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Abstract

In this work, the concept of almost contraction for multi-valued mappings in the
setting of cone metric spaces is defined and then we establish some fixed point and
common fixed point results in the set-up of cone metric spaces. As an application,
some invariant approximation results are obtained. The results of this paper extend
and improve the corresponding results of multi-valued mapping from metric space
theory to cone metric spaces. Further our results improve the recent result of Arshad
and Ahmad (Sci. World J. 2013:481601, 2013).
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1 Introduction

Fixed point theory has many applications in different branches of science. This theory
itself is a beautiful mixture of analysis, topology, and geometry. Since the appearance of
the Banach contraction mapping principle, there has been a lot of activity in this area and
several well-known fixed point theorems came into existence as a generalization of that
principle. Many authors generalized and extended the notion of metric spaces such as
b-metric spaces, partial metric spaces, generalized metric spaces, complex-valued metric
space etc. For a useful discussion of these generalizations of metric spaces, one may refer
to [1].

In 2007, Huang and Zhang [2] introduced the concept of cone metric space as a gener-
alization of metric space, in which they replace the set of real numbers with a real Banach
space. Although they proved several fixed point theorems for contractive type mappings
on a cone metric space when the underlying cone is normal. Rezapour and Hamlbarani [3]
proved such fixed point theorems omitting the assumptions of normality of cone. After
that, the study of fixed point theorems in cone metric spaces was followed by many others
(e.g., see [4—17] and the references therein).

On the other side, Nadler [18] and Markin [19] initiated the study of fixed point theo-
rems for multi-valued mappings and established the multi-valued version of the Banach
contraction mapping principle. Since the theory of multi-valued mappings has many ap-
plications, it became a focus of research over the years. Recently, many authors worked
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out results on multi-valued mappings defined on a cone metric space when the underly-
ing cone is normal or regular (see [20—23]). In 2011, Jankovi¢ et al. [24] showed that most
of the fixed point results in the set-up of normal cone metric space can be obtained as a
consequence of the corresponding results in metric spaces. In the light of this, Arshad and
Ahmad [25] improved Wardowski’s results by proving the same without the assumption
of the normality of the cones.

Here, the concept of almost contraction for multi-valued mappings in the setting of cone
metric spaces is defined and then we establish some fixed point and common fixed point
results in the set-up of cone metric spaces. In this way our results extend the results of
Arshad and Ahmad [25] and also improve the corresponding results of both single-valued
and multi-valued mappings existing in the literature. Before starting our work we need
the following well-known definitions and results.

Definition 1 Let E be a real Banach space with norm || - || and P be a subset of E. Then P
is called a cone if

(1) P is nonempty, closed, and P # {0}, where 0 is the zero element of E;

(2) for any non-negative real numbers a, b and for any x,y € P, one has ax + by € P;

(3) x € Pand —x € P implies x = 6.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only
if y —x € P. We shall write x < y if x < y and x # y while x < y if and only if y — x € int P,
where int P is the interior of P. A cone P is called normal if there is a number K > 0 such
that for allx,y € E,

6 <x =<y implies [x| <Kyl

The least positive number K satisfying the above inequality is called the normal constant
of P. In the following we suppose that E is a real Banach space and P is a cone in E with
intP # ¢ and < is a partial ordering with respect to P.

Definition 2 [2] Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
the following:

(d1) 6 <xd(x,y) forallx,y € X;

(d2) d(x,y) =0 if and only if x = y;

(d3) d(x,y) =d(y,x) forallx,y € X;

(dg) d(x,y) Xd(x,2z) +d(z,y) for all x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 3 [2] Let (X, d) be a cone metric space and let {x,} be a sequence in X. Then
the sequence {x,} obeys the following.
(1) {x,} converges to x, if for every ¢ € E with 6 < c there exists a positive integer N
such that d(x,,x) < ¢, for all n > N. We denote this by lim,_, 5 x,, = x.
(2) {x,} is said to be Cauchy if for every c € E with § « ¢ there exists a positive integer
N such that d(x,,x,,) < ¢, for all n,m > N.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent
in X.
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Lemma 4 [24] Let P be a cone in Banach space E. Then the following properties hold:
(1) IfceintP and a, — 0, then there exists a positive integer N such that for all n > N,
we have a,, < c.
(2) Ifa<xka,whereae Pand 0 <k<1,thena=90.

Definition 5 [25] Let (X,d) be a cone metric space and let C(X) be the family of all
nonempty and closed subsets of X. A map H : C(X) x C(X) — E is called an H-cone metric
on C(X) induced by d if the following conditions hold:

(H1) 6 <H(A,B) forall A,B € C(X).

(Hp) H(A,B) =6 ifand only if A = B.

(H3) H(A,B) = H(B,A) for all A, B € C(X).

(Hy) H(A,B) < H(A,C)+ H(C,B) forall A, B,C € C(X).

(Hs) IfA,B e C(X), 0 < € € Ewith H(A, B) < ¢, then for each a € A there exists b € B such
that d(a, b) < €.

Example 6 Let (X,d) be a metric space. Then the mapping H,, : C(X) x C(X) — R defined
by

H,(A,B) = max[sup d(x, B), sup d(y,A)} (1.1)
x€A yeB

is an H-cone metric induced by d. It is also known as the usual Hausdorff metric induced
by d.

It is to be noted that (C(X), H) is a complete metric space whenever (X, d) is a complete

metric space.

Definition 7 Let X be a nonempty set, T : X — C(X) be a multi-valued mapping, and
f:X — X. Then an element x € X is said to be
(i) afixed pointof T, if x € Tx;
(ii) a common fixed point of T and f, if x = fx € Tx;
(iii) a coincidence point of T and f, if w = fx € Tx, and w is called the point of
coincidence of T and f.

We denote C(f, T) = {x € X : fx € Tx}, the set of coincidence point of f and T. The set
of fixed point of T and the set of common fixed point of f and T is denoted by F(T) and
F(f, T), respectively.

Definition 8 [26] Let X be a nonempty set, T : X — C(X) be a multi-valued mapping,
and f : X — X. Then f is called T-weakly commuting at x € X if ffx € Tfx.

2 Main result

We start this section with the following definition.

Definition 9 Let (X, d) be a cone metric space and let there exist an H-cone metric on
C(X) induced by d. A map T : X — C(X) is said to be a multi-valued almost contraction
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if there exist two constants A € (0,1) and L > 0 such that
H(Tx, Ty) < Ad(x,y) + Ld(y, u) (2.1)
forallx,y € X and u € Tx.

Theorem 10 Let (X, d) be a complete cone metric space and let there exist an H-cone met-
ric on C(X) induced by d. Suppose T : X — C(X) is a multi-valued almost contraction.
Then T has a fixed point in X.

Proof Let xg be an arbitrary fixed element and x; € Txy, if xy = x1, then xy is fixed point of

T; if xg # %1, then 0 < d(xp,x1). As A > 0, we have H(Txy, Tx;) < €, where € = H(Txq, Tx;) +
Ad(x9,%1). Then, by the definition of H-cone metric there exists x, € Tx; such that

d(x1,%0) < € = H(Txg, Tx1) + Ad(x0,%1).

Clearly, H(Tx1, Txy) < H(Tx1, Tx,) + A2d(xg,x1). Since %y € Tx,, for € = H(Tx;, Txy) +
A2d(xo,x1), there exists x3 € Tx, such that

d(xo,x3) < H(Tx1, Txy) + Azd(xo,xl).

In the same way, we can find a sequence {x,} in X such that x,,,; € Tx,, for each n € NU {0}
and

AX, Xpe1) < H(TXp-1, Tx,) + X' d(x0,%1). (2.2)
Since T is a multi-valued almost contraction, in view of (2.2) we have

A%, Xni1) < Ad (X1, %) + Ld(x,, 1) + A" d(x0,x1) (2.3)
for each u € Tx,_;. Also, as x,, € Tx,_1, for each n > 1 we have

AXyy Xp1) < Ad (X1, %,) + X d(x0, %1). (2.4)
By repeated use of (2.4), we get

A%y K1) < M'd(x0,%1) + nA"d(x0,%1)

= (n+1)A"d(xg,x1). (2.5)
Now, for any m > n,

d(xmxm) = d(xrnxrﬁl) + d(xn+1:xn+2) t--t d(xm—ljxm)

=< (n+ DA d(x0,%1) + (1 + 2)M (g, 21) + - - - + ML Ld(x0, 1)

< d(xo,21) Y (i + 1. (2.6)

i=n
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Let ¢ € E beany with 8 « ¢. Choose § > 0 such that ¢+ N;(0) C int P, where N3(0) = {x € E :
x|l < 8}. Also, since the series Y .-, (1 + 1)A" is convergent, there exists a natural number
N such that d(xo,x1) Y oo, (i + 1)A" € N5(0), for all n > N. Thus d(xo,x1) > oo, (i + DA K ¢,
for all » > N. Hence, (2.6) implies

A%, xm) L €

for all m > n > N. Thus, the sequence {x,} is Cauchy. Since X is complete, there exists
z € X such that lim,,_, o d(x,, z) = 0. Now we shall show that z is a fixed point of T, that is,
z€ Tz. As x,,,1 € Tx,, and

H(Tx,, Tz) < H(Tx,, Tz) + " d(xo,x1),
using the definition of the H-cone metric there exists y, € Tz such that
AXn11,yn) = H(Txn, Tz) + 1" (%0, %1). 2.7)
Since T is a multi-valued almost contraction and x,,,; € Tx,, it follows from (2.7) that
AXn11,yn) = A, 2) + Ld(2,%041) + X" d(x0,%1).
Then, by the triangle inequality, we get

d(Z,yn) = d(Z,anrl) + d(anrl,yn)
= d(z, %) + Ad(%y, 2) + Ld(2,%,11) + X" d(x0,%1). (2.8)

Further, since d(x,,z) — 6 and A — 0 as n — o0, the right-hand side of the inequality
(2.8) tends to 6 as n — 0o. Now, by Lemma 4, for any ¢ € E with 6 < ¢ there exists a
positive integer Nj such that d(z,y,) <« ¢ for all n > Nj. Thus, the sequence {y,} converges
to z. As y, € Tz and 717 is closed, we get z € Tz. O

Now we present an example in support of the proved result.

Example11 Let X = [0,1], E = C;([0,1]) with the norm ||@|| = sup,.y [¢(x)| +sup,.x |¢'(x)]|
and consider the cone P = {p € E: ¢(t) > 0}. Suppose ¢, ¢ € E are defined as

o(x)=x and ¢(x)=x*" foreachn>1
Then 6 < ¢ < ¢ and ||¢|| =2, ||¢] =2n + 1. Given any K > 0 we can find a positive integer

n such that 21 + 1 > 2K. So, ||¢|| £ K|l¢|| for any K > 0. Thus, P is non-normal cone. Now,
defined : X x X — E by

d(x,y) = lx - ylo,

where ¢ : [0,1] — R with ¢(¢) = ¢'. Then (X, d) be a complete cone metric space. Let C(X)
be the family of all nonempty and closed subsets of X and define a mapping H : C(X) x
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C(X)— E as
H(A,B)=H,(A,B)p forall A,Be C(X),

where H,, is the usual Hausdorff metric induced by d(x,y) = |x — y|. Also define T : X —
C(X) by

] forx e [O,%],

x
Tx)=q 2
3+ %] forx e (%,1].

Now we shall show that 7" is a multi-valued almost contraction, that is, we show that T
will satisfy condition (2.1). For this, we consider the following possible cases:
Case (1). Ifx € [0, 1] and y € (%, 1], then condition (2.1) can be written as

x (v, 1
2 3 2

forall u € Tx = [0, 5]. Here, we observe that |5 — (% + %)| <2

el < Ax—ylet + Ly —ulée (2.9)

<3,lx-y/€(0,1],and |[y—u| > %
for all u € [0, 7]. Thus, the inequality (2.9) is true for any A € (0,1) and L > %.

Case (2).Ifx € (%, 1] and y € [0, %], then condition (2.1) takes the form

x 1

x 1Ny
(3 2) 2
forallueTx:[%,g+%].Inthiscase|(§+%)—%I5%,|x—y|e(0,1]and|y—u|z%for

allu e [%, 3+ %]. Thus, the inequality (2.10) is true for any A € (0,1) and L > 5.
Case (3). If x,y € [0, 1], then

el < Ax—yle" + Ly —ulée (2.10)

H(Tx, Ty) = H,(Tx, Ty)p

o5} o2

~x—ylet

= —|x—yle

D) J

< Ad(x,y) + Ld(y,u)

for any A € [%, 1) and L > 0, where u is arbitrary element of Tx.
Case (4). Ifx,y € (%, 1], then

H(Tx, Ty) = H,(Tx, Ty)p

2 x 1 2y 1 :
:Hu o i sl P e Sl sl e
33 2 33 2

-yl

= —|x—yle

3 y

< Ad(x,y) + Ld(y,u)

for any A € [%, 1) and L > 0, where u is arbitrary element of Tx.
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Now, from all the cases, it is concluded that the multi-valued mapping 7 satisfies the
inequality (2.1) for A = % and L = 5. Hence, T is an almost multi-valued contraction that
satisfies all the hypotheses of Theorem 10. Thus, the mapping T has a fixed point. Here
x =0 is such a fixed point.

Remark 12

(i) Theorem 3.1 of Arshad and Ahmad [25], Theorem 2.4 of Dori¢ [27], and

Theorem 3.1 of Wardowski [20] are direct consequences of Theorem 10.

%, we get Tx = [0, i], Ty = [%, %], therefore
H(Tx, Ty) = %et . Then it can easily be checked that there does not exist any
A € (0,1) such that the mapping T satisfies the conditions (D1), (D2), (D3), (D4)
given in Definition 2.1 of Dori¢ [27]. Hence, Theorem 2.4 of Dori¢ [27] cannot be
applied to Example 11. It is also to be noted that Theorem 3.1 of Arshad and Ahmad

[25] and Theorem 3.1 of Wardowski [20] are not applicable to Example 11.

(i) In Example 11, for x = % andy =

In [28] Haghi et al. proved the following lemma.

Lemmal3 Let X be a nonempty set and f : X — X be a function. Then there exists a subset
E C X such that f(E) = f(X) and f : E — X is one to one.

Theorem 14 Let (X, d) be a cone metric space and let there exist an H-cone metric on C(X)
induced by d. Suppose f : X — X is a self map such that f(X) is a complete subspace of X
and T : X — C(X) is a multi-valued mapping with Tx C f(X) for each x € X. If there exist
two constants A € (0,1) and L > 0 such that

H(Tx, Ty) < 2d(fx,fy) + Ld(fy, u) (2.11)

forallx,y € X and u € Tx. Then T and f have a coincidence point in X. Moreover, if ffx = fx
foreach x € C(f,T), then T and f have a common fixed point in X.

Proof By Lemma 13, there exists E C X such that f(E) = f(X) and f : E — X is one to one.
Now, we define a map g : f(E) — C(f(E)) by g(f(x)) = Tx. Clearly g is well defined as f is
one to one. Also

H(g(fx),(fy)) = H(Tx, Ty)
< Ad(fx,fy) + Ld(fy, u) (2.12)
for all fx,fy € f(E) and u € Tx = g(fx). Then, by Theorem 10, there exists fx, € f(E) such
that fxo € g(fxo) = Txo. Thus x is a coincidence point of f and T and hence ffx, = fx,. Let
w = fxo, therefore fw = ffxo = fxo € Txo. By (2.11), we have
H(Txo, Tw) < Ad(fxo,fw) + Ld(fw, fw)
-9,

which gives Txo = Tw. Therefore, w = fw € Tw, that is, w is a common fixed point of f
and T. O
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Theorem 15 Let (X, d) be a cone metric space and let there exist an H-cone metric on C(X)
induced by d. Assume K is a nonempty closed subset of X such that for eachx € K andy ¢ K
there exists z € 8K such that

dx,z) + d(x,y) = d(x,y).
Suppose T : K — C(X) and f : K — X are two non-self maps satisfying
H(Tx, Ty) < Ad(fx,fy) + Ld(fy, u) (2.13)

forall x,y € K and u € Tx with some A € (0,1) and L > 0 such that A(1 + L) < 1. Further
assume
(i) 8K SfK;

(i) (U,ex T¥) NK CfK;

(i) fx € 8K = Tx < K;

(iv) fK is closed in X.
Then T and f have a coincidence point in X. Moreover, if ffx = fx for each x € C(f, T), then
there exists a common fixed point of f and T.

Proof Let x € K. We construct two sequences {x,} in K and {y,} in fK in the following
way. Since 8K C fK,, there exists xg € K such that fxo = x € §K. So, by (iii) we get Txo C K.
Since (i T%) N K C fK, we have Txy C fK. Let y; € Ty, then there exists x; € K such
that y; = fx;. Consider the element H(Txo, Tx;) € E. If the right-hand side of (2.13) is 0 at
x =xo and y = xy, then, as fx; € Txy, we have d(fxo,fx;) = 0 and hence fx; = fxo. This and
fx1 € Txo imply fxo € Txo. Thus, x¢ is coincidence point of f and T

Assume the right-hand side of (2.13) is not 0. Let e € P be a fixed element such that e # 6.
Since A > 0, we have H(Tx, Tx;) < €, where € = H(Txy, Tx1) + Ae. Then, as y; € Txy, by the
definition of an H-cone metric there exists y, € Tx; such that

d(y1,y2) < € = H(Txo, Tx1) + Xe.

If y; € K, then from (ii), we have y, € fK. Therefore, there exists x, € K such that y, = fx,.
If y, ¢ K, then, as fx; € K, there exists a point p € §K such that

d(fxlrp) + d(ﬁ’yz) = d(fo)yZ)~ (2.14')
Since p € 8K C fK, there exists a point x; € K such that p = fx,. Then, by (2.14)
d(fy, fxz) + d(fxa, ¥2) = d(fxy, y2). (2.15)

Clearly, H(Txy, Txy) < H(Txy, Tx,) + A%e. Then, again using the definition of the H-cone
metric, there exists y3 € Tx, such that

d(y2, y3) < H(Txy, Txy) + Ae.

If y3 € K, then, again using (ii), we have y3 € fK. So, there is a point x3 € K such that
y3 = fx3. If y3 € K, then there exists a point g € K such that

d(fxz, q) + d(q,y3) = d(fxs, y3). (2.16)
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Again, since g € §K C fK,, there exists a point x5 € K such that g = fx3. Then, by (2.16),

d(fxa, fx3) + d(fxs, y3) = d(fx2, y3). (2.17)

Repeating the foregoing procedure we construct two sequences {x,} in K and {y,} in fK
such that

(@) yus1 € Txy, for each n e NU {0};

(b)) dWns yne1) = H(Txy1, Txy) + A6

(c) ify, € K, then y,, = fx,;

(d) ify, ¢ K, then fx, € §K with

A(fx,_1,fx,) + d(fxy, v,) = A(fxu_1, V) (2.18)

Now we show that the sequence {fx,} is Cauchy and for this we define two sets P and Q as
follows:

P= {fx,-e{fx,,}:fx,»:y,-}, Q= {fxie{fxn}:fxi 7’)’;}

Clearly, if fx,, € Q, then fx,_; and fx,, lies in P. Now, it can be concluded that there are
three possibilities.
Case 1. If fx,, € P and fx,,1 € P, then fx, = y, and fx,.;1 = ¥,.1. Therefore, by using (b)

d(fxmfan) = d(yn:yrﬁl)
< H(Tx,_1, Tx,) + Me

< Ad(fxy_1,fx,) + Ld(fx,, u) + A"e for each u € Tx,_;. (2.19)
Thus, in view of (a) and (2.19), we have
A(fxu, fXus1) X Ad(fxy_1,fxa) + A"e. (2.20)

Case 2. If fx,, € P and fx,,1 € Q, then fx, = y, and y,,1 € K. Thus, (d) implies fx,,; € K
with

d(ymfxnﬂ) + d(fxn+1,yn+l) = d(yn:ynﬂ)' (221)
Regarding (2.21) and (b), we get

d(fxmfxnﬂ) < d(yn:ynﬂ)
< H(Tx,_1, Tx,) + Me

< Ad(fxy_1,fx,) + Ld(fx,, u) + A"e  for each u € Tx,_;. (2.22)
Since fx, =y, € Tx,_1, (2.21) gives

A(fxu, fXus1) < Xd(fxy_1,fxn) + A"e. (2.23)
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Case 3. If fx, € Q and fx,,; € P, then fx, ; € P, y, ¢ K and fx,;1 = y,41. Thus, from (d)
fx, € 8K such that

d(yn—l:fxn) + d(fxnryn) = d(yn—l’yn)' (224)

By the triangle inequality, (2.24), and (b), we obtain

A, fni1) = Ao, Y1)
< d(fx, ) + AW Y1)
< dYn-1,91) = AOn-1.f%n) + AW, Y1)
< dYn-1,9n) = AOn-1.fxn) + H(Tx,-1, Txy) + 1e. (2.25)

Since y, € Tx,_1, on account of (2.13), we derive from (2.25) that

d(fxn:fxnﬂ) f d(yn—lyyn) - d(yn—l;fxn) + )"d(fxn—bfxn) + Ld(fxn:yn) + )Vne
= dWu-1,Yn) + Ld(fxn, y,) + L', as k€ (0,1)

f d(yn—lyyn) + Ld(yn—lyyn) - Ld(yn—lyfxn) + )‘ne
< (1+ L)d(1,ya) + M'e. (2.26)

Therefore, by using (b) and (2.13), we conclude that

A(fxu, frnn) < A+ L) H(Txy—2, Txyq) + 1 + DA e+ Me
< (1 + L)Ad(fxy_2,fxn1) + A+ L)Ld(fx,_1,y,) + (1 + L)A" e + A"e

< (1 + L)Ad(fxy_o,fxn) + A+ L)A e+ 1. (2.27)

Now, we define

w= max{k, 1+ L)A}.
Thus, from Case 1-Case 3, it follows that

A, foner) = w8+ (W1 + 1", (2.28)
where

ln € {d(fx,,_l,fxn),d(fxn_g,fx,,_l)}.
Now we claim that for each n > 1,

Aftfrinn) < 1T &+ 2nube, (2.29)
where

{2 € {d(fxo,fxl), d(fxl,fxz)}.
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We shall prove it by mathematical induction. If n = 2, then (2.28) gives

d(ficy, foes) < gy + (1 + p?)e
= u&+p(d+pe

<3G +2-(2ue), asp<l.

Thus, (2.29) holds for n = 2. Let (2.29) be true for 2 < n < m, then we have to show that it
is also true for # = m + 1. From (2.28), for n = m + 1, we have

A1, fomsz) = Wmn + (W7 + 1™ )e, (2.30)

where

Cme1 € {d(fxm»fxmﬂ): d(fxm—l’fxm) } .

Case 1. If ¢,,41 = d(fx, fXms1), then (2.30) implies

d(fxm+1’fxm+2) = Md(fxm’fxmﬂ) + (/’L + /'LmH)
< (1" o+ 2mp B e) + (W e
ﬁu%(umfl{zﬂmu e)+2u"% e

(m+l

= o+ 2ma e,

Case 2. If ;41 = d(fx,,_1, fX), then it follows from (2.30) that

Afm1, fomsa) < Md(fxm—hfxm) + (" e
<u( 2+ -1 ) (1™ + e
< B+ m-Du" T es 1" (14 we
<3+ m-Dp" er 1T (14 pe
5,u%§2+2(m—1)u%+_e+2~2u%+_e

m+l
2 e.

(m+1)-1
=u 2

Therefore, in both cases, (2.29) is true for #n = m + 1. Thus, by the principle of mathematical
induction the inequality (2.29) holds for each # > 1. Now, by the triangle inequality and
(2.29), for any m > n, we have

d(fxmfxm) = d(fxmfxnﬂ) + d(fxnﬂ»fxnﬂ) LR d(fxm—l»fxm)
n-1 n
<[n T a+2npe]
+ [M%Q +2(n+ l)unTﬂe]

+ ..

m=2

[T+ 2m -1 ]

<[0T+ pf 1" o+ Ra()2e, (231)
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where R, () is the remainder of the convergent series Y oo, . As <1, by (2.31) we
get
VIT—I
a(fxp, fom) < a —C + R,()2e — 0, asn— oo. (2.32)
1—pz

Thus, by Lemma 4, for any ¢ € E with 6 < c there exists a positive integer N such that
d(fx,, fxm) < ¢ forall n > Ni. Hence, the sequence {fx,} is Cauchy. Also, {fx,} is a sequence
in KNf(K) and, being a closed subset of complete space X, K Nf(K) is complete. Therefore,
there exists z € K N f(K) such that fx, — z as n — o0. Further, as z € f(K), there exists
w € K such that z = f(w). By the construction of {fx,} there is a subsequence fx,, such that

SXm =Ym € Txp1.

Now we shall show that w is a coincidence point of T'and f, that is, fw € Tw. As fx,,, € Tx,,1
and

H(T%,,_1, Tw) < H(T%,,_1, Tw) + A" e,
using the definition of H-cone metric, there exists z,, € Tw such that

A z2m) < H(Tx 1, TW) + A" e (2.33)
Regarding (2.13) and fx,, € Tx,,_1, we obtain from (2.33)

A, z2m) < Ad(fxy,_1,fw) + Ld(fw, fx,,) + A e,
Then, by the triangle inequality, we get

a(fw, zy,) < d(fw, fxm) + d(fxm, 2m)
< d(fw, fxm) + Ad(fxp1,fw) + Ld(fw, fx,,) + A te. (2.34)

Since the subsequence {fx,,} converges to z = f(w) and A < 1, the right-hand side of the
inequality (2.34) converges to 8 as m — co. Therefore, in view of Lemma 4, for any c € E
with 6 < ¢, we can choose a positive integer N; such that d(fw,z,,) < ¢ for all m > Nj.
Thus the sequence z,, converges to f(w). As z,, € Tw and Tw is closed, we get fw € Tw.
Since w € C(f, T), it follows that ffw = fw. Let z = fw and so fz = ffw = fw € Tw. In view of
(2.13) we have

H(Tw, Tz) < Ad(fw,fz) + Ld(fz, fz)
=0,
which gives Tw = Tz. Therefore, z = fz € TZ, that is, z is a common fixed point of f and 7.

If we let f = I (identity map) in Theorem 15, we obtain the following result as an exten-
sion of Theorem 9 of [29] to a cone metric space.
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Corollary 16 Let (X,d) be a cone metric space and let there exist an H-cone metric on
C(X) induced by d. Assume K is a nonempty closed subset of X such that for each x € K
and y ¢ K there exists z € 5K such that

d(x,z) + d(z,y) = d(x,y).
Suppose that T : K — C(X) is a non-self map satisfying
H(Tx, Ty) < Ad(x,y) + Ld(y, u) (2.35)

forall x,y € K and u € Tx with some A € (0,1) and L > 0 such that A(1 + L) < 1. Further
assume x € K = Tx C K, then there exists z € K such that z € Tz.

Now, we present a non-trivial example which shows the generality of Corollary 16 over

the corresponding existing theorems.

Example 17 Let X = [-1,00), E = Cﬁa([o, 1]) with supremum norm, P = {p € E : ¢(t) >
0} and d: X x X — E defined by d(x,y) = |x — y|g, where ¢ : [0,1] - R with ¢(¢) = €.
Then (X, d) is a cone metric space with a non-normal cone P. Let C(X) be the family of all

nonempty and closed subsets of X and define a mapping H : C(X) x C(X) — E as
H(A,B)=H,(A,B)p forall A,Be C(X),

where H,, is the usual Hausdorff metric induced by d(x,y) = |x — y|. Take K = [0,1] and
define T : K — C(X) as given in Example 11 of [29]:

{%c} forx e [0,%)’
T(x) = { {1} for x = %,
[(1Z,2+3] forxe(3,1].

Here 6K = {0,1}. Clearly, for each x € K and y ¢ K there exists a pointz=0orz=1¢€ §K
such that d(x,z) + d(z,y) = d(x,y). Further, as 0 € K = T0 = {0} € [0,1]] =K and 1 €
K= T1= [%, 1] € K, sox € K = Tx C K. Now, using a routine calculation as done in
Example 11, it can easily be shown that the inequality (2.35) holds for § = % and L = %.
Thus, all the conditions of Corollary 16 are satisfied and hence T has a fixed point in K.

Here x =1 is such a point.

Remark 18
(i) Theorem 1 of Assad and Kirk [30] is a direct consequence of Corollary 16.
(i) In Example 17, for x =1and y = 1, it can be checked that the inequality

H(Tx, Ty) < 8d(x,y)

is not satisfied for any § € (0,1). Therefore, Theorem 1 of Assad and Kirk [30] is not
applicable to Example 17.
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3 Application to invariant approximation
Since the appearance of Meinardus’ result in best approximation theory, several authors
have obtained best approximation results for single-valued maps as an application of fixed
point and common fixed point results. The best approximation results for multi-valued
mappings was obtained by Kamran [26], Al-Thagafi and Shahzad [31], Beg et al. [32],
O’Regan and Shahzad [33], and Markin and Shahzad [34]. Further, best approximation
results in the setting of cone metric space were for the first time considered by Rezapour
[35] (see also [36]).

In this section the best approximation results for a multi-valued mapping in the setting
of cone metric spaces are obtained.

Definition 19 Let M be a nonempty subset of a cone metric space X. A point y € M is
said to be a best approximation to p € X, if d(y,p) < d(z,p) for all z € M. The set of best
approximations to p in M is denoted by By (p).

As an application of Theorem 14, we obtain the following theorem, which ensures the

existence of a best approximation.

Theorem 20 Let M be subset of a cone metric space X, p € X, and let there exist an
H-cone metric on C(M) induced by d. Suppose f : M — M is a single-valued mapping and
T : M — C(M) is a multi-valued mapping such that for all x,y € By(p) and u € Tx we have

H(Tx, Ty) < Ad(fx, fy) + Ld(fy, u), (3.1)

where ). € (0,1) and L > 0. Also the following conditions hold.:
(i) f(BmP)) = Bu(p).
(ii) ffv=fvforve C(f,T) N Bu(p).
(ili) d(y,p) < d(fx,p) for all x € By(p) and y € Tx.
(iv) f(Bu(p)) is complete.
Then F(f, T) N By (P) # ¢.

Proof First we show that T'|g,,(») : Bu(p) = C(Bm(p)) is a multi-valued mapping. For this
letx € Byr(p) and u € Tx. Then, as f(By(p)) = Bu(p), we get fx € By(p) and hence d(fx, p) <
d(z,p) for all z € M.

Since u € Tx, by (iii) we obtain

d(u,p) < d(fx,p) <d(z,p) forallze M.

Thus, u € By(p) and hence Tx C By (p) for all x € By(p). Since Tx is closed for all x €
M, therefore also Tx is closed for all x € By(p). So, T, () is a multi-valued mapping
from By(p) to C(Bar(p)). Moreover, Tx C By(p) = f(Bay(p)) for each x € Bys(p). Further, as
f(Bu(p)) = Bu(p) and f : M — M, the mapping f|g,,(») : Bu(p) — Bu(p) is single-valued.
Clearly

F(f18y)» T1Bp») = E(f, T) 0 By (p).

Therefore, by applying Theorem 14 for X = By (p), F(f, T) N By(P) # ¢. O
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Corollary 21 Let M be subset of a cone metric space X, p € X, and let there exist an H-cone
metric on C(M) induced by d. Suppose T : M — C(M) is a multi-valued mapping such that
forall x,y € By (p) and u € Tx we have

H(Tx, Ty) < Ad(x,y) + Ld(y, u), (3.2)

where A € (0,1) and L > 0. Also the following conditions hold:
(i) d(y,p) <d(x,p) for all x € By(p) and y € Tx.
(i) Bup(p) is complete.

Then F(T) N By (P) # ¢.

Let M be a subset of a cone metric space (X, d) and let there exist an H-cone metric on
C(M) induced by d. A family F = {hy : A € C(M)} of functions from [0, 1] into C(M) with
the property /14(1) = A for each A € C(M) is said to be contractive if there exists a mapping
¢ :(0,1) = (0,1) such that for all A,B € C(M) and ¢ € (0,1), we have

H(ha(0), hp(2)) < ¢(t)H(A, B).

Such a family F is said to be jointly continuous if A — Ay in C(M) and ¢ — ¢, in (0,1)
imply ha(t) — hAO (to).

Theorem 22 Let M be a subset of a cone metric space (X,d), and let there exist an
H-cone metric on C(M) induced by d. Suppose F = {hy : A € C(M)} is a contractive and
joint continuous family, T : M — C(M) is a multi-valued mapping and there exists L > 0
such that

H(Tx, Ty) < d(x,y) + Ld(y,u) (3.3)

forall x,y € M and u € hr,(k), where k € (0,1) is any fixed element. If M is compact and T
is continuous, then T has a fixed point in M.

Proof For each n > 1, if we put k, = "=, then k,, is a real sequence which lies in (0,1) with
k, — 1 as n — o0o. Now, we define T,, : M — C(M) by

T,x = hp(k,) forallx e M.

Firstly, we show that T, is a multi-valued almost contraction on M. For this let x,y € M,
as F is a contractive family, we have

H(Tnx, Tny) = H(th(kn)’hTy(kn))
= ¢(kn)H(Tx, Ty)

= @(kn)d(x,y) + Lo(ky)d(y, 1) (34)

for all u € hy(k,) = T,yx. For each n > 1, define A, = ¢(k,) and L, = Ly(k,). Clearly, A, €
(0,1) and L,, > 0 for each #n > 1. Therefore, for each n > 1, (3.4) implies

H(T,x, T,y) < Ayd(x,y) + L,d(y, u)
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for all x,y € M and u € T,x. Hence, T is a multi-valued almost contraction. Since M is
compact, by Theorem 10 for each n > 1 there exists x, € M such that x, € T,x,. Again
compactness of M implies that there exists a convergent subsequence {x,,} of {x,} such
that x,, - z € M as m — o0. Since T is continuous, the family F is jointly continuous and
%m € Tmkm = Wi, (km), we have z € Tz, as k,, — 1 as m — 0o. Thus T has a fixed point
in M. O

The following theorem ensures the existence of a fixed point from the set of best ap-

proximations.

Theorem 23 Let M be a subset of a cone metric space (X,d) and let there exist an
H-cone metric on C(X) induced by d. Suppose T : X — C(X), p € X, and By(p) is
nonempty, compact, and it has a joint contractive family F = {hy : A € CBu(p))}. If T
is continuous on By(p), (3.3) holds for all x,y € By(p) and also d(y,p) < d(x,p) for all
x € By(p) and y € Tx. Then By(p) N F(T) # ¢.

Proof We claim Tx C By(p) for each x € By(p). To prove this let x € By(p), then d(x, p) <
d(z,p) for all z € M. If u € Tx, then by the given hypothesis

d(u,p) < d(x,p) <d(z,p) forallze M.

Thus, u € By(p). So T : By(p) — C(Bu(p)) is a multi-valued mapping and hence by ap-
plying Theorem 22 for By(p), it follows that By(p) N F(T) # ¢. O

Remark 24 All results in this paper hold as well in the frame of tvs-cone metric spaces
(see [16]).
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