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Abstract

In this article, we study the existence and uniqueness of solutions for multi-strip
fractional g-integral boundary value problems of nonlinear fractional g-difference
equations. By using the Banach contraction principle, Krasnoselskii's fixed point
theorem, Leray-Schauder’s nonlinear alternative and Leray-Schauder degree theory
some interesting results are obtained. Some examples are presented to illustrate the
results.
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1 Introduction
In this article, we investigate the following nonlinear fractional g-difference equation for

multi-strip fractional g-integral boundary condition:

Dgu(t) =f(t,u(®)), t€(0,T), @)
w0) =0, w(T) =7 vilg wli, = X villy () = I u(n),
where 1< <2,0<q,4;<1,8>0,0<1n;<§<T,y,eRforalli=1,2,...,m are given
constants, D is the fractional g-derivative of Riemann-Liouville type of order a, Iff is the
fractional g;-integral of order 8; and f : [0, T] x R — R is a continuous function.
q-Difference calculus or quantum calculus was initiated by Jackson [1]. Basic defini-
tions and properties of quantum calculus can be found in the book [2]. The fractional g-
difference calculus had its origin in the works by Al-Salam [3] and Agarwal [4]. For some
recent work on the subject, we refer to [5-12] and the references cited therein.

Strip conditions appear in the mathematical modeling of certain real world problems.
For motivation, discussion on multi-strip boundary conditions, examples and a consistent
bibliography on these problems, we refer to the papers [13—20] and the references therein.
As it is pointed out in [20], the boundary condition in (1.1) can be interpreted in the sense
that a controller at the right-end of the considered interval is influenced by a discrete
distribution of finite many nonintersecting strips of arbitrary length expressed in terms of
fractional integral boundary conditions.
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The significance of investigating problem (1.1) is that the multi-strip fractional g-integral
boundary condition is very general and includes many conditions as special cases. In par-
ticular, if 8; =1 for i =1,2,...,m, then the condition of (1.1) is reduced to the multi-strip

g-integral condition as follows:

& &

Em
u(s)dg,s + yzf u(s)dg,s+---+ ym/ u(s)dy,,s.

2 Nm

u(0) =0, Mﬂ=mf
n

1

Moreover, we emphasize that we have different quantum numbers and as far as we know
this is new in the literature.

The rest of the paper is organized as follows. In Section 2 we briefly give some basic nota-
tions, definitions and lemmas. In Section 3 we collect some auxiliary results needed in the
proofs of our main results. Section 4 contains the main results concerning existence and
uniqueness results for problem (1.1), which are shown by applying the Banach contraction
principle, Krasnoselskii’s fixed point theorem, Leray-Schauder’s nonlinear alternative and
Leray-Schauder degree theory. Some examples are presented in Section 5 to illustrate the

results.

2 Preliminaries
To make this paper self-contained, below we recall some known facts on fractional g-
calculus. The presentation here can be found in, for example, [21, 22].

For g € (0,1), define

1=

lal, = . acR. (2.1)

The g-analogue of the power function (a — b)* with k € Ny := {0,1,2,...} is

—

@-09=1,  (@-»®=[[(a-b¢), keNabeR. (2.2)
0

More generally, if y € R, then

oo

0~ T Lt
(a-b)" _m/[oll—(b/a)qy”’ a#0. (2.3)

Note if b = 0, then a') = a”. We also use the notation 00) = 0 for y > 0. The g-gamma
function is defined by

(1-gq)"

Aot “ERMO-L=2, (2.4)

(%)

Obviously, T'y(x + 1) = [#],T(x).
The g-derivative of a function / is defined by

h(x) — h(gx)

(Do) ===

forx 70 and (Dy)(0) = lim(D,h)(x), (2.5)
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and g-derivatives of higher order are given by
(Dgh)(x) =h(x) and (D];h)(x) =D, (Df;‘lh)(x), keN. (2.6)

The g-integral of a function / defined on the interval [0, b] is given by

Izh)(x) = /0 h(s)dgs = x(1 - q) Z h(xqi)qi, x € [0,b]. (2.7)

i=0

If a € [0,b] and & is defined in the interval [0, b], then its integral from a to b is defined by

/bh(s) dgs = ‘/obh(s) dgs — /Oa h(s) dgs. (2.8)
Similar to derivatives, an operator I,’I‘ is given by

(Ion)(x) = h(x) and  (I3h)(x) = I, (I, ') (x), k€N, (2.9)
The fundamental theorem of calculus applies to these operators D, and I, i.e.,

(Dgl h)(x) = h(x), (2.10)
and if /1 is continuous at x = 0, then

(I;Dgh)(x) = h(x) — h(0). (2.11)

Definition 2.1 Let v > 0 and / be a function defined on [0, T]. The fractional g-integral
of Riemann-Liouville type is given by (If;h)(x) = h(x) and

1 x
(I;h)(x) = m /0 (x—qs)" Vh(s)d,s, v>0,x€[0,T]. (2.12)

Definition 2.2 The fractional g-derivative of Riemann-Liouville type of order v > 0 is
defined by (Dgh)(x) = h(x) and

(Dyh)(x) = (DL h) (), v >0, (2.13)
where / is the smallest integer greater than or equal to v.

Definition 2.3 For any x,s > 0,
1
B,(x,5) = [ V(L = qu)o du (2.14)
0

is called the g-beta function.
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From [2], the expression of g-beta function in terms of the g-gamma function can be writ-

ten as

_ Fq(x) Fq(s)

By(xs) = [y +5)

Lemma 2.4 [4] Let o, B > 0 and f be a function defined in [0, T]. Then the following for-
mulas hold:

(1) U1 @) = U5 f)),

(2) (D)) = f ).

Lemma 2.5 [22] Let o > 0 and v be a positive integer. Then the following equality holds:

v-1 a—v+k

(12D4f)0) = (D)@ - Y =

Py Jo+k—-v+1)

(DEf)(0). (2.15)

3 Some auxiliary lemmas
Lemma 3.1 Let o, 8 >0 and 0 < q < 1. Then we have

n
/ (n—gs)* Vs dys = n*PBy(a, B +1). 3.1)
0

Proof Using the definitions of g-analogue of power function and g-beta function, we have

n [o¢]
/0 (1-48) V5P dys = 1= > q" (- ang”)“ ™ (na")’
n=0
o0
=@-gn Y g (1-aq") P
n=0

00
=(1- q)na+ﬁ an (1 _ qqn)(ol—l)qnﬁ
n=0

1
= ;7‘”/3/ (1 —gs) Vs ds
0

= "By, B +1).
The proof is complete. d

Lemma 3.2 Let o, >0 and 0 < p,q <1. Then we have

[ . . “P Tp(e)Tp(B +1)
) D~ gD g v = ] P\ &) p ) )
/0 ~/0 n px) (x qy) e [,B]q Fp(a +B+ 1) (3.2)

Proof Taking into account Lemma 3.1, we have

n px
/o /0 (- p0) D (w— g0V dyydyx

n x
= /O (n - px) /O x—qndyydyx
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1 n
- —x (a—l)x(ﬂ) d.x
[ﬂ]q/o (n - px) y

1 a+ﬂ
[/3]q B,(a, B +1)
P D@, +1)
(Blg Tpla+p+1) "

This completes the proof. d

For convenience, we set a nonzero constant

i m Yilg(@) | aspol aspt
A=To oy AT (g R, 3.3
21: l—'qi (d + ﬂl) (El nl ) ( )

Lemma 3.3 Let 8;>0,0<q,q; <1,y €R, 0, € (0, T) and n; < §; foralli=1,2,...,m
Then, for a given y € C([0,1],R), the unique solution of the linear q-difference equation

D;u(t) =y(), te(0,T),l<a<2, (3.4)

subject to the multi-strip fractional q-integral condition

w(0)=0,  w(T)=>_ y(Ilu)li=> " yi(lliu) - Ifu(m)), (3.5)
i=1 i=1
is given by
~ tot—l T (T— qs)(a—l)
u(t) = - A i/o Wy(S) dgs

&
- Z (/ / —:8) P V(s — gx) @ Vy(x) dgxdgys

ni
/ / (s — gus) 7! (—qx)w-“y(x)dqxdqis)}
t _ (@-1)
+/0 %y(s)dqs, (3.6)
q

where A is defined by (3.3).

Proof Since 1 <« <2, we take n = 2. In view of Definition 2.2 and Lemma 2.4, the linear
q-difference equation (3.4) can be written as

(I3 D315 u) () = (Ig7) ).
Using Lemma 2.5, we obtain

t t— (a-1)
ut) =ttt 2 + %y(s) dgs (3.7)

0 I‘q(a)

for some constants ¢, ¢y € R. Since #(0) = 0, we get ¢, = 0.
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Applying the Riemann-Liouville fractional ¢;-integral of order g; > 0 with ¢, = 0 for (3.7)

and taking into account Lemma 3.1, we have

. 5 (& = qis)PY - (s —gw)
Bi A a—1
tute) = [ ETE— (o [ A s

1 & ps
m /0 /(; (& - qiS)(/Si—l)(S _ qx)(a—l)y(x) dyxd,s

P /Si(g,_q,s)(ﬂi—l)su—ld s
i L i
Fqi(ﬁf !

&
= 13 / / th) (B qx)(ail)y(x) dqx dql's
ql 4

Iy, <a>s?““"‘
Fq,'(a + ﬁl) )

(3.8)

+C

Repeating the above process with ¢ = 7; and using the second condition of (3.5), we get a

constant ¢ as follows:

(Bi-1 (a-1)
T izl Fql(ﬁ»rq(a) <// 4SS~ gR) Ty ) dyxdys

/ f (1 — qi9)"P V(s — qw)* ()dqxdqis)

T _ (a-1)
_./o 4(TI‘;(S03) y(s)dqs}. (3.9)

Substituting the values of constants ¢; and ¢; in the linear solution (3.7), the desired result
in (3.6) is obtained. O

4 Main results
Let C = C([0, T'],R) denote the Banach space of all continuous functions from [0, 7] to R
endowed with the supremum norm defined by || || = sup,¢(o 7} |2(¢)|. Inview of Lemma 3.3,

we define an operator A :C — C by

~ toz—l T (T— qs)(ct—l)
(Au)(t) = - A [‘/0 Wf(s,u(s)) dgs

m

Z T, (ﬁz)rq(d) </ / (& —qis) (Bi-1 qx)(“‘l)f(x, u(x)) ddys

f / $) P (s — ) “Vf (v, u(x)) dqxdqi5>}

(t-gs)"
+/0 701(“) f(s, u(s)) dys, (4.1)

with A #0. It should be noticed that problem (1.1) has solutions if and only if the operator
A has fixed points.

Page 6 of 17
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For the sake of convenience, we put

T o i lyil&l* T (@ + 1) N Xm: yiln? " Tyl +1)
[A|Tg(c +1) p=y Fgla+Bi+1) p=y Lyl +pBi+1)
Ta

The first existence and uniqueness result is based on the Banach contraction mapping
principle.

Theorem 4.1 Let f:[0,T] x R — R be a continuous function satisfying the assumption

(Hi) there exists a constant L > 0 such that |f(¢t,u) — f(t,v)| < L|lu — v| for each t € [0, T]
and u,v € R.

If

Lo <1, (4.3)

where a constant ® is given by (4.2), then the multi-strip boundary value problem (1.1) has
a unique solution on [0, T.

Proof We transform problem (1.1) into a fixed point problem, u = Au, where the operator
A is defined by (4.1). Applying the Banach contraction mapping principle, we will show
that the operator .4 has a fixed point which is a unique solution of problem (1.1).

Setting sup, (o 77 [f (£, 0)| = Mo < o0 and choosing

Mo®

1-L®

r=

with L satisfying (4.3), we will show that .AB, C B,, where the set B, = {u e C: |lu|]| <r}.
For any u € B,, and taking into account Lemma 3.2, we have

a-1 T(T— (a-1)

il i o=
+ Z (BT (/ / —q;8) qx) V(x, u(x))|dqxdql.s

i=1

ni s
B (o )
+ /0 /0 (i — q:5)" (s — qx) [f(x,u(x))|dqxdqi5)}

t _ (@-1)
% If (s, u(s)) | dqs}

0 Fq(a)

- Ta—l T (T_qs)(oz—l)
~ A Fy(e)

Fy /;j;qu(a) <f Et / - i)V (s - gw)

(If (s, u(s) —£(5, 0] + |f (5, 0)]) dys
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X ([f(x, u(x)) —flx, 0)| + [f(x,0)|) dgxdgs

ni s
o [7 [ - a9 s gayed
0 0

X ([f(x, u(x)) —flx, O)| + [f(x,0)|) dqxdql.s> ]

T (T _ ge)(@-1)
+ /0 %(V (5,u() ~f (5, 0)] + |f (5, 0)[) s
q

AT ( +1) Cgla+pi+1)

< (Lr + M) {
i-1

+i |7/i|77,~i+arqi(01+1) N T
p=y gl +Bi+1) Iyl +1)

= (Lr+ My)® <r.

T < " ylEP T (@ + 1)
TO( +Z i qi

It follows that AB, C B,.
For u,v € C and for each ¢ € [0, T'], we have

| Au(t) - Av(t)|

Tvt—l T T— (@-1)
T R ) -t s

)

m

L & s - (ﬁi_l) ) (a_l)
+ZZ=1: Ly (BT () (/0 /(;(ét q:) (s — gx)

x ([f (s, u(5)) —f (5, v(5)) |) dyx ;s
ni s
+ / / (i — i) P70 (s — qu) @V (| (5, u(s)) —f (5, v(5))|) dgx dqiS> ]
0 0

T (T _ q¢)@-1)
[T ) o) s

Fq(a)
B} R iy P ol L S VICED )
< [A|Tg(cr +1) — T, (c+Bi+1)

+§: yiln;"" Ty, +1) . I
Py Cgla+pBi+1) [yl +1)
=LO||u-v|.

The above result leads to || Au — Av|| < L®|ju — v|. As L < 1, by (4.3), therefore A is a
contraction. Hence, by the Banach contraction mapping principle, we deduce that A has

a fixed point which is the unique solution of problem (1.1). d

Next, we prove the existence of at least one solution by using Krasnoselskii’s fixed point

theorem.
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Lemma 4.2 (Krasnoselskii’s fixed point theorem [23]) Let M be a closed, bounded, convex
and nonempty subset of a Banach space X. Let A, B be the operators such that (a) Ax + By €
M whenever x,y € M; (b) A is compact and continuous; (c) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Theorem 4.3 Assume that f : [0, T] x R — R is a continuous function satisfying assump-
tion (Hy). In addition, we suppose that

(Hp) Ift,w)| <y (8), V(& u) €[0,T] x Rand ¢ € C([0, T],R*).

If the following condition holds

L T2a—1
. (— + T“) <1, (4.4)
Lol +1)\ |A]

then the multi-strip boundary value problem (1.1) has at least one solution on [0, T].

Proof We define sup, o 7 |¥(¢)| = [[¥/ || and choose a suitable constant R such that
R= |y,

where @ is defined by (4.2). Furthermore, we define the operators .4; and A, on Bg = {u €

C: lull <R} by
(Au)(t)
ol 2 &
T Zm/ [ 60976 g0 () ey
-1 GNP q
-1 W‘
et F ﬁ)r = / / 9D (s — gn)@Vf (x, ux)) d e s,
j=1 4t
and

~ tot—l T (T— qs)(a—l) t (t— qS)(ot—l)
(Am)(t) = — X /0 Wf(s, u(s)) dgs + /0 Wf(s, u(s)) dgs

It should be noticed that A = A; + A,.
For any u,v € Bg, we have

7! 1Yl By (B + 1)
A+ Agvl| < ||w||{4<:r“+2 vl Palh
i=1

|A|Fq(a + 1) Fqi(ﬂi)
il By (B +1) T
10 S 7 ) "Ta+ 1)}
=yl
<R

Therefore (A;u) + (Ayv) € Bg. Obviously, condition (4.4) implies that .4, is a contraction
mapping.
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Finally, we will show that 4; is compact and continuous. The continuity of f coupled
with assumption (Hj) implies that the operator A, is continuous and uniformly bounded
on Bg. We define sup(, ,c(o,71x5, [f (& #)| = M* < 00. For t1,£5 € [0, T], &> < t; and u € B,

we have

|(Ai)(t1) - (A1) ()|

_ - 3 |yl
N [A] rqi(ﬁi)rq(a)

i=1

& s
_ a:9) B (g _ )@ D
x /O /0 (& — i) "V (s — g0) TV |f (x, u(x)) | dg dys

m

L 3l
[A] Fqi(ﬁi)rq(a)

i=1

ni B
x / / (1 = qi9)"" V(s — qx) 7V |f (%, u(x)) | dgxc ;s
0 0

_ _ m Bi m i
YLy Lo {Z Vil €T gy (e +1) .3 lyiln; Ty (e +1)

- [A|Tg(c +1) Fgla+pi+1) Lyl +pi+1)

i=1 i=1

Actually, as |¢; — £3] — 0 the right-hand side of the above inequality tends to zero indepen-
dently of u. So A, is relatively compact on Bg. Therefore, by the Arzeld-Ascoli theorem, A,
is compact on Bg. Thus all the assumptions of Lemma 4.2 are satisfied. Thus, the boundary

value problem (1.1) has at least one solution on [0, T]. The proof is complete. O

Remark 4.4 In the above theorem we can interchange the roles of the operators A; and

Aj; to obtain the second result replacing (4.4) by the following condition:

_ Bi i
LTe! (i il Tyl +1) 2’": lyalnf T (e + 1)) L
i=1

AT (e +1) p= Fgla+Bi+1) Cgla+pi+1)

Now, our third existence result is based on Leray-Schauder’s nonlinear alternative.

Lemma 4.5 (Nonlinear alternative for single-valued maps [24]) Let E be a Banach space, C
be a closed, convex subset of E, U be an open subset of Cand 0 € U. Suppose that F: U — C
is a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) Fhas a fixed point in U, or
(ii) thereis u € OU (the boundary of U in C) and X € (0,1) with u = AF (u).

Theorem 4.6 Assume that f : [0,T] x R — R is a continuous function. In addition we
suppose that:
(Hs) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00) and a function

p € C([0, T],R*) such that

[f(t, u)| §p(t)¢(|u|) foreach (t,u) € [0, T] x R;
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(Hy) there exists a constant N > 0 such that

_N
Ipl(N)®

where ® is defined by (4.2).

)

Then the multi-strip boundary value problem (1.1) has at least one solution on [0, T].

Proof Firstly, we will show that the operator A defined by (4.1) maps bounded sets (balls)
into bounded sets in C. For a positive number p, let B, = {u € C : ||u|| < p} be a bounded
ball in C. Then, for ¢ € [0, T], we have

et (T - gs)"*
| Au(t)| < N {/ r [f(s,u(s))|dqs

m

: & ps
£y Ty (fo ./o (& — g9V (s — q) 7V |f (3, u(x)) | dgx dys

i1 Fq,- (,Bi)rq(a)

ni
[ o=t |
T(T_ )(a—l)
+/(; ﬁ[f(s,u(s)ﬂdqs
Uyl Ty (e + 1)

Tot—l a ;
AT ™D (||p||¢>(||u||)T + lplig (lul) Zl To@r bl

IA

o

+lple(lul) > 3 >+|lpll¢(llull)rq(a+l)

—~ Ty (o + B+

IpldO) T () = Il Tyl +1) N 1yl Ty + 1)
= [A|T (e +1) <T +Zl Cgla+Bi+1) Z aa+Bi+1)

o

Iyl +1)

=1

+ lIpllo(e)
=K.
Therefore, we deduce that || Au| < K.
Secondly, we will show that A maps bounded sets into equicontinuous sets of C. Let
SUP(,efo,11x8, If (6:4)] = K* < 00, 71,73 € [0, T] with 7, <7 and u € B,. Then we have

|(Au)(71) = (Au)(z))|

|.L.a 1_ a—1| T (T _ qs)(a—l)
SN { /0 rL@ If (s, u(s)) | dys

. Z il s (/ / —qi S) qx)(otfl) lf(x, u(x)) | dgxdys

-1 Fql (ﬂz

ni s
B (e
+ /0 /o (i — q:8)" V(s — gx) [f(x,u(x))|dqxdqis>]

o (n - g = (- gs)*
+ fo —_ [f(s, u(s)) ’ dgs — /(; W [f(s, u(s)) ‘ dys

qla)
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_ - Bi+a ita
L L <Ta ) LA TGRS o 11l i rq,,<a+1))

T AT (a+1) py Fgla+pi+1) Lol +pi+1)

|7t — g K
Iy +1)

Obviously, the right-hand side of the above inequality tends to zero independently of
x € B, as 1y — 11. Therefore it follows by the Arzeld-Ascoli theorem that A:C — C is
completely continuous.

Let u be a solution of problem (1.1). Then, for ¢ € [0, T, and following similar compu-
tations as in the first step with (Hs), we have

Il =z ey (I T el 3 s

T ( T g  +1)
i=1

o

— [yiln Ty (e +1) _
+lple(lul) ZI: W) + ”p||¢(||”||)rq(a Y

Pl (llul)®.

Consequently, we have

[l

_ <1.
plo(lul)® —

In view of (Hy), there exists a constant N > 0 such that ||| # N. Let us set
u-= {xeC: [l <N}.

Note that the operator A : I — C is continuous and completely continuous. From the
choice of U, there is no u € U such that u = A Au for some A € (0,1). Consequently, by
nonlinear alternative of Leray-Schauder type (Lemma 4.5), we deduce that .4 has a fixed
point in U, which is a solution of the boundary value problem (1.1). This completes the
proof. O

As the forth result, we prove the existence of solutions of (1.1) by using Leray-Schauder
degree theory.

Theorem 4.7 Letf:[0,T] x R — R be a continuous function. Assume that

(Hs) there exist constants 0 < w < 7L, where ® are given by (4.2), and ¥ > 0 such that
[f(t, u)| <olul+W¥ foreach (t,u) €[0,T] x R.
Then the multi-strip boundary value problem (1.1) has at least one solution on [0, T].

Proof Let A be the operator defined by (4.1). We will prove that there exists at least one
solution u € C of the operator equation u = Au.
Setting a ball B,« C C, where a constant radius p* > 0, by

B, = {u eC: sup |u(t)| < ,0*],
te[0,T]
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it is sufficient to show that A : B« — C satisfies

u#0Au, YuedB,,V6el0,1]. (4.5)
Now, we set

H@®,u)=0Au, uecC,0e][0,1].

As shown in Theorem 4.6, we have that the operator A is continuous, uniformly bounded
and equicontinuous. Then, by the Arzeld-Ascoli theorem, a continuous map /y(u) =
u—H(0,u) = u - 0.Au is completely continuous. If (4.5) holds, then the following Leray-
Schauder degrees are well defined. From the homotopy invariance of topological degree,
it follows that

deg(hy, B,*,0) = deg(l — 6.A, By+,0) = deg(h1, B+, 0)
= deg(ho, B,*,0) =deg(l,B,+,0)=1+#0, 0¢€B,x,
where I denotes the unit operator. By the nonzero property of Leray-Schauder degree, we

have /1;(u) = u — Au = 0 for at least one u € B,». Let us assume that u = 6 Au for some
0 €[0,1]. Then, for all £ € [0, T], we have

|u(®)] = |6(Au)(@)|

Te-1 T (T _ )(01—1)
= { [ st s

vl S PPN (1)
* Z W (/0 /0 & - qi9) P (s — g)*V|f (%, u(x)) | dgre dys

i=1

S R T P )
e [ s - g o) s

T(T— )(a—l)
+f0 #V(s,u(s)ﬂdqs

TOFI o ¢ |yi|£:iﬂi+o{3q5(ﬂi,0l + 1)
< (wlul +\I’){m<T +; T

"l By Bpa ) T
' 21: To() ) "Tya+D) }

= (wlul + ¥)®.

Taking norm sup,(o 7} |4(¢)| = |||l and solving for ||u]|, we get

=< .
ol < T——

Choosing p* = % + 1, then we deduce that (4.5) holds. This completes the proof. O
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5 Examples

In this section, we present some examples to illustrate our results.

Example 5.1 Consider the following multi-strip fractional g-integral boundary value

problem:
i 4Ju(t)|
D%M(t) = ety LE€O1),
u(0) =0, (5.1)

Herea =7/4,q=1/2, T=1,m=3, 1 =2, y» =3/4, y3 =10, B1 =2/3, B =4/5, B3 =7/6,
41 = 1/4, q> = 1/2, qs3 = 1/5, %‘1 = 1/5, %'2 = 2/3, fg = 1, m= 1/6, N = 2/5, n3 = 1/2 andf(t,u) =
@u@)))/((5 + £)*( + |u(t)])). Since

[f(t,u) —f(t,v)| < 24—5|u—v|,

then (H;) is satisfied with L = 4/25. Using the Maple program, we find that
R Yil'gi(@) [ aipiol arpi-l
A=T =y (5 -
; Fq,' (a + :31) ( )

~ —5.259895840,

= Bi i
S G P ST el ICES O 1L IR
|A|T (0 +1) Fgla+Bi+1) gl +Bi+1)

i=1 i=1

Ta
+ —_—
Fyla +1)

~2.200354723.

Therefore, we get

4
LD = £(2.200354723) ~ 0.352056756 < 1.

Hence, by Theorem 4.1, the boundary value problem (5.1) has a unique solution on [0,1].

Example 5.2 Consider the following multi-strip fractional g-integral boundary value
problem:

4

D3 u(t) = = sin(Zf) + 3= (5 +sin(wt), t€(0,2),
8

u(0) =0, (5.2)

1 1 6 3
u@) = wlt + 2wk -3 Wl + a1
3 5 2 8

I
U Bl

u)

o=

Here« =4/3,q=5/8, T=2,m=4, =1,y =2/3,y3=-3, ya =4/5, f1 =1/2, B = 6/5,
,33 = 3/2, /34 = 3/4, qi1 = 1/3, q> = 1/2, qs3 = 1/8, qa = 1/4, 51 = 1/4-, %'2 = 2, Eg =1, §'4 = 1/2, m=
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1/5, 2 =1, 93 = 1/3, na = 2/5 and f(t, u) = ((sin(wu/4))/(u® + 372)) + (5 + sin(rt))/(207)).

By using the Maple program, we find that

m

_ Yilg(@) | aipol aspt
A=T¢ 1_ _ v qiNts gi i—L n; i
Z-XZI: rq,' (Ol + /Sl) ( )
~ 2.448357686,
o— m Bi+a m o
o= 7! Ta+z|)/i|§i Fq,-(a"'l) +z|)/i|7),' Fq,-(05+1)
AT ( +1) p=y Cgla+pBi+1) P Fgla+Bi+1)
TO[
+ e
Fyla +1)
~ 5.843174987.
Clearly,
1 . (Tu 5 +sin(rt) . 5\ul +3
lf(t,u)‘ = mSlH(T) +T' < (5+sm(7tt))< 6071 .

Choosing p(t) =5 + sin(r£) and ¥ (Ju|) = (5|u| + 3)/(607), we can show that

N
>
(6)(2X+2)(3.493621065)

)

which implies that N > 7.967778981. Hence, by Theorem 4.6, the boundary value problem
(5.2) has at least one solution on [0, 2].

Example 5.3 Consider the following multi-strip fractional g-integral boundary value
problem:

7
Diu(t) = = tan'(Bu) + 240 € (0,3),
8

L+u(®)]’
u(0) =0,
6 5 77 g6 8 (5.3)
u(3) = -2(I7 u)|; + U7 w)|} + (2)U; w2
2§ 2l 4Z 52 3 4
+5(I5u)|3 +(§)(1§’u)|i.
5 7 5 3

Herew =7/5,q=3/8, T=3, m=51=-2,v=11,y3=9/5, ya =5, y5 = 4/7, B1 = 6/5,
B2=7/3,B3=6/7, B4 =314, Bs =2/3, q1 =1/2, q» =1/4, q3 = 2/3, q4 = 2/5, q5 = 3/5, & =
5/3,& =7/4,&=5/2,6,=1/2,& =9/5,1n =3/2, 1, =1/5, n3 =5/4, n4 = 3/7, n5 =1/3 and
f(t,u) = ((tan~(3u))/(127)) + ((2|u(®)])/(1 + |u(£)])). By using the Maple program, we find
that

ATl i Vilg; (@) (gL _ pehity
— Tgla+ )" !
~ -33.26381181,
oo I <Ta 3 e Ty 1) P LAUMLICE 1>)
[AITg(er +1) Ty (o + B +1) Ty (o + i +1)

i=1 i=1
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T(X
+ e
Fyla+1)

~7.22159847.

‘We observe that

2u®)] | _lul

N
[F(tu)] = | 157 tan G+ ol S 4

Therefore, we have ¥ =2 and
w=1/47 < ®' =0.13847350.

Hence, by Theorem 4.7, the boundary value problem (5.3) has at least one solution
on [0, 3].
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