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Abstract: In this paper, a system of parabolic type initial-boundary value problems are considered.
The system (S), is based on the non-isothermal model of grain boundary motion by [38], which was
derived as an extending version of the “Kobayashi—Warren—Carter model” of grain boundary motion
by [23]. Under suitable assumptions, the existence theorem of L?-based solutions is concluded, as a
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1. Introduction

Let 0 < T < oo be a constant of time, and let N € N be a constant of spatial dimension such that
1 < N < 3. Let Q c RY be a bounded domain such that I" := 9Q is smooth when N > 1. Besides, let
us denote by Q := (0,T) x Q the product space of the time-interval (0, 7") and the spatial domain €,
and similarly, let us set X := (0,7) X I.

In this paper, we fix a constant v > 0, and consider the following system of initial-boundary value
problems of parabolic types, denoted by (S),.

(S)y:
[u— AW, —4u = f in Q,
Du-nr+ny(u—fr)=0 onZ, (1.1)
u(0, x) = up(x), x € Q;
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w, = Aw + dy(w) + g(w,n) + '(W)u
+a,,(w, )IDO| + v*B,,(w, p)IDEI* 3 0 in Q,
(1.2)
Dw-nr=0 onZX,
w(0, x) = wo(x), x €L
M — A1 + g,(w,n) + ay(w, DO + v’ B, (w,mIDO* = 0 in Q,
Dn-nr=0 onZX, (1.3)
1n(0, x) = no(x), x € Q;
) Do 5 )
CY()(W, T])H[ —div Q(W, n)m +2v B(W, TI)DH =0 in Q7
Do 2 (1.4)
(a(w, Mipg + 2V B, mDO) -nr =0 onZ,
600, x) = Gy(x), x € Q.

Here, Du, Dw, Dnp and D@ denote, respectively, the (distributional) gradients of the unknowns u, w, n
and 8 on Q. f = f(t, x) is the source term on Q, fr = fr(¢, x) is the boundary source on Z. uy = uy(x),
wo = wo(x), no = no(x) and Gy = Gy(x) are given initial data on Q. Jy is the subdifferential of a
proper lower semi-continuous (l.s.c.) and convex function y = y(w) on R. 4 = A(w), g = glw,n),
ay = ap(w,n), @ = a(w,n) and B = B(w, ) are given real-valued functions, and the scripts ", “,” and
“, denote differentials with respect to the corresponding variables. n is a given positive constant, and
nr is the unit outer normal on I'.

The system (S), is based on the non-isothermal model of grain boundary motion by Warren et al.
[36], which was derived as an extending version of the “Kobayashi—Warren—Carter model” of grain
boundary motion by Kobayashi et al. [22, 23]. Hence, the study of this paper is based on the previous
works related to the Kobayashi—Warren—Carter model (e.g., [13, 15, 16, 17, 20, 21, 22, 23, 25, 26, 28,
29, 30, 31, 32, 36, 37, 39]).

According to the modeling method of [36], the system (S), is roughly configured as a coupled
system of the heat equation in (1.1), and a gradient system {(1.2)—(1.4)} of the following governing
energy, called free-energy:

& (u,w,n,0) := lf‘lleza’x+f)/(w)a’x+f‘u/l(w)dx
2 Q Q Q
o f D dx + f o, ) dx + f v, ) d|DO) + f pov, DO dx, (15
2 Q Q Q Q

for [u, w,n, 0] € L2(Q) x H'(Q) x H'(Q) x BV(Q) with v8 € H'(Q).

In this context, the unknown u = u(t, x) is the relative temperature with the critical degree 0, and the
unknown w = w(t, x) is an order parameter to indicate the solidification order of the polycrystal. The
term u — A(w) in (1.1) is the so-called enthalpy, and then the term A(w) corresponds to the effect of the
latent heat. The unknowns n = (¢, x) and 6 = 6(t, x) are components of the vector field

(t,x) € Q - n(t,x) | cos O, x), sin 6z, x)| € R,
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which was adopted in [22, 23] as a vectorial phase field to reproduce the crystalline orientation in Q.
Here, the components 77 and 6 are order parameters to indicate, respectively, the orientation order and
angle of the grain. In particular, w and n are taken to satisfy the constraints 0 < w,n < 1 in Q, and the
cases [w,n] = [1, 1] and [w, ] = [0, O] are respectively assigned to “the solidified-oriented phase” and
“the liquefied-disoriented phase” which correspond to two stable phases in physical.

In view of these, we suppose that

(g0) the function w € [0, 1] — A(w) € R is increasing, and if the temperature u is closed to the critical
value, i.e. u ~ 0, then the function

[, w,n] € R* > y(w) + g(w, 1) — A(w)u € (—c0, 0]

has two minimums, around [1, 1] and [0, O].

Besides, referring to the previous works on phase transitions (e.g., [7, 8, 14, 18, 19, 34, 35]), we can
exemplify the following settings as possible expressions of the functions A, y and g in the above (g0):

(gl) (constrained setting by logarithmic function; cf. [14, 34, 35])

Aw) = Lw, y(w) := % (wlogw + (1 - w)log(1 - w))
with 7(0) = (1) := 1,

for w,n € R,
o=~ (=) & Sy
g W,77 L 2 w 2 2 w ]7 ’
(g2) (setting with non-smooth constraint; cf. [7, 8, 18, 19, 35])
Aw) = Lw, y(w) = I 11(w),
forw,n € R.

L 1\
glw,n) = ) (W - 5) + %(W - 77)2,

Here, L and c are positive constants, and /o) : R — {0, oo} is the indicator function on the compact
interval [0, 1].

Now, the objective of this study is to generalize the line of recent results [25, 26, 28, 29, 30, 31, 32,
37, 39], and to obtain an enhanced theory which enables the versatile analysis for Kobayashi—Warren—
Carter type systems, under various situations. To this end, we set the goal of this paper to specify
the assumptions, which can cover the settings as in (gl)—(g2), and can guarantee the validity of the
following Main Theorem.

Main Theorem: the existence theorem of the solution [u, w, 7, 8] to the systems (S),, for any v > 0,
which behaves in the range of C([0, T]; L*(©)*), with the L?-based sources f € L*(0,T; L*(Q))
and fr € L*(0, T; L*(IN)).

The main theorem is somehow to enhance the results [25, 31, 32] concerned with qualitative properties
of isothermal/non-isothermal Kobayashi—Warren—Carter type systems.
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2. Preliminaries

First we elaborate the notations which is used throughout this paper.

Notation 1 (Real analysis). For arbitrary ay, by € [—o0, 00], we define
ap VvV bo = maX{ao,bo} and ap A\ bo = mil’l{ao,bo}.

Fix d € N as a constant of dimension. Then, we denote by |x| and x -y the Euclidean norm of x € R¢
and the standard scalar product of x,y € RY, respectively, as usual, i.e.:

lX| := \Jxi+--+x; and x-y = x;y1 + -+ Xgya

forallx =[xi,...,%4), y = [Vi,...,v4] € R

The d-dimensional Lebesgue measure is denoted by £, and unless otherwise specified, the mea-
sure theoretical phrases, such as “a.e.”, “dt”, “dx”, and so on, are with respect to the Lebesgue
measure in each corresponding dimension. Also, in the observations on a smooth surface S C R¢, the
phrase “a.e.” is with respect to the Hausdorff measure in each corresponding Hausdorff dimension,
and the area element on S is denoted by dS .

For a (Lebesgue) measurable function f : B — [—o0, 0] on a Borel subset B C RY, we denote by
LfT" and [ f]~, respectively, the positive and negative parts of f, i.e.,

[fT7x) := f(x) VO and [f] (x) := —=(f(x) AO), a.e. x € B.

Notation 2 (Abstract functional analysis). For an abstract Banach space X, we denote by | - |x the
norm of X, and when X is a Hilbert space, we denote by (-, -)x its inner product. For a subset A of a
Banach space X, we denote by int(A) and A the interior and the closure of A, respectively.

Fix 1 < d € N. Then, for a Banach space X, the topology of the product Banach space X is
endowed with the norm:

d
ey = > laalxs forz = [z1,... 2al € X
k=1

However, if X is a Hilbert space, then the topology of the product Hilbert space X is endowed with the
inner product:

d
(Z7Z)X‘1 = Z(ZIWZ/()X’ fOrZ = [Zl, e ,Zd] € Xd andz = [Zl,' . ,Zd] € Xdy
k=1

and hence, the norm in this case is provided by

d 12
2
|zlxe 1= V(2,2)xa = (Z IZkIX) , forz=1z1,...,24] € X%
=1

For a Banach space X, we denote the dual space by X*. For a single-valued operator of : X — X*, we
write
Az=[Az,..., 774 € X1 foranyz=1[z1,...,24] € X°.
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For any proper lower semi-continuous (l.s.c. hereafter) and convex function ¥ defined on a Hilbert
space X, we denote by D(WP) its effective domain, and denote by 0¥ its subdifferential. The subdifferen-
tial VY is a set-valued map corresponding to a weak differential of Y, and it has a maximal monotone
graph in the product Hilbert space X*. More precisely, for each zy € X, the value 0¥ (zo) is defined as
the set of all elements z;, € X that satisfy the variational inequality

(29,2 = 20)x < W(2) — ¥(z0) for any z € D(P),

and the set D(OY) := {z € X | d¥(z) # 0} is called the domain of 0Y. We often use the notation
“lz0, 23] € 0¥ in X? 7 to mean “z5 € 0¥(20) in X with zo € D(0Y)” by identifying the operator 0¥ with
its graph in X>.

Notation 3 (Basic elliptic operators). Let V. = H'(Q) be a Hilbert space endowed with the inner
product:

w,2)y = wa -Vzdx + nofwzdr, for[w,z] € V2,
o) r

and let Cy > 0 be the embedding constant of V C L*(Q).
Let (-, ) be the duality pairing between V and the dual space V*, and let F: V. — V™ be the duality
mapping defined by
(Fw,z) := (W,2)y, for[w,z] € V2.

Note that V* forms a Hilbert space endowed with the inner product:
W, 2y o= (W FT'2), for [w',2'] € (V')

For any o € L*(Q) and any or € L*('), we can regard the vectorial function 0* = [o,or] €
L*(Q) x LX(T') as an element of V*, via the following variational form:

(0%, 2) = (0,212 + nolor, Dizr) forz e V. (2.1)

Note that for any o* = [o,or] € L*(Q) x L*(T'), the variational form (2.1) enables the following
identification:

—Aw = o in L}(Q),

Fw=9"in V', iff w€ H(Q) and
w=0 inV',iff w (€) an {Da)-nl—+n0(w—gr):Oian(r).

On this basis, the product space L*(Q) x L*(T') can be regarded as a subspace of V*, and the restriction
Flip) : H*(Q) — L*(Q) x LX) can be regarded as a bijective linear operator associated with the
Laplacian, subject to Robin type boundary condition (cf. [24]).

In the meantime, we denote by Ay the Laplacian operator subject to the zero-Neumann boundary
condition, i.e.,

Ay:zeWy:={ze HXQ) | Dz-nr =0 in LA(T) }c [X(Q) - Az € [XQ).

Remark 1. We here show some representative examples of the subdifferentials, which is intimately
related to our study.
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(Ex.1) The quadratic functional u € L*(Q) %luli2 (@ can be regarded as a proper l.s.c. and convex

function on V*, via the standard oo-extension, and then, the V*-subdifferential of this function
coincides with the dualitymap F : V — V*, i.e.:

[u,u*] € 6[%| . |22(Q)] in [V iff ue Vandu* = Fuin V"

(Ex.2) Letd € N, and let yy : R — R be a convex function defined as
Y= syal €RY o y() 1= yi0) + %200 + -+ + ¥a(a)s

by using proper l.s.c. and convex functions y, : R — (—oo,0], for k = 1,...,d. Let ‘I’;’O :
L*(Q)? — (=00, 0] be a proper l.s.c. and convex function defined as:

1
3 f Dz[2 s dx + f Yo(2) dx,
Q Q

ze A(Q) o ¥ (2) = ifz € H(Q),

oo, otherwise.
Then, with regard to the subdifferential V¢ c [L*(Q)'?, it is known (see, e.g., [4, 6]) that

{ 7€ LZ(Q)d
z€ LX(Q)! - 0¥ () = ifze Wi,

7'+ Ayz € dyo(2) in }
R4 a.e. in Q ’

0, otherwise.

This fact is often summarized as 8‘1";0 = —Ay + 0yo in [L2(Q)].

Notation 4 (BV theory; cf. [2, 3, 11, 12]). Let d € N, and let U C R? be an open set. We denote by
M(U) the space of all finite Radon measures on U. The space M(U) is known as the dual space of the
Banach space Cy(U), i.e., M(U) = Cyo(U)*, where Co(U) is the closure of the class of test functions
CZ(U) in the topology of C U).

A function z € LY(U) is called a function of bounded variation on U, iff. its distributional gradient
Dz is a finite Radon measure on U, namely, Dz € M(U)". Here, for any 7 € BV(U), the Radon measure
Dz is called the variation measure of z, and its total variation |Dz| is called the total variation measure
of z. Additionally, for any z € BV(U), it holds that

|Dz|(U) = sup{ fzdivwdx
U

9 € CLU) and |p| <10on U }

The space BV(U) is a Banach space, endowed with the norm
lzlavw) = Izl + I1DzI(U) for any z € BV(U),

and we say that z, — z weakly-x in BV(U), iff. z € BV(U), {z.};., € BV(U), z, — zin L'(U) and
Dz, — Dz weakly-+ in M(U)?, as n — oo.
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The space BV (U) has another topology, called “strict topology”, which is provided by the following
distance (cf. [2, Definition 3.14]):

[p.¥] € BV(U)* — lo — ¥luw, +|IDelU) - IDYI(D)|.

In this regard, we say that z, — z strictly in BV(U) iff. z € BV(U), {z,},., € BV(U), z, — zin L'(U)
and |Dz,|(U) — |Dz|(U), as n — oo.

Specifically, when the boundary 0U is Lipschitz, the Banach space BV (U) is continuously embedded
into LY'“=Y(U) and compactly embedded into LP(U) for any 1 < p < d/(d - 1) (see, e.g., [2, Corollary
3.49] or [3, Theorems 10.1.3—-10.1.4]). Furthermore, if 1 < g < oo, then the space C“(ﬁ) is dense
in BV(U) N L1(U) for the intermediate convergence, i.e., for any z € BV(U) N L1(U), there exists a
sequence {z,}>, C C®(U) such that z, — z in LY(U) and strictly in BV(U), as n — oo (see, e.g., [3,

n=1

Definition 10.1.3 and Theorem 10.1.2]).

Notation 5 (Weighted total variation; cf. [1, 2]). For any nonnegative o € H'(Q) N L¥(Q) (i.e. any
0 <o0€ HY(Q) N L2(Q)) and any z € L*(Q), we call the value Var,(z) € [0, o], defined as,

@ € L2(Q)N with a compact sup-
port, and |@| < o a.e. in Q

Var,(v) := sup{ fvdivwdx } € [0, oo],
Q

“the total variation of v weighted by 0”, or the “weighted total variation” in short.

Remark 2. Referring to the general theories (e.g., [1, 2, 5]), we can confirm the following facts asso-
ciated with the weighted total variations.

(Fact1) (Cf. [5, Theorem 5]) For any 0 < o € H'(Q) N L*(Q), the functional 7 € L*(Q) Var,(z) €
[0, o] is a proper l.s.c. and convex function that coincides with the lower semi-continuous enve-
lope of

ze WHHQ) N LA(Q) — f olDz| dx € [0, c0).
Q

(Fact2) (Cf. [1, Theorem 4.3] and [2, Proposition 5.48]) If 0 < o € H'(Q) N L¥(Q) and z € BV(Q) N
L*(Q), then there exists a Radon measure |Dzl|, € M(L2) such that

|Dzlo(€2) = f d|Dz], = Var,(2),
Q

and
|Dz|o(A) < loli=o)|Dz|(A),

{zn}:’zl C WI’I(A)QLZ(A) such (2.2)
|Dz|,(A) = inf { lim inf f olDZ,|dx | that 7, — zin L*(A) asn — ¢
n—oo A
O

for any open set A C Q.
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(Fact3) Ifo € H'(Q) N L™(Q), co :=essinfeoo > 0, and z € BV(Q) N L*(Q), then for any open set
A C Q, it follows that

|Dz|,(A) > c,|Dz|(A) for any open set A C Q,

D(Var,) = BV(Q) N L*(Q), and

@ € L¥(QV with a 2:3)

Var,(z) = SUP{ f zdiv(o@)dx | compact support, and ;.
Q lw| < 1a.e inQ

Moreover, the following properties can be inferred from (2.2)—(2.3):

e |Dz|. = c|Dz| in M(Q) for any constant ¢ > 0 and z € BV(Q) N L*(Q);
e |Dz|, = o|lDz|.LN in M(Q), if0 <o € H'(Q)NL(Q) and z € W-(Q) N L*(Q).

Notation 6 (Generalized weighted total variation; cf. [25, Section 2]). For any
o € H'(Q) N L°Q) and any z € BV(Q) N L*(Q), we define a real-valued Radon measure
[o|Dz]] € M(Q), as follows:

[0IDz|1(B) := |Dz|jp+(B) = |Dzlip)-(B) for any Borel set B C Q.

Note that [0|Dz]](Q) can be configured as a generalized total variation of z € BV(Q) N L*(Q) by the
possibly sign-changing weight o € H'(Q) N L™(Q).

Remark 3. With regard to the generalized weighted total variations, the following facts are verified in
[25, Section 2].

(Factd) (Strict approximation) Let ¢ € H'(Q) N L™(Q) and z € BV(Q) N L*(Q) be arbitrary fixed
functions, and let {z,},” | C C*(Q) be a sequence such that

Zn — z2in LX(Q) and strictly in BV(Q) as n — oo.

Then
fQIDandx - fd[QlDZH asn — oo,
Q Q

(Fact5) For any z € BV(Q) N L*(Q), the mapping

0€ H( Q) NL Q) — f dlolDz]] € R
Q

is a linear functional, and moreover, if ¢ € H'(Q) N C (ﬁ) and o € H'(Q) N L¥(Q), then

f dlgolD7]] = f ¢ dlolDA].
Q Q

Finally, we mention the notion of functional convergences.

Definition 1 (Mosco convergence; cf. [27]). Let X be an abstract Hilbert space. LetVY : X — (—0c0, 0]
be a proper l.s.c. and convex function, and let {¥,}* | be a sequence of proper Ls.c. and convex func-
tions ¥, : X — (—oo,00], n =1,2,3,.... We say that ¥, —» ¥ on X, in the sense of Mosco, as n — oo,
iff: the following two conditions are fulfilled.
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The condition of lower bound: liminf ¥, (z)) > ¥Y(z°), if z° € X, {£)}>2, € X, and z, — 7° weakly in

n=1

Xasn — oo.

The condition of optimality: for any z* € D(W), there exists a sequence {z,}," | C X such that z; — z°
inX and ¥,(z;,) = Y(z*) asn — co.

Definition 2 (I'-convergence; cf. [9]). Let X be an abstract Hilbert space, ¥ : X — (—o0, 0] be a
proper functional, and {\¥,)} | be a sequence of proper functionals ¥, : X — (—oco,00], n =1,2,3,....
We say that ¥, — ¥ on X, in the sense of I'-convergence, as n — oo, iff. the following two conditions
are fulfilled.

The condition of lower bound: liminf¥,(z;) > ¥(z°), if z° € X, {z;}>2, C X, and z,, — z° (strongly)
inXasn— oo,

The condition of optimality: for any z* € D(W), there exists a sequence {z;}> | C X such that z;, — z°
inX and¥,(z,) — Y(z*) as n — oo.

Remark 4. Note that if the functionals are convex, then Mosco convergence implies I'-convergence,
i.e., the I'-convergence of convex functions can be regarded as a weak version of Mosco convergence.
Additionally, in the T'-convergence of convex functions, we can see the following:

(Fact6) Let ¥ : X — (—oo,00] and ¥, : X — (—o0,00] be proper Ls.c. and convex functions on a
Hilbert space X such that ¥,, — ¥ on X, in the sense of I'-convergence, as n — oo. If it holds

that:
{ (.21 € X2 [zm2 1€ 0¥, in X n=1,2,3,...,

Z, = zin X and z;, — 7" weakly in X, as n — oo,

then [z,7°] € 0¥ in X* and ¥,(z,) — ¥(2) as n — o.
3. Main Theorem and the demonstration scenario

Throughout the paper, we set the following assumptions.

(A1) Let f € L*0,T;L*Q)) and fr € L*(0,T;L*T)) be given functions, and let f* := [f, fr] €
L*(0,T; L*(Q) x L*I)) be a time-dependent vectorial function which is regarded as f* €
L*(0,T;V*), via (2.1) applied to o* = f*(t) for a.e. t > 0.

(A2) Let A € Wié” (R) be a function, and let A, > 0 be a constant which is defined as:

1

= 212
4(1 + Cvl/llwloo(o’l))

by using the embedding constant Cy > 0 of V C L*(Q).

* b

(A3) Let ap € W2 (R?) and @, 8 € C2(R?) be functions, such that:

e « and S8 are convex on R?;

e 5, := inf[ay(R?) U a(R*) U BR?)] > 0;

AIMS Mathematics Volume 2, Issue 1, 161-194



170

e a,(w,0) <0, 5,w,0) <0, a,w,1) >0, and B,(w, 1) > 0, forany w € [0, 1].

(A4) Lety: R — (—o0, 00] be a proper l.s.c. and convex function, such that D(y) = [0, 1].

(A5) Let g € C*(R?) be a function such that
g,(w,0) <0and g,(w,1) >0, for any w € [0, 1].

(A6) There exists a constant c, such that y(w) + g(v) > c,, for any v = [w, 77] € R2.
(A7) Let [ug, vo, 6o] = [ug, wo, no, 6o] 1s a quartet of initial data, such that:

i € L*(Q), w, 7 € H'(Q),

Dy := 1 [it,W,7,0] | 6 € BV(Q) N L®(Q), and ,
0<w,7<1lae.inQ

[u07 Wo, 1o, 90] € ify = O,

D, =Dy N [L*(Q) x H(Q) x H'(Q) x H'(Q)],
ifv> 0.

Now, for simplicity of description, we prepare the following notations:
G(u;v) = G(us w,m) = g(w, 1) + ud(w),
[V&I) = [Vgl(w, n) := [gw(w, 1), &(w, ],
[VGI(u;v) = [VGI(u; w, ) := [gw(w, 1) + ud (W), g,(w, )],

and
{ [Val(v) = [Valw,n) = [a,(w,n), ay(w,n)],

[VBI(v) = [VBIw, ) := [Buw(w,m), By(w, m)],

foru € Randv = [w,n] € R%

For any v > 0 and any v = [w, 7] € [H'(Q) N L¥(Q)]?, we define a proper l.s.c. and convex function

®,(v;-) on L*(Q) by letting:

f dla(v)|D6|] + f BOIDOO) dx,
Q Q
6 € LX(Q) > D, (v;6) = O, (w,1;6) := if € BV(Q) and v € H'(Q),

oo, otherwise.

Additionally, we set:
I+ A,

2
and define a functional .%, on L?(Q)* by letting:

B.: , by using the constant A, as in (A2),

[u,v,6] = [u,w,n, 6] € L2(Q* — F,(u,v,0) = F,(u,w,n,0)

= Bulul} g, + V5 (0) + f (g0) — c.) dx + @,(v; 0),
Q

3.1

(3.2)
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where ‘I’i is the convex function ‘I’fjo in Remark 1 in the case when d = 2 and y, = y. The above
functional .%, is a modified version of the free-energy as in (1.5), and the assumptions (A3)—(A6)
guarantee the non-negativity of this functional, i.e. .%, > 0 on L*(Q)*.

Based on these, we define the solutions to the systems (S),, for v > 0, as follows.

Definition 3. For any v > 0, a quartet [u,v, 0] = [u,w,n,0] € L*(0, T; L*(Q)*) with v = [w, ] is called
a solution to (S),, iff. [u,v, 0] fulfills the following (S1)—(S6).

(S1) ue W'2(0,T; V*) N L=(0, T; L2(Q)) N L*(0, T; V) c C([0, T]; L*(Q)).

(52) v = [w,n] € W20, T; L*(Q)*) N L0, T; H'(Q)?), and
0<w(t,x)<land0<n(t,x)<1,ae. (t,x)€Q.

(S3) 6 € W'(0,T; L*(Q)) N L™(Q), |IDO(H|(Q) € L=(0,T), vd € L=(0,T; H(Q)), and |6] < 6ol
a.e. in Q.

(S4) u satisfies the following variational form:
([u — AW) (1), z) + (Du(t), D)2 + no(u(t), 2)2qr
= (f(1), D12 + no(fr(®), D2y, foranyz eV, anda.e. t € (0,T),
with the initial condition u(0) = uy in L*(Q).
(S5) v = [w,n] satisfies the following two variational forms:

(wi(1) + 2 ()(@) + u®) ' (W(1)), W(t) = @) 120 + (DW(E), D(W(E) — )22
+ Ld[(W(t) — @), (v()|DO()]] + L(W(f) — BVODVO D) dx
+ f y(w(t)) dx < fy(tp)dx, forany ¢ € H'(Q) N L™(Q) and a.e. t € (0, T),
Q Q

and
(1m0 + &)@, 1) ., + (DO, DY)y

+ jg; d[pa,(v()DO@)|] + Llﬁﬁn(v(t))lD(V@)(t)l2 dx =0,
forany y € H'(Q) N L*(Q) and a.e. t € (0, T),
with the initial condition v(0) = [w(0),17(0)] = vy = [wo, 0] in L>(Q)*.

(S6) 0 satisfies the following variational form:

(@o(v(1)0,(2), 0(1) — W)12(0) + DL (V(1); 60(1)) < D, (V(1); W),
for any w € D(®,(v(1);-)) and a.e. t € (0, T),

with the initial condition 6(0) = 6, in L*(Q).
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Remark S. The variational identity in the above (54) can be reformulated as:
[u— AW)] () + Fu(t) = f*(t) inV*, forae. te(0,T). (3.3)
Also, two variational forms in (S5) can be reduced to:
(1) + [VG1I(u;v(0)), v(1) = @) 2(p2
HDV(1), D (1) — @) 2o
+ fg d[IDODI(0) - @) - [Val ()]

(3.4)
+ fQ IDOO)D)P(v(t) - @) - [VBI(v(1)) dx

+ f Y(@)dx < f?’(’w) dx,
Q Q
for any @ = [p,y] € [H'(Q) N L™(Q)]? and a.e. t € (0, T),

by using the identification
y(®) = y(W), forall¥ = [W,ij] € R,

and by using the abbreviation:

[ dtttor 5= [ atgwin+ [ i

Q Q Q 3.5
forv =[w, 7], @ = [¢, ] € [H'(Q) N L°(Q)]?> and 6 € BV(Q) N L*(Q).

Furthermore, the variational form in (S6) is equivalent to the following evolution equation:

ao(v(1))0,(t) + 0D, (v(1); 6(1)) 5 0 in L*(Q), a.e. t € (0,T), (3.6)

governed by the subdifferential 6®,(v(t);-) C L*(Q)? of the time-dependent convex function @, (v(t); ),
forte (0,T).

Now, our Main Theorem is stated as follows.

Main Theorem Letv > 0 be a fixed constant. Then, under (Al)-(A7), the system (S), admits at least
one solution [u,v, 0] = [u,w,n, 8] € L*(0, T; L*(Q)*) withv = [w,7].

Remark 6. Note that the presence of mobilities ay = ay(w,n), @« = a(w,n) and = B(w,n) makes
the uniqueness problems for the systems (S),, v > 0, be quite tough. In fact, even if we overview the
kindred works to this study, we can find only two cases [15, Theorem 2.2] and [40, Theorem 2.2] that
obtained the uniqueness results under some restricted situations.

Finally, we devote the remaining part of this Section to show the sketch of the demonstration sce-
nario, since the proof of the Main Theorem is going to be extended.
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In this paper, the Main Theorem will be obtained as a consequence of some approximating ap-
proaches, and then, the approximating problems will be associated with the time-discretization ver-
sions of (3.3)—(3.6), under positive setting of the constant v. Hence, when we consider the approxi-
mating problems, we suppose v > 0, and fix the constant of time-step 4 € (0, 1]. Also, we denote by
[f1 € LAR; LA(Q)), [frIe* € LAR; L*(D)) and [f*]* € LA(R; V*) the zero-extensions of f, f and f*
(= Lf, fr]), respectively.

On this basis, the approximating problem for our system (S), is denoted by (AP);, and stated as
follows.

(AP);: to find a sequence {[u},v},0/]};2, C Dy with {v/}>, = {[w],n/]};2,, which fulfills that

vV _ v VoV
U — Ui, Wi

1oV i wi—l v «1h : *
L=+ P = (1 i v (3.7)

_(v — vl l’v w)LZ(Q)Z + (Dv D(v:/ - W))LZ(Q)NXZ

+([VG(u};v! — @) + f y(v))dx
“ (3.8)
f v — @) - (IDO_,|[Val(v)) + V'IDO._, P[VBI(v))) dx
< fy(w) dx, for any @w € [H'(Q) N L™(Q)]?,
Q
0;/ - ;/—1 . 2
a/o(vl.V)T +0D,(v/;67) 3 0in L7(Q), (3.9
fori=1,2,3,..., starting from the initial data:

[ug, v, Op] € Dy with v = [wg, mpl.
In the context, for any i € N, [f;1" = [f", f{!;] € L*(Q) x L*(T') (C V*), consists of the components:

ih ih
= ! f [f1&(r)drin LX(Q) and f := ! f [fr18 (1) dr in L2(D).
h Ji-iyn ' h Ji-iyn

Hence, before the proof of Main Theorem, it will be needed to verify the following theorem.

Theorem 1 (Solvability of the approximating problem). There exists a small constant h] € (0,1]
such that if v > 0 and h € (0,h]], then the approximating problem (AP), admits a unique solution
{[u;,v!, 071}, C Dy, and moreover,

A,

_| v _ I/l 1|2

1 , N " v V|2
2h +ﬁ|"i |L2(Q)2+ l @()(6; ~ 0, l)le(g) |M|

(3.10)
+§V(u vl?ez/) < V(u, ]7 i— 17 1)+h|[f |V*’ fori: 1,2’37'--;

where A, is the constant as in (A2).
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However, due to the presence of L'-terms v?|DO,_1[*[VBI(v}) € L'(Q)%, i = 1,2,3,...,in (3.8), the
above Theorem 1 will not be a straightforward consequence of standard variational method, and in fact,

this theorem will be obtained via further approximating approach by means of some relaxed systems
for (AP),.

In the observation of the relaxed system, we first fix a large constant M > (N +2)/2, and fix a small
constant £ € (0, 1] as the relaxation index. Besides, we define

Dy =D, N [LAH(Q) x HY(Q) x H'(Q) x HY(Q)],

and for any ¥ € L?(Q)?, we define a relaxed functional @ (v;-) for O, (¥; ), by letting:

2

~. & 2 i M
0 c L2(Q) N d)"(f) 0) - (I)V(V9 9) + E|0|HM(Q), lfg e H (Q),

oo, otherwise.
Note that for any # € L*(Q)?, the functional @Y (¥; - ) 1s proper L.s.c. and convex on L*(Q), such that:
D(®)(¥;-)) = HY(Q) c W' (Q),

and hence, the L*-subdifferential A®Y(¥; - ) is a maximal monotone graph in L*(Q)*.
On this basis, we denote by (RX), the relaxed system for (AP);, and prescribe the system (RX), as
follows.

(RX),: to find a sequence {[u;’i, V.o 9;,[]};’21 C Dy with {v;’i}jil = {[WZ,,-’ 77“;1.]};.’21, which fulfills that
v._uv‘ WV-—WV-
= S X w - S P, =[] iV (3.11)
&i ;i—l
AW+ Oyl ) + [VG]W v
h N &,l 7( g,l) [ ]( &, g,t) (312)
+De!,_ | |[Val(v?,) + VD6, PIVBIV.,) 3 0 in LA(Q),
(v )2 _h =L 60X 50,) 3 0 in LA(Q), (3.13)

fori=1,2,3,..., starting from the initial data:

[ 05 V.00 O20] € Dy Withw) o = [w] o, 1, ]

Then, we can see that
DO\l € L™(Q) and v’|DE.,_ | P[VBI(W,,) € L*(Q), i=1,2,3,....

It implies that the general theories of L*-subdifferentials will be available for the relaxed system (RX),.
Thus, it will be needed to verify the following proposition, as the first task to proving the Main
Theorem.

Proposition 1. There exists a small constant hi € (0,11, such that if h € (0,h],
then the system (RX), admits a unique solution {[u’ .,v’ ,0 1}, C Dy with {v’ }2 =

g’ gi’ Teidli=1 g,ili=1
[ee]

{[W;’i’ ns,i]v}i=1-
In view of these, we set the demonstration scenario of the Main Theorem, by assigning the proofs
of Proposition 1, Theorem 1 and Main Theorem to Sections 4, 5 and 6, respectively.

AIMS Mathematics Volume 2, Issue 1, 161-194



175

4. Proof of Proposition 1

Before we start the proof, we need to show some lemmas.
Lemma 1. Let us put A* := [0, 1] X [=1,2] € R?, and let us assume

1
0<h<h:= . 4.1)

B 2(1 +1gle2aey + 5|/l|%v2»w(o,1))

Let us fix fy € V*, [ug,n5, we, 651 € L*(Q) x H'(Q) x H'(Q) x W'*(Q) and w° € H'(Q), and let us
assume that 0 < wg, w® < 1 a.e. in Q. Then, the following auxiliary system:

u—ug Rl ..
; -A(w )T+Fu:f0 in V*, 4.2)

o

w=w,

h

- ANW + 87(W) + gw(W, 77) (43)
+a, (W, DIDG;| + VB (w, mIDO* 3 = (W)u in L*(Q),

n=1
h

—Ayn + 01 () + g,(w,n) 4.4)
+a,(w, m|DO| + VB, (w, IDE* = 0 in L*(L),

admits a unique solution [u,w,n] € V x H'(Q)?, where 0l|_, 5, is the subdifferential of the indicator
Sfunction I;_ ) : R — {0, oo} on the compact interval [—-1, 2], and this is an additional term to guarantee
the boundedness of the range n(Q) for the component n.

Proof. First, we put:
e:=u—-AW)w, e = uy—A'(W)wg, and vj = [wg, 751,

W, 7] € R > y* 0, 7) := y(W) + -1 (7)),
and reformulate the system {(4.2)—(4.4)} as follows:

o

e—e

- O 4 Fle+ X W)w) = f; in V7, (4.5)
V=V, )
— + G‘Py. v) + [Vglw,n) “6)
HDBIVal) + IDGRITBIr) > | 1A iy oy, |

where W7, is the functional W  as in Remark 1 (Ex.2), in the case when d = 2 and y, = ¥* on R?,
and 0‘1’3. is the subdifferential of ‘I’i in L?(Q)?. Then, in the light of Remark 1, we can associate the
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auxiliary system {(4.2)—(4.4)} with a minimization problem for the following functional:
[e,v] = [e,w,n] € V' X L*(Q)? — Yow®se,v) = ¥i(w e, w,m)

2

1 02
—|€ - eolv* + LZ(Q)

1 02 1 ’ o
"M —|V - volLZ(Q)Z + Ele + A4 (W )Wl

2h

+97.(v) + f (a(»)|DE]| + vV*B)|DE?) dx
0 4.7)

v [ g0rdx=(fen
Q
if [e,v] = [e,w, 7] € L*(Q) X D(‘Pi.),

oo, otherwise,

via its stationary system {(4.5)—(4.6)}. Then, taking into account (A2)—(A6), (4.1) and (4.7), we find a
positive constant C;, independent of the variables [e, v] = [e, w, 7] and w°, such that:

Wow*; e,v) > Collel}s g, + Wl g — 1), forall [e,v] € DCY5(w°; -)). (4.8)

Now, the above coercivity enables us to apply the standard minimization argument to W§ (cf. [3,
10]), and to obtain the solution [u, w,n] = [e + A’ (W*)w, w, 7] to {(4.2)—(4.4)}, via the minimizer [e,v] =
[e,w,n] € V x H'(Q)? of ¥§(w°; ), withv = [w, 7] € D(‘Pi.).

In the meantime, the uniqueness can be seen by using the standard method, i.e. by taking the
difference of two solutions [ey, vi] = [ex, wi, 7] € V* X LA(Q)* with v = [wy, 1] € D(¥3), k = 1,2,
to the stationary system {(4.5)—(4.6)}. In fact, multiplying the both sides of the subtraction of (4.5) by
e, — e, in V*, multiplying the both sides of the subtraction of (4.6) by v; — v, in L*(Q)?, and using
(A2)—(AS), (4.8) and Schwartz’s inequality, we have:

1 1
Fler = ealf + - (1= AIVgllwroqn ) 91 = valfaq

2 o 2
HDW1 = Vo)l g + (1 = €2) + W )(w1 = wa)l ) < 0.

4.9)

Since the assumption (4.1) implies (1 — A|[Vg]lyie@ey) = %, we can deduce from (4.9) the uniqueness
for the system {(4.2)—(4.4)}. O O

Lemma 2. Let w° € H'(Q) be the function as in Lemma 1, and let W(w®;-) be the functional on
V* x L2(Q)? given in (4.7). Also, let us take a sequence (w2} C H'(Q) such that 0 < w° < 1 a.e.

n=1

inQ, forn =1,2,3,..., and let us define a sequence {'¥}(w,; )}~ , of functionals on V* X L*(Q)%, by
putting w° = w;, in (4.7), forn = 1,2,3,.... Besides, let us assume that:
w, — W’ in the pointwise sense a.e. in Q, as n — . (4.10)

Then, ¥i(w,;-) = ¥i(w°;-) on V* X L*(Q)?, in the sense of T-convergence, as n — oo.

Proof. The condition of lower-bound will be seen, immediately, from the lower semi-continuity of the
following functional (of 4-variables):

[W°, e,v] € L*(Q) X V* X L*(Q)* - ¥5(w’; e,v) € (0, c0].
The condition of optimality will be verified by taking the singleton {[e, v]} for any [e,v] € D(‘¥{(w°;-))

= D(¥j(w,;-)) for all n > 1 as the sequence corresponding to {z;} >, in Definition 2. O O
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Lemma 3. Under the assumptions as in the previous Lemmas 1-2, let us take the solution [e,v] =
le,w,n] € V x H'(Q)? to the stationary system {(4.5)—(4.6)} with v = [w,n], and for any n € N, let
us denote by [e,,v,] = [en, Wp,11,] € V X H'(Q)? the solution to {(4.5)—(4.6)} with v, = [w,,1,], when
w® = w;. Then, the assumption (4.10) implies that:

[€n, vn] = [em Wi, nn] - [e, V] = [6, w, 77] inV* x LZ(Q)Z,

“4.11)
and weakly in L*(Q) x H'(Q)?, as n — oo.

Proof. In the light of Lemma 1 (including the proof), we can see that:
Yo(we; e, v) = Yo(w’; e, w, i) < Wi(0°;0,0,0)
(e} 1 o] o]
< C7 1= (€5l + Pile) + £ @(¥(O)] + 1300, 0))

+a(0, 0)[65 w1 + v2B(0, 0)62 (4.12)

H'(Q)’
for any w° € H'(Q) with 0 < W° < 1 a.e. in Q, and
any solution [é, V] = [é, W, 7]] to {(4.5)—(4.6)} with ¥ = [W, 7] when w°® = W°.
Since the constant C7 is independent of the choice of w°, the convergence (4.11) will be observed by

taking into account (4.8), (4.12) and the uniqueness for {(4.5)—(4.6)}, and by applying Lemma 2, and
the general theories of the compact embeddings (cf. [3, 11]) and the I" convergence (cf. [9]). O O

Lemma 4. Let hS be the constant as in (4.1). Let f; € V*, uj € LX(Q), v, = [wg.myl € H (Q)? and
65 € Wh(Q) be the functions as in Lemma 1. Then, for any h € (0, h3), the following system:

u—u L W= wg ..
—— - AW)———+Fu=fyinV* 4.13)
h h
! _hvo Ay + (9)/(()w) + [Vgl)
_Vwu (4.14)
+DEi|[Val(v) + vleﬁglz[Vﬁ](v) E) [ 0 ] in L>(Q)?,

admits at least one solution [u,v] = [u,w,n] € V x H'(Q)* withv = [w, n].
Proof. Let us set a compact set K} in L*(Q), by letting:

0<w<1lae. inQ,and

1 ~ 012 1 ~12
K} :={ we H(Q) EW’ ~ Wolp2q) + §|DW|L2(Q>N ,

o 1 o ]
< CF +lel 2@ + il + lf 1
and let us consider an operator P} : K} — L*(Q), which maps any w° € K7 to the component w of the
solution [u, w,n] € VxH (Q)x H'(Q) to {(4.2)—(4.4)}. Then, on account of (A3), (A6), Lemma 3, (4.7)
and (4.12), it will be seen that P}K} C K? and P?$ is a continuous operator in the topology of L*(Q).
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So, applying Schauder’s fixed point theorem, we find a fixed point w* € K7 for P}, i.e. w* = Piw® in
L*(Q).

Now, let us denote by [u®,w*,1°] € V x HY(Q) x H'(Q) the solution to {(4.2)—(4.4)}, involved in
the fixed point w®. Then, this triplet [©°, w®, n°] must be a special solution to {(4.2)—(4.4)} such that
w* = w°. Hence, our remaining task will be to show that

0<n*<lae. inQ, (4.15)
namely, the subdifferential dI|_, ,; in (4.4) will not affect for 1°. To this end, we check two inequalities:

0-np
h
1 —mn;
h
with use of the assumptions (A3), (A5) and 0 < nj < 1 a.e. in Q.

On this basis, let us take the difference from (4.16) to (4.4) when n = n* and w = w° = w* (resp.
from (4.4) to (4.17) when n = ® and w = w° = w*), and multiply the both sides by [-1°]" (resp. by
[7° — 1]7). Then, with the assumptions (A3), (A5) and 01|, 5;(0) = {0} (resp. 0I|_; (1) = {0}) in mind,
it is inferred that:

+ g,(w*,0) + |D|a,(w*, 0) + V| Dy *B,(w*, 0) < 0in L*(Q), (4.16)

+ g,(w*, 1) + DO, (w*, 1) + VDB, (w", 1) > 0 in L*(Q), 4.17)

(1= Algmlean) [1=1"T 2y + 1PI=7"T" 220y <O
(4.18)

S = S

(resp. (1 - h|g7m|C(A')) I7* — 117 iz(Q) +|D[n" — 1]+|iz(Q)N < 0).
Since the assumption (4.1) implies 1 — Alg,,lca) = %, we can deduce (4.15) from (4.18), and conclude
that the triplet [©°®,v*] = [u®,n®, w*] with v* := [w®,n*] solves the system {(4.13)—(4.14)}. O O

Lemma 5. Let f; € V* and 6] € HM(Q) be fixed functions, and let [u,v] = [u,w,n] € Vx H'(Q)? be a
solution to the system {(4.13)—(4.14)} with v = [w, n]. Then, the inclusion

(o]

ao(")— 0 4+ 00¥(v;0) 3 0 in LX(Q) (4.19)

admits a unique solution 8 € HY(Q).

Proof. We omit the proof, because this lemma is obtained, immediately, just as a direct consequence
of [31, Lemma 3.4]. O m]

Lemma 6. Under the assumption (4.1), let us take a quartet [u,v,0] = [u,w,n,0] € Dy withy =
[w,n] € H'(Q)?, which solves the coupled system {(4.13)—(4.14),(4.19)}. Then, the following energy-
inequality holds:

A, . 1 . 1 .
%lld - uo'%/* + %lv - VOEZ(Q)Z + El VCI’()(V)(G - 90)'22(9)
(4.20)

h
+§|u|2v + . F(u,v,0) < FLug,ve, 05) + hlfy e
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where A, > 0 is the constant as in (A2), and .7 is the relaxed version of the functional .%,, defined as:

[u,v,0] = [u,w,n,0] € LX(Q)* — F)Y(u,v,0) = F)(u,w,1,6)

(4.21)
= Bulul}q, + 5 0) + f (g0) — c.) dx + ®Y(v; ),
Q
with the constant B, = (1 + A,)/2 as in (3.1).
Proof. First, let us rewrite the equation (4.13) as follows:
(M - MS, Z)LZ(Q) + h(Fl/l, Z> = h(fg, Z> (4 22)
+H (W)W = W), Dz, forany z €V, '
and let us put z = u. Then, by using Schwarz’s inequality, we have:
1 2 h 2 1 0|2 h %2 ’ o
Elule(Q) + Elulv < Eluole(g) + Elfo |V* + (/l (W)(W - W0)7 I/l)LZ(Q). (423)
Alternatively, if we rewrite the equation (4.13) to:
1 [e] * * % * 1 7’ o *
5 =g, Dy + 2wy = (f5, 2y + L (A W)W = wp), v,
for any 7" € V*,
and put z* = A,(u — ug) € V, then we also see that:
A* o A* A* o ¢ 1 o
ﬁm —ugly. + 7|u|§2(g) < 7|u0|§2(g) + A + mw ~Wiltqy (4.24)

Next, let us multiply the both sides of the inclusion (4.14) by v —vg. Then, in the light of (A2)—(AS)
and Taylor’s theorem, we infer that:

(. h ) |
A (1 - §|g|c2([0,1]2)) v — vOliZ(Q)Z + Eleliz(Q)Nxz + L)’(W) dx + Lg(") dx

+ f a(v)|D6j| dx + v* f BO)|DE;* dx
Q Q

! (4.25)
S ElegliZ(Q)NXZ + L')’(WB) d'x + ‘ng(v?)) d'x
+ f a(v)IDE;| dx + v f BONIDE > dx — (X (W)(w — W), ) 2c-
Q Q
Furthermore, applying the both sides of (4.19) by 6 — 6, it follows that:
1 o
7| Vo) - 0N + LV 60) < OV 67). (4.26)

Now, since (4.1) implies 1 — 2|glc2¢o,1122 > 3, the energy-inequality (4.20) can be obtained by taking

the sum of (4.23)-(4.26) with (A2) in mind. O O
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Lemma 7. By the restriction 1 < N < 3 of the spatial dimension, there exists a positive constant Cs,
such that under the notations and assumptions as in Lemma 6, the condition:

. 1
Coh (1 + 2(F) (S, v, 60) + KIS 12.)3) < 5+ and 0 < h < 3, (4.27)

implies the uniqueness of the solution [u,v, 0] = [u, w,n, 0] € Dy, to the system {(4.13)—(4.14), (4.19)}
withv = [w,n].

Proof. In the light of the uniqueness of § as in Lemma 5, it is enough to focus only on the uniqueness
for the component [u,v] = [u,w,n] € V x H'(Q)*> with v = [w,n]. To this end, we take two triplets
[, Vil = (U, Wi, k] € Dy with v, = [wy, ], k = 1,2, that fulfill (4.13)—(4.14).

First, with the equivalence of (4.13) and (4.22) in mind, we take the difference between two varia-
tional forms (4.22) for uy, k = 1,2, and put z = u; — u, in V. Then:

2

2
12(Q) + hlu; — M2|v = (/l/(Wl)Wl - /1’(W2)W2, uy — u2)L2(Q)

|y — us
—((A'(wy) — /l,(Wz))WS, up — Mz)LZ(Q),
so that by using (A2) and Schwarz’s inequality, we have:

2

2
Zlul - u2|L2(Q)

Wl’”(O,l)lwl - W2|2 (428)

2
+ hluy — sy, < 3|A) @)

Secondly, let us take the difference between two inclusions (4.14) for v = [wy, ], K = 1,2, and
multiply the both sides by v, — v, in L?>(Q)?. Then, by using (A2)—(A5) and Schwarz’s inequality, it is
computed that:

1 2 2
A (1 - h|[Vg]|cl([0,1]2)2) V1 =valpaqp + 1DO1 = V2l
< =W whuy = AWz, wi = wa) 2 4.29)
< enlun = walz@)wi — walz) + (ui(X'(wy) = ' (W2)), wi = w2) 2q
1 2 2 2 2
< glul - u2|L2(g) + 2|/l/|Lw(0,1)|Wl - W2|L2(Q) + |/1H|L°°(0,1) lur|lwi — wa|” dx.
o

Here, the dimensional restriction 1 < N < 3 and the assumption (4.27) enable to apply the analytic
technique as in [19, Lemma 3.1], and to find a constant C5 > 0, independent of / and triplets [ug, v;]
and [ug,vi], kK = 1,2, such that:
144 1 o 3
A Loy fg il = waPdx < SIDOV = w2z, + €31+l = walfsg, (4.30)

Furthermore, under (4.27), the inequality (4.20) enables to derive that:

o 4 2 ord 2 2 1 5
C2(1 + |M1|V)|W1 - W2|L2(Q) = Czhg(hg + (hlul|v)3) : ]Tl|wl - W2|L2(Q)
ol s v [¢) o o sk = 1
< C3h3(1 + 2(Z0 i, vi, 63) + hif;5)7) - vy = walpy g, (4.31)
< E'Wl - W2|22(Q)-
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Now, taking sum of (4.28)—(4.29) with (4.30)—(4.31) in mind, we obtain that:

§|M1 M2|Lz(Q) + hluy — u2|%/
1(1
s (5 — h(lglexop) + S n g 1))) Y1 = Vol (4.32)

1 2
+§|D(V1 - v2)|L2(Q)N><2 < 0.

This implies the required uniqueness, because 5 — h(gle2qoapy + 5|/1|W2°° o, 1)) > 0 follows from the
assumption (4.1) and (4.27). O O

Proof of Proposition 1. Let us take a positive constant /5 defined by (4.1). Let us set a positive
constant /g, so small to satisfy that:

2

3 1 o o
C3(hS)3 (1 + 2(F2 (s, v3, 65) + KL IS 2 orw)d) < 5 and 0 < hi < .
Then, from (4.20), it will be observed that:
Cohi(1 + 2(3”(%, RN 1) + hILFTEDT)

< G331+ 2T Wy 0 Vi 0Oy + BALE TR + 102 1"R))

- < C5 h3(1 + 2(%1/(”80, Lo 9(19/0) + |[f ]ex 2 (433)

Z(OTV)) )

<z, foralO<h<hj(<hj)andi=1,2,3,....

| =

In view of this, the Proposition 1 will be concluded by means of the following algorithm.
(Step0) Let i € (0,hg], leti = 1, and let [u] 0 80,9;0] € Dy.

(Step 1) Obtain the quartet [u],, v}, 0, ,] € Dy as the unique solution to the system {(4.13)—(4.14),
(4.19)}, by applying Lemmas 4—7 to the case when:

fo = in Ve ug = ), in LA(Q),
v =v.._ in H(Q)?and 6 = 6, , in HY(Q).

(Step 2) Iterate the value of i and return to (Step 1).

Note that (4.33) let the assumption / € (0, i3] be a uniform condition to make sense (Step 1), for all
i=1,2,3,.... O

5. Proof of Theorem 1
Let us set 4] := hj i.e. the constant as in Proposition 1, and let us fix v > 0, & € (0, 47] and the initial
value [ug, vy, 6] = [ug, wg, 5,01 € Dy with v = [wy, 777]. Besides, we recall the following lemmas

obtained in [31].
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Lemma 8. (cf. [31, Lemma 4.1]) Assume v° € [H'(Q) N L=(Q)]%, Vilo<es1 C[H Q) N L2(Q))?, and
{ v, — v° in the pointwise sense a.e. in Q as € | 0,

v2}o<e<1 is bounded in L2(Q)>.

Then, for the sequence of convex functions {®.(vy; - )}o<e<1, it holds that P/ (vy;-) — ©,(v°;-) on L*(Q),
in the sense of Mosco, as € | 0.

Lemma 9. (cf. [31, Lemma 4.2]) Assume that

v° € [H'(Q) N L Q) {voceat C [H(Q) N LZ(Q)%,
{V2}o<e<1 is bounded in L™ (Q)?,

vy — v° in the pointwise sense, a.e. in Q, as € | 0,

and

6° — 6 in L2(Q) and ©/(v2; 6°) — ,(v°;6°), as & | 0.
Then, 82 — 6° in H'(Q) and €82 — 0 in HY(Q), as € | 0.

{ 6° € H'(Q), {8)0<ec1 € H'(Q),

Lemma 10. (cf. [31, Lemma 4.4]) Let v° € [H'(Q) N L(Q)]* and 6}, 6; € H'(Q) be fixed functions,
and let [0,07], [0, 0] € L*(Q)? be pairs of functions such that

. 1 s
[6,6°] € 0D, (v°;-) in L*(Q)* and Fao() O =) + 0 < 0ae inQ,
(5.1)
. 1 A A A
[6,60] € 8D, (v°;-) in L*(Q)? and an(v")(e -0)+6 >0ae inQ,

respectively. Then, it follows that

| Vao)I8 — 017, ) < | Vao®I6; — 5117,
and therefore, if 62 < @8 in Q, then the inequality 6 < 8 a.e. in Q also follows from (A3).

Moreover, if the both inequalities in (5.1) hold as equalities, then:

| Va0 ()0 ~ O}, ) < I Vao™)(E; — O
i.e. 05 =0 implies0=0in L(Q).

Based on these, we divide the proof of Theorem 1 in two parts: the part of existence; the part of
uniqueness and energy inequality.

The part of existence. Letv > 0 be a fixed constant. By Lemma 8, there exists a sequence {@LO}OQES 1 C
HM(Q) such that

0., — 6y in H'(Q) and ®L(vg; 0. ) — ©,(vy; 6p) as € | 0.
So, by virtue of Proposition 1 we can take a class {[i&” ;, V" é:;,i] |i € N, g € (0, 1]} consisting of solu-

&1’ &’

tions {[@1);, ¥, . 67 1}, = [, W), 77 02,112, € Dy to (RX), with {77}, = {[W), 77 1}, starting

&,i’ g’ &,
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from the initial data [”;,0’ Vz,o’ 9;,0] = [ug, vy 9;0] for 0 < € < 1. Then, with Lemma 6 and the algorithm
(Step 0)—(Step 2) in mind, we remark the following energy-inequality:

A* ~y ~ 1 ~V ~V 1 SV NV a\4

ﬂms,i T Ugig [+ 2_|vs,i T Veio |iz(g)2 + E| ao(V; )0, — eg,i—l)liZ(Q)

~v v Vi~V ~v nv * 5.2
vs,i’ 98,1‘) < yg (us,i—l’ vs,i—l’ es,i—l) + h|[~fl ]h|%/*’ ( )

&,

h
+§|a;,i|2v + F(i)
forall0<e<landi=1,2,3,....

In the light of (A3)-(A6), (4.21) and (5.2), the class {[ﬂ;i, 17‘8’,1., é;,i] |i e N, £ € (0,1]} is bounded in
V x H'(Q). Therefore, applying a diagonal argument and the general theories of compactness (cf.
[3, 11]), we find sequences {&,}>, € (0, 11, {[u}, v}, 071}, = {[u), w], 1), 01}, € Vx H'(Q)* X H'(Q),

with {v?}* = {[w!,n]},, such that

1>g>--->g,l0asn — oo,

i), := @, , — ! in L*(Q), weakly in V as n — oo,
v, =¥, > v/in L*(Q)*, weakly in H'(Q)?, weakly- = in L®(Q)?,

and in the pointwise sense a.e. in {2, as n — oo, (5.3)

6, =0, — 6 in [*(Q), weakly in H'(Q)
and in the pointwise sense a.e. in {2, as n — oo,

O0<w/<land0<np/<lae. inQ; foralli=0,1,2,....

Moreover, by (3.13), (5.3), Lemmas 8-9 and Remark 4 (Fact 6), we infer that

1 .
(67, —Zao(v;)(ey — 0" )] € 0D,(v);-) in LA(Q)?,

in>in i

and snéiy’n — 01in HY(Q), as n — oo,

Also, since
[c,0] € dD,(v);-) in L*(Q)?, forallceRandi=0,1,2,...,

it is observed that

0] <10 |1~ (resp. 6] > —|0)_,|.~)) a.e. in Q, for any i € N,

i—

by applying Lemma 10 as the case when

o

v
Vi,

T =
Il

0 =071, 05 =10/ |~ (resp. 65 = =16} |1~ ) = 0)))s

i—

v ovo 1 A A 4
[6,6°] = 6], —Zao(v,-v)(ﬂ-v =61 (resp. [0,6°] = [0 1=, OD),

A AL AN Ax Va 1 v 4 V
[0,6°] = [10)_;|r~(, 0] |resp. [0,67] = [Qi,—zao("i)(@ —-0_D]|-
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Having in mind (A2)—(AS), (3.11)—(3.12) and (5.3)—(5.4), we can see that

1

1 ’ 4 Vv 4 v
E(”; - M}’_p Z)LZ(Q) - Z(/l (W,-)(W,- - Wi_l),Z)H(Q) + (Mi’Z)V

N P | _ g
= lim —(l/l;:n - u:'/—l,n’ Z)LZ(Q) - Z(/Y(W:n)(w:n - W}/—l,n)’ Z)LZ(Q) + (l/t;-:n’ Z)V]

n—oo h
=(f1.z), foranyz e Vandi=1,2,3,...,

and

(Dv],D(y; — @)) 2o + f yw))dx — f v(p)dx
Q Q

n—oo

< liminf(D¥;,, DV}, — @)) 2w + liminf f yW!,)dx — f v(p)dx
n—oo Q i Q

< lim sup(D¥;,,, D(V;,, — @)) 2 + liminf f YW}, )dx — f v(p)dx
n—oeo Jo ’ Q

n—oo

(1 - - oy -
< - ’}1m (E(VZ” =V 1V, - @) ear t+ f[VG](uZn; v (], - w)dx)
—00 Q

(5.5)
— lim f([VCV](f’}/nNDé}’_l AT 1/2[Vﬁ](f)}’n)IDél‘.’_1 n|2) - (¥, — w)dx
s 0 S . ; , )

< 507 V! = @) - [ IVGID - 0] -
Q
- [[avaonier 1+ ATBIODIDEL ) - 0] -
Q

forany @ = [@,y] € [H'(Q) N L°(Q)]*,and i = 1,2,3,....

The above calculations imply that the limiting sequence {[u!, v, 6]}, is a solution to the approximat-
ing system (AP)}. a

The part of uniqueness and energy inequality. By putting @ = v} in (5.5), for i € N, one can see
from (5.3) that:

2 s v 2 . v 2
|Dv;}|L2(Q>N><2 S h}lll)loglf |Dv:{n|L2(Q)N><2 S hm Sup |Dv}/’n|L2(Q)Nx2
n— oo
< ’}im(DﬁZn, Dv)) 2 e + f yw!)dx — li’r1n inf f y(Ow;,) dx (5.6)
—00 Q —00 Q
< |va|iz(Q)NX2, fori=1,2,3,....

By the convergences (5.3) and (5.6), the uniform convexity of L>-based topologies enable to say:

7, — v in H(Q)*asn — oo, fori =1,2,3,.... (5.7)

L,

Hence, the energy-inequality (3.10) will be obtained, immediately, by putting € = g, in (5.2), forn € N,
and letting n — oo with (5.3) and (5.7) in mind.
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In the meantime, we note that the condition (4.33) is still available in the proof of Theorem 1. Also,
the regularity 6 € HM(Q) will not necessary in the calculations (4.29)—(4.32), and the line of these
calculations will work even if 65 € H'(Q).

In view of these, the verification part of the uniqueness for (AP); will be a slight modification of
that as in (Step 1) in the previous section. Then, the principal modifications will be to replace the
application parts of Lemma 5 and the energy-inequality (4.20), by those of Lemma 10 and (3.10),
respectively. O

6. Proof of Main Theorem

Let v > 0 be a fixed constant, and let 4] € (0, 1] be the constant as in Theorem 1. Also, we refer to
[31] to recall the following lemma.

Lemma 11. (I'-convergence; [31, Lemma 6.2]) Assume v* € [H'(Q) N L™(Q)]?, {¥}ss0 C [H'(Q) N
L¥(Q))?, and

{ vy — v*® in the pointwise sense, a.e. in L, as v | 0,

{vs}ss0 is bounded in L¥(Q)%.

Then, for the sequence of convex functions {®y(v3; - )lyo, it holds that ®y(v5;-) — Do(v®;-) on L*(Q),
in the sense of I'-convergence, as v | 0.

Based on Lemma 11 and [31, Remark 6.1], we take a sequence {ﬁg}%o c H'(Q), such that:
67| < 160l a.€. in Q, for any ¥ > 0,

and
9% — 6 in LA(Q) and @;(vo; #)) — Dop(vo; 6p), as ¥ | 0, if v =0,
198 =6, in H'(Q) for v > 0, if v > 0,
and for any h € (0,A;] and any ¥ € (0,v + 1], let us take the solution {[u],v}, 61}, to (AP); with

w2, = {w!,n1}2,, under the initial condition [uy, v}, 651 = [uo,vo, 9] € Dy with vy = [wy,ny] =
[wo, no]. As is easily seen,

Fy:= sup F(ug,vo, Jp) < 0.

0<y<v+1

For any h € (0,h]] and any v € (0, v + 1], we define the following time-interpolations:

L@ = i@, fra®] = L1 = U, A1 in V* (in LA(Q) x LAID)),
forall > 0 and 0 < i € Z satistying t € ((i — 1)h, ih],
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and y ) ~ o o
[@) (1), 9, (1), 8, (1)] = [, (1), wy(0), 7,(0), 6, (D] := [ul,¥}, 671 in L2(Q)*,

forallr > 0 and 0 < i € Z satisfying t € ((i — 1)h, ih],

[},(0), ¥3,(0, 8,01 = [}, (0, Wi (D), 7 (1), €, (O) := [u_y, v}, 6] in LX(Q)Y,
forall > 0 and O < i € Z satisfying t € [(i — 1)h, ih),

(36 (1),,(0), 6;(1)] = [16, (1), W, (D), 7, (1), 6, ()]

h — y - y —(-Dh
= L 0 0, 0, 0]+ b

forall t > 0 and 0 < i € Z satistying t € [(i — 1)h, ih).

6.1)

w,v!,0']in L2(Q)*,

1

Besides, we define:
{ 129,01 € Dy | 1Bl < l0lio@ }»ifv =0,
DV(QO) = o~ - .
{ [i,V,0] € D, ‘ 10l2) < 160l } itv >0,
and we note that:
([ (1), %) (1), 8, (D)), [}, (0), v (), O10)], [@] (), %7 (0), 87 ()]}
C D,(6p), forallt>0,0<h<hijand0 <V <v+1.

Then, from the energy-inequality (3.10) in Theorem 1, it is checked that

A (1, A A
5 f |Gey)elv- dr+ 3 f (DA qpdT + f | V@ @O}, dT

1 t—v —3 —v 7V v ' *
+§f Iuh(T)IzvdT+?v(uh,vhﬁh)(t)Sa“%(zh,l_’h,Qh)(SHf fr@ly.dr
forall0<s<tr<T,0<h<hjand0O<V<v+1,

and additionally, from (A1)—(A6) and (3.2), it follows that

Bl (D172, + %|Dv,f<r>|iz(g)m +6.(1DB, (D)(Q) + 1DF8, (D2 r2)
<T@, 7,00V F(@ll,, v, 67)(0) 6.2)
<F/:=Fj+ |f*|i2(0,T;V*)’ foral0<t<Tand0 <V <v+1.
Based on these, one can see that:

(#1) the class {u; | h € (0,h3], ¥ € (0,v + 1]} is bounded in the space W'2(0, T; V*) N C([0, T1; L*(Q))
AL2(0,T: V).

(#2) the class {v) |h € (0,hS], ¥ € (0,v + 1]} is bounded in the space W'*(0, T; L*(©2)*) N L=(0, T;
H' () N L*(Q)*.
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(#3) the class {/H\Vlh € (0,h3], ¥ € (0,v + 11} is bounded in the space W'?(0,T; L*(Q)) N L™(Q),
and {(I)V(vh, )|h € (0,n7], v € (O,v + 1]} is bounded in L*=(0,T), i.e. {|D§hv( Q) | h €

(0,h7], v € (0,v + 1]} is bounded in L*(0, T'), and {D(v@h) |h € (0,hS], ¥ € (0,v + 1]} is bounded
in L=(0, T; L2(Q)M).

Hence, by applying the general theories of compactness, as in [2, 3, 11, 33], we find a quartet of
functions [u,v,0] = [u,w,n,0] € L*(0,T; L*(Q)*) with v = [w, 7] and sequences {h,}>, C (0, k] and
{va};2, € (0,v + 1], with the subsequences:

{[ﬁn,gn,én]}f;l = {[ﬁn,wn,ﬁn,an]};o:l = {[uh ,l_/'};'; eh ]}n y
{lu,v,.0,1h2 =1lu, W1 01K, =[] ) ’V;:l’evn]}n ;

{[ﬁna/v\m en]}zozl = {mn’ wmﬁna en]};ozl = { uhn91;’hna6;n]}f:1’

such that:
hi>h >hy>--->h, | O0Oand v, - v,asn — oo, (6.3)

ue W0, T; V)N L=, T; L*(Q) N L*0,T; V) c C([0, T]; L*(Q)),

v e WH(0,T; L*(Q)*) N L¥(0, T; H'(Q)*) N L™(Q)’,

0 € W20, T; L2(Q)) N L¥(Q), ®,(v;6) € L~(0,T), (6.4)
[u(r),v(1),0(t)] € D,(6)) forall t > 0,

[M(O), V(O), 0(0)] = [uo’ Yo, 90] in LZ(Q)4’

u, — uin L*(I; L*(Q)), weakly in W"(I; V*),
weakly-* in L>(I; V),

v, — vin C(I; L*(Q)%), weakly in W'"2(I; L2(Q)?),
weakly-* in L(I; H'(Q)?) and weakly-* in L*(Q)?, (6.5)

6, — 01in C(I; LA(Q)), weakly in W'X(I; LX(Q)),
weakly-* in L*(Q),

va6, — vO weakly in L2(I; H'(Q)),
o = frin LV (i, fra,] = U ] in L1 L2(Q) x LA(I))), (6.6)

as n — oo, for any open interval / C (0, T), and

(1) = u(t) and u, (1) — u(r) in L*(Q), weakly in V,

vu(t) = v(t) and v (1) — v(1) in L*(Q)?, weakly in H'(Q)*
and weakly-* in L*(Q)?, 6.7)

0,(1) = 6(r) in L*(Q), weakly-+ in BV(Q),

VB (t) — vO(t) weakly in H'(Q),

asn — oo forae. t € (0, 7).
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Now, we recall some lemmas which will act key-roles in the proof of Main Theorem.

Lemma 12. Let I C (0,T) be an open interval, and let v > 0 and {v,}; | be the sequence as in (6.3).
Let ¢ € L*(I; L*(Q)) be a function such that

IDECHIQ) € LY(T) and v € L(I; H(Q)).

Then, there exists a sequence {Zn},‘f’:1 cC OO(é), such that:

& — Lin (I LA(9Y), ff|DZn(f)|dX— fd|D§(f)|' dt — 0,
11Ja o
and v,l, — v{ in L*(I; H(Q)), asn — co.

Proof. When v > 0, the standard C*-approximation in L*(I; H'(Q)) will correspond to the required
sequence. Meanwhile, when v = 0, this lemma is verified by taking the C*-approximation as in [25,
Lemma 5] and [29, Remark 2], and by applying the diagonal argument as in [25, Lemma 8]. O O

Lemma 13. Let I C (0,T) be any open interval. Assume that
0 € C(I; LX(Q) N L>(I; H'(Q)), logo € L*(I x Q),
on € C(I; LX(Q)) N L®(I; H'(Q)), logo, € L*(I x Q), forn=1,2,3,...,
0.(t) = o(t) in L*(Q) and weakly in H'(Q) as n — oo, for a.e. t € I,

and
£ € L*(I; L*(Q) with |DL(-)|(Q) € L'(I),
{2, € L2 L(Q) with {ID&, (I}, < L'(D),
L) = (@) in L2 (Q)asn — oo, a.e tel

Then the following items hold.
(1) The functions:

tel- fd[g(t)lD{(t)l] dtandtel - fd[gn(t)lD{,,(t)l]dt, forn=1,2,3,...,
Q Q

are integrable, and

lim inf f f dlo.(DIDE,(D)[] dt = f f dlo()|D{(1)l] dt.
n—eo 1JQ 1JQ

(1) If:
ff dlo.(OIDE(Dl] dt — ff dlo()ID{ (D)l dt as n — oo
1Ja 1Ja
and
weL*(H' Q)N LY X Q), {walr, C L>(I; H'(Q)) N LI x Q),
{{wn}‘fl is a bounded sequence in L (I X Q),
wu(t) = w(t) in L*(Q) and weakly in H'(Q) as n — oo, a.e. t € I,
then

f f W DIDL(D) dxdi — f f d[wOIDLD] as n — oo.
1 JQ 1 JQ
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Proof. This lemma is verified, immediately, as a consequence of [26, Lemmas 4.2-4.4] (see also [25,
Section 2]). O O

Proof of Main Theorem. We show that the quartet [u, v, 0] = [u, w,n,0] € L*(0, T; L>(Q)*) as in (6.4)
fulfills the conditions (S1)—(S6) in Definition 3. Then, since (6.4) directly guarantees the conditions
(S1)—(S3), we focus on the verifications of remaining (S4)—(S6).

To this end, let us fix arbitrary open interval I C (0,7), and let us review (3.7)—(3.9) and (6.1), to
check that:

f((@)x(ﬂd) dr + f(ﬁn(f),Z)v dt = f(/l'(Wn(l‘))(Wn)t(f),Z)Lz(g) dt

' ' ! 6.8)

+ f(f,;‘n(t),@dt, foranyze Vandn =1,2,3,...,
1

f, ()i(0), F() — @) el

+ f, (DF, (), DF,(0) - )2y d

+ f, (VG 7)(0), (1) — @)yt

v f, fg [ValG,(0) - Gut) - @)DA, (Ol (6.9)
2 f, fg [VBIG(1) - G(t) — @)DB, (1)l

+ f f y(w,(t))dxdt < f f v(p)dxdt,
1Ja 1Ja

forany @ = [p,y] € [H'(Q) N L(Q))>andn = 1,2,3,...,

and

fl (@0t @)(1), 0u(t) = L) 2t

+ f f a(,(£)| DO, (1) dxdt + v* f f BE.())|D6,(1)]* dxdt
1JQ 1 JQ

< ff a@,(DL(D)| dxdt + v, ffﬁ(‘_’n(f))|D§(f)|2 dxdt
1Ja 1Ja
forany ¢ € L*(I; H'(Q))and n = 1,2,3,....

(6.10)

Now, let us first take the limit of (6.10) as n — oo. Then, from (A3), (§2)—(#3), (6.4)—(6.5), (6.7)
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and Lemma 13 (I), it is seen that

fl (@o(v())0,(1), 0(t) — L(D) 12 dt + fl O, (v(1); 0(1)) dt
< lim f (@) (0)i(0), 6,(1) = L) 200y dt
n—=ee Jg

+liminf [ f f a(,(1)|DB, ()| dxdt + f f ﬁ(vn(t))|D(v,,Z)n)(t)|2dxdt]
I1JQ I1JQ

n—oo

< lim [ f f (v, (1))|D(1)] dxdt + f f ﬁ(in(t))lD(vné)(t)lzdxdt]
el Jrda 1Ja

= fd)y(v(t);g“(t)) dt, for any £ € L*(I; H'(Q)).

1

Since the open interval I C (0, T') is arbitrary, the above inequality implies that

(@o((1)0,(1), (1) — W) 120 + P, (W(1); 0(1)) < D, (¥(1); W)
for any w € H'(Q) and a.e. t € (0, T).

Additionally, in the light of Remark 3 (Fact4), we can say the above inequality holds for w € BV(Q2) N
L*(Q). Thus, (S6) is verified.

Next, with (6.4) and Lemma 12 in mind, let us take a sequence {én};":] C C*( x Q) such that
6, — 0 in L*(I; L*(Q)), f |D@,| dxdt — f d\DO(t)| dt,
I I
Va0, — v0in L*(I; H'(Q)), as n — oo,

Then, putting £ = 6, in (6.10) and letting n — oo, it is observed from (§2)—(#3), (6.4)—(6.5), (6.7) and
Lemma 13 that:

f f dla(v(1)|DO(D)|] dt + f f BEONDOO)D) dxdt
I JQ 1JQ

< liminf f f a(T;,,(t))lDén(tM dxdt + lim inf f f ,8(6,1(t))lD(v,,@n)(t)|2 dxdt
1Ja n—co 1JQ

n—oo

< limsup [ f f a(,()|DB,(1)|dx dt + f f ﬁ(v,,(t))|D(v,,5,,)(t)|2dxdz]
1JQ 1JQ

n—oo

< lim [ f f a(@,(1))|DB,(1)|dx dt + f f ,B(E,,(t))lD(vnén)(t)lzdxdt]
n—=ee |l Jrda 1Ja

- lim ﬁ (@) (O)i(0), Bu(1) = Bu(1) 2 it

= f f dla(v()IDO(1)]] dt + f f BEONDOO)D) dxd.
I1JQ 1JQ

The above inequality implies that:

lim ff a(?n(t))lDén(t)ldxdt:ffd[a(v(t))lDO(t)l]dt, (6.11)
1Ja 1Ja

n—oo
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and
lim ffﬁ(gn(t))|D(Vn§n)(t)|2dth = ff,@(v(t))lD(vH)(t)lZ dt. (6.12)
n—ee JrJda 1JQ

By virtue of (§2)—(#3), (6.4)—(6.5), (6.7) and (6.11), we can apply Lemma 13 to see that:

f f |DO,,(1)|dxdt — f f d\DO(1)| dt, as n — co.
1JQ 1JQ

Besides, (6.1)—(6.2) and (6.5) enable to check:

f f \D6,|dxdt — f f D8 |dxdt
1Ja 1Ja 0.

and (6.5), (6.7) and the above convergence further enable to show that:

tim [ [ 3,0~ @) 1a1G,0)ID8, 0l
1JQ

n—oo

= ff d((v,(t) — @) - [Va](v(£)|DO@)|]dt for any @ € [H'(Q) N L*(Q)]?,
1Ja

2F)

< h, > 0, asn — oo,

(6.13)

by applying Lemma 13 (II).
Similarly, from (6.12) and the uniform convexity of L*-based topology, one can see that

VB@)D(,0,) — BOVD(O) in LA(I; LA(Q)V), and hence
D(v,6,) = D) in L*(I; L*(Q)Y), as n — oo.
Besides, (6.1)—(6.2) and (6.5) enable to check:

f f |D(v,0,)/dxdt — f f IDO,0,)I* dxdt
1JQ I1JQ

and the above convergence further enables to show that:
D(v,0) — D(v) in L*(I; L*(Q)"), and hence
vn — @) - [VBIW,)D(v,8,)
— (v = @) - [VBI»)D(0) in LX(I; L*(Q)"),
for any @ € [H'(Q) N L*(Q)]?, as n — oo.
With (A2)—(A5), (H1)—(#3), (6.4)—(6.5), (6.7), (6.13)—~(6.14) and lower semi-continuity of L>-norm
in mind, letting n — oo in (6.9) yields that:

f;(vt(t), v(t) — @) 2 qpdt + I(Dv(t), D((t) — @)) 2 adt

4
*

<

h, — 0, asn — oo,

*

(6.14)

¥ f, fQ Yw(D)doxdr + fl (IVGIw(): (1)), (1) — @) zpdt
" f, fQ dl((t) - @) - [Val(w(1)| D) ldt (6.15)
" f, fQ [VBI(®)) - (1) — @)V (v0)Pdxdlt

< fl fQ y(@)dxdt, for any @ = [¢,¢] € [H'(Q) N L=(Q)]>.
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Finally, taking the limit of (6.8), and applying (6.5)—(6.7), one can see that:

f (u (1), 2y dt + f (u(t),z)y dt = f (A W)W, 2) 120 dt
! ! ! (6.16)

+ f(f*(t),z) dt, foranyzeV.
1

Since the open interval I c (0,7) is arbitrary, the conditions (S4)—(S5) will be verified by taking
into account (6.4) and (6.15)—(6.16). O
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