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Abstract: We study the existence of weak solutions to a Cahn-Hilliard-Darcy system coupled with
a convection-reaction-diffusion equation through the fluxes, through the source terms and in Darcy’s
law. The system of equations arises from a mixture model for tumour growth accounting for transport
mechanisms such as chemotaxis and active transport. We prove, via a Galerkin approximation, the
existence of global weak solutions in two and three dimensions, along with new regularity results for
the velocity field and for the pressure. Due to the coupling with the Darcy system, the time derivatives
have lower regularity compared to systems without Darcy flow, but in the two dimensional case we
employ a new regularity result for the velocity to obtain better integrability and temporal regularity
for the time derivatives. Then, we deduce the global existence of weak solutions for two variants
of the model; one where the velocity is zero and another where the chemotaxis and active transport
mechanisms are absent.
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1. Introduction

In recent years there has been an increased focus on the mathematical modelling and analysis of
tumour growth. Many new models have been proposed and numerical simulations have been carried
out to provide new and important insights on cancer research, see for instance [8] and [13, Chap. 3].
In this work we analyse a diffuse interface model proposed in [20], which models a mixture of tumour
cells and healthy cells in the presence of an unspecified chemical species acting as a nutrient. More
precisely, for a bounded domain Q C R where the cells reside and T > 0, we consider the following
set of equations,

divy =T, inQx(0,7) =: 0, (1.1a)
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v=—-K(Vp—(u+xo)Vyp) in Q, (1.1b)
O + div (¢v) = div (m(p)Vu) + T, in Q, (1.1¢c)
u =AY (p) — BAp — yo in Q, (1.1d)
0,0 + div (ov) = div (n(p)(DVo — xV¢)) — Sin Q. (1.1e)

Here, v denotes the volume-averaged velocity of the mixture, p denotes the pressure, o denotes the
concentration of the nutrient, ¢ € [—1, 1] denotes the difference in volume fractions, with {¢ = 1}
representing the unmixed tumour tissue, and {¢ = —1} representing the surrounding healthy tissue, and
u denotes the chemical potential for ¢.

The model treats the tumour and healthy cells as inertia-less fluids, leading to the appearance of
a Darcy-type subsystem with a source term I',. The order parameter ¢ satisfies a convective Cahn—
Hilliard type equation with additional source term I'y, and similarly, the nutrient concentration o~ satis-
fies a convection-reaction-diffusion equation with a non-standard flux and a source term S. We refer the
reader to [20, §2] for the derivation from thermodynamic principles, and to [20, §2.5] for a discussion
regarding the choices for the source terms Iy, I', and S.

The positive constants K and D denote the permeability of the mixture and the diffusivity of the
nutrient, m(¢) and n(y) are positive mobilities for ¢ and o, respectively. The parameter y > O regulates
the chemotaxis effect (see [20] for more details), 'Y'(-) is a potential with two equal minima at +1, A and
B denote two positive constants related to the thickness of the diffuse interface and the surface tension.

We supplement the above with the following boundary and initial conditions

Opp =0,u=0 ondQ x (0,T) =: X, (1.2a)
v-n=0,p=0 onZX, (1.2b)
n(¢)Do,0 = b(o, —0) 0N X, (1.2¢)
©(0) = ¢y, 0o(0) =0y on €. (1.2d)

Here ¢, 09 and o, are given functions and » > 0 is a constant. We denote d,,f := Vf - n as the normal
derivative of f at the boundary 9dQ2, where n is the outer unit normal. Associated to (1.1) is the free
energy density N(¢p, o) for the nutrient, which is defined as

D
Nig, o) := 7 lof* + xo(l = ). (1.3)
Note that
ON ON
N, =—=Do+xy(1-¢), N,:=— =—x0,
o= 5o =Do x(1—-¢) ¢ Gp T X7
so that (1.1) may also be written as
divv =T, (1.4a)
v=-K(Vp—-uVep+ N,Vop), (1.4b)
Op + div (pv) = div(m(p)Vu) + T, (1.4¢)
u=AY(p) — BAp + N, (1.4d)
0,0 + div (ov) = div(n(¢)VN,) — S, (1.4e)
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which is the general phase field model proposed in [20]. In this work we do not aim to analyse such a
model with a general free energy density N(¢p, o), but we will focus solely on the choice (1.3) and the
corresponding model (1.1)-(1.2).

Our goal in this work is to prove the existence of weak solutions (see Definition 2.1 below) of (1.1)-
(1.2) in two and three dimensions. Moreover, one might expect that by setting I', = 0 and then sending
b — 0 and K — 0, the weak solutions to (1.1)-(1.2) will converge (in some appropriate sense) to the
weak solutions of

O = div(m(e)Vu) + T, in Q, (1.5a)
u =AY (¢) — BAp — yo in Q, (1.5b)
0,0 = div (n(p)(DVo — xV¢)) — Sin Q, (1.5¢)
0=0,p=0,u=0,0 on X. (1.5d)

We denote (1.5) as the limit system of vanishing permeability, where the effects of the volume-averaged
velocity are neglected. By substituting

I, =8 = f(@)(Do +x(1-¢) - (1.6)

for some non-negative function f(¢) leads to the model derived in [21]. The specific choices for I',
and S in (1.6) are motivated by linear phenomenological laws for chemical reactions. The analysis of
(1.5) with the parameters

D=1, x=0, n(p)=mlp) =1

has been the subject of study in [5, 6, 7, 16], where well-posedness and long-time behaviour have been
established for a large class of functions W(¢) and f(¢). Alternatively, one may consider the following
choice of source terms

Iy =h(p)A,0 - A4,), S =Ah(p)o, (L.7)

where 4, 4,, A, are non-negative constants representing the tumour proliferation rate, the apoptosis
rate, and the nutrient consumption rate, respectively, and /(y) is a non-negative interpolation function
such that 2(—1) = 0 and (1) = 1. The above choices for I', and S are motivated from the modelling
of processes experienced by a young tumour.

The well-posedness of model (1.5) with the choice (1.7) has been studied by the authors in [17] and
[18] with the boundary conditions (1.2) (neglecting (1.2b)) in the former and for non-zero Dirichlet
boundary conditions in the latter. It has been noted in [17] that the well-posedness result with the
boundary conditions (1.2) requires ¥ to have at most quadratic growth, which is attributed to the
presence of the source term I'yu = h(p)u(A,0 — A,) when deriving useful a priori estimates. Meanwhile
in [18] the Dirichlet boundary conditions and the application of the Poincaré inequality allows us to
overcome this restriction and allow for ¥ to be a regular potential with polynomial growth of order less
than 6, and by a Yosida approximation, the case where ¥ is a singular potential is also covered.

We also mention the work of [19] that utilises a Schauder’s fixed point argument to show existence
of weak solutions for ¥ with quartic growth and Iy, S as in (1.7). This is based on first deducing that
o is bounded by a comparison principle, leading to I’y € L*(Q). Then, the standard a priori estimates
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are derived for a Cahn—Hilliard equation with bounded source terms. The difference between [19] and
[17, 18] is the absence of the chemotaxis and active transport mechanisms, i.e., y = 0, so that the
comparison principle can be applied to the nutrient equation. We refer to [9] for the application of a
similar procedure to a multi-species tumour model with logarithmic potentials.

On the other hand, by sending » — 0 and y — 0 in (1.1), we should obtain weak solutions of

divv =T, in Q, (1.8a)
v=—-K(Vp—uVyp) in Q, (1.8b)

O + div (pv) = div(m(e)Vu) + Ty, in Q, (1.8¢)
u =AY (¢) — BAyp in Q, (1.8d)

0,0 + div (ov) = div(n(¢)DVo) - S in Q, (1.8e)
0=0,0=0,u=0,0=v-nonx. (1.8f)

We denote (1.8) as the limit system of vanishing chemotaxis. If the source terms I', and I', are inde-
pendent of o, then (1.8) consists of an independent Cahn-Hilliard—Darcy system and an equation for
o which is advected by the volume-averaged velocity field v. In the case where there is no nutrient
and source terms, i.e., o = I', = I'y = 0, global existence of weak solutions in two and three dimen-
sions has been established in [14] via the convergence of a fully discrete and energy stable implicit
finite element scheme. For the well-posedness and long-time behaviour of strong solutions, we refer
to [25]. Meanwhile, in the case where I, = Iy is prescribed, global weak existence and local strong
well-posedness for (1.8) without nutrient is shown in [22].

We also mention the work of [3] on the well-posedness and long-time behaviour of a related system
also used in tumour growth, known as the Cahn—Hilliard—Brinkman system, where in (1.8) without
nutrient an additional viscosity term is added to the left-hand side of the velocity equation (1.8b) and
the mass exchange terms I', and I'y, are set to zero. The well-posedness of a nonlocal variant of the
Cahn-Hilliard—Brinkman system has been investigated in [10]. Furthermore, when K is a function
depending on ¢, the model (1.8) with oo = I', = I', = 0 is also referred to as the Hele-Shaw—Cahn—
Hilliard model (see [23, 24]). In this setting, K(¢) represents the reciprocal of the viscosity of the fluid
mixture. We refer to [30] concerning the strong well-posedness globally in time for two dimensions
and locally in time for three dimensions when Q is the d-dimensional torus. Global well-posedness
in three dimensions under additional assumptions and long-time behaviour of solutions to the Hele—
Shaw—Cahn—Hilliard model are investigated in [29].

We point out that from the derivation of (1.1) in [20], the source terms I', and I'y, are connected in
the sense that I, is related to sum of the mass exchange terms for the tumour and healthy cells, and I,
is related to the difference between the mass exchange terms. Thus, if I', would depend on the primary
variables ¢, o or u, then one expects that I', will also depend on the primary variables. Here, we are
able to prove existence of weak solutions for I', of the form (2.1), which generalises the choices (1.6)
and (1.7), but in exchange I', has to be considered as a prescribed function. This is attributed to the
presence of the source term T, (go,u + % |a-|2) when deriving useful a priori estimates. We see that if I',
depends on the primary variables, we obtain triplet products which cannot be controlled by the usual
regularity of ¢, u and o in the absence of a priori estimates.

In this work we attempt to generalise the weak existence results for the models studied in [35, 16,
17, 18, 22, 25] by proving that the weak solutions of (1.1) with I', = 0 converge (in some appropriate
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sense) to the weak solutions of (1.5) as b — 0 and K — 0, and the weak solutions of (1.1) converge to
the weak solutions of (1.8) as b — 0 and y — 0.

This paper is organised as follows. In Section 2 we state the main assumptions and the main results.
In Section 3 we introduce a Galerkin procedure and derive some a priori estimates for the Galerkin
ansatz in Section 4 for the case of three dimensions. We then pass to the limit in Section 5 to deduce
the existence result for three dimensions, while in Section 6 we investigate the asymptotic behaviour
of solutions to (1.1) as K — 0 and y — 0. In Section 7, we outline the a priori estimates for two
dimensions and show that the weak solutions for two dimensions yields better temporal regularity
than the weak solutions for three dimensions. In Section 8 we discuss some of the issues present in
the analysis of (1.1) using different formulations of Darcy’s law and the pressure, and with different
boundary conditions for the velocity and the pressure.

Notation. For convenience, we will often use the notation L? := LP(Q) and W*? := W*P(Q) for any
p € [1,00], k > 0 to denote the standard Lebesgue spaces and Sobolev spaces equipped with the norms
Il - lz» and || - ||y«». In the case p = 2 we use H* := W*? and the norm || - ||+. For the norms of Bochner
spaces, we will use the notation L”(X) := L?(0,T; X) for Banach space X and p € [1, co]. Moreover,
the dual space of a Banach space X will be denoted by X*, and the duality pairing between X and X™ is
denoted by (-, -)x.x+. Ford =2 or 3, let H 41 denote the (d — 1) dimensional Hausdorff measure on 0Q,
and we denote R?-valued functions and any function spaces consisting of vector-valued/tensor-valued
functions in boldface. We will use the notation D f to denote the weak derivative of the vector function

f.

Useful preliminaries. For convenience, we recall the Poincaré inequality: There exists a positive
constant C, depending only on Q such that, for all f € H',

|7 -7

L <GV, (1.9)

where f := ﬁ fQ fdx denotes the mean of f. The Gagliardo—Nirenberg interpolation inequality in
dimension d is also useful (see [15, Thm. 10.1, p. 27], [11, Thm. 2.1] and [1, Thm. 5.8]): Let Q
be a bounded domain with Lipschitz boundary, and f € W™ N L7, 1 < g,r < co. For any integer j,
0 < j < m, suppose there is @ € R such that

l:l+(1 m)aH_l—a/, Jea<t

p d q m

r d

Then, there exists a positive constant C depending only on Q, m, j, g, r, and @ such that

1D/ fllr < ClLASm LU (1.10)

We will also use the following Gronwall inequality in integral form (see [17, Lem. 3.1] for a proof):
Let a,B,u and v be real-valued functions defined on [0, 7]. Assume that « is integrable, S8 is non-
negative and continuous, u is continuous, v is non-negative and integrable. If u and v satisfy the
integral inequality

u(s) + fs v(t)dt < a(s) + fsﬁ(t)u(t) dt forse(0,T],
0 0
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then it holds that
u(s) + fs v()dt < a(s) + fsﬁ(t)a/(t) exp (f B(r) dr) dt. (1.11)
0 0 0

To analyse the Darcy system, we introduce the spaces

L2:={fel*:f=0}, H}:={feH*:0,f=00ndQ}
(HYY, == 1{f € (H") : (f, ) =0}

Then, the Neumann-Laplacian operator —Ay : H' N Lg — (H 1); is positively defined and self-adjoint.
In particular, by the Lax—Milgram theorem and the Poincaré inequality (1.9) with zero mean, the
inverse operator (~Ay)™' : (H"); — H' N L} is well-defined, and we set u := (=Ay)~' f for f € (H");
if u =0and

—Au=finQ, J,u =0 onoQ.
2. Main results

We make the following assumptions.
Assumption 2.1.
(A1) The constants A, B, K, D, y and b are positive and fixed.

(A2) The mobilities m,n are continuous on R and satisfy
my <m(t) <my, no<n(t)<n VteR,

for positive constants my, my, ny and n;.

(A3) I'y and S are of the form
Lo, 1, 0) = A, ) — Oy, o),

(2.1)
S((,D, M, 0-) = AS (‘10’ O-) - G)S (‘10’ O-)Iu,

where O, Oy : R2 — R are continuous bounded functions with ©, non-negative, and Ay, Ag :
R? — R are continuous with linear growth

10,(0, ) < Ry, |1A(@, ) < Ro(1 + || + |o])  forielp,S), (2.2)
so that
T + 181 < Ro(1 + lepl + [l + [, (2.3)

for some positive constant R,.

(A4) T, is a prescribed function belonging to L*(0,T; LY).
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(A5) ¥ € C%(R) is a non-negative function satisfying
Y@t) >R 1P -R, VteR (2.4)

and either one of the following,

1. if ©, is non-negative and bounded, then
() < Rs(1+ 1), [0 < Ra(1+ 1), [¥7(0)] < Ry (2.5)
2. if O, is positive and bounded, that is,
Ry > 0,(,s)>Rs >0 Vi, seR, (2.6)
then
(O] < Re(1 +11]"), q €10,4), 2.7

for some positive constants R, Ry, Rz, R4, Rs, Rg. Furthermore we assume that

2 2
As> X 2.8)
DR,

(A6) The initial and boundary data satisfy

0w € L*(0,T; L*(0Q)), ooel? ¢ocH".

We point out that some of the above assumptions are based on previous works on the well-posedness
of Cahn—Hilliard systems for tumour growth. For instance, (2.5) and (2.8) reflect the situation encoun-
tered in [17], where if ©, = 0, i.e., Iy 1s independent of u, then the derivation of the a priori estimate
requires a quadratic potential. But in the case where (2.6) is satisfied, we can allow W to be a regular
potential with polynomial growth of order less than 6, and by a Yosida approximation, we can extend
our existence results to the situation where ¥ is a singular potential, see for instance [18]. Moreover,
the condition (2.8) is a technical assumption based on the fact that the second term of the nutrient free
energy yo (1 — ¢) does not have a positive sign.

Meanwhile, the linearity of the source terms I', and S with respect to the chemical potential p
assumed in (2.1) is a technical assumption based on the expectation that, at best, we have weak con-
vergence for Galerkin approximation to u, which is in contrast with ¢ and o where we might expect
a.e convergence and strong convergence for the Galerkin approximations. Moreover, if we consider

O (p,0) = Os(p,0) = f(@), Aylp,0) = As(p,0) = f(e)(Da + x(1 — ),

for a non-negative function f(¢), then we obtain the source terms in [5, 16, 21].

Compared to the set-up in [22], in (A4) we prescribe a higher temporal regularity for the prescribed
source term I',. This is needed when we estimate the source term Fvg |0 in the absence of a priori
estimates, see Section 4.1.2 for more details. The mean zero condition is a consequence of the no-flux
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boundary condition v - n = 0 on Q2 and the divergence equation (1.1a). In particular, we can express
the Darcy subsystem (1.1a)-(1.1b) as an elliptic equation for the pressure p:
1
-Ap = EFV — div((u + yo)Ve) in Q, (2.92)
Oup =0 on 0Q. (2.9b)

Solutions to (2.9) are uniquely determined up to an arbitrary additive function that may only depend
on time, and thus without loss of generality, we impose the condition p = Ilﬁl fg pdx =0to (2.9). We
may then define p as

1
p=(Ay" (EFV — div ((u +XCT)V<P)), (2.10)

if %Fv — div((u + yo)Ve) € (H");.
Remark 2.1. In the case I', = 0, one can also consider the assumption
SN, —T,u=8Do+x(1-¢)-T,u>0 2.11)

instead of (2.6), which holds automatically if ', and S are chosen to be of the form (1.6). In fact this
property is used in [5, 16].

We make the following definition.

Definition 2.1 (Weak solutions for 3D). We call a quintuple (¢, u, o, v, p) a weak solution to (1.1)-(1.2)
if

@€ L0, T;H') N LX0,T; H*) n W"3(0,T; (H")"),

o€ L¥(0,T; L% N L*(0,T; H') N Wi (0, T; (W"S)"),

pel?0,T;HY), pel50,T;H' nLY), vel0,T;L%,
such that ¢(0) = ¢y,

00, Oy =0 (0), Oy VL € H',

and
00, Ot 1y = fg—m(tp)V,u VI + T +v-Vidx, (2.12a)
fg pldx = fg AV (¢)¢ + BVg - VI — yol dx, (2.12b)
D, s sy = fg ~n(@)(DVo - xVg) - Vo — Sp + ov - Vg dx (2.12¢)

+ f b(oe — o) dH
aQ
pr-V{dx :leV§+(/,t+)(0')V<p-V{dx, (2.124d)
Q oK

fv-gdx :f—K(Vp—(ﬂwa)w).gdx, (2.12¢)
Q Q

fora.e.t € (0,T)and forall ¢ € H', ¢ € W', and ¢ € L*.
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Neglecting the nutrient o, we observe that our choice of function spaces for (¢, u, p,v) coincide
with those in [22, Defn. 2.1(i)]. In contrast to the usual L*(0, T; (H')*)-regularity (see [5, 16]) we
obtain a less regular time derivative d,0. The drop in the time regularity from 2 to % is attributed to
the convection term div (¢v) belonging to Lg(O, T;(H")*). The same is true for the regularity for the
time derivative 0,0 in L%(O, T;(W'5)*) as the convection term div (ov) lies in the same space. We
refer the reader to the end of Section 4.3 for a calculation motivating the choice of function spaces for
div (ov) and 8,0-. Furthermore, the embedding of L¥(0,T; H') N W'5(0, T; (H")*) into C°([0, T1; L?)
from [28, §8, Cor. 4] guarantees that the initial condition for ¢ is meaningful. However, for o we have
the embedding L>(0, T; L?) N Wi (0, T; (W'S)*) cc C°([0, T]; (H')*), and so o(0) makes sense as a
function in (H')*. Thus, the initial condition o is attained as an equality in (H')*. We now state the
existence result for (1.1)-(1.2).

Theorem 2.1 (Existence of weak solutions in 3D and energy inequality). Let Q C R? be a bounded
domain with C*-boundary 6€. Suppose Assumption 2.1 is satisfied. Then, there exists a weak solution
quintuple (¢, u, o, v, p) to (1.1)-(1.2) in the sense of Definition 2.1 with

peLli(0,T;HY, vel(0,T;H", (2.13)

and in addition satisfies

||90||L°°(H1)0L2(H3)0W1’%((Hl)*) * ”O-”L‘x’(Lz)ﬂWl’%((Wl’s)*))ﬂLz(H‘)
1
+ 2y + b2l 2200y + ||P||L§(H,)OL§(H2) 2.14)
+ K2 + || di + || di .
915 gy * 1Y @5 + V@5
<C,

where the constant C does not depend on (¢, u, o, v, p) and is uniformly bounded for b, y € (0, 1] and
is also uniformly bounded for K € (0, 1] when T, = 0.

The regularity result (2.13) is new compared to estimates for weak solutions in [22], which arises
from a deeper study of the Darcy subsystem, and can be obtained even in the absence of the nutri-
ent. We mention that higher regularity estimates for the pressure p in L2(0, T; H*) and the velocity
v in L2(0,T; H") are also established in [22], but these are for strong solutions local in time in three
dimensions and global in time for two dimensions.

We now investigate the situation in two dimensions, where the Sobolev embeddings in two dimen-
sions yields better integrability exponents.

Theorem 2.2 (Existence of weak solutions in 2D). Let Q C R? be a bounded domain with C*-boundary
0Q. Suppose Assumption 2.1 is satisfied. Then, there exists a quintuple (¢, i, o, v, p) to (1.1)-(1.2) with
the following regularity

0 e L¥0,T; HYNL*0,T; H3) n W0, T;(H"Y"), uelLl*0,T;HY,
oe X0, T;HYNL>0,T;L* n W'Y, T;(H")),
pe L0, T;H' N L) NLY0,T; H?), veL*0,T;L*)NLIO,T; HY,
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for

4
—<w<2,
3 w

4 8
1<k<2, 1<g<-=, 1l<r<-=,
1= 3 "7

such that (2.12a), (2.12b), (2.12d), (2.12¢) and

0,0, Opt y = f —n(p)(DVo — xVg) - V{ =S¢ + ov - V{dx + f b(ow — o) dH!
Q o0
are satisfied for a.e. t € (0,T), for all ¢ € H', and all { € L*. Furthermore, the initial conditions

©(0) = ¢g and 0(0) = o are attained as in Definition 2.1, and an analogous inequality to (2.14) also
holds.

The proof of Theorem 2.2 is similar to that of Theorem 2.1, and hence the details are omitted.
In Section 7 we will only present the derivation of a priori estimates. It is due to the better expo-
nents for embeddings in two dimensions and the regularity result for the velocity that we obtain better
regularities for the time derivatives d,¢ and d,0-, namely 8,0(¢) belongs to the dual space (H')" for
a.e. t € (0,7). Furthermore, as mentioned in Remark 7.1 below, if we only have v € L*(0,T; L),
then the convection term div (ov) and the time derivative d,00 would only belong to the dual space
L3(0, T; (W'#)*). However, even with the improved temporal regularity, as 8,0 ¢ L*(0, T; (H")"), we
do not have a continuous embedding into the space C°([0, T']; L?) and so ¢-(0) may not be well-defined
as an element of L.

We now state the two asymptotic limits of (1.1) for three dimensions, and note that analogous
asymptotic limits also hold for two dimensions.

Theorem 2.3 (Limit of vanishing permeability). For b, K € (0, 1], we denote a weak solution to (1.1)-
(1.2) with Ty, = 0 and initial conditions (@, oo) by (%, uX, %, v&, pX). Then, as b — 0 and K — 0, it
holds that

oK > ¢ weakly-+ in L™(0,T;H") N LX0, T; H) " W"5(0, T; (H')"),

oKX > o weakly-+ in L*0,T;H") N L0, T;L*) N W30, T; (W),

,uK —u  weakly in L*(0,T; Hl),

pX = p  weakly  inL3(0,T;HY)YNL7(0,T;H,

vK >0 strongly in L*(0,T;L*) N Lg(O, T:H"YY,

where (@, u, o, p) satisfies

@up Oy = [ =)V e+ Tyl dx, (2.162)
fg uldx = fQ AW(Q)C + BV - VI - yor dx (2.16b)

@ hwsnsy = [ @DV~ Tg)- V0 - S(p.pn ). (2.16¢)
fgvp-vgdx _ fg(ﬂ + Y)WV - V7 dx, (2.16d)
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forall € H', € W' and a.e. t € (0,T). A posteriori, it holds that
dyp, 0,00 € L*(0,T; (H')"),
and thus ¢(0) = ¢y and o(0) = o.

Theorem 2.4 (Limit of vanishing chemotaxis). For b,y € (0, 1], we denote a weak solution to (1.1)-
(1.2) with corresponding initial conditions (¢, 0o) by (¢¥, ¥, X, v¥, p¥). Then, as b — 0 and y — 0,
it holds that

o > ¢ weakly-+ in L0, T;H") N LX0, T; H) n W"5(0, T; (H')"),
o > o weakly-x in L*0,T; HY) 0 L0, T; L) N W"“3(0, T; (W%)"),
W — u weakly in L*(0,T; H",
p* — p  weakly in Lg(O, T:HYN Lg(O, T:H?),
W v weakly  inL0,T;L>)NLY0,T;HY),
and
div (¢'%) — div(ev) weakly in L3(0,T;(H'Y),
div (cY) — div(ov) weakly  in Li(0,T; (W),

where (@, u, o, v, p) satisfies

010, Ot a1y = fg —m(@)Vu - V& +Ty(p, p, o) + v - VI dx, (2.19a)
fﬂ{dx = fA‘P'(go){ + BVyp-Vdx, (2.19b)
Q Q
(0,0, Pywrs (wisy = f —n(@)DVao - Vo — S(p,u,0)p + ov - Vo dx, (2.19¢)
Q
pr -VZdx = f ll"vg“ +uVe -V dx, (2.194d)
Q oK
fv~§dx :f—K(Vp—,thp)-{dx, (2.19e)
Q Q

foralll € H', ¢ € W', ¢ € L? and a.e. t € (0,T), with the attainment of initial conditions as in
Definition 2.1.

3. Galerkin approximation

We will employ a Galerkin approximation similar to the one used in [22]. For the approximation, we
use the eigenfunctions of the Neumann—Laplacian operator {w;};,cn. Recall that the inverse Neumann—
Laplacian operator £ := (=Ay)7!| 2 Lg - L(z) is compact, positive and symmetric. Indeed, let

f.g € Ljwithz=Lf,y=Lg. Then,

(L. e = fg of dx = fg Vi dx 20, (Lf.g) = f V2 Vydx = (f, Lo
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Furthermore, let { f,,},en C Lg denote a sequence with corresponding solution sequence {z, = Lf,}nen C
H' n L§. By elliptic regularity theory, we have that z, € Hj for all n € N. Then, by reflexive
weak compactness theorem and Rellich—-Kondrachov theorem, there exists a subsequence such that
Zn, > 2€H' N L} as j— oo,

Thus, by the spectral theorem, the operator £ admits a countable set of eigenfunctions {v,},«y that
forms a complete orthonormal system in Lj. The eigenfunctions of the Neumann-Laplacian operator
is then given by w; = 1, w; = v;_; for i > 2, and {w;};ey is a basis of L.

Elliptic regularity theory gives that w; € H and for every g € Hy, we obtain for g; :=
Zf:] (g, wi)2w; that

k

k k k
Agi = Z(g, w2 Aw; = Z(g»/liwi)LZWi = Z(g, Awy)aw; = Z(Ag, Wi)2Wi,
i=1 i=1 i=1

i=1

where 4, is the corresponding eigenvalue to w;. This shows that Ag; converges strongly to Ag in L?.
Making use of elliptic regularity theory again gives that g; converges strongly to g in Hy. Thus the
eigenfunction {w;};cy of the Neumann-Laplace operator forms an orthonormal basis of L? and is also a
basis of Hy.

Later in Section 5, we will need to use the property that Hy is dense in H' and W'>. We now sketch
the argument for the denseness of Hy in W' and the argument for H' follows in a similar fashion.

Lemma 3.1. H/%, is dense in W',

Proof. Take g € W', as Q has a C3-boundary, by standard results [12, Thm. 3, §5.3.3] there exists a
sequence g, € C O<>(ﬁ) such that g, — g strongly in W', Let & > 0 be fixed, and define D, := {x € Q :
dist(x, 0Q) < ¢g}. Let £, € C°(2) be a smooth cut-off function such that {; = 1in Q \ D, and . =0in

As g, € C™(Q), its trace on JQ is well-defined. Choosing ¢ sufficiently small allows us to use a
classical result from differential geometry about tubular neighbourhoods, i.e., for any z € Tub.(0Q) :=
{x € RY : [dist(z, 0Q)| < &} there exists a unique y € AQ such that

Z=y+ diSt(Z, BQ)n(y),

where n is the outer unit normal of Q. We consider a bounded smooth function f;, : R? — R such
that

fus(z) = gn(y) for all z € Tub,(AQ) satisfying z = y + dist(z, IQ)n(y).
We now define the smooth function G, as
Gre(X) 1= Le(0)8n(X) + (1 = Le(X)) fr.e(X).

By construction, the values of the function f, . in D, C Tub.(9€2) are constant in the normal direction,
so VG, . - n =0 on 0Q and thus G, € va Furthermore, we compute that

”Gn,s - gn”LS =11 - é/s)(ﬁl,s - gn)”LS(DE)a
”V(Gna - gn)||L5 = ”(gn - fn,s)vgs + (1 - gs)vgn + (1 - gs)vfn,s||L5-
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Using that g,, f,. are smooth functions on Q and that the Lebesgue measure of D, tends to zero as
£ — 0 we have the strong convergence of G, to g, in L>. For the difference in the gradients, we use
that £, — 1 a.e. in Q, Lebesgue’s dominated convergence theorem and the boundedness of Vg, and
V f,.e to deduce that

(1 = ZVgulls +1I(1 = L)V frellis = O as £ — 0.

For the remaining term [|(g, — f..)VZell;s we use that the support of VZ, lies in D, \ D_§ and for any
z€ D, \Ds,

fre(@) = 8a(@)| = 18() = gy + disit(z, 0Q)n(y))|

dist(z,0Q)
< [T Wanlr s en) dé < [Vglh-dis(z. 00 < Ca
0

That is, f,. converges uniformly to g, in D, \ D_j Furthermore, using ||VZ,||;~ < €in D, \ D_Z and

D, \D_g < Ce we obtain ||(g, — fen)Vells < Ces — 0as & — 0. This shows that G, converges
strongly to g, in W',

]
We denote
Wy := span{wy, ..., wi}
as the finite dimensional space spanned by the first k basis functions and consider
k k k
ity x) = Y b Owi), pult, ) = D BHOwi), oult, ) = Y Yiowi), (3.1a)
i=1 i=1 i=1
and the following Galerkin ansatz: For 1 < j <k,
f@,gokwj dx = f —m(e) V- Vw; + Tpw; + oy - Vwdx, (3.2a)
Q Q
f,uij dx = fA‘I”((pk)wj + BV - Vw; — yow;dx, (3.2b)
Q Q
fatO'ij dx = f ~1(@)(DVoy, — xVei) - Vwj — Siwj + oy - Vw; dx (3.2¢)
Q Q
+ f b(0w — o)W dH!,
o0
where we define the Galerkin ansatz for the pressure p; and the velocity field v, by
1 .
pi= (A | Ty = div (e + xo) Ve | (3.3)
Vi = =K(Vpr — (ke + xo)Vepr), (3.4)
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and we set

Lok = Tul@r i 01)s Sk := S(@x, pie» 0.

Note that in (3.3), the properties I, € Lg and Vg, - n = 0 on 0Q show that the term inside the bracket
belongs to L§ and hence py is well-defined. Let M and S denote the following mass and stiffness
matrices, respectively: For 1 < i, j <k,

Mij:fWindX, Sij Z=fVWi-VWjdX.
Q Q

Thanks to the orthonormality of {w;};cy in L?, we see that M is the identity matrix. It is convenient to
define the following matrices with components

(CY;i = f wiv - Vwidx,  (Maa)ji = f wiw; dH!,
Q oQ
(S5)i = f m(@)Vw; - Vw;dx, (S5 := f n(@)Vw; - Vw; dx,
Q Q

for 1 < i, j < k. Furthermore, we introduce the notation

R’;’j ::fl“%kwjdx, ng’j ::fSkwjdx, WJ‘. ::f‘P’(gok)wjdx, E’; ::f ozx,wjd?{d_l,
Q Q Q aQ

for 1 < i, j <k, and denote

R, :=RS,.....RE )T, Rs:=(R,.....R 0", ¥ =l ....yp", T=E...Z)",

@12

as the corresponding vectors, so that we obtain an initial value problem for a system of equations for

= (,...a)T, Bii= (B, .. B) T, and yy == (¥, ..., ¥})T as follows,
%ak = -S\B + R, + C'a, (3.52)
B = AY* + BSay — xyi, (3.5b)
%'yk = —SK(Dyi — xa) — RS + C*yi — bMyqy; + bXF, (3.5¢)
pi = (—Ay)™ (%Fv — div ((uk +X0'k)V90k))a (3.5d)
vie = —K(Vpr — (e + xo) V), (3.5¢)

and we supplement (3.5) with the initial conditions

(a);(0) = f pow;dx,  (yr);(0) = f oow; dx, (3.6)
Q Q
for 1 < j < k, which satisfy
k k
D @)iOwi| < Cligolln, || > iOwil| < lloollz Yk €N, (3.7)
i=1 H! j=1 12
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for some constant C not depending on k.

We can substitute (3.5b), (3.5d) and (3.5¢) into (3.5a) and (3.5¢), and obtain a coupled system of
ordinary differential equations for @, and y;, where S , C* and S* depend on the solutions @; and y; in
a non-linear manner. Continuity of m(-), n(-), ¥’(-) and the source terms, and the stability of (=Ay)~!
under perturbations imply that the right-hand sides of (3.5) depend continuously on (@, ¥x). Thus, we
can appeal to the theory of ODEs (via the Cauchy—Peano theorem [4, Chap. 1, Thm. 1.2]) to infer that
the initial value problem (3.5)-(3.6) has at least one local solution pair (ay, ;) defined on [0, ;] for
each k € N,

We may define B via the relation (3.5b) and hence the Galerkin ansatz ¢, u; and o can be con-
structed from (3.1). Then, we can define p; and v, via (3.3) and (3.4), respectively. Furthermore, as
the basis function w; belongs to H* for each j € N, by the Sobolev embedding H*> c L™, we obtain
that div(w;Vw;) € L? for i, j € N and hence the function div ((x + yo)Vey) belongs to L. Then, by
elliptic regularity theory, we find that py(¢) € Hy N L} for all 7 € [0, #;]. This in turn implies that

v elfeH :divf=T,, f-n=0o0ndQ)}forall e [0,z]. (3.8)

Next, we show that the Galerkin ansatz can be extended to the interval [0, 7'] using a priori estimates.
4. A priori estimates

In this section, the positive constants C are independent of k, I',,, K, b and y, and may change from
line to line. We will denote positive constants that are uniformly bounded for b, y € (0, 1] and are also
uniformly bounded for K € (0, 1] when I',, = 0 by the symbol &.

We first state the energy identity satisfied by the Galerkin ansatz. Let ¢;; denote the Kronecker delta.
Multiplying (3.2a) with ,8’/‘., (3.2b) with %af’;, (3.2¢) with N¥_:= Dy’j‘. + x(61; — a’;.), and then summing
the product from j = 1 to k lead to

f Bupupn dx = f () IV + Tt + 0o - Vg
Q Q
d ’ B 2
0o dx = G AV (o) + = [Vorl” dx — | xok0sr dX,
Q t Jo 2 Q
k _ k|2 k k
f@leNJ dx = f —n(y) |VN7(T| = SiNy + oy - VN dx
Q o)
+ f b(0 o — )N dH!
Fo) ’
Here, we used that w; = 1 and Vw; = 0. Then, summing the three equations leads to

d B
— | A¥(p) + = IV@il* + N(gy, o) dx
at Jo 2

+ f m(@) Vil + n() [VNE ] dx + f Db oy * dH*!

- o0 (4.2)

= f Toutte — SNS + (@uvic - Vi + 0wy - VNE ) dx
Q

+ f b(ooN% = oy (1 = @) dH
2Q

AIMS Mathematics Volume 1, Issue 3, 318-360



333

Next, multiplying (3.4) with %vk, integrating over €2 and integrating by parts gives

1
fElvklz dx :f—vpk'vk"‘(llk"')(a'k)v‘ﬁk'vkdx
Q Q

= frvl?k + (ux + xo) Ve - v dx,
Q
where we used that divv, =T, and v, - n = 0 on Q. Similarly, we see that
f((PleJk + 0 VNE) -vpdx = f‘Pka -V + o - V(Do + x (1 = ¢p)) dx
Q Q
=- f oot + (i + xo Vi - Vo = 2w - V9o * dx
Q
=- f L, (‘Pkﬂk +2 |0'k|2) + (ux + o) Ve - v dx.
Q
In particular, we have
Lo D k
=P dx = | Ty (pe- e = T 10 - Vi + TN - widx. 43)
oK Q 2
Adding (4.3) to (4.2) leads to

d B
4 AW + B v + N o ax
&t Jg 2
| _

+ f (o) Vil + (o) [TNEF + L vl dx + f Dbl dH-!

D
= fr<p,kﬂk - SiNE + T, (Pk 2y |0'k|2) dx
Q
+ f b(o (Do + x(1 = @) — oy (1 — @) dH"
0Q
To derive the first a priori estimate for the Galerkin ansatz, it suffices to bring (4.4) into a form where

we can apply Gronwall’s inequality. We start with estimating the boundary term on the right-hand side
of (4.4). By Holder’s inequality and Young’s inequality,

[ oD+t = ) = ruxtt - gy ar

< b(llowllzeliDo + x(1 = ellzen + xloiizen (1091 + ledron))
< 7b||(rk||i2m) +b (1 + %2) il g0 + BC (¥ + (1 + D0l ) -
By the trace theorem and the growth condition (2.4), we have

12200, < Cot (llll22 + 11Vl )

o 1 5 (4.5)
<y ITIH\IJ(QD)”LI +IVell2 | + C(R, 19|, Cy),
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where the positive constant Cy, from the trace theorem only depends on €2, and so

fa b(T (Do + x(1 = 1)) — oy (1 = ) dH!
Q

Db
< S llouliF g, + Co(1+07) (I (@0l + IVl (4.6)

+Ch(1+x%) +bC (y + (1 + X))ol 2p0) -

4.1. Estimation of the source terms

For the source term
k D 2
Cositi = SiNy + T, (Pk ~Hpe = ol ) dx
Q

that appears on the right-hand side of (4.4) we will divide its analysis into two parts. We first analyse
the part involving I',,, which will involve a closer look at the Darcy subsystem to deduce an estimate on
l|pkllz2. For the remainder Iy ju — SkafT term we will estimate it differently based on the assumptions
on ©,.

4.1.1. Pressure estimates

Before we estimate the source terms involving I',, we look at the Darcy subsystem, which can be
expressed as an elliptic equation for the pressure (we will drop the subscript k for clarity)
1
-Ap = EFV — div((u + yo)Ve) in Q, with p = 0, (4.7a)
Oup =0 on 0Q. (4.7b)
The following lemma is similar to [22, Lem. 3.1], and the hypothesis is fulfilled by the Galerkin ansatz.

Lemma 4.1. Let Q C R® be a bounded domain with C3-boundary. Given ¢ € H?, u,o € H', the
source term T, € Lé, and the function p satisfying the above elliptic equation (4.7). Then, the following
estimate hold

C _
Pl < 2l + € (Va2 +xlloliz) IVell 3 + CullVellr, (4.8)
for some positive constant C depending only on Q.

Proof. We first recall some properties of the inverse Neumann-Laplacian operator. Suppose for g € L2,
f=(=Ay)"'g € H' n L] solves

~Af=ginQ, 8,f=0ondQ. (4.9)

Then, testing with f and integrating over €, applying integration by parts and the Poincaré inequality
(1.9) leads to

(=A™ gl = Il < €llV Al < Cligllzz, (4.10)
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for positive constants ¢ and C depending only on C,. Elliptic regularity theory then gives that f € Hy
with

1Al < C ISl + 1182 < Cligllzzs (4.11)

with a positive constant C depending only on Q. Returning to the pressure system, we observe from
(2.10) and the above that

1
Pl < < (=AW Tllz + 1 (=Ap) ™ (div (1 + xo) V) lI2

C
< 2l + 1l (=A™ (div (= L + x)Ve) |I12 (4.12)

+ 11 (=A™ (div @ Vo)),

for some positive constant C depending only on C,,. Note that the third term on the right-hand side can
be estimated as

Al (=A™ div V(e = Dliz = Flle = @llz < Cpill Vel (4.13)

We now consider estimating the second term on the right-hand side of (4.12). By assumption u, o € H'
and ¢ € H?, we have that

(e — g+ xo)Vellpz <l =+ xollsliVellrs, (4.14)
and so if we consider the function 4 := (=Ay)~'(div ((u — & + yo)V¢)), then we obtain that

fwl-vgdx :f—(y—ﬁ+)(a)V<p-V{dX Ve H' (4.15)
Q Q

must hold, and by (4.14) and the Poincaré inequality (1.9) with zero mean it holds that » € H' N L(z).
We now define f := (~Ay)~!(h) € H?, and consider testing with / = f in (4.15), leading to

f|h|2 dx = th‘Vfdx = f—(,u—ﬁ+)(O')Vga-Vfdx.
Q Q Q
Since f € H?, elliptic regularity theory and Holder’s inequality gives
A7, < lu- R + XVl VSl < Clitu =+ xo)Vell o llf Il
< Cli(u =+ xo) Vel sllhll.2,
where the constant C depends on Q and the constant in (4.11). Thus we obtain
I (=An)™" (div ((u = 7+ x)V) 2 < Cll(u — 1 +xo)Vell o 4.16)
< C(llu = plls +xliells) Vel 5 '

for some constant C depending only on Q. By the Sobolev embedding H' ¢ L°® (with constant Cs
that depends only on Q) and the Poincaré inequality, we find that

i = pillze < Csobll = pll e < c(Csopy Cp)IIVllr2. (4.17)
Substituting the above elements into (4.12) yields (4.8). O
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Remark 4.1. We choose not to use the estimate
cllallz < VAl < |l(u—p + xo) Vel (4.18)

obtained from substituting { = h in (4.15), where c is a positive constant depending only on C,, since
by (4.14) we require control of Vo in the L*(Q)-norm and this is not available when deriving the first a
priori estimate. Thus, we make use of the auxiliary problem f = (—=Ay)~'(h) to derive another estimate
on ||h||;2 that involves controlling Vo in the weaker L%(Q)—norm.

Next, we state regularity estimates for the pressure and the velocity field. The hypothesis will be
fulfilled for the Galerkin ansatz once we derived the a priori estimates in Section 4. Note that in
Lemma 4.2 below, we consider a source term I', € L*(0, T; L(z)), so that our new regularity results for
the pressure and the velocity is also applicable to the setting considered in [22].

Lemma 4.2. Let ¢ € L>(0,T; H") N L*(0, T;le\, NH?), o e L*0,T;HY), u € L*(0,T; H"), the source
term T, € L*(0,T; L), and the function p satisfying (4.7). Then,

6 8 2
5 5 5

8 6 8 2 Ci 1 8
P Colll b+ X Wl + 2 T (4.19)
for some positive constant Cy depending only on Q, and

8 3.8 8 2 8
Iplly < CT K, + TR,
(H?) ) . . #HY) (4.20)
for some positive constant C, depending only on Q. Moreover, if we have the relation

v=-K(Vp—(u+xo)Vy),

then
8 6
7 7

8 8 2
7 < 7 7 7
IDvITy < ORIy o+ CKll o x e 1 421
or some positive constant Cz depending only on Q.
p P g only

Proof. From (4.7) we see that p satisfies p = 0 and
1
pr VZdx = f(p +xo)\Vo - VI + Ervgdx V¢ e H(Q).
Q Q
Testing with { = p and applying the Holder’s inequality and the Poincaré inequality (1.9) gives
Cp
IVpllzz < i + xo) Vel + =~z (4.22)

Applying Hélder’s inequality and the Sobolev embedding H' c L® yields that

I + xo)Vellre < llu+xollsliVells < Csobllu + xollm[IVellps. (4.23)
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By the Gagliardo—Nirenberg inequality (1.10) with parameters j =0, p =3, r=2,m =2,d = 3 and

q=2,

1 3
IVells < ClIVelllIVell, < Clgll; 3||90||H1,

(4.24)

where C > 0 is a constant depending only on Q. Then, the boundedness of u, o in L*(0, T; H') and ¢

in L*(0, T; H) N L™(0, T; H") leads to

r 8
f”(l“‘)(O')VQOHZ t<Cf ||ﬂ+XU||H1||90||H3||90||
0

< ClUR g e+ X 01

By (4.22) we find that

T 5
f ||VP||5 dt <f (ke + x o) Vell;, + ”rv”5 dt

C
< CIIQDIILw(Hl [l +XUIILZ(H1 ||‘P||L2(H3 += T IIFvlle(Lz),

where the positive constant C depends only on Q. As p = 0, by the Poincaré inequality (1.9), we see

that
8 C
IIPIILg( ) < CIIQDIILm(Hl /% +)(UII 2 ||¢||L2(H3) T IIFvlle(Lz),

for some positive constant C depending only on Q. Next, we see that

1div (e + x)V@)liz < I + XAl + [Vt + x0) - Vel
< Nl + xllellA@lls + 19 + xo 2 IVl

By the Gagliardo—Nirenberg inequality (1.10), we find that

3 1

ID?¢lls < Cligllllgll}e < Clgll’ zllsollHl,
3 1

IVl < Cllgllsllells < Clell’ zIISDIIHl,

and so, we have . 1
I div ((u + x)Vo)ll2 < Cllp + xollgliell s llell

(4.25)

(4.26)

That is, div ((u + xo)Veg) € L?. Since by assumption I', € L, using elliptic regularity theory, we find

that p(t,-) € H? for a.e. ¢ and there exists a constant C depending only on €, such that

Pl < € (Ipllen + 11 div ((u + x) VPl + K~ IIT1z2)

Furthermore, from (4.26), we see that

r 8
f Idiv (e + YV, dt < Cligll f e+ xarll? gl
0

(4.27)
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< CIIQDIILOO(HI I +XUI|L2(H1 ||90||L2(H3),

and so for some positive constant C depending only on €, it holds that

8
f Pl dt < CTIR N s + CT AL,
LS (HY) (4.28)

6
+ C||<P||LW(H1 llee + X0'||L2(H1 [y
For the velocity field v we estimate as follows. Let 1 < i, j < 3 be fixed, we obtain from (4.25),
IDv;llz2 = KIID:D;p — Di(uu + x0)D o — (u + xo)D;Dj¢l| 2
< K (Ilplle + IV + X2 lVeplles + Il + xorlls D¢l ) (4.29)

< K (Il + Clla-+ xrl gl gl )
Applying the same calculation as in (4.28) yields
T 8 T g 8 6 2
fo DVl dt < CK fo I, + e+ xeall, gl il d
< CK(upn;( , *lu X 1 121 )
for some positive constant C depending only on Q. O

4.1.2. Source term from the Darcy system

To estimate the third source term
D _ _ D
frv (Pk — Mk — |0'/<|2) dx = frv (Pk — Mo + (e =l — = |0'k|2) dx
0 2 0 2
of the energy equality we use Holder’s inequality to obtain

D 2
< zllrv”LZ”O-k”th

D _
frvi o> + Ty — ) dx
Q
+ 11 3 e = Fellzsllpedlre.

By the Gagliardo—Nirenberg inequality (1.10) with j = 0,r=2,m=1,p=4,g=2and @ = 3, we

4
have

3 1 1 3
2 2 2 2 2 2
ol < ClioelZ llorell, = C(uakan + ||ak||zz||wrk||zz).

By Young’s inequality with Holder exponents (i.e., ab < 2a” + % =l & =b for - + 1= 1and e > 0), we
find that

D 2 2 4 2 noD
Ellrv”Lz”O-k”U < C(IIFVIILZIIO'kIILz + ”rv”Lz”O-k”Lz) IIVkaIILz,
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for some positive constant C depending only in ny, D and €. Then, by (4.17) we have

D _
fFvE loil* + Topr(ur — i) dx
Q

n0D2
) IVordllz. + C(l + IIFvlliz) lloall7: + 011 3 €(Cp, Coo)IVillzzllepallin

2
< I’l()D
4

<

mg
IVoilly. + C(l + IIFVII‘L‘Z) llovell7> + ?”Vﬂk”iz + CIL2 el l7,1

where the positive constant C depends only on Q, my, ny and D. Here we point out that the assumption
I, € L*0,T; L}) is needed. For the remainder term I',(p, — fgx), we find that

Pk — Mipk
(1 ) _ . _ _
= ((—AN) : (Erv — div ((ux — e + xo ) Vi) — i div V(g — QDk))) — Hipr
(1 ) _ _
= ((—AN) : (Erv — div ((ux — +X0k)V§0k))) — Hk %
where we used

(=AW~ (— div V(e = 1)) = Hrlr — Po)-

Then, by

frv@u—kdx :,u_k@fl“vdx =0,
Q Q

it holds that
_ a1 . _
frv(l?k — M) dx = frv ((—AN) : (Erv — div (e — Hi +X0'k)V90k))) :
Q Q

Applying the calculations in the proof of Lemma 4.1 (specifically (4.10), (4.16) and (4.17)), Holder’s
inequality and Young’s inequality, we find that

f I, (pr — pepr) dx
Q
C 2
< EIIFvlle + I AViilee + xliowlla) IVl 3
C my I’l()D2
< E”rv“iz + ?”Vﬂk”iz + TIIVGkIIiz +lloell?s + CA + XA Ve,
where C is a positive constant depending only on ||, C,,, Csep, D, ng and my. Here we point out that if

we applied (4.18) instead of (4.8) then we obtain a term containing ||V¢||z3 on the right-hand side and
this cannot be controlled by the left-hand side of (4.4). Using (2.4) we have

1 R
llpill7, < 7 ¥l + R_2 1€ . (4.30)
1 1
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Then, we obtain the following estimate

D
f T, (pk ~ e = 5 |O'k|2) dx
Q

1 noD? m
< C(Eurvn; + 1) + Ve + IV (4.31)

+ C(1+INIE) ol + CI¥ (el + C + xITIE. Ve,

for some positive constant C depending only on Ry, R;, Q, my, np and D. Here we point out that it is
crucial for the source term I', to be prescribed and is not a function of ¢, i and o, otherwise the product
term |[T,[[7, llo/I7, and [|T,[12,1[Vell7 , cannot be controlled in the absence of any a priori estimates. For
the remaining source term

f Fw,k,uk - SkNl;_ dx
Q

we split the analysis into two cases and combine with (4.31) to derive an energy inequality.

4.1.3. Energy inequality for non-negative ©,

Suppose O, is non-negative and bounded, and ¥ is a potential that satisfies (2.5). We will estimate
the mean of y; by setting j = 1 in (3.2b), and using the growth condition (2.5) to obtain

fﬂk dx
Q

2 2

< 2A°0Y (@o)ll7s + 2%l

fAlP,(QOk) — Yo dx
Q

1 2
< 2A°R; (191 + 1912 llpellz) + 2¢” 1 ol
< C(A, R4, 1Q)) + 4AR;1Q lleell> + 2 19 lloell7».-
Then, by the Poincaré inequality (1.9) and the growth condition (2.4), we find that

el < 2C3IV 12, + 219 [l

< 2CNIVull7, + 8A’RilIgill; + 4x*lloll7, + C(A, Rs, Q)

o (4.32)

< 2CIVdlz, + [P (e)llt + 4x ol + C(A, Ry, Ry, Ra, [2)).

S
R,
Note that by the specific form (2.1) for I', we have that
Tortte = Ag(@r, 0k — Oglpr, o) lital” -

Moving the non-negative term O (¢, o) |l to the left-hand side of (4.4) and subsequently neglecting
it, we estimate the remainder using the growth condition (2.3) and Holder’s inequality as follows (here
we use the notation Ay := Ay(@x, 0%)),

f Ayt — Si(Doy + x(1 — @) dx
Q

< Al Nl + (1A il + Rollallz2) 1Do + x (1 = @)l 2 (4.33)
< CA+x+ (0 + )z + (1 + D)llogllzz) [Nl 2

1
+ C (1 + gl + o) (x 1947 + Dllerlzz + xllgillz2)
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where C is a positive constant depending only on Ry and |Q|. By Young’s inequality, (4.32) and (4.30),
we have

f Agstts - S(Dorg + x(1 - g)) dx

Q
o m
3C2

m,
< Tollvﬂk”iz + C(1L+ xA)llowll7 + CA + )@l + CA + 1),

lkel2, + CA + x + D+ D)l + C(1 + x + DY loell2, + C(1 + x +x%) (4.34)

for some positive constant C depending only on |Q, Ry, Ry, Ry, R4, A, D, C, and my. Using the fact
that

1DVl < IV(Do +x(1 = @)l + Ve,

we now estimate the right-hand side of (4.4) using (4.6), (4.31) and (4.34), which leads to

d B D
— | AP + = IVou* + = |ou* + xou(1 — ¢p) dx
&t Jo, 2 2

+ S IVl + == IVl + 2Pl + ==l oo,
< C(1L+b)(1+ ANl +C (INIE +5) (1 + DIVl

C
+C (142 + DI llols + CC1+ BY(L+x) + LI,

(4.35)

+ bC(l +X2)||0-oo||i2(ag),

for some positive constant C not depending on I',, K, b and y. Integrating (4.35) with respect to ¢ from
Oto s € (0,T] leads to
B 2 D 2
Al (@)l + EHV‘Pk(S)”l; + Ellmc(S)lle + | xou(s)(1 — @u(s)) dx
Q

S my ,  noD? 1 » , Db 2
+ fo SVl + 5=l + Wl + ol dt
’ 4.36
< f C(L+b)(1+x) (1 + L) (@Ol + Vil + llowll7.) dt (4:30)
0

C
+ C(l + b)(l +X2)T + ?llr"”iQ(O,T;Lz) + Cb(l +X2)”O-°°”iz(0,T;L2(3Q))

+C (Il + ligollZ + lloroll2.)
for some positive constant C independent of T',, K, y and b. Here we used oy € L? and ¢, € H',

which implies by the growth condition (2.5) that W(¢,) € L'. Next, by Holder’s inequality and Young’s
inequality we have

2D 221Q  2)2
f X )1 = @il ) dx | < Tl + 25 + 2l
Q b 52 2210 (4.37)
< o OIE, + 2 [Pl + 222 (1 + Ry).
4 DR,
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Substituting (4.37) into (4.36) then yields

2)(2

min (A - 2o Z) (@Dl + V@I g + (NP )

g 1 b
+ f IVklly, + IV oIy, + Ellvklliz + E”O-k”iz(ag) dt
0 (4.38)

< f C(+ b)Y +x*) (1+ L) (ol + IVeelly + llorll7.) dt
0

C
+C(L+b)(1+x)(1+T) + EIIFVIIEZ(O,T;LZ),

for some positive constant C independent of I',, K, b and y. Setting

C
- 2 2
a = C(l + b)(l +X )(1 + T) + E”FVHLZ(O,T;LZ)’ (439)

Bi=C(1+b)(1 +x) (1 +ILI) € L'0,T),

and noting that

S !
o (1 + f B(t) exp ( f B(r) dr) dt) < a1+ 1Bl exp (IBllo.n)) < oo,
0 0
we find after applying the Gronwall inequality (1.11) to (4.38) leads to

sup (IN(@e(sllzs + V()2 + (sl )
s€(0,T]

' . ) (4.40)
¥ f Ikl + IVl + Il + S0l At < .
0

where we recall that & denotes a constant that is uniformly bounded for b,y € (0,1] and is also
uniformly bounded for K € (0, 1] when I, = 0.

4.1.4. Energy inequality for positive O,

Suppose O, satisfies (2.6) and ¥ is a potential satisfying the growth condition (2.7). Similar to the
previous case, we see that the specific form for I', leads to

Ty itte = Ag(@rs e — Og(prs o) [l -

We move the term (¢, 07y) I,ukl2 to the left-hand side of (4.4) and estimate the remainder as in (4.33).
Using Young’s inequality differently and also (4.30), we have

f Ayt — Si(Doy + x(1 — @) dx
Q
R
< Sl + €1+ x + D+ xAlgl + CCL+x + DPNlolff, + C(L+x +x°) 4.41)

R
< flluklliz + C(L+ xAllowll, + CA + I (po)ll + CA +x2),
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for some positive constant C depending only on [|Q|, Rs, Ry, R», A, D, and C,. Using (4.6), (4.31),
(4.41) and the lower bound ®, > Rs, instead of (4.35) we obtain from (4.4)

d B D
— | AP0 + = IVou* + = [ou* + xou(1 — @) dx
a Jg, 2 2

R m, noD 1 Db
+ el + Ikl + =5 IVl + el + ol o,
< C(1+ b)Y+ )@l + C (ILIE, +b) (1 + Vel

C
+C (14 + I ) ol + CC1+ b)Y +x) + ZILIG,

(4.42)

+ Cb(l +X2)||0-oo||i2(ag)7

for some positive constant C independent of I, K, b and y. We point out the main difference between
(4.35) and the above is the appearance of the term %ll,uklli2 on the left-hand side. The positivity of ©,
allows us to absorb the ||,uk||i2 term on the right-hand side of (4.41) and thus we do not need to use
(4.32), which was the main reason why ¥ has to be a quadratic potential for a non-negative ®,. Then,
applying a similar argument as in Section 4.1.3, we arrive at an analogous energy inequality to (4.40),
sup (I¥(eu(sDlls + V(I3 + low(s)l2.)
s€(0,T]
T 1 b (4.43)
+ fo il + IVoilly, + E”Vk”iz + Ello-k”iz(ag) dt <&.

Using (4.32) and (4.30) applied to (4.40), and similarly using (4.30) applied to (4.43) we obtain

sup (Iex(sDlles + lex(o)G + ()

T 1 b (4.44)
+ f el + IV oll7, + Ellvklliz + illo-k”iz(ag) dt <&.
0

This a priori estimate implies that the Galerkin ansatz ¢y, i, o and v, can be extended to the interval
[0,T]. To determine if p; can also be extended to the interval [0, T] we require some higher order
estimates for ¢, in order to use (4.19).

4.2. Higher order estimates

Let II; denote the orthogonal projection onto the finite-dimensional subspace W,. From (3.2b) we
may view ¢y, as the solution to the following elliptic equation

—BAu +u = . — Al (W' (1)) + yor + uin Q, (4.45a)

Opu =0 on 0Q. (4.45b)

For the case where W satisfies (2.5), as {¢}ren is bounded in L=(0, T; H'), we have that {¥(¢r) }kew 1S
also bounded in L*(0, T; H"). Using the fact that our basis functions {w;},a are the eigenfunctions of

the inverse Neumann-Laplacian operator and is therefore orthogonal in H'!, and the Sobolev embedding
H' c L" for r € [1, 6], there exists a positive constant C independent of ¢, such that

ITL(Y (@)llx < CIY (@llx  for X = H' or L', 1 <r <6. (4.46)
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Then, this implies that {IT; (¥’(¢x))}xen is also bounded in L*(0,T; H'). As the right-hand side of
(4.45a) belongs to H'! for a.e. t € (0, T), and the boundary dQ is C°, by elliptic regularity theory, we
have

leellzzs < € (1+ Il + e + xodllam) < &, (4.47)

for some positive constant C depending only on Q and R,. For the case where V¥ satisfies (2.7), we
employ a bootstrap argument from [18, §3.3]. The growth assumption (2.7) implies that

' <C+y™, Pyl C(l + |y|m‘1) form € [1,5). (4.48)
For fixed m € [1,5), we define a sequence of positive numbers {/;} jen by
P P
1m=0, ]+l_6_(5_m)lj'

It can be shown that {/;} jei 1s a strictly increasing sequence such that/; — oo as j — oco. The Gagliardo—
Nirenberg inequality (1.10) then yields the following continuous embedding

L*0,T; W) N L™(0,T; L°) C L*"(0, T; L"), (4.49)
At the first step, the boundedness of {¢;}ren in L*(0, T; H') yields
TP (@2, < C (1 + llgellz2)

which implies that {IT,(W’(¢x))}ren is bounded in L*(0, T; L"). As the other terms on the right-hand
side of (4.45) are bounded in L*(0,T; H"), elliptic regularity then yields that {¢;}ien is bounded in
L*(0, T; W), and thus in L>"(0, T; L") by (4.49).

At the j-th step, we have {¢; ke is bounded in L2(0, T, W>) N L*"(0, T; L™+"). Then, it holds that

LZ(L[/'-H) - LZm(L’”le)

LY ()2 <C(1+||gok|2'" )

and so {IT;(W'(¢r)) ke is bounded in L*(0, T; LY+). Elliptic regularity then implies that {¢y}rey is
bounded in L*(0, T; W>li+).

We terminate the bootstrapping procedure once /; > 6 for some j € N. This occurs after a finite
number of steps as lim;_., [; = co. Altogether, we obtain that {¢; )iy is bounded in L*(0, T; W*°).
From (4.48) it holds that

¥ (e)Verl” < C (1 + g 2) Vil for m € [1,5),
and by the following continuous embeddings obtain from the Gagliardo—Nirenberg inequality (1.10),
L0, T; W) N L¥(0,T; H") c L*(0,T; L") N L*"7*(0, T; L™) for m € [1,5),

we find that {IT,(W’(¢x))}re is bounded in L*(0, T; H'). Applying elliptic regularity once more leads to
the boundedness of {¢;}xe in L?(0, T; H?). Consequently, the hypotheses of Lemma 4.2 are satisfied
and we obtain that

A

<&,
)

which implies that the Galerkin ansatz p; can be extended to the interval [0, T].
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4.3. Estimates for the convection terms and the time derivatives

By the Gagliardo—Nirenberg inequality (1.10) with j =0, p =co,m =3, r=2,g=2and d = 3,
we have

1 3 1 3
lpellee < Cllgillsllgell’s < Cllglliallgll,

For any { € Lg(O, T; H") with coefficients {kih<j<k C R¥ such that I,/ = Z’j‘-zl {xjw;, we can estimate

T
Sf el llell o [VITL] 2 dt
0

DV - VHkg dx dt
Q

(4.50)

< Il o Wl Il I 5

Using (4.44) and (4.47), we find that
Il div (@)l s < K2&. 4.51)

L5((H1))

Next, multiplying (3.2a) by {;, summing from j = 1 to k and then integrating in time from O to 7" leads

to
T
f f Oy dx dt
0o Ja

By (2.1), (2.2) and (4.44), we find that

T
< f Vel IV T dt
0

T
+f g ell 2l XLl + (1 div (@rviolleeny L]l dt.
0

T llz222) < C(Ro, |19, T) (1 + llrllrzzy + Nl 22y + ||0'k||L2(L2)) <&,

and so, by Holder’s inequality, we find that

D at (aTs Flldiviewoll s Izl s

L3y >) LSy

Taking the supremum over { € L3 (0,T; H") and using (4.44) and (4.51) yields that

oapell 5 <E(1+K?), (4.52)

L5((H1))

Similarly, by Holder’s inequality and the following Gagliardo—Nirenberg inequality (1.10) with j = 0,
r:2,m:1,p:13—0,q=2andd:3,

A1l e < CIfIl; lllfIILz,

which in turn implies that {o}ien 1s bounded uniformly in Lg(Q). Then, we find that for any { €
L0, T; W'),

T
< [ o, gl veysa

OV VHk{ dx dt
Q

(4.53)

< lloul, s IWillzas IV s
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and

D=

I div (o)l s <K:2E&. (4.54)

L“((W1 %)*)

A similar calculation to (4.52) yields that

18,0l 5 < 8(1 + K%). (4.55)

L4 ((W' S)*

Remark 4.2. We may also use the Gagliardo—Nirenberg inequality to deduce that

1Al < CUALT AT for any r € (2,6).

Then, the computation (4.53) becomes

f fO'ka VHk{ dx dt

which implies that { div (ovi) hken and {0,0}ren are bounded uniformly in

3(r 2)

L%(O, T; (Wl’r%)*)for r€(2,6).

Note that the temporal exponent decreases while the spatial exponent increases as r increases, and

they intersect at the point r = 13—0.

Here we point out that even with the improved regularity v, € Lg(O, T;H'), we are unable to show
div (ovy) is bounded in the dual space (H')*. Indeed, let ¢, r > 1 be constants yet to be determined
such that é + % = % Then, from Holder’s inequality we have

O'kvk VHk§ dx dt

f lloellzal il eIVl 2 dt.

~ W

<,

\S] O8]

By the Gagliardo—Nirenberg inequality we have for @ = % - 3 <l,B=

T
1—
<C f ol 2 ol el el IV 21 i
0

OV * VHké/ dx dt
Q

T
< Cliowll =2 loeltg il Il 2112 e it
L>(L?) H H

< C||(rk||Lw<Lz)||ak||Ltm(H1)||vk|rj;xz(m)|| Uyt o sy,

where

I 1 1 1 8
—+—+—+—=1, ax<2, Bu<z, (1-PBx<2 (4.56)
X1 X2 X3 X4 7

Note that o = % - % = %, and then substituting into the constraints (4.56) we find that

o1 ,3 3,20 20 3 1173
L _>_ ! AL I AU U S 457
PR ﬁ “ % 16 % T 4 16787 (4.57)

Hence, we cannot find xi, x,, x3 and x4 satisfying (4.56) and we are unable to deduce that div (ovy)
lies in the dual space (H')* even with the improved regularity v, € L%(O, T;H".
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5. Passing to the limit

From (4.44), (4.47), (4.19), (4.20), (4.21), (4.51), (4.52), (4.54), (4.55), we find that

{@r}kew bounded in L*(0, T; H') N L*(0, T; H?),
{0pibicrr, { div (@) e bounded in L5 (0, T (H')"),
{0t }eaw bounded in L¥(0, T5 L*) N L*(0, T5 H') N L*(Z),
(BT kens {div (v lees bounded in Li(0, T; (W'5)),
{1t Jeer bounded in L2(0, T; HY),
{Piheers bounded in L5 (0, T; H') N L7 (0, T; H?),
{Vilkers bounded in L2(0, T3 L?) N L7 (0, T; H").
By standard compactness results (Banach—Alaoglu theorem and reflexive weak compactness theorem),

and [28, §8, Cor. 4], and the compact embeddings in dimension 3 (see [1, Thm. 6.3] and [15, Thm.
11.2, p. 31))

HYN(Q) = WH2(Q) cc WH(Q) Vj>0,jeZ 1<q<6,

and the compact embedding L> cc (H')*, we obtain, for a relabelled subsequence, the following
weak/weak-* convergences:
) weakly-+ in L¥(0,T; H') N L*0, T; H*) n W50, T; (H")"),
or— o weakly-x in L*(0,T; H') N L¥(0,T; L*) N L*(),
8,00 — 0,0 weakly  in Li(0, T; (W"%)"),
U — U weakly in L0, T; H"),
Pr— P weakly in L%(O, T:HYN L%(O, T, Hz),
v >v  weakly  inL2(0,T;L)NL70,T;H",
div(gvy) — € weakly  in L5(0,T; (HY)"),
div(ow) — @  weakly  in Li(0, T; (W'5)"),

and the following strong convergences:

o — @ strongly in C%([0,T]; L") N L*(0, T; W*") and a.e. in O,
or — o strongly  in C°([0, T1; (H")*) N L*(0, T; L") and a.e. in Q,

for any r € [1, 6) and some functions & € L5(0, T; (H")"), 8 € Li(0, T; (W'S)").

For the rest of this section, we fix 1 < j < kand ¢ € C°(0,T). Then, we have 6(r)w; € C*(0,T; H?).
By continuity of m(-), we see that m(p;) — m(p) a.e. in Q. Thanks to the boundedness of m(-), applying
Lebesgue’s dominated convergence theorem to (m(gy) — m(¢))> |6Vw j|2 yields

lm(p)oVw; — m(@)oVwilli2g) — 0 as k — oo.
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Together with the weak convergence y, — w in L*(0, T; H'), we obtain by the product of weak-strong
convergence

T T
f fm(cpk)6ij -V dx dt — f fm((p)éij -Vudx dt as k — oo.
0o Ja 0o Ja

Terms involving n(-) can be dealt with in a similar fashion. For the source term 'y = Ay (¢x, o) —
O, (@r, T, by the continuity and boundedness of ®,, the a.e. convergence of ¢, — ¢ and oy — o
in Q, we may apply Lebesgue’s dominated convergence theorem to deduce that

T
f f |5wj(®¢(<pk, o) — Oy (e, 0'))|2 dx dt - 0ask — oo,
0 Ja

that is, we obtain the strong convergence 6w ;O,(¢k, 0x) — ow;O,(¢,0) in L*(Q). Hence, the weak
convergence u;, — u in L*(0, T; H') yields

T T
f fdwj®¢((pk,0'k),uk dx dt — f f&wJ@w(tp, o)udx dt as k — oo.
0 Jo 0 Jo

Meanwhile, by the triangle inequality ||a| — |b|| < |a — b|, and Holder’s inequality, we obtain

T
f f el — eD(@w))| dx dt < lge — gllizoras lowllzoras — 0
0 Q

and

fo ' fg (ol = lo)(ow )| dx dt < llow = o2z loW 202 = O
as k — oo. In particular, we have
(1 + lgil + lowD) |ow;| = (1 + Il + o) |6w| strongly in L'(Q) as k — oo.
By the continuity of A, we have
Al ) = Ay(p, ) ae. ask — oo, |Ay(@r, o)ow;| < Ro(L + |yl + o) [ow] .

Then, the generalised Lebesgue dominated convergence theorem (see [27, Thm. 1.9, p. 89], or [2,
Thm. 3.25, p. 60]) yields

A (1, )W, = Ay(p, )ow; strongly in L'(Q) as k — oo,
which leads to
T T
f fl“@(gok,yk,ak)éwj dx dt —» f fF¢(go,p,U)6wj dx dt as k — oo. 5.1
0 Ja 0 Ja
The same arguments can be applied for the source term S and for the derivative W' (¢) satisfying the
linear growth condition (2.5). For potentials satisfying the growth condition (2.7), we refer to the

argument in [18, §3.1.2].
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To identify the limits & and 6 of the convection terms div (¢xv;) and div (ovy), respectively, we
argue as follows. Since ow; € C*(0, T:H?* c Lg(O, T; H"), by the weak convergence div (¢uvy) — &
in L5(0, T; (H")*), we have

T T
f f div (grvi)ow;dx dt — f Ewpdp qny-0dt as k — oo.
0o Ja 0

Next, applying integrating by parts and by the boundary conditions v, - n = 0 on 0€2 (see (3.8)), we see

that
T T
f fdiv(gokvk)éwjdx dt :—f f&pkvk-ijdx dt. (5.2)
0 Jo 0 Jo

Moreover, we claim that 5¢; Vw; converges strongly to 6oVw; in L*(0, T; L*). Indeed, we compute

T T
2
f f 0 [V, x — o dx dt < f O 119w 1P, e — ol dit
0 Q 0
< ”Wj”,%{z”5”iw(oj)||90k - (P”iz(b%) -0

as k — oo by the strong convergence ¢, — ¢ in L*(0,T; L") for r € [1,6). Together with the weak
convergence v, — v in L*(0, T; L*), when passing to the limit k — oo in (5.2) we find that

T T
f EwWpm yodt = —f fégov -Vw;dx dt.
0 0 Jo

Applying integration by parts on the right-hand side shows that & = div (¢v) in the sense of distribu-
tions.

Now considering 6(f)w; as an element in L>(0,T; W'?), a similar argument can be used to show
6 = div(ov) in the sense of distributions using the strong convergence oy — o in L*(0,T; L") for
r € [1,6), the weak convergence v; — v in L?(0, T; L?), and the weak convergence div (0:v;) — ¢ in
L3 (0, T; (W')").

For the pressure and the velocity, we apply —Ay to both sides of (3.3) and test with w;, then inte-
grating by parts leads to

1
prk -Vw;dx = f EFij + (U + o)V - Vw;dx.
Q Q
Multiplying by 6(#), integrating in time and passing to the limit k — oo, keeping in mind the weak

convergences p; — pin L5(0,T; HY), yyy — pin L0, T; H"), o — o in L*(0, T; H"), and the strong
convergence ¢; — ¢ in L2(0, T; W2") for r € [1, 6) leads to

fod(t)Vp-ijdx dt = foé(t)(ll“ij+(,u+)(0')Vgo-ij dx dt. (5.3)
0 Ja 0 Ja K
Here we used that w; € H?, and
! 2 2 2
fo fg 16 Vi — Vel [Vw;|” dx dt 5
< ||5”%°°(0,T)”Wj”%}vl.6||(pk - SDHiz(Wl,z) — 0ask — oo,
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to deduce that 6V, - Vw; — V¢ - Vw; in L*(0,T;L%). Fix 1 < ji, jo,j3 < k, and define { =
(wj,,wj,,wj;)". Then, we can consider 6(r)¢ as an element in L3(0,T; L2 c L20,T; L?). Taking the
scalar product of (3.4) with ¢, integrating over Q and in time from O to 7 leads to

T T
f f(i(t)(vk + KVpy) - {dx dt = f f(SK(uk + xo )V, - £ dx dt. (5.5
0 Ja 0 Ja

By the weak convergences v, — v in L*(0,T; L?), up — p in L*(0,T; H'), o — o in L*(0,T; H"),
Vpi — Vp in L5(0,T; L?), and the strong convergence 6V - ¢ — 6V - ¢ in L2(0, T; L*) (which is
proved in a similar manner as (5.4)), we find that passing to the limit in (5.5) yields

T T
f f St + KVp) - £ dx dt = f f S(OK (1 + o)V - £ dx dt. (5.6)
0 Q 0 Q

Then, multiplying (3.2) with 6 € C:°(0, T'), integrating with respect to time from O to 7', and passing to
the limit k — oo, we obtain

T T
f ()0, Wi (uty dt = f fd(t) (—m(go)V,u “Vw;i+T,w;+ov- ij) dx dt,
0 0 Jo

T T

f f&(t),uwj dx dt = f o(t) A‘I"(go)wj + BVg - Vw; —)(O'Wj) dx dt,

0 Ja 0 Jo
T

T
f 0100, wjwis (wisy- dt = 6(t) -n(@)(DVo — xVe) - Vw; — Swj) dx dt
0 0 Ja

+f 6(t)(f0v-ijdx +fb(aoo—a)wjd7-(d_l)dt.
0 Q r

Since the above, (5.3) and (5.6) hold for all 6 € C°(0,T), we infer that {p, u, o, p, v} satisfies (2.12)
with = ¢ = w; fora.e. t € (0,T) and for all j > 1. As {w,}av is a basis for H, and H is dense
in both H' and W' (see Section 3), we see that {¢, u, o, p, v} satisfy (2.12a), (2.12b), (2.12d) for all
€ H', (2.12c) for all ¢ € W', and (2.12e) for all £ € L?.

Attainment of initial conditions. It remains to show that ¢ and o attain their corresponding initial
conditions. Strong convergence of ¢y to ¢ in C°([0, T]; L?), and the fact that ¢(0) — ¢ in L? imply
that ¢(0) = ¢,. Meanwhile, as the limit function o belongs to the function space C°([0, T']; (H')*), we
see that 0(0) := o (-, 0) makes sense as an element of (H')*. Let € H' be arbitrary, then by the strong
convergence oy — o in C°([0, T]; (H")*) we see that

<0-k(0), §>Hl,(Hl)* - <O'(O), (:)Hl,(Hl)* as k — oo.
On the other hand, by (3.7), we have 0(0) — o in L?. This yields

(00, Omt 11y = %L%(U'k(o), Oy = (00), Oy

Energy inequality. For the energy inequality (2.14) we employ the weak/weak-* lower semiconti-
nuity of the norms and dual norms to (4.44), (4.47), (4.19), (4.20), (4.21), (4.51), (4.52), (4.54), and
(4.55).
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6. Asymptotic limits

6.1. Limit of vanishing permeability

For K,b € (0,1] let (X, uX, oX, vK, pX) denote a weak solution to (1.1)-(1.2) with I', = 0, obtain
from Theorem 2.1. By (2.14) we deduce that, for a relabelled subsequence as b — 0 and K — 0, the
following weak/weak-* convergences:

oK > ¢ weakly-+ in L¥(0,T; HYY N LX0,T; H®) n W"5(0, T; (H'Y"),
oX > o weakly-x in LX(0,T; H') N L0, T; L*) N W"3(0, T; (W"%)"),
u® =y weakly in L*(0, T; H"),
pX = p  weakly in Lg(O, T:HYN Lg(O, T; H%),
and the following strong convergences:
o = ¢ strongly in C°([0,T1;L") N L*(0,T; W*") and a.e. in Q,
ok 5o strongly  in C%([0, T1; (HYHY*") N L*(0,T; L") and a.e. in Q,
vK 50 strongly inL2(0,T;L)NL7(0,T;H"),
div (¢*v*) - 0 strongly in LS 0, T;(HY),
div(c®v¥) 5 0 strongly  in Li(0, T; (W")"),
for any r € [1,6). The strong convergence of the velocity and the convection terms to zero follows

from (2.14). Upon multiplying (2.12) by 6 € C°(0,T) and passing to the limit b, K — 0, we obtain
that the limit functions (¢, i, o, p) satisfy

0, Oy = fg @)V T + Tyl i, ) . (6.12)
fg uldx = fg AW/ (@)¢ + BV - VI — yol dx (6.1b)

@ sy = [ n@NDTe = Vi) Vo= S(ppn o (6.10)
LVp VZdx = fg(ﬂ + yo)WVe - V2 dx, 6.1d)

forall/ € H' and ¢ € W' and a.e. t € (0, 7).

Note that substituting any £ € L*(0,T;H') into (6.1a), integrating in time from 0 to T, us-
ing Holder’s inequality and the linear growth condition for I'y leads to the deduction that d,¢ €
L*(0,T;(H""). To show that 8,00 € L*(0,T;(H")*) we argue as follows. For any & € L*(0,T; H"),
we can define

T
F() = fo fg n(@)(DVo — xV) - Vé — Sl pt, ) dx dt.

By Holder’s inequality and the growth condition on S, we see that F € L*(0,T;(H"')*). It is known
that the set of functions that are finite linear combinations of C!(0,T) - HIZ\,(Q) = {0(p(x) : 0 €
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Cl0,T), ¢ € HY(Q)} is dense in C1(0,T; H') (see for instance [26, p. 384], and in fact this is what
we use in Section 5). Let € Ccl, (0, T; H") and let {{"} e denote a sequence of functions of the above
form such that " — ¢ in C!(0,T; H') as n — oo. Then, substituting ¢ = " in (6.1¢), integrating over
t from O to 7, and passing to the limit n — oo yields

T
llm f <6[O’, é’n>wl,5’(WL5)* dt = llm F(é/ﬂ) = F(g).
0 n—00

n—oo

Moreover, by the definition of the weak time derivative, we have

T T T
f (0,0, L ywrs sy dt = —f fa’@,{" dx dt — —f fa’@tgdx dt asn — oo.
0 0 Jo 0 Jo

Hence, we obtain

T T
—f fcra,{ dx dt = F({) = f f—n(go)(DVa' —xVo) -V - S(p,u, o) dx dt
0o Ja 0o Ja

forall £ € CL(0,T; H"). This implies that the weak time derivative 9,0 satisfies

T
f (B0, Oy gy dt = F(O) VL € CHO,T; HY,
0

and as F belongs to L*(0,T; (H"Y"), we find that 9,0 also belongs to L*(0,T; (H"*). Furthermore, due
to the improved regularity d,0- € L*(0, T; (H')*), we use the continuous embedding

LX0,T; HYn H'(0,T;(H"") c C°([0,T]; L?)
to deduce that o-(0) = 0.

6.2. Limit of vanishing chemotaxis

For y,b € (0, 1], let (¢¥, ¥, 0¥, v¥, p¥) denote a weak solution to (1.1)-(1.2) obtain from Theorem
2.1. By (2.14) we deduce that, for a relabelled subsequence as b — 0 and y — 0, the following
weak/weak-* convergences:

o - weakly-+ in L0, T; HY) N L2(0, T; H*) 0 W"3(0, T; (H')"),
o = o weakly-+ in LX(0, T; HY) N L¥(0, T; L*) N W3(0, T; (W')"),
W= weakly in L*(0,T; H"),

P o p weakly in L5(0,T; H') N L7 (0, T; HY),

Wy weakly in LX0,T; L) N L7(0,T; H"),

div (¢*v) — div(pv) weakly in L5(0, T; (H')"),
div (c*v) — div (ov) weakly in Li(0, T; (W"%)"),

and the following strong convergences:

o — ¢ strongly in C°([0, T1; L") N L*(0, T; W*") and a.e. in Q,
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o¥ - o strongly in C°([0,T];(H")*) N L*(0,T; L") and a.e. in Q,

forany r € [1,6). Forany 6 € C°(0,T) and { € H', we have

T
f deU'Xf dx dt| < xllo¥ll 22 I 21101 20,7y — O,
0 Ja

T
f f&n(g@")/\(Vgo’( -V dx dt| < mixlIVerll 2z IV 2ol 0.0 — O,
0o Ja

T
f féXO"XVSOX -V dx dt| < )V e2llo ¥l zas IVl 2aalloll s, — 0,
0 Jao

as y — 0. Thus, multiplying (2.12) with 6 € C°(0,T), and then passing to the limit b, y — 0, we see
that (¢, u, o, v, p) satisfies

@up Oy = [ =m(@Tu- V2 + Tl ) + v V2, (6.20)
f,u{dx = fA‘If’(cp){ + BVy -V dx, (6.2b)

Q Q
(0,0, pywrs (wisy = fg; —n(@)DVo - Vo — S(p,u,0)p + ov - Vo dx, (6.2¢)
pr -V{dx = f ll“,,{ +uVe - VZdx, (6.2d)

Q oK

fv-{dx :f—K(Vp—,uV(p)-{dx, (6.2e)

Q Q

forall e H',p e W', € L?> and a.e. t € (0, T).
7. Existence in two dimensions

We first derive an analogous result to Lemma 4.2 for two dimensions.

Lemma 7.1. Let Q C R? be a bounded domain with C*-boundary. Let ¢ € L*(0,T; H)YNL*0, T; sz\, N
H?), 0 € L*(0,T;H"), u € L*(0,T; H"), the source termT, € L*(0, T; Lg), and the function p satisfying
4.7). Then,

pelX0,T;HYNLY0,T;H*), vel0,T;H",
for any
4
1 <k<?2, ISq<§.

Proof. We estimate (4.23) differently than in the proof of Lemma 4.2. By Holder’s inequality for any
1 < 5 < oo we have

I+ x) Vel < i+ xollpsl Vel 2.
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Then, by the Gagliardo—Nirenberg inequality (1.10) with p = Ssz]’ j=0,r=2,m=2,d=2,q=2,

_ 1 s—1 _ 1
anda—i—g—x,weﬁndthat

L -4 L 1-L
IVl 2 < CIVGIEIVell,.> < CliglZliell,, >

Then, by Holder’s inequality and the Sobolev embedding H! c L” for 1 < r < oo in two dimensions,
we have for w,y > 1,

T T
[ vy an<c [ AT,

< ClRIl 5l X g i

(H?)

As u, o belong to L*(0, T; H') and ¢ belongs to L*(0, T; H*) N L*(0, T; H'), we need

woy 2s + 1 4s
=2 — =)= vy= = .
WES 5y YTy M r s
Since w = (0,T; L), the computations in the proof of Lemma
4.2 yields that

pelX0,T;H") forl<k<?2
Next, we see that

Idiv ((u + x)V)llr2 < [l + xo)Aell2 + [IV(u + xo) - V|2
< e+ xollisllAl, 20 + IV + x ol Vel

By the Gagliardo—Nirenberg inequality (1.10) with p = o0, j =0, r =2, m =2,d = 2,q = 2 and

a = =, we have

2’
1 1
IVl < CliVellplIVell, < CliglL: 3||<PIIH1, (7.1)

andwithp:32_—“1,]':1,r:2,m:2,d:2,q:2anda/:%e(%,l]forse[l,oo),wehave

llAgll, 2s<C||V90| ||V<,0|| SC“‘P” ||<p| : (7.2)

Hence, for w,y,z > 1, we find that

T
fo I div ((u + x) Vo)l dt < Cllwlle(Hl et + Xl e IISOIIZ;(HS)

wil
+ C||80| Lw(Hl Ikt + X Oy gy el -
Since £ < 1 for all s € [1, %), we require
wy(s + 1) 3s+1 4s
wy = . _— 2 e = s w = .
Y 2s(y—1) Y 2s 1+3s
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We choose z = 35 € (3, 2] so that

w z 2s 3s+1_ 2s
27-1 1+3ss+1  s+1

wz =2, €[1,2),

and thus we obtain

jﬁndanvawﬂV¢m““dt<cm¢m§@1mL+xau;;n@1m

2542

U b+ X

T(H?)

From (4.27) and using the fact that ; +3S 1?2 for all s € [1, o0), we see that

4
pE LY0,T;H* forl < q < 3
Similarly, from (4.29), (7.1) and (7.2), we obtain for fixed 1 < i, j <2, and any s € [1, c0),
ID:vjllz2 = KIID;Djp — (Di( + xo)Djp — (1 + xo)DiDjep|| 2
< K (Iplle + IV + x 21Vl + Il +xcr||Lzs||D2so||L%) (7.3)
1 1
< K (1l + Clla +xelln (ellhel + Dl Dl ).
Then, a similar calculation shows that the right-hand side is bounded in L% (0, T), which in turn
implies that
: 4
ve LY0,T;H )for1 <g< 3
O

By the above new estimates we can show that div (¢v) and 9;¢ have improved temporal regularity,
and that div (ov) and 8,0 belong to the dual space (H')*.

Lemma 7.2. For dimension d = 2, let (¢, ik, Ok, Pk, Vi) denote the Galerkin ansatz from Section 3
satisfying (4.44). Then, it holds that for * <w <2 and 1 <r < %,
) ) 1
I div (@rvOll ety + 11 div (vl yy < K26,

1
18:pill ey + 100l < E(1+K?),

where & denotes positive constants that are uniformly bounded for b, y € (0, 1] and are also uniformly
bounded for K € (0, 1] when T', = 0.

Proof. The assertions for d,¢, and 9,0 will follow via similar arguments in Section 4.3 once we
establish the assertion for the convection terms. In dimension d = 2, we have the embedding
L*0,T;H"Y N L*(0,T; L?* c L*(Q), and by the Gagliardo—Nirenberg inequality (1.10) with p = 4,
j=0,r=2d=2,m=1,g=2anda = 1,

1 1
Al < ClA AN

AIMS Mathematics Volume 1, Issue 3, 318-360



356

Consider an arbitrary £ € L*(0, T; H') for some s > 1 yet to be determined. Then, we compute that

T
s‘f‘naunuwuumvgm;dt
0

OV * VHkg’ dx dt
Q

r 2 2 4
< Clloll#o) (f el vell NS, de
0

1 1
< Cllo vill? Vil
< Clloll sl k||L%x1(H1)|| k”L% e ||§||L3W(H.

where xi, x5, x3 > 1 satisfy

1 1 1 2 4 2
_+_-|——:1, =X < =, —X2S2:>X3>6.
X1 X2 X3 3 3 3

Then, from (4.44) and (7.3), it holds that

4
< EK? ||y for s = 75> 8,

Vg * VHké’ dx dt
Q

that is, { div (ov;)}sen is uniformly bounded in the dual space of L*(0, T; H') for s > 8. Similarly, by
the Gagliardo—Nirenberg inequality (1.10) with p = 00, j =0, r =2,d =2, m = 3, g € [1,00) and

-
@ = q+1’

4
+1

el < Cllsokll"” el < Cllf,okllq+1 llexll 77 ‘”'-

Proceeding as in (4.50), we find that for an arbitrary / € L*(0,T;H"), where s > 1 is yet to be

determined,
T T
f fsokvk-VHk{dX dt Sf IVl 2@l = IVILZ]| 2 dt
0 Ja

<awmgwmmmmawu§mum e

1

< 2 +
<EKHCl 2

and so { div (¢gvy)}rey is uniformly bounded in the dual space of L*(0, T; H') for s = 2 + % €(2,4]. O

Remark 7.1. We point out that in the absence of the regularity result v € L1(0,T; H") from Lemma
7.1, and if we only have v; € L*(0, T; L?), then we obtain

< o2l 2 IVl L4,

OV VHk{ dx dt
Q

and this implies that both { div (ovy) }ken and {00 }ren are bounded uniformly only in L3 O, T; (WhH.
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8. Discussion

Reformulations of Darcy’s law and the pressure. Associated to Darcy’s law (1.1b) is the term
Ay = p— up — % lo|> which will contribute the source term I, A, in the energy identity (4.4). In [20,
Rmk. 2.1] three other reformulations of Darcy’s law (1.1b) and the pressure are considered:

(R1) Let g := p — A¥(¢) — 2 |Vy|* so that

B D
A =g+ A¥(p) + 2 Vel = S lof’ + xo (1 - ¢) - pg, (8.1a)
v = K(V(=q — 2 |V¢I*) - BApVy) = —=K(Vq + Bdiv (Vo ® Vo). (8.1b)

(R2) Let p := p + 2|0 + yo(1 - ¢) so that

A =p—up—Dlof - yo(l - ¢), (8.2a)
y = —K(Vp — uVe — (Do + (1 — ))Var). (8.2b)

(R3) Let p := p— 2|0’ - py so that

/lv = ﬁa (833)
v=—-K(Vp+¢Vu+oV(Do + x(1 - ¢))). (8.3b)

From the viewpoint of estimating the source term I', 4,, we see that (8.3a) has the advantage of being the
simplest. Meanwhile, for (8.2a) the analysis for I', A, is similar to that performed in Section 4.1.2, but
for (8.1a) the main difficulty will be to estimate the terms (A¥(¢) + g |V(,0|2)Fv and (—§ o> + xoo)l',
which at first glance would require the assumption that I', € L*(Q), and obtaining an L*-estimate for
the pressure g from the Darcy law (8.1b) would be difficult due to the term div (Vo ® Vo).

Other boundary conditions for the pressure and velocity. In [20, §2.4.4] the authors have dis-
cussed possible boundary conditions for the velocity and for the pressure. As discussed in Section 2
following Assumption 2.1, we require the source term I', to have zero mean due to the no-flux bound-
ary condition v - n = 0 on 0. The general energy identity (with homogeneous Neumann boundary
conditions for ¢ and u) from [20, Equ. (2.27)] reads as

d B D
— | AY — Vol + = |o? 1-¢)d
a J., (<p)+2| ¢l +2|crl +xo(l —¢)dx
1
+ f m(e) |[Vul* + n(p) V(Do + x(1 — @)l + z v dx
Q
:ffwy—S(D0'+)((1—g0))+Fv/lvdx
Q

D
. fa (D X1 = N DB = v ) (S1o? +xe1 =)+ p) art!
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and we see the appearance of an extra boundary source term involving the normal component of the
velocity and the pressure. Here it would be advantageous to use the rescaled pressure p and the Darcy
law (8.2b), as the extra boundary source term will become

f —~(v-n)pdH",
0Q

which motivates the consideration of a Robin-type boundary condition for p:
g=ap-v-n=ap+ Ko,p— K(Do + x(1 —¢))d,0 on 0€,

for some given datum g and positive constant a. On one hand, this would allow us to consider source
terms I, that need not have zero mean, but on the other hand, the analysis of the Darcy system becomes
more complicated. In particular, the weak formulation of the pressure system now reads as

fKV[?-Vg“dX +f apl dH! :fFv§+K(,quo+(D(T+X(1—¢))VU)-V§dX
Q Q

00
+f g{d?‘(d_l,
o0

and we observe that the term DoVo on the right-hand side belongs to L' as o has at most H'-spatial
regularity from the energy identity. Thus, it is not clear if the pressure system can be solved with
the regularities stated in Lemma 4.1. A deeper study into the theory of linear elliptic equations with
right-hand sides of the form div f where f € L' is required.
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