, we shall study the coincidence point without considering the continuity of F”.

However, we need to introduce the concept of monotone convergence given below.

Definition 2.12 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’ We say
that (X,d, <) preserves the monotone convergence if and only if, for each <-monotone
sequence {x,},cn that converges to %, either one of the following conditions is satisfied:

o if {x,}4en is @ <-increasing sequence, then x,, <% for each n € N;

o if {x,},en is a <-decreasing sequence, then ¥ < x,, for each n € N,

Remark 2.12 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’ and preserve
the monotone convergence. Given a disjoint pair / and J of {1, ..., m}, suppose that {x,},en
is a ;-monotone sequence such that each sequence {xﬁ,k)},,eN converges to Z0 for k =
1,...,m. We consider the following situation.
o If {x,}nen is @ ;-increasing sequence, then {xik)},,eN is a <-increasing sequence for
k €1, and is a <-decreasing sequence for k € J. By the monotone convergence, we see
that, for each n € N, quk) < %% for k € I and xi,k) = %% for k € J, which shows that
X, <;Xforallm e N.
o If {x,}nen is @ <j-decreasing sequence, then {xﬁk)}neN is a <-decreasing sequence for
k €I, and is a <-increasing sequence for k € J. By the monotone convergence, we see
that, for each n € N, xﬁ,k) > %% for k € I and quk) < %% for k € J, which shows that
X, =y Xforallm e N.
Therefore, we conclude that x,, and X are comparable with respect to ‘<’ for all n € N.

Theorem 2.9 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete and preserves the monotone convergence. Consider the functions F : (X",0) — (X™,0)
and £ : (X,0) — (X",0) satisfying FP(X") C £(X™) for some p € N. Let xo be a <;-
monotone seed element in X", and let (X™, <Xt rx,)) = (X™, <1) be a quasi-ordered set in-
duced by (f,F,Xxo). Assume that the functions F and £ satisfy the following conditions:

+ Fand f are commutative;

o f is <;-monotone;

o each fi is continuous on X" fork=1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) — [0,1) such that, for any x,y € X" with y <1 X or X <1y, the inequalities

p (60,51 < d(x®,y0) (40)
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and

d(F(x), F2(y)) < o(p (). £x(¥))) - o (fc(x), £i(¥)) (41)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists X € X™ of F such that FP(X) = £(X). If p = 1, then X is a coincidence point
of Fand f.
(ii) Ifthere existsy € X™ such that ¥ (y) = £(y) withX /Y ory <X, then £(X) = £(y).
(iii) Suppose thatX is obtained from part (i). If X and F(X) are comparable with respect
to ‘X1, then f1(X) is a fixed point of F for any q € N.
Moreover, each component zk) of X is the limit of the sequence {fi(x,,)}nen constructed in
(3)forallk=1,...,m.

Proof From the proof of Theorem 2.8, we can construct a sequence {X,},en in X” such
that fi(x,,) — 2% and fi (f(x,)) = fi(X) as n — oo for all k = 1,...,m, where {f(x,)} e is a
<;-monotone sequence. From Remark 2.12, it follows that, for each n € N, f(x,) <; X or

f(x,,) =1 X. Since fi (f(x,)) — fi(X) as n — o0, given any € > 0, there exists 1y € N such that

d(f(£0x,) fi®) < 5 42)

for all » € N with n > ny and for all k = 1,...,m. Since f is <;-monotone, it follows that
f(f(x,,)) <; £(X) or £(f(x,,)) 3=; £(X). For each n > ny, it follows that

d(F{ R, F (£(x»))) < ¢(p(£R), £(£(xx))) - (£, £(£(x))  (by (4D)
< p(FR), £(£(x))) < (AR, £ (f(x))  (by (40))

< % (by (42)).

Using the same argument in the proof of part (i) of Theorem 2.4, part (i) of this theorem
follows immediately.
To prove part (ii), since f is <;-monotone, we immediately have f(y) <, f(x) or f(x) </

f(y). If fx X) Z/x (), i.e., d(fr(X),fx(¥)) # 0, then we obtain

d(f®.£(¥) = d(F,R), F§)) < ¢(o(fX),£F))) - p(£R),£(7))  (by (41))
<p(f®),£¥)) <d (X)) (by (40)).

This contradiction says that f;(X) = fi(y) forallk = 1,...,m, i.e., f(X) = £(y). Finally, part (iii)
follows from the same argument as in the proof of part (iii) of Theorem 2.4 immediately.
This completes the proof. ]

Remark 2.13 We have the following observations.
« Suppose that the inequalities (40) and (41) in Theorem 2.9 are assumed to be satisfied
for any x,y € X”. Then, from the proof of Theorem 2.9, we can see that parts (ii) and
(iii) can be changed as follows.

(i) If there exists y € X™ satisfying F/(y) = £(y), then f(X) = £(y).
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(iii)’ Suppose that X is obtained from part (i). Then f7(X) is a fixed point of F for any
geN.

« We can also obtain a similar result when the inequalities (40) and (41) in Theorem 2.8
are replaced by the inequalities (17) and (18), respectively.

Next, we shall study the <;-chain-uniqueness for the common fixed point, which is the
different concept from Definition 2.10.

Definition 2.13 Let (X, <) be a quasi-order set. Consider the functions F : X" — X" and
f: X" — X" defined on the product set X™ into itself. Given a disjoint pair / and J of
{1,...,m}, we recall that the chain €(<,x) containing x is given by

E(=<nx) = {yeX’" (Y SrXorx =y y}.

The common fixed pointX € X" of F and f is called <;-chain-unique if and only if, for any
other common fixed point x of F and f, if x € €(x,X), then x=X.

Theorem 2.10 Suppose that the quasi-ordered metric space (X,d, <) is monotonically
complete and preserves the monotone convergence. Consider the functions F : (X",0) —
(X™,0) and £ : (X™,0) — (X™,0) satisfying FP(X™) C £(X") for some p € N. Let x¢ be a
< -monotone seed element in X", and let (X", <Xt kx,)) = (X, <) be a quasi-ordered set
induced by (f,F,xq). Assume that the functions F and f satisfy the following conditions:

» Fandf are commutative;

o fis <;-monotone;

o ¥ is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any x,y € X" withy <1 X or X %Y, the inequalities

p(x%,y1) < d(x®, %) (43)
and

d(F(x), F{(y)) < ¢(p(c®)./e(y))) - p(fi (), £ic(y)) (44)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) ¥? and £ have a <;-chain-unique common fixed point X.
(i) For p #1, suppose that F(X) and X obtained in (i) are comparable with respect to ‘<.
Then F and £ have a <;-chain-unique common fixed point X.
Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from Proposition 2.3 and part (i) of Theorem 2.9, we have f(X) =
F?(X). From Theorem 2.8, we also have F?(X) = X. Therefore, we obtain

2= f®) = PR.
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This shows that X is a common fixed point of F” and f. For the <;-chain-uniqueness, lety
be another common fixed point of F” and f such that y and X are comparable with respect
to ‘xy; i.e., ¥ = £(y) = F2(y). By part (ii) of Theorem 2.9, we have f(X) = f(y). Therefore, by
the triangle inequality, we have

dXy) <d(% X)) +d(fX),£¥)) + d(£{),¥) =0,

which says that X =Y. This proves part (i). Part (ii) can be obtained by applying part (iii)
of Theorem 2.9 to the similar argument in the proof of Theorem 2.6. This completes the
proof. O

Remark 2.14 We can also obtain a similar result when the inequalities (43) and (44) in
Theorem 2.10 are replaced by the inequalities (17) and (18), respectively.

3 Fixed points of functions having monotone property

We shall study the fixed points of functions having monotone property in the product
space. Considering the function F: X — X", we shall define many monotonic concepts
of F as follows.

Definition 3.1 Let (X, <) be a quasi-order set, and let I and / be the disjoint pair of
{1,2,...,m}. Consider the quasi-order set (X", ;) and the function F : (X", %) — (X",
<1)-

« We say that F is (5, <r)-increasing if and only if x x; y implies F(x) <; F(y).

+ We say that F is (51, <y)-increasing if and only if x <; y implies F(x) <7 F(y).

+ We say that F is (<, <1)-increasing if and only if x <; y implies F(x) <7 F(y).

+ We say that F is (<, <y)-increasing if and only if x <; y implies F(x) <7 F(y).

« We say that F is (51, <1)-decreasing if and only if x <; y implies F(x) »=; F(y).

.

We say that F is (%1, Xy)-decreasing if and only if x <; y implies F(x) =; F(y).
+ We say that F is (5}, <1)-decreasing if and only if x <; y implies F(x) »=; F(y).
+ We say that F is (5}, 5y)-decreasing if and only if x <; y implies F(x) >=; F(y).

Remark 3.1 From (2), we see that it suffices to consider the increasing cases. On the other
hand, we also see that F is (5, <;)-increasing if and only if it is (5, <;)-increasing, and F
is (X1, %y)-increasing if and only if it is (5, <)-increasing. Therefore, the cases in Defini-
tion 3.1 can be reduced to only consider the (<, <;)-increasing and (<, <;)-increasing
cases. Since the (<, <)-increasing case is equivalent to the (=, <j)-decreasing case,
it follows that the cases in Definition 3.1 can be reduced to only consider the (%, <1)-
increasing and (<, <;)-decreasing cases.

Theorem 3.1 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete. Let I and ] be a disjoint pair of {1,2,...,m}. Assume that the function F : (X"",0) —
(X™,0) is continuous on X™ and satisfies any one of the following conditions:

(a) Fis (x5, =)-increasing;

(b) p is an even integer and F is (X1, <1)-decreasing.
Assume that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) — [0,1) such that, for any X,y € X" with y <1 X or X <1y, the inequalities

p(x®,y1) < d(x®,y0) (45)
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and

d(F(x), F{(y)) < ¢(p (i) /e (y))) - p(fe(x),£ic(y)) (46)

are satisfied for all k =1,...,m and for some p € N. If there exists xo € X" such that xo <1
FP(xg) orxg =1 FP(Xo), then the function ¥P has a fixed pointX € X™, where each component
%X of X is the limit of the sequence {xik)},,eN constructed from (51) forallk =1,...,m.

Proof We consider the following cases.

« If Fis (1, <r)-increasing, then it follows that F? is (5, <)-increasing.

+ If Fis (X1, <1)-decreasing and p is an even integer, then F? is also (<, <j)-increasing.
According to (51), we have xo <; X3 or Xo =; X;. Since x; = F#(x¢) and x, = F’(x;), it follows
that xg <; x; implies x; <; X, and X > x; implies x; >=; X;. Therefore, if xy <; X3, then we
can generate a <;-increasing sequence {X, },en, and if Xy =7 X1, then we can generate a ;-
decreasing sequence {x,},cn, which also says that the initial element x is a <;-monotone
seed element in X" Therefore, the results follow immediately from Theorem 2.8 by taking

f as the identity function. This completes the proof. d

Remark 3.2 We can also obtain a similar result when the inequalities (45) and (46) in
Theorem 3.1 are replaced by the inequalities (17) and (18), respectively.

Next, we can consider the chain-uniqueness and drop the assumption of continuity of

F by assuming that (X, d, <) preserves the monotone convergence.

Theorem 3.2 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete and preserves the monotone convergence. Let I and ] be a disjoint pair of {1,2,..., m}.
Assume that the function F : X" — X" satisfies any one of the following conditions:

(a) Fis (%1, <1)-increasing;

(b) p is an even integer and F is (X, <1)-decreasing.
Assume that there exist a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any x,y € X" withy <; X or X %Y, the inequalities

p(x0,y 1) < d(x®,50) (47)
and

d(FE(x), FL(y)) < o(p (). £x(¥))) - 0 (fc(x), £i(¥)) (48)

are satisfied for all k =1,...,m and for some p € N. If there exists xo € X" such that xo <1
FP(xg) or Xo =1 FP(Xo), then the function ¥¥ has a <;-chain-unique fixed point X € X",
where each component ¥°) of X is the limit of the sequence {xg,k)},,eN constructed from (51)
forallk=1,...,m.

Proof From the proof of Theorem 3.1, we see that the initial element X, is a <;-monotone
seed element in X”. Therefore, the results follow immediately from Theorem 2.9 by taking
f as the identity function. This completes the proof. d
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Remark 3.3 We can also obtain a similar result when the inequalities (47) and (4:8) in
Theorem 3.2 are replaced by the inequalities (17) and (18), respectively.

Theorem 3.3 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Let I and ] be a disjoint pair of {1,2,...,m}. Assume that the function
F: (X™,0) - (X™,0) is continuous on X" and (X1, <)-decreasing, and that there exist
a function p : X x X — R, and a function of the contractive factor ¢ : [0,00) — [0,1) such
that, for any x,y € X" withy <1 X or X XY, the inequalities

p(x®, 50 < d(x®),y0) (49)
and

d(F{x), F{(y)) < ¢(p(x®,5P)) - p(x©, V), (50)

are satisfied for all and for some odd integer p € N. If there exists xo € X" such that xX¢ <y
F?(xq) orxo =1 FP(Xq), then the function ¥¥ has a fixed pointX € X™, where each component
%™ of X is the limit of the sequence {xg,k)}neN constructed below

Xy = Fp(xn—l) (51)
forallk=1,...,m.

Proof Since F is (X1, <1)-decreasing and p is an odd integer, it follow that F? is (<, <)-
decreasing. We see that xo <; x; implies x; =/ X3, and that x¢ =; x; implies x; </ X.
Therefore, we can generate a <;-mixed-monotone sequence {X,},cn, which also says that
the initial element x; is a mixed <;-monotone seed element in X", Therefore, the results
follow immediately from Theorem 2.3 by taking f as the identity function. This completes
the proof. d

Remark 3.4 We can also obtain a similar result when the inequalities (49) and (50) in
Theorem 3.3 are replaced by the inequalities

p(xy) <d(x®,y0) (52)
and

d(F{(x), F{(y)) < ¢(p(x,Y)) - px,y), (53)
respectively.

Next, we can consider the chain-uniqueness and drop the assumption of continuity of
F by assuming that (X, d, <) preserves the mixed-monotone convergence.

Theorem 3.4 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Suppose that there exists
a disjoint pair I and ] of {1,2,...,m} and xy € X" such that the following conditions are
satisfied:
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o the function F: X" — X" is (X1, <1)-decreasing.

+ X0 <1 FP(x0) or xo =1 FP(x0).
Assume that there exists a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,..., m}
with'y <o X or X <o Y, the inequalities

p (59,50 < (a0, y) (54)
and
d(FY(x), F£(y)) < @(p(x©,50)) - p (0,5, (55)

are satisfied for all k = 1,...,m and for some odd integer p € N. Then the function F¥ has a
chain-unique fixed pointX € X", where each component % of X is the limit of the sequence
{xﬁ,k)}neN constructed from (51) forallk =1,...,m.

Proof From the proof of Theorem 3.3, we see that the initial element x, is a mixed <;-
monotone seed element in X”. Therefore, the results follow immediately from Theo-
rem 2.5 by taking f as the identity function. This completes the proof. O

Remark 3.5 We can also obtain a similar result when the inequalities (54) and (55) in
Theorem 3.4 are replaced by the inequalities (52) and (53), respectively.

4 Fixed points of functions having comparable property
We shall study the fixed points of functions having the comparable property in the product
space.

Definition 4.1 Let I and ] be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, %), we consider the corresponding quasi-ordered set (X", <;).

« The function F: X — X™ is said to have the <-mixed comparable property if and
only if, for any two <-mixed comparable elements x and y in X", the function values
F(x) and F(y) in X™ are <-mixed comparable.

+ The function F: (X", ;) — (X", <) is said to have the <;-comparable property if
and only if, for any two elements x,y € X" with x x;yory <; x (i.e., x and y are
comparable with respect to ‘<;’), one has either F(x) <; F(y) or F(y) <; F(x) (i.e., the
function values F(x) and F(y) in X" are comparable with respect to ‘x;’).

It is obvious that if F is (<}, <r)-increasing or (<, <;)-decreasing, then it also has the
<j-comparable property.

Theorem 4.1 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Assume that the function F : (X",0) — (X",0) is continuous on X" and
has the <-mixed comparable property, and that there exist a function p : X x X — R,
and a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any two <-mixed
comparable elements x and 'y in X™, the inequalities

p (60,51 < d(x®,y0) (56)
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and

d(F{(x), F{(y)) < ¢(p(x®,5Y)) - p(x©,5Y), (57)

are satisfied for all k = 1,...,m and for some p € N. If there exists xo € X" such that xo and
F?(xo) are <-mixed comparable, then F* has a fixed point X such that each component ¥X)
of X is the limit of the sequence {xqu)},,eN constructed from (51) forallk =1,...,m.

Proof According to (51), it follows that xo and x; are <-mixed comparable. Since F has the
=<-mixed comparable property, we see that F” has also the <-mixed comparable property.
It follows that x; = F(xg) and x; = F?(x;) are also <-mixed comparable. Therefore, we can
generate a mixed <-monotone sequence {X, },cn by observation (d) of Remark 2.2, which
also says that the initial element X, is a mixed <-monotone seed element in X". Since
F is continuous on X", it follows that F? is also continuous on X". Therefore, the result
follows from Theorem 2.1 immediately by taking f as the identity function. This completes
the proof. O

Remark 4.1 We can also obtain a similar result when the inequalities (56) and (57) in
Theorem 4.1 are replaced by the inequalities (52) and (53), respectively.

Next, we can drop the assumption of continuity of F by assuming that (X, d, <) preserves

the mixed-monotone convergence.

Theorem 4.2 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the function
F: X" — X" has the <-mixed comparable property, and that there exist a function p :
X x X — R, and a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any
two <-mixed comparable elements x and'y in X™, the inequalities

p (6,51 < d(x®,y0) (58)

and

A(FY (), F{(y) < @(p(x0,99)) - p(x®,5¥), (59)

are satisfied for all k = 1,...,m and for some p € N. Suppose that there exists xXo € X" such
that xo and FP(xo) are <-mixed comparable. Then the following statements hold true.
(i) There exists a unique fixed point X of ¥ in the <-mixed comparable sense.

(ii) For p #1, we further assume that the function ¥? is continuous on X", and that F(X)
and X obtained in (i) are <-mixed comparable. Then X is a unique fixed point of F in
the <-mixed-monotone sense.

Moreover, each component XX of X is the limit of the sequence (2, constructed from
(51) forallk=1,...,mforallk=1,...,m.

Proof According to the argument in the proof of Theorem 4.1, we see that the initial el-
ement X, is a mixed <-monotone seed element in X”. Therefore, part (i) follows from

Theorem 2.4 immediately by taking f as the identity function. Also, part (ii) follows
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from Theorem 2.6 immediately by taking f as the identity function. This completes the
proof. d

Remark 4.2 We can also obtain a similar result when the inequalities (58) and (59) in

Theorem 4.2 are replaced by the inequalities (52) and (53), respectively.

Theorem 4.3 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete. Given a disjoint pair I and ] of {1, ..., m}, assume that the following condi-
tions are satisfied:
« the function F : (X",0) — (X™,9) is continuous on X" and has the <-comparable
property;
o there exists Xo € X" such that xo and FP(x¢) are comparable with respect to the
quasi-order ‘<X’ for some p € N.
Assume that there exist a function p : X x X — R, and a function of the contractive factor

¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the

inequalities

(6,50 < d(x®),y ) (60)
and

d(FL ), F(y) <0 (p(=,57)) - o5, (61)

are satisfied for all k =1,...,m. Then ¥? has a fixed point X such that each component ¥X)
of X is the limit of the sequence {quk)},,eN constructed from (51) forallk =1,...,m.

Proof According to (51), we see that xo and x; are comparable with respect to ‘<’ Since
F has the x;-comparable property, we see that F” has also the <;-comparable property. It
follows that x; = F#(x¢) and x; = FP(x;) are also comparable with respect to ‘<’ Therefore,
we can generate a mixed <;-monotone sequence {X,},cn, which also says that the initial
element Xxg is a mixed <;-monotone seed element in X", Since F is continuous on X", it
follows that F? is also continuous on X™. Therefore, the result follows from Theorem 2.3
immediately by taking f as the identity function. This completes the proof. 0

Remark 4.3 We can also obtain a similar result when the inequalities (60) and (61) in

Theorem 4.3 are replaced by the inequalities (52) and (53), respectively.

Next, we can drop the assumption of continuity of F by assuming that (X, d, <) preserves
the mixed-monotone convergence.

Theorem 4.4 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Given a disjoint pair I and
J of {1,...,m}, assume that the following conditions are satisfied:
o the function F : X — X" has the <;-comparable property;
o there exists xo € X" such that xo and F¥(xq) are comparable with respect to the
quasi-order <X’ for some p € N.
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Suppose that there exists a function p : X x X — R, and a function of the contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,...,m}
With y < X or X <o Y, the inequalities

p (60,51 < d(x®,y0) (62)
and

d(Ff(x), FE(y)) < @ (p(x©,50)) - p (P, 5", (63)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists a chain-unique fixed point X of FP.

(ii) For p #1, we further assume that the function F? is continuous on X", and that F(X)
and X obtained in (i) are comparable with respect to ‘<1’ for some disjoint pair I°
and J° of {1,...,m}. Then X is a chain-unique fixed point of F.

Moreover, each component XX of X is the limit of the sequence {xi,k)}neN constructed from
(51) forallk =1,...,m.

Proof According to the argument in the proof of Theorem 4.3, we see that the initial ele-
ment X¢ is a mixed <;-monotone seed element in X™. Therefore, part (i) follows from
Theorem 2.5 immediately by taking f as the identity function. Also, part (ii) follows
from Theorem 2.7 immediately by taking f as the identity function. This completes the
proof. d

Remark 4.4 We can also obtain a similar result when the inequalities (62) and (63) in
Theorem 4.4 are replaced by the inequalities (52) and (53), respectively.

5 Applications to the system of integral equations
Let C([0, T],R) be the space of all continuous functions from [0, T] into R. We also de-
note by C"([0, T],R) the product space of C([0, T], R) for m times. In the sequel, we shall
consider a metric d and a quasi-order ‘<’ on C([0, T],R) such that (C([0, T],R),d, x) is
monotonically complete or mixed-monotonically complete and preserves the monotone
convergence.

Given continuous functions G : [0, T] x [0, T] — R, and g : [0, T] x R” — R for k =
1,...,m, we consider the following system of integral equations:

T
/ G(s,)[g® (s, w(s)) + 2aw®(s)] ds = wh (2) (64)
0

for k =1,...,m, where A > 0. We shall find w* € C"”([0, T],R) such that the systems of
integral equations (64) are all satisfied, where w* € C([0, T],R) is the kth component of
w* for k =1,...,m. The solution w* will be in the sense of chain-uniqueness.

For the vector-valued function h: [0, T] — R™ defined on [0, T], the kth component
function of h is denoted by 4% for k = 1,...,m. The integral of h on [0, T] is defined as the
following vector in R":

T T T T
_ 1) () (m) m
/o h(s)ds-(/o h (s)ds,/0 h (s)ds,...,/o h (s)ds)eR .
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Now, we define a vector-valued functions g : [0, T] x R” — R by g = (¢, g%, ...,g").
Then the system of integral equations as shown in (64) can be written as the following

vectorial form of integral equation:

T
/ G(s, t) [g(s, w(s)) + Aw(s)] ds = w(t), (65)
0

where A > 0. Equivalently, we shall find w* € C"([0, T], R) such that (65) is satisfied, which

also says that w* is a solution of (65).

Definition 5.1 Consider the quasi-ordered metric space (C([0, T'],R), d, <).
(a) We say that w* is a unique solution of the system of integral equations (65) in the
=<-mixed comparable sense if and only if the following conditions are satisfied:
« w* is a solution of (65);
« if wis another solution of (65) such that w* and w are <-mixed comparable,
then w* = w.
Given a disjoint pair / and J of {1,...,m}, consider the product space (C"([0, T],R), 0, ).
(b) We say that w* is a <;-chain-unique solution of the system of integral equations
(65) if and only if the following conditions are satisfied:
« w* is a solution of (65);
« if w is another solution of (65) satisfying w* <; w or w <; w* (i.e., w* and w are
comparable with respect to <), then w* = w.

Theorem 5.1 Suppose that the quasi-ordered metric space (C([0, T],R), d, <) is monoton-
ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m)}. Define the function F : (C™([0, T],R), <) — (C"([0, T],R), <1) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + kw(s)] ds.

Suppose that the following conditions are satisfied:
o Fis (%1, X1)-increasing;
o there exist a function p : C([0, T],R) x C([0, T],R) — R, and a function of the
contractive factor ¢ : [0,00) — [0,1) such that, for any w,w € C"([0, T],R) with
W <1 W orw < w, the inequalities

,O(W(k),ﬁ/(k)) < d(w(k),ﬁ/(k)) (66)
and
d(Fi(w), Fc(W) < ¢ (p(w,w0)) - p(w, #9) (67)
are satisfied for allk = 1,...,m;
o there exists wy € C"([0, T, R) such that wy <; F(wg) or wg =1 F(wg).

Then there exists a < -chain-unique solution of the system of integral equations (65).

Proof Since 0 is defined in (5) or (6), we immediately have that the metrics ? and d are
compatible in the sense of preserving convergence. Using condition (a) and considering
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p =1in Theorem 3.2, we see that F has a <;-chain-unique fixed point w* in C"([0, T], R).
In other words, we have

T
/o Gls, (5, £(w*(5))) + AE(w*(5)) ] ds = E(w") = w",

which says that w* is a <{;-chain-unique solution of the vectorial form of the integral equa-
tion (65). This completes the proof. d

Remark 5.1 The assumption for the inequalities (66) and (67) are really weak, since we
just assume that they are satisfied for <;-comparable elements. In other words, if x and y

are not <;-comparable, we do not need to check the inequalities (66) and (67).
Theorem 5.2 Suppose that the quasi-ordered metric space (C([0, T, R), d, <) is monoton-

ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m}. Define the function F : (C"([0, T],R), 51) — (C™([0, T],R), %) by

T
F(w)(t) = /0 G(s,t) [g(s, w(s)) + kw(s)] ds.

Suppose that the following conditions are satisfied:
o Fis (K1, Xp)-increasing;
o there exist a function p : C"([0, T],R) x C"([0, T],R) — R, and a function of the
contractive factor ¢ : [0,00) — [0,1) such that, for any w,w € C"([0, T],R) with
W =<; W or w <; w, the inequalities

p(w,w) < d(w®, V) (68)
and

A(Ecw), (W) < ¢ (p(w,W)) - plw, ) (69)
are satisfied for all k =1,...,m;
o there exists wg € C"([0, T, R) such that wo <1 F(wg) or wg =1 F(wy).

Then there exists a < -chain-unique solution of the system of integral equations (65).

Proof By applying Remark 3.3 to the argument in the proof of Theorem 5.1, we can obtain
the desired result. O

Corollary 5.1 Suppose that the quasi-ordered metric space (C([0, T, R), d, X) is monoton-
ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m}. Define the function F : (C"([0, T],R), <) — (C"™([0, T],R), <) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + )Lw(s)] ds.

Suppose that the following conditions are satisfied:
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o Fis (%1, X1)-increasing;
« there exists a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any

w,w € C"([0, T],R) with w <; W or w <; W, the inequalities

d(Fk(w), Fk(W)) <@ (kgl,,i,?md(w(k)’ ﬁ/(k))) . ( mmm d(w(k), 1Z,(k)))

k=1,

are satisfied for all k =1,...,m;
o there exists wg € C"([0, T, R) such that wo <1 F(wg) or wg =1 F(wy).

Then there exists a < -chain-unique solution of the system of integral equations (65).

Proof By taking

the desired result follows from Theorem 5.2 immediately. O

Lemma 5.1 Forany a,b € C([0, T],R), we define
a=<"b ifandonlyif a(s)<b(s) forallse[0,T]. (70)

Then the quasi-ordered metric space (C([0, T],R),d, <*) preserves the monotone conver-

gence.

Proof Let {a,},cn be an <-increasing sequence in (C([0, T],R),d, <), and let @ be the d-
limit of {@,,},en. Suppose that there exists 77; € N such that a,,, ﬁ a; that is, there exists sy €
[0, T] such that ay, (so) > @(so). Since a,(s) < a,,1(s) for all s € [0, T] and # € N, it follows
that a,,,1(S0) > a,(so) > a(so) for all n > ny, which contradicts the convergence a,(sy) —
4a(so). Therefore, we must have a,,(s) <a(s) for all s € [0, T, i.e., a, < a@. If {a,} en is a <-
decreasing sequence in (C([0, T, R), d, <) and converges to 4, then we can similarly show
that a,, > @ for all n € N. This completes the proof. O

The following result is well known.

Lemma 5.2 For any a,b € C([0, T],R), we define

d*(a,b) = sup |a(s) —b(s)|. (71)

s€[0,T]
Then the quasi-ordered metric space (C([0, T, R),d*, <) is complete.

Given a disjoint pair I and J of {1,2,...,m}, we can consider a quasi-ordered set
(R™, -45"1)) that depends on I, where, for any x,y € R”,

(m)

x<; vy ifand onlyif x© §y(k) forkel and y(k) < 2% fork e].

Then we have the following interesting existence.
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Theorem 5.3 Let (C([0, T],R), d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (71) and (70), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C"([0, T1,R), <}) = (C"([0, T],R),<}) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + )Lw(s)] ds,

where <] is defined in (1) according to <*. Suppose that the following conditions are satis-
fied:
« Fis (5}, =})-increasing;
« there exists a function p : C([0, T],R) x C([0, T],R) — R, such that, for any
a,b e C"([0, T],R) with a <} b or b <] a, the inequalities p(a®, b)) < d*(a®, k)
are satisfied for all k =1,...,m;
« there exists a function of the contractive factor ¢ : [0, 00) — [0,1) such that, for any
Xy € R with x "y ory " x, the inequalities

18905, %) + 2% — g® (s, y) — 2y ®)| < (50, y W) . 5+ (x, 50 (72)

are satisfied for k =1,...,m, where ). > 0, and the functions ¢* :R> — R, and
¢ :R?2 >R, satisfy the following inequalities: for a,b € C"([0, T],R)

¢*(a®(s),6%(s)) < p(a®,6D)  forse [0, T (73)
and
T -
sup / G(s,t) - ¢* (a®(s),b¥(s)) ds < p(p(a™,bV)) (74)
te[0,T]1J0
fork=1,...,m;

« there exists wo € C"([0, T, R) such that wy <} F(wo) or E(wo) <} wo.

Then there exists a <;-chain-unique solution of the system of integral equations (65).

Proof Lemmas 5.1 and 5.2 say that the quasi-ordered metric space (C([0, T'], R), d*, <*) is
complete and preserves the monotone convergence. For w <7 w or w <} w, it means, for
eachs € [0,T],

wh(s) <w®(s) forkel and w¥(s) <w®(s) forkeJ
or

wh(s) <w®(s) forkel and wP(s)<w®(s) forke],

which also says that

w(s) <" w(s) or wi(s) <" w(s) foreachse[0,T]. (75)
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Then we have

d(Fe(w), Fx(w))

sup |Fi(w)(t) — Fe(w)(2)|
te[0,T)

T
sup /0 G(s,t) - |9 (s, w(s)) + 2w®(s) - g© (s, W(s)) =A™ (s)| ds

te[0,T]

IA

T
sup /0 Gls,t) - ¢* (WP(s), W (s)) - * (wD(s), W (s)) ds  (by (75) and (72))

tel0,T]

A

T
< sup /0 G(s,t) - ¢* (W (s), WP (s)) - p (WP, wP) ds  (by (73))

te[0,T]

< o(p(w®,#9)) - p(W®,#0)  (by (74)).
Using Theorem 5.1, we complete the proof. d

Remark 5.2 The assumption for the inequalities (72) is really weak, since we just assume
that it is satisfied for <§m)—comparable elements. In other words, if x and y are not 45’”)—

comparable, we do not need to check the inequalities (72).

Corollary 5.2 Let (C([0, T],R), d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (71) and (70), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C"([0, T1,R), <}) = (C"([0, T],R),<}) by

T
F(w)(¢) = /0 G(s, 1) [g(s, w(s)) + Aw(s)] ds,

where <} is defined in (1) according to <*. Suppose that the following conditions are satis-
fied:

« Fis (X}, =})-increasing;

« there exists a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any
(m
1

X,y e R" withx < ) yory 4;’") X, the inequalities

16905, %) + 260 — g (s, y) — 2y 0| < [0 — 0| . G (0, 500

are satisfied for k =1,...,m, where . > 0, and the function ¢* : R*> — R, satisfies the
inequalities: for a, b € C([0, T],R),

T
sup / G(s,t) - ¢* (a®(s),bN(s)) ds < p(a* (a®,bV))

te[0,T]1J0

fork=1,...,m;
o there exists wo € C"([0, T],R) such that wy <7 F(wo) or E(wg) <7 wo.
Then there exists a <;-chain-unique solution of the system of integral equations (65).

Proof We take p = d* and define the function # :R* >R, by

(6%, yW0) = |0 _ 0.
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Since
|a®(s) - ™ (s)| < d*(a®,6W)  forallse [0, 7],
the desired result follows from Theorem 5.3 immediately, and the proof is complete. [

Theorem 5.4 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (71) and (70), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C"([0, T],R), <}) = (C™([0, T],R),<}) by

T
F(w)(t) = /0 G(s, t) [g(s, w(s)) + kw(s)] ds,

where <} is defined in (1) according to <*. Suppose that the following conditions are satis-
fied:
« Fis (X}, =})-increasing;
« there exists a function p : C"([0, T],R) x C"([0, T],R) — R, such that, for any
a,b e C"([0, T],R) with a < b or b <} a, the inequalities p(a,b) < d*(a®, b®) are
satisfied forall k =1,...,m;
« there exists a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any

Xy € R with x <"y ory <" x, the inequalities

-~

g9 (s, %) + 2™ - gW(s5,y) -y P| < d(x,y) - p(x,), (76)

are satisfied for k =1,...,m, where ) > 0, and the functions ¢ : R*" — R, and
a: R?" — R, satisfy the following inequalities: for a,b € C"([0, T],R),

5(3(5),13(8)) <p(a,b) forallse(0,T] 77)
and
T -
sup / G(s,2) - P(a(s), b(s)) ds < ¢(p(a,b)); (78)
te[0,T]1 JO

o there exists wo € C"([0, T1,R) such that wy <} F(wo) or FE(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (65).

Proof We first have

d(F(w), Fr(w))

= sup [F(w)() - Fe(w)()|

te(0,T]

T
= sup /(; G(s, t) - ‘g(k) (s, w(s)) + a0 (s) —g(k) (s,v'v(s)) — Aﬁ/(k)(s)’ ds

te(0,T]

T
< sup / G(s, t) - d;(w(s),ﬁ'(s)) . a(w(s),ﬁ'(s)) ds (by (76) and (75))

te[0,T]J0
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T
< sup / G(s,t)-q_ﬁ(w(s),ﬁ'(s))-,o(w,ﬁ')ds (by (77))

te[0,T]J0
<o(pw,W)) - p(w,w) (by (78)).

By applying Theorem 5.2 to the argument in the proof of Theorem 5.3, the desired result

can be obtained immediately. O

Corollary 5.3 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (71) and (70), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C"([0, T, R),<7) — (C™([0, T, R), <}) by

T
F(w)(¢t) = /0 G(s, )[g(s, w(s)) + Aw(s)] ds,

where <] is defined in (1) according to <*. Suppose that the following conditions are satis-
fied:

« Fis (X}, =})-increasing;

« there exists a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any

Xy € R with x "y ory " x, the inequalities

.....

are satisfied for k =1,...,m, where ). > 0, and the function ¢ : R*" — R, satisfies the
Sfollowing inequality: for a,b € C"([0, T],R),

T
sup / G(s,2) - p(a(s), b(s)) ds < <p<kmin d* (a(k), b(k))>;
0 ll

te[0,T] =1,

« there exists wo € C"([0, T'1, R) such that wo <} E(wo) or F(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (65).

Proof For a,b € C"([0, T],R), we define the function p : C"*([0, T],R) x C"([0, T],R) —
R, by

plab) = min a*(a®,p") (79)

.....

and the function ¢ : R*” — R, by

P(x,y) = klnl,,i.?m}x(k) —y9).
Since

|a®(s) - bW (s)| < a*(a®,b®)  forall s € [0, T],
we have

¢ (a(s),b(s)) nllinm|a(k) (s)-bP(s)| < min_ d*(a®,bM) = p(a,b) (80)
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for all s € [0, T]. The desired result follows from Theorem 5.4 immediately, and the proof

is complete. ]
Compared to Corollary 5.3, we consider the different type of inequalities below.

Theorem 5.5 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (71) and (70), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C™([0, T],R), <}) — (C™([0, T],R),<}) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + )Lw(s)] ds,

where <} is defined in (1) according to <*. Suppose that the following conditions are satis-
fied:

« Fis (X}, =})-increasing;

o there exists a function of the contractive factor ¢ : [0,00) — [0,1) such that, for any

X,y € R" with x <Y") yory g<§m) X, the inequalities

g% (s,%) + 2x®) — g (5,y) — ay®| < (kglinm|x(k> _y(k)|> L% (), 50 (81)

.....

are satisfied for k =1,...,m, where ). > 0, and the function ¢* : R*> — R, satisfies the
inequalities: for a,b € C([0, T],R),

T
sup / G(s,t) - p* (a(k)(s),b(k)(s)) ds < <p(< min d* (a(k),b<k)))> (82)
te[0,T]1J0 =1,...m
fork=1,...,m;

« there exists wo € C"([0, T1, R) such that wo <} F(wo) or F(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (65).

Proof For a,b € C"([0, T],R), we define a function p : C"*([0, T],R) x C"([0, T],R) — R,
by (79). Now, we have

d(Fx(w), Fr(w))

= sup |Fr(W)(t) - Fe(W)(2)|
te[0,T]

T
= sup /0 G(s,t) - |g® (s, w(s)) + 2aw®(s) - g© (s, W(s)) — AN (s)| s

te[0,T]

T _
= s [ 66050, #90) - (min [w9(0) - #96)]) s
(by (75) and (81))
T -
< sup / G(s,t) - ¢* (WM (s), WP (s)) - p(w,w)ds (by (80))

t€[0,T]1J0O

<¢(p(w,w)) - p(w,w) (by (82) and (79)).

Using Theorem 5.2, we complete the proof. d
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