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1 Introduction
At 1963, E.N. Lorenz presented the first chaotic system, now called the Lorenz chaotic
attractor, which can be formulated as follows [1]:

X=0(Y -X),
Y=pX-Y-XZ (11)
7 =—-rZ +XY.

Since then, chaotic attractors attract more and more interest, and many other chaotic
attractors have been given, such as Rossler system [2], Chua’s circuit [3], Chen system [4],
Lii system [5], T system [6], and so on. Various dynamical behaviors of chaotic systems
are revealed. Recently, there has been increasing attention about hidden attractors because
of their rich but distinctive dynamical behaviors [7-15]. Chaos becomes more and more
popular notion in the nonlinear science.

The main purpose of the article is to study the Hopf bifurcation of the following system

given by [16]:

x=y,
¥ = mx — ny — mxz — px°, (1.2)

z=—az+ bx?,
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where m,n,p,a,b € R are parameters of system (1.2). The Lorenz system (1.1) can be
transformed into system (1.2) by the change of variables x = V2X, y = ﬁ(X + g), z=
XFZ +(p-1)Zwitha=-r,b= %, m=0o(p-1),p=1,n=0 +1. System (1.2) was in-
troduced recently in [16] as the extended Lorenz system. Few results are reported on this
system so far. In [16], the authors studied the birth of the Lorenz attractor in the extended
Lorenz system and revealed relations between the extended Lorenz system and the Lorenz
system.

The extended Lorenz system (1.2) is invariant under the transformation (x,y,z) —
(=x, -y, 2). So the orbits of system (1.2) are symmetric with respect to the z-axis. The ori-

gin O(0,0,0) is an equilibrium of system (1.2) regardless the values of the parameters.

If ap + bm # 0 and —2%— > 0, then the system has two other equilibria A(xo,0,z) and

ap+bm —
01 0
A'(=x9,0,z9) with xg = a;”;m and zp = apb:Zm' The Jacobian matrix at O is (yg —On _(L )
with the eigenvalues %«/nz +4m — %n, —%\/nz +4m — %n, and —a. This implies that, for

2 . . . . .
m < "¢, the Jacobian matrix has a pair of complex eigenvalues. If additionally we assume

that a > 0, then the system may undergo a Hopf bifurcation around O at the critical value
n=0.

This paper is organized as follows. In Section 2, we analyze the Hopf bifurcation of the
extended Lorenz system at the origin. In Section 3, we study the Hopf bifurcation at the
nontrivial equilibria A and A’. Numerical simulations illustrate the validity of the theoret-

ical analysis in the last sections.

2 Hopf bifurcation of the origin

In this section, we analyze the Hopf bifurcation at the origin of coordinates.

Theorem 1 If

n=0, m< 0, a>0,
then the extended Lorenz system (1.2) undergoes Hopf bifurcation at the origin. When b < 0,
the Hopf bifurcation is supercritical, whereas if b > 0, then the Hopf bifurcation is subcrit-
ical. When b = 0, the extended Lorenz system (1.2) has no limit cycles near the origin of

coordinates.

Proof Whenever m < —%, system (1.2) has a pair of conjugate complex eigenvalues

1 1 1 1
A= —ont Ei —(n* + 4m), Ay = _En_ii —(n? +4m),
and a real eigenvalue A3 := —a. Hence, system (1.2) has a simple pair of purely imaginary

eigenvalues as # = 0 and no other eigenvalues with zero real parts since a # 0. Therefore,
condition (H1) of Theorem 3.4.2 in [17], pp. 151-152, is satisfied. Next, it is obvious that

d Re(kl)
dn

=——<0,
n=0 2

so that condition (H2) of Theorem 3.4.2 in [17], pp. 151-152, is also satisfied.
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We further compute the first Lyapunov coefficient.

By applying the linear change

X 1 0 0 u
y| = —%n —%V—n2—4m 0 %
z 0 0 1 w

we transform system (1.2) into

i —1in -IV-n2—4m 0 u 0
3
. _ 1 2 1 2pu” +2muw
v]=|sv-n2-4m —zn 0 v | + | B
2 2 V-n2-4m
W 0 0 —a) \w bu?

Moreover, let i = u + i v, where i* = —1, from which it follows that 7§ = u — iv, u = %_, and

v= % After a simple calculation, we have

ﬁ=<—%n+£«/—n2—4M>n+ . (g(n+ﬁ>3+mw(n+ﬁ)),
oA (2.1)

b
W=-aw + Z(nz +2nn + ﬁz).
When n = 0, m = —w? <0 (w > 0 is an arbitrary real constant), and a # 0, system (2.1)
satisfies the center manifold theorem [18]. Thus, the center manifold W* has the repre-
sentation

1 o1
w=W(n,7) = Ewwf +wnni + Ewozﬂz +0(Inl) (2.2)

with unknown w;; € C. Since W must be real, wy; is real, and wyo = woy.

Let us rewrite system (2.1) at n = 0:

0 = /=mni+ 57507+ 7)* + mw(n + 7)),

(2.3)
W= —aw+ 2(n* + 207 + 7%).
Substituting (2.2) into (2.3), and using (2.3);, we get, at the quadratic level,
. b b ) b
(a + 2i/—m)wyg = X awn = o (a—2i/-m)wgy = 7
Thus,
Wogo = b wi = b Wo2 = b
207 Na+2i/=m) "o " Ya-2ig=m)’
and the center manifold W* is
w=W( ﬁ)=$n2+ﬁnﬁ+7ﬁ2+0(|nﬁ) (2.4)
’ 4(a + 2i/—m) 2a 4(a - 2i/—m) ’ ’
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Now the restriction of (2.3) to its center manifold, up to cubic terms, can be written as
follows:

o i p,._ b N5 (3 b b O\,
"“m”+m[<4+4(a+zim)>" +(4 +2a+4<a+2iﬁ>)" !

3p b b\, (p b\
+(4+2ﬂ+4(ﬂ—2wﬁ)>m7 +<4+4(a_2im))"]+ o 29

where we omit higher-order terms when considering the Hopf bifurcation.

Now we can compute the first Lyapunov coefficient. There are three methods to com-
pute the Lyapunov constant: the Poincaré map, the Poincaré formal series, and the norm
form method. According to Han’s book [19], pp. 25-40, these three methods are equivalent
to each other, and the Lyapunov constants obtained by the methods are the same up to a
positive constant. Here we adopt the formal series method because it is easier to compute
by algebra system.

+1)

Using the relationship # = 2 and v = =2, we have

i =—s/—-mv,

. 2a3p+a’b—damp—2bm) _ 3 ) 4by—m o 4
V=./-mu+ o Wt T VT B WVt o@r*),

(2.6)

where r = Vu? +12.

By using the Maple program edited according to the formal series algorithm we obtain
the first Lyapunov constant

b
2/—m(a? — 4m)

and the formal series

L= (27)

(@®p + a*b - damp — 2 bm)u*

F=u’+vV+
ma(a? — 4 m)

bulv buv® 2bv*

¥ Jom(a—4m) —m(a? - 4m) T2 —am

Since m < 0, the denominator of (2.7) is positive, so L; and the parameter b have the
same sign. Thus, we have the result of the second part of Theorem 1.

When b = 0, the center manifold of system (1.2) is w = 0, and the restriction of system
(1.2) in the center manifold becomes

x=y, j/:mx—ny—px3. (2.8)

If n = 0, then system (2.8) is a Hamilton system with the Hamiltonian function H(x,y) =
39> — 2 + Ex*. There exists a family of periodic orbits given by L, : H(x,y) = h, h €
(0, +00). Because the limit cycle is an isolated periodic orbit, system (2.8) and, equivalently,
system (1.2) have no limit cycles in this case. If n # 0, then limit cycles also do not exist
because H = —ny? is a constant function. The last part of Theorem 1 is proved. O

To illustrate the conclusion, we show in Figure 1 the limit cycle in the phase space for
a=1,b=-1,m=-1(n=0,p=2).
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y x

Figure 1 The limit cycle of the extended Lorenz system;a=1,b=-1,m=-1.

3 Hopf bifurcation of the nontrivial equilibria
Now we analyze the Hopf bifurcation at the nontrivial equilibria A’(—xo,0,z¢) and

bm
ap+bm*

am
ap+bm

A(xo,0,29), where xo = and zg = Due to the symmetry, we only analyze
the equilibrium A(xy, 0, z).
First, we move the equilibrium to the origin of the coordinates under the following

change of variables:
X =x-x, Y=y, Z=2z-2.
The extended Lorenz system (1.2) thus becomes:

X=v,
Y =29 X nY — mxoZ - 3pxoX: — mXZ — pX3, (3.1

~ ap+bm

7 =2bxoX — aZ + bX>.

The Jacobian matrix of the linearization of system (3.1) at the origin is

0 1 0
2amp
~ ap+bm —n. —mxo

2bx, 0 —-a

with the characteristic equation

PR =23 +ar? +axh +as =0, (3.2)
where
2amp
a=a+mn, a,=an+ ——, as = 2am.
ap + bm

When we consider the Hopf bifurcation of a system at an equilibrium, we hope that the
Jacobian matrix of the linear part of the system at the equilibrium has a pair of purely imag-
inary eigenvalues and no other eigenvalues with zero real part. As to three-dimensional
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system, this means that the characteristic polynomial of the Jacobian matrix should be
formulated as P(X) = (A + p1)(A2 + py) with p; # 0 and p, > 0. Expanding this form, we
know that p; and p, are the coefficients at A% and A, respectively, and the constant term of
the polynomial is p;p,. At this moment, the three eigenvalues of the Jacobian matrix are
A =—p1 and Ay3 = £i,/py [20]. By this fact we have the following proposition.

Proposition1 The polynomial (3.2) has two purely imaginary roots ifand only ifa,a, = as,
a, 70, and a, > 0, that is,

2apm 2abm?
a+n#0, an + >0 p= . (3.3)
ap + bm 2amn + a*n + a’n?
In this case, the roots are Ay = —a — n and ka3 = tiw, where w = Jan + szn.

We choose the parameter p as the bifurcation parameter. Setting A = A(p) and applying
dapr

the implicit function theorem to (3.2), we have Z—; = —% and
ar
di an®*(2m + a? + an)?
Rel — = #0
ap |5 o p- 2atyn?_ b(an + 2m)(anl + 2mn3 + 2a®m + 4am?)
2amn+a® n+a*n

3

2+ an #0, where L = 8am + a® + 4a’n + 8mn + dan’® + n°.

whenever an #0 and 2m + a
Next, we computer the first Lyapunov constant of system (3.1).
We consider system (3.1) at the critical parameter values (3.3) and perform the linear

change
X 1 0 1 u
YI|= 0 w -a-n v,
Z 2aqxy —2wgqxy -2 %xo w

where g = ﬁ. Then system (3.1) becomes

u 0 - 0 u 0
V]i=|lew o0 0 vi+|Gcuv,w)l|, (3.4)
7% 0 0 -a-n) \W HU,V,W)

where

G(U,V, W) = — Bpxo + 2amqxo)U* + 2mqox UV
2bmx
uw

- (6px0 + 2amgxy —

2bmxg 9
+ 2mqwxo VW — | 3pxo — w
n

— pl® = 3pll*W - 3pUW? — pW?,

H(U,V,W)=b(U*+2UW + W?).
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Introduce & = U +iV,& = U —iV,where i =—1. Then U = % and V = % We transform

system (3.4) into the complex form

E=wki+g (&8 W) +igE,EW), 35)
W =—(a+n)W +h(,E W), ’
where
_ 1 9 1 — —
aé,&w)= Ewquof - Ewquof —omgxo§ W + o mgxo§ W,
- 3 1 3 1 _
£(EEW)= (—pro - iﬂquxo)éz + <—Zl9xo - iﬂquxo)gz
bmxg 9 3 —
+{2—— =3pxo |W* + aquxo—gpxo £¢&
n
bmxy bmx —
+ —3pxg —amgxy |EW + | —— =3 pxo —amgxy |EW
n n
I 5 1 - 3 3 2z 3 .o
_Z - —pw3_Z -z
819& 819& )4 8195 § 819&%‘
2w = 2 pwe - Spwie - 2pwE - 2 pwiek
41’7 417 217 219 219 )
_ 1 _ _
h(E,E, W) = Zb(g2 F2EEHE +AEW +AEW +4W2).
The center manifold W° now has the representation
- 1 -1 _
W=W(EEW)= §W2052 + Wi + §W02‘§2 +O(1&1%). (3.6)

Thus, we have
W = Wk + WinEE + Wigé + Wk + O(161%).
Substituting equation (3.5); into the last formula, we get
W = Waowit> - Wowig” + O(I€ ).

According to equation (3.5),, the differential of W reads

. 1 1 1 1 1 1 -
— —b—— _ - 2 —b—— _ = 2
W (4 2ﬂWzo 2"‘”20)5 + (4 2aW02 2”‘”02)5

+ (%b —aWn - an)E«g +O(I€P).

The two formulas are identical, and we equate the coefficients to get

b b b

w- Wi=——, Wopp=—""-—.
20 1 2(a + n) 02 2(a + n) — dwi

- 2a +n) + dwi’
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Thus, we obtain the representation of center manifold W*¢

bE? bEE bE?
+

3
4(a+n) +8wi 2(a+n) " 4(a + n) — 8wi +O(IgF) (37)

W= W(Er é: W) =
and the restriction of system (3.5) to the center manifold
£ = wEi+go&” + guEE + g02E” + g30E> + gnE’E + gEE” + goz€” + O(IE, 1),

where

1 . .
= —wmqgxy — i—amqgxgy — i—pxy,
£20 ) qxo ) qxo 4P0

, 3
g1 = —lamgxgy — zipxo,

1 , .
= ——wmqgxy — i-amqxy — L—pxo,
802 260 qxo 12 qxo l4po

w bmagxg iabmaxq ib*mx 3 ibpxy 1.
830 = T — t N N o W
da+n+2iw) 4a+n+2ivw) 4dn(@+n+22iv) 4d(a+n+2iow) 8

w bmgxg iabmgx ib*mxq 3ibpxg 3.
&1 = N — t N R 4
da+n+2iw) 4a+n+2iw) dn@+n+22iv) 4dla+n+2iow) 8

ib’mxy  wbmgx, 3ibpxy  iabmgxob
+ - - )
2u(a+n) 2a+n) 2a+n) 2a+n)

o bmagxy iabmagxg ib*mx, 3ibpxg
=- - +
g d(-a-n+2iw) d(-a-n+2iw) 4dn(-a-n+2iw) 4(-a-n+22iw)
3 ib’mxo  wbmgxy 3ibpxy iabmgxob
- —ip+ - - - ,
8 2u(a+n) 2a+n) 2a+n) 2a+n)
. wobmgx iabmagx ib*mx
803 A Ca—n+2i0)  Mca-n+2iw) dn-a-n+2io)

3ibpxy 1.
t———————— — —ip.
4(—(a+n)+2iw) 8

Returning to the real form, we have

U=-wV,
’ N 2 3 2 2 3 4 (3'8)
V:a)LI+k20U +k11UV+k3()U +k21LI V+k12LIV +k03V +O(7’ ),

where the coefficients k;; are given as follows:
koo = —(2amq + 3p)xo, ki = 2qmaxy,

1
n(a + n)(a® +2an + n? + 4 w?

kso = — ) (2 agbmnqxo + agpn + 4a2qu0bn2
+6a’pxobn — 2b*mxoa® + 3a’pn® + 4 abmnw’gxy + 4 apnw® — 4 ab®mnx,

+ 2amqgxobn® + 3 apn® + 12 apxobn® + 4 pn*w* — 4 B*mxow? + 12 bnw*pxy

—20?mnPxg + pr* + 6px0bn3),
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2w bxo(a’magn + 6 apn — 2 abm + 6 pn® — 2 mgnw? — 2 bmn — mgn®)

k21:_

’

n(a +n)(a? +2an + n? + 4 w?)

4w’ bxo(bm — 3 pn + mqn?) ‘ 4w®bmagx
03

12 =(a+n)(a2+2¢m+n2+4w2)'

- n(a+n)(a? +2an +n? + 4w?)’
By using the formal series method we find the first Lyapunov constant

_ X0 (1(1 + ](2960)
' dnw(a + n)((a + n)? + 40?)’

where

K = bmn®qo — 6bpn*w + 8bgmnw® — 6abnpw + 2nmb*w — bgmna*w + 2ab*mow,
Ky = 2am®n*q* + 3mn'pq + 9amn®pq + 6> m* > ¢* + 9a’ mn’pq + 64> m*n® ¢*

2.2 2

+ 12mn’pqo?® + 8am*n*¢*w* + 3mnpqa®

+ 12amnpqw2 + 2nm2a4q2 + 8nm2a2q2a)2.

Therefore, we have the following:

Page 9 of 10

Theorem 2 If L; # 0, then the extended Lorenz system (1.2) undergoes Hopf bifurcation
at the equilibrium A. When L, < 0, the Hopf bifurcation is supercritical, and system has

a stable limit cycle. When L, > 0, the Hopf bifurcation is subcritical, and system has an

unstable limit cycle.

Due to the symmetry, the same result can be obtained at the other nontrivial equilib-

rium A’. So we find two limit cycles around the two equilibria A and A’, respectively.

To illustrate this conclusion, we show in Figure 2 the limit cycle around the equilib-

rium A in the phase space for a =1, b =2, m = 3, n = 2, p = 2. The initial value is

(0.7124,0.7124, 0.85). In this case, the first Lyapunov constant is L; = 0.6826072569.

004~

002-_|

001 |

001 |

002~

003

004

M

A ]

x
Y

Figure 2 The limit cycle around A(xp, 0, Z9) of the extended Lorenz system,a=1,b=2,m=3,n=2,
p=2.

0me 004 002 0 002 004 -0.06
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4 Conclusion

In this paper, we analyze the existence of Hopf bifurcation in an extended Lorenz sys-
tem. We show that a nondegenerate Hopf bifurcation arises at each of the three equi-
librium points, the origin and two other nontrivial symmetric equilibria. We find totally
three limit cycles, one for each of the equilibria. In each case, we reduce the system to a
two-dimensional center manifold and compute the first Lyapunov constant L;. Due to the
complex form of the analytic expression of the Lyapunov constant and the multitude of
parameters, we cannot fully analyze the sign of L; at the nontrivial equilibria. We illustrate
the results by numerical simulation using Matlab R2012a for some particular parameters.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The idea of this research was introduced by the second author. The first author made the main contributions to the
specific computation and proof. The third author provided the numerical simulations.

Author details

'Department of Mathematics, Shanghai Normal University, Shanghai, China. 2Department of Mathematics, Hubei
University of Science and Technology, Hubei, China. *Department of Mathematics, Politehnica University of Timisoara,
Timisoara, Romania. *School of Mathematics, Southwest Jiaotong University, Sichuan, China.

Acknowledgements
The paper was supported by FP7-PEOPLE-2012-IRSES-316338.

Received: 25 July 2016 Accepted: 14 January 2017 Published online: 25 January 2017

References
1. Lorenz, EN: Deterministic nonperiodic flow. J. Atmos. Sci. 20, 130-141 (1963)
2. Rossler, O: An equation for hyperchaos. Phys. Lett. A 2-3, 155-157 (1979)
3. Chua, L, Komura, M, Matsumoto, T: The double scroll family. IEEE Trans. Circuit Syst. | 33, 1072-1118 (1986)
4. Chen, G, Ueta, T: Yet another chaotic attractor. Int. J. Bifurc. Chaos 9, 1465-1466 (1999)
5. LG, J, Chen, G: A new chaotic attractor coined. Int. J. Bifurc. Chaos 12, 659-661 (2002)
6. Tigan, G: On a three-dimensional differential system. Mat. Bilt. 30, 9-16 (2006)
7. Kuznetsov, AP, Kuznetsov, SP, Stankevich, NV: A simple autonomous quasiperiodic self-oscillator. Commun. Nonlinear
Sci. Numer. Simul. 15 1676-1681 (2010)
8. Kuznetsov, NV, Leonov, GA, Vagaitsev, VI: Analytical-numerical method for attractor localization of generalized Chua’s
system. In: 4th Int. Workshop on Periodic Control Systems, vol. 4, pp. 29-33 (2010)
9. Kuznetsov, NV, Kuznetsova, OA, Leonov, GA, Vagaytsev, VI: Hidden attractor in Chua’s circuits. In: ICINCO 2011 - Proc.
8th Int. Conf. Informatics in Control, Automation and Robotics, pp. 27-283 (2011)
10. Kuznetsov, NV, Leonov, GA, Seledzhi, SM: Hidden oscillations in nonlinear control systems. In: Proc. 18th IFAC World
Congress, vol. 18, pp. 2506-2510 (2011)
11. Wei, Z, Wang, R, Liu, A: A new finding of the existence of hidden hyperchaotic attractors with no equilibria. Math.
Comput. Simul. 100, 13-23 (2014)
12. Wei, Z, Zhang, W: Hidden Hyperchaotic Attractors in a Modified Lorenz-Stenflo System with Only One Stable
Equilibrium. Int. J. Bifurc. Chaos 24(10), 1450627 (2014)
13. Wei, Z, Zhang, W, Wang, Z, Yao, M: Hidden attractors and dynamical behaviors in a extended Rikitake system. Int. J.
Bifurc. Chaos 25(2), 1550028) (2015)
14. Wei, Z, Yu, P, Zhang, W, Yao, M: Study of hidden attractors, multiple limit cycles from Hopf bifurcation and
boundedness of motion in the generalized hyperchaotic Rabinovich system. Nonlinear Dyn. 82, 131-141 (2015)
15. Wei, Z, Zhang, W, Yao, M: On the periodic orbit bifurcating from one single non-hyperbolic equilibrium in a chaotic
jerk system. Nonlinear Dyn. 82, 1251-1258 (2015)
16. Ovsyannikov, |, Turaev, D: Lorenz attractors and Shilnikov criterion. ArXiv preprint (2015). arXiv:1508.07565
17. Guckenheimer, J, Holmes, P: Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields. Springer,
New York (1983)
18. Kuznetsov, Y: Elements of Applied Bifurcation Theory. Springer, New York (1995)
19. Han, M: Bifurcation Theory of Limit Cycles. Science Press, Beijing (2013)
20. Liu, W: Criterion of Hopf bifurcations without using eigenvalues. J. Math. Anal. Appl. 182, 250-256 (1994)


http://arxiv.org/abs/arXiv:1508.07565

	Hopf bifurcations in an extended Lorenz system
	Abstract
	MSC
	Keywords

	Introduction
	Hopf bifurcation of the origin
	Hopf bifurcation of the nontrivial equilibria
	Conclusion
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


