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The determinant of a matrix is very powerful tool that helps in establishing properties of matrices. Indisputably, its importance
in various engineering and applied science problems has made it a mathematical area of increasing significance. From developed
and existing methods of finding determinant of a matrix, basketweave method/Sarrus’ rule has been shown to be the simplest,
easiest, very fast, accurate, and straightforward method for the computation of the determinant of 3 x 3 matrices. However, its
gross limitation is that this method/rule does not work for matrices larger than 3 x 3 and this fact is well established in literatures.
Therefore, the state-of-the-art methods for finding the determinants of 4 x 4 matrix and larger matrices are predominantly founded
on non-basketweave method/non-Sarrus’ rule. In this work, extension of the simple, easy, accurate, and straightforward approach
to the determinant of larger matrices is presented. The paper presents the developments of new method with different schemes
based on the basketweave method/Sarrus’ rule for the computation of the determinant of 4 x 4. The potency of the new method
is revealed in generalization of the basketweave method/non-Sarrus’ rule for the computation of the determinant of n x n (n > 3)
matrices. The new method is very efficient, very consistence for handy calculations, highly accurate, and fastest compared to other

existing methods.

1. Introduction

Over the years, the subject, linear algebra has been shown
to be the most fundamental component in mathematics as it
presents powerful tools in wide varieties of areas from theo-
retical science to engineering, including computer science. Its
important role and abilities in solving real life problems and
in data clarification [1] have led it to be frequently applied in
all the branches of science, engineering, social science, and
management. During the applications and analysis in such
areas of studies, a system of linear equations can be written
in matrix form and solving the system of linear equations
and the inversion of matrices is necessary which is mainly
dependent on determinant (a real number or a function of
the elements of an n x n matrix that yields a single number
that well determines something about the matrix). Therefore,
the importance of finding the determinant in linear algebra

cannot be overemphasized as it does not only help in
finding solution to systems of linear equations but it also
helps determine whether the system has a unique solution
and helps establish relationship and properties of matrices.
Undoubtedly, the computation of such single number called
the determinant is fundamental in linear algebra. It is one of
the basic concepts in linear algebra which has major applica-
tions in various branches of engineering and applied science
problems such as in the solutions systems of linear equations
and also in finding the inverse of an invertible matrix. Also,
many complicated expressions of electrical and mechanical
systems can be conveniently handled by expressing them in
“determinant form.” Therefore, it has become a mathematical
area of increasing significance as the computation of the
determinant of an #n x n matrix A of numbers or polynomials
is a classical problem and challenge for both numerical
and symbolic methods. Consequently, various direct and
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nondirect methods such as butterfly method, Sarrus’ rule,
triangle’s rule, Gaussian elimination procedure, permutation
expansion or expansion by the elements of whatever row
or column, pivotal or Chios condensation method, Dodg-
son’s condensation method, LU decomposition method, QR
decomposition method, Cholesky decomposition method,
Hajrizaj’s method, and Salihu and Gjonbalaj’s method [1-35]
have been proposed for finding the determinant of n x n
matrices. In the gamut of the methods or rules for finding
the determinant of the n x n matrices, Sarrus’ rule (a method
of finding the determinant of 3 x 3 matrices named after a
French mathematician, Pierre Frédéric Sarrus (1798-1861))
has been shown to be the simplest, easiest, fastest, and
very straightforward method. Although the wide range of
applications of the rule for the computation of the deter-
minant of 3 x 3 matrices is well established, it is grossly
limited in applications since it cannot be used for finding the
determinants of 4 x 4 matrices and larger matrices. Moreover,
the combined idea of finding determinant of 2 x 2 matrices
using butterfly method which is the conventional idea in all
literatures and using Sarrus’ rule for finding the determinant
of 3 x 3 matrices is termed basketweave method. However,
the basketweave method does not work on matrices larger
than 3 x 3 [1]. Therefore, for larger matrices, the computations
of determinants are carried out by methods such as row
reduction or column reduction, Laplace expansion method,
Dodgson’s condensation method, Chio’s condensations, tri-
angle’s rule, Gaussian elimination procedure, LU decom-
position, QR decomposition, and Cholesky decomposition.
However, these methods are not as simple, easy, fast, and
very straightforward as basketweave method/Sarrus’ rule.
Additionally, the cost of the computation of the determinant
of a matrix of order # is about 2#/3 arithmetic operations
using Gauss elimination; if the order n of the matrix is
large enough, then the computation is not feasible. Therefore,
Rezaifar and Rezaee [1] developed a recursion technique to
evaluate the determinant of a matrix. In their quests for
establishing a new scheme for the generalization of Rezaifar
and Rezaee’s procedure, Dutta and Pal [36] pointed out
the limitation of Rezaifar and Rezaee’s procedure as it fails
to evaluate the values of the determinants of matrices in
some cases. Therefore, in this paper, a new method using
different schemes based on Sarrus’ rule was developed to
carry out the computation of the determinant of 4 x 4
matrices. The developed method is shown to be very quick,
easy, efficient, very usable, and highly accurate. It creates
opportunities to find other new methods based on Sarrus’
rule to compute determinants of higher orders. Also, the new
approach has been shown to be applicable to the computation
of determinants of larger matrices such as 5 x 5, 6 x 6, and all
other n X n (n > 6) matrices.

2. Definition of Determinants

The determinant of n x n matrix square matrix A = [a;;] is a
real number or a function of the elements of the matrix which
well determines something about the matrix. It determines
whether the system has a unique solution and whether the
matrix is singular or not.
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The determinant of an n-order matrix will be called sum,
whichhasn! different termse; ; . a; ay; -+~ a,; whichwill
X Do dn 17192, 1j,
be formed of matrix A elements.
Let A be an n X n matrix:

an Gt Gy
Gy Gy " Oy
A= a3, 4]
Ayn
LA G~ Gsy |

Then determinant of A is

a; A Aip

dy A on

D=detA=[Al=|- - - a,
C gy (2)

Ay Gy~ Osy

= ijl,jz ,,,,, i R2j, " gy
SVI
where

Ejisdzresin
+1, if j,, js..., j, is an even permutation (3)
-1, if j;, ;... j, is an odd permutation.

The determinant of matrix A could also be written in Laplace
cofactor form as

det (A) = |A] = i(—n”f a;;det (A,) (4a)
i=1

det (A) = |A| = Y (-1)" a; ;det (A,;). (4b)
j=1

3. Existing Methods of
Computation of Determinants

The easiest way to find the determinant of a matrix is to
use a computer program which has been optimized so as to
reduce the computational time and cost, but there are several
ways to do it by hand [37-43]. Therefore, the computation
of determinants of matrices has been carried out by some
existing methods in literature such as basketweave method,
butterfly method, Sarrus’ method, triangle’s rule, Gaussian
elimination procedure, permutation expansion or Laplace
expansion by the elements of whatever row or column,
row reduction method, column reduction method, pivotal
or Chios condensation method, Dodgson’s condensation
method, LU decomposition method, QR decomposition
method, Cholesky decomposition method, Hajrizaj’s method,
Salihu and Gjonbalaj’s method, Rezaifar and Rezaee’s method,
and Dutta and Pal's method. The simplest among these
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methods is the basketweave method which could be stated as
the combination of butterfly method for determinant com-
putation of 2 x 2 matrices and Sarrus’ rule for determinant
computation of 3 x 3 matrices.

3.1. The Butterfly Method. A 2 x 2 matrix is written as

ap ap
A= . (5)
ay) G

In order to find the determinant of the 2 x 2 matrix, we carry
out the diagonal products. We then subtract the diagonal
product as we go right to left from the diagonal product of
a square matrix as left to right as follows:

2
%' = ap a1y — apa. (6)
1

Example 1. Evaluate A = |} 3}[:

det(A) = ’X‘ =3-(-24)=27. (7)

3.2. Sarrus’ Method. A 3 x 3 matrix is written as

det(A) =

a; ap a3
Ay Gy Gy |- (8)
az) dyy 4sz

Sarrus’ rule which is sometimes also called the basketweave
method is an alternative way to evaluate the determinant of
a 3 x 3 matrix. It is a method that is only applicable to 3 x 3
matrices. It follows the same process as carried out in the 3 x 3
matrix, except that we need to repeat the first two columns to
the right of the original matrix and then do the basketweave
method. Therefore, a 3 x 5 array is constructed by writing
down the entries of the 3 x 3 matrix and then repeating
the first two columns at the back of the third column. We
calculate the products along the six diagonal lines shown in
the diagram. The determinant is equal to the sum of products
along diagonals labeled 1, 2, and 3 minus the sum of the
products along the diagonals labeled 4, 5, and 6. An example
is shown as follows:

i 2. i3l A1y
Gy Ga3 Gp3l @yl Gy
Gyp Gy ds3l d3 Az

4 @ ) o

det (A) = [(a11a22a33) — (a12023031) + (a1302193,) ]

- [(a12a1a33) + (a1102303,) + (a30205,)].

Example 2. Evaluate A = | % ; zzl l:

2

43424 S ) (10)
[9]

det (A) = (5+24+12) — (9 + 8 +20) = (41) — (37) = 4.

o~
-

Multiplication of the numbers on the same line, addition
of the ones from down-going lines, and subtraction of
the ones from up-going lines are an approach that led
to the name “the basketweave method” Unfortunately, the
simple weave method does not work on matrices larger than
3x3.

The use of Laplace cofactor expansion along either the
row or column is a common method for the computation
of the determinant of 3 x 3, 4 x 4, and 5 x 5 matrices. The
evaluation of the determinant of an # x n matrix using the
definition involves the summation of n! terms, with each term
being a product of n factors. As n increases, this computation
becomes too cumbersome. This drawback is not only peculiar
to Laplace cofactor expansion method as other common
methods developed in literatures also required additional
computational cost and time for the computation of deter-
minant. Therefore, in recent times, different techniques
have been devised in literatures. However, these techniques
are not as simple, easy, fast, and very straightforward as
the basketweave method/Sarrus’ rule. Additionally, many
of them come with relatively high computational cost and
time.

4. The Development of the New Methods for
the Computation of Determinants

Consider a 4 x 4 matrix whose determinant is required, given
as follows:

a;p G G13 4y

Gy Gy A3 Gy
A= . (1)

Qz) Qs G3z d3y

g1 Qg Qg3 Oyy

Following the definition given in Section 2, the conventional
method of finding the determinant by Laplace cofactor
expansion method is carried out as follows.

Expanding along the first row, we have

yy Gz Gy ay) Gz Gy

det (A) = ay; |as; 33 34| — Ay |a31 A33 A3y

Ayy Q43 Oy Ay Gy3 Gy
(12)

dy Gy Gy ay) Gy Gy

t a3 (031 G3p G4 — A1y |G31 A3y 33

Ay Ay Gy a4 Qg Gy3



Again, expanding each of the 3 x 3 matrices along the first
row, we have

a3z O3y Qsy G3y

det(A) = ay, [azz

g3 Qyq Ay Qyq

| o]

az) dsz

asp 0ds3 Q33 A3y

+ay,

g3 Ay

|

az) A3y

gy Q43

az) A3y

a3 +ayy

g Ay 41 Q43

(13)
azp A3y
+ay3 | ay -

gy Gy Ay Oy

|-

az ds

as) ds as; dsz

+ay
gy Qg3

|

det (A) = [(a1,02033044) — (a1202303404)

Ay Ay

ds) dsz
+ ay;

Ay g3 Ay Ay

Now, we have

+(A1302403104) — (414051055043 ]
= [(ay302,051044) — (21,05, 034043)
+ (@11 02433055) = (A1405303,041) ]
+ [(ay1023034045) — (a1302405,04;)
+ (21402205, 043) = (412051 933044) ]
(14)
— [(a140:35105) = (A1305103044)
+ (a1182234043) = (A12054033041) ]
+ [(a11824050043) = (A14052033041)
+ (412023031 044) — (413021034045
= [(ay,024051043) — (21405, 05304,)
+ (@11 23830044) — (A13052834041)] -

So, it is shown that 4! different terms will be needed to
compute the determinant of the forth-order matrices.

In order to generate these 4! different terms (24 terms),
we have the following 3 different 4 x 4 matrices as follows:

Cl C2 C3 C4
Cl C3 C4 C2

(15)
Cl C4 C2 C3

r—e2—€3—C4_.
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In the arrangements, C1, C2, C3, and C4 represent the first,
the second, the third, and the fourth columns, respectively,
as given in the original 4 x 4 matrix. We could see in (15)
that the first arrangement (C1 C2 C3 C4) of 4 x 4 matrix
remains the same as given in the original matrix A. To get
the second arrangement (C1 C3 C4 C2) of another 4 x 4
matrix, remove and transfer the second column in the first
arrangement to the last column of the given 4 x 4 matrix A. To
get the third arrangement (C1 C4 C2 C3) of another new
4 x 4 matrix, remove and transfer the second column in the
second arrangement to be the last column of the second 4 x 4
matrix. This forms the third 4 x 4 matrix. After the third step,
we need not go further to perform the procedure of removing
and transferring the second column in the first arrangement
to the last column of the given 4 x 4 matrix because if we
do we will end up repeating the first step or getting the first
original 4 x 4 matrix in this procedure. In fact, this approach
helps us know when to stop the procedures. That is why the
last arrangement was cancelled.
Following the procedure, we have 4 x 4 matrices.
The first 4 x 4 matrix is

_ |91 9 Gp3 Opy

a3 A3y Q33 Q3y

(16)
gy Ay Q43 Ogq
The second 4 x 4 matrix is

app a3 Gy ap

dy) Gy3 Gy Gy
Ay = . 17)
az) dz3 A3y A3

41 Q43 Gy Gy
The third 4 x 4 matrix is

a) Gy ayp a3
ay) Gyg Gy O3

A, = . (18)
a31 Gsq 43y A3z

Ay Qg4 Qg Gy3

From the above, 10 new schemes based on Sarrus’ rule were
developed for the computation of the determinant of the 4 x
4 matrix.

In the new method/scheme, the next step to find det(A)
after the arrangements is as follows:

(1) In the first submatrix A ,, rewrite the 1st, 2nd, and
3rd columns on the right-hand side of matrix A f, (as
columns 5, 6, and 7). To the resulting 4 x 7 augmented
matrix, assign “+” to the leading element in the odd



International Journal of Engineering Mathematics

numbered columns and assign “~” sign to the leading
element in the even numbered columns. This gives

argfp =

ap
A
as,

Ay

+
a3
a3
as3

Ay

Ay
Ay
a3y

Ayy

(19)

the augmented matrices A, ¢, Aggp and A, gy, s
the determinant of A. This is sﬁown as follows:

This is the first part of the solution of the computation
of determinant of the given 4 x 4 matrix.

(2) In the second submatrix A ), rewrite the Ist, 2nd, and
3rd columns on the right-hand side of matrix A, (
as columns 5, 6, and 7). As in the first step, to the
augmented matrix, assign “+” to the leading element
in the odd numbered columns and assign “-” sign to
the leading element in the even numbered columns
and then apply Sarrus’ rule.

+ -+ - + - +

lngSp =

ayy
7
a3y

7]

ap
)
as;

Ay

(20)

This is the second part of the computation of determi-
nant of the given 4 x 4 matrix.

(3) In the third submatrix A,,, rewrite the newest Ist, 2nd,
and 3rd columns on the right-hand side of matrix A,,
(as columns 5, 6, and 7). And again, to the augmented
matrix, assign “+” to the leading element in the odd
numbered columns and assign “~” sign to the leading
element in the even numbered columns and then

apply Sarrus’ rule.

+ - + - + - +

as as

argsp = 3 A3 - (21

as3 as3

ay3 Ay

This is the third part of the computation of determi-
nant of the given 4 x 4 matrix.

A , and

(4) For each of augmented matrices A, 5, Agpgsp

A argp» apply Sarrus’ rule by adding the products along
the fgur full diagonals that extend from upper left
to lower right and subtract the products along the
four full diagonals that extend from the lower left to
the upper right. After finding the determinant of the
augmented matrices A,y Ay, and A,y the
addition of the results after applying Sarrus” rule on

+ -+ -+ -+
a4z 13 Ay a
2 413
A1 Gy O3 Oy
A= = a3
dz) dzp d33 O3y a
32 433
41 A4y G43 Oy4 - -
43
+
+ - o+ - 4+ -+
i A3 Gy Gy Arn 3 Gy
1 B3 As|  (22)
as; Gy ay
ay ay
+
+ -+ - 4+ - o+
ay @iy Gy B3 ap G ap
G @y Gy g3 @i Gyp Ayl
a3 A3y Gz G933 G5 Gy O3
241 Gaa 94 L Gag Ogg

Therefore, we have (9) which is equivalent in all entireties to
(14) when Laplace cofactor expansion method is used:
A = [(a1,89,033044) — (A12053034041) + (A1305405,a45)
— (A14091032043) ] — [(a13022051044)
—(A12091034043) + (a1, 024053045)
= (a14003055041)] + [(@1102303401)
— (A1302405,0,1) + (214055, 043)
= (a120210530,44)] = [(@140305,045)
(23)
= (13021 855044) + (011 82034043)
= (aa08530, )] + [(a1102405,043)
= (A1400,033041) + (212023031044
= (A13091034045) | — [(a1202405,043)
— (A14091053045) + (a1, 093055044)

- (‘113‘122‘134“41)] .

Alternatively, the new scheme could be carried out in another
way. In the alternative way, the algorithm still remains the
same but the difference is in the manner where the subma-
trices A 4, Ay, and A, are constructed. In this scheme, we
rewrite the Ist, 2nd, and 3rd columns on the left-hand side of
matrix A (as columns 0, -1, and -2) to form the required 4 x 7



augmented matrix. Therefore, we have the submatrices A g,

Ay and Ay, given as

P:

sp

tp

As before,

an 912 913 914
dy1 Gy O3 Gy
a3 a3 d33 a3y

Qg1 Q4 O43 Q44

as
A3
ass

Ay3

14
Ay
34
Ayy
as
)
as

Ay

Again, we arrived at (14):

Ay Gy Ay 43

Gy Gy Gy Oo3

azy 431 Azp 0433

g4 Qg1 Gy Oy3

app ap G13 Ay

Gy Gy Gz Opy

Az d31 Q33 Q3y

gy Q41 Q43 Oyy

a3 dy Gy 4y

Oy Gy Gy Gy

a3z d31 Q3 43

g3 Q41 Ggq Gy

@y a3

Gyy (y3 Gy

a3z Qsy

G443 (s

ay Ay
Ay G
34 a3

A4y a2

33 G

G2

G2 411 413

a4
Ay
34
Ayy
az
oY)
asy
Ay

as

ass

Ay3

a3

2 %53

33

gy

A4

g

a4

a3y

. »

a2

43) 31 0s3

I T

13 41 iy

a3 W

a5
443

ay ¢

._a}4

asz

. oy

a3

a3

 d33

det(A) = [(a11a22a33a44) - (%2“23“34“41)

+ (%3%4%1“42) - (a14a21a32a43)]

- [(‘113“22‘131“44) - (a12a21a34a43)

+ (“11”24“33“42) - (%4“23“32“41)]

+ [(a11a23a34a42) - (a131124a32a41)
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+ (A1409205,043) — (A12051033044) |
— [(a14023031045) — (a1302103544)
+(a1,09,034043) — (A1205403304;) ]
+ [(21182450053) = (A1405233041)
+ (1283051 044) — (413051034045 ]
= [(a1,024051043) — (01405, 03304,)
+ (11823050044) = (A13050034041)] -

(24) (26)

Furthermore, the new scheme could be carried out in another
way. In this alternative approach to the new method, the
submatrices A 4,, A, and A, are constructed via a different
approach. The determinant of the given fourth-order matrix
A is found as shown below.

First submatrix is

+ + - + - +
iy ayi’
S(Ap) =
P
Azg [P 52 a3
S g iy agy gy agl g
Ba3 Gy Ly g G G (27)

S (Afp) = [(a11022033044) — (12023034041 )
+ (‘113“245‘31‘142) - (“14“21“32‘143)]
(25) - [(‘113“22“31“44) - (‘112“21“34%3)

+(a1142403304) — (14093031 a44) |-

Second submatrix is

+ T
ap | | _‘11'1'"
S(Ay) = |
P
gy ap (M !y g (28)
L L L L | =l pe|

N (Asp) = [(a11a23a34a42) - (‘113‘1245‘32‘141)
+ (“14“22“31“43) - (%2“215133“44)]
- [(‘114“23“31‘142) - (‘113‘121‘132‘144)

+ (%1“22“34“43) - (a12a24a33a41 )]
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Third submatrix is

- + - + - +
a3 |h1 B ar
S(Ayp) = |21 % oz
S las gy gy ass|
azz P81 At TR2 083 ayy
s T
Ly agy AL A T2 BT gy oay o (29)
L L | L B A b =l

S (Atp) = [(“11“24”32“43) - (’114022“33’141)
+ (012‘123‘131‘144) - (‘113“21“34‘142)]
- [(012“24‘131“43) - (%4“21033‘142)
+(ay14y303,044) — (%3“22“34“41)]-
As before,
det(A)=S(Ap)+S(Ay,)+S(4,).  (30)

Then, we arrived at (14):

det (A) = [(a,89,033044) — (G1205303404;)
+ (@13024051042) = (414051 93,043) ]
— [(41302851041) = (A12051034043) + (a11024033047)
— (a140305,041)] + [(a11033034042)
— (A1302403,041) + (A14022031043) — (15051 933044)] (1)
— (214023031 045) = (1301 055044) + (a11052034043)
— (A12094033041) | + [(a1,02405,043)
— (A14092033041 ) + (A1305305,044) — (G305, 03404, |
— [(212824851043) = (a1405103304) + (a1102303544)

- (‘113“22‘134“41)] .

5. Numerical Examples

In our numerical example, we investigate the workability,
correctness, and efficiency of the use of the new method.
We do this by first applying the other known and common
methods such as expansion of cofactors method, pivotal
condensation method, and the new method based on Sarrus’
rule.

Example 1. One has

1 -2 -3 4
2 -2 5 -6

. (32)
-1 3 -4 6

6 5 -3 6

7
Using Laplace Expansion of Cofactor Method. One has
1 2 -3 4
2 -2 5 -6
-1 3 406
6 5 -3 6
det (A)
-2 5 -6 2 5 -6
=1(3 -4 6|-2|-1 -4 6
5 -3 6 6 -3 6
2 -2 -6 2 -2 5
+(=3)|-1 3 6|-4|]-1 3 -4
6 5 6 6 5 -3
det (A)
5 -4 6 36 ) 3 -4
=1|- -5 =
-36 |56 5 -3 (33)
-4 6 -1 6 -1 -4
~2]2 -5 +(=6)
-3 6 6 6 6 -3
) PY 5 g P
+ (- - (- + (-
6 6 6 6 5
3 -4 -1 -4 -1 3
—4(2 - (- +5
5 -3 6 -3 6 5
det (A)
=1 (=2 (=24 + 18) — 5(18 — 30) — 6 (=9 + 20))
—2(2(-24+18) = 5(-6—36) — 6 (3 + 24))
~3(2(18 = 30) + 2 (=6 — 36) — 6 (=5 — 18))
—4(2(=9 +20) +2 (3 +24) + 5 (=5 — 18))
det (A) =6+ (-=72) + (-90) + 156 = 0.
Using Chios Pivotal Condensation Method. One has
1 2 -3 4
2 -2 5 -6
A= . (34)
-1 3 -4 6
6 5 -3 6
Initialize D = 1 and reduce A to row echelon form [35]:
1 2 -3 4
0 -6 11 -6
(35)
-1 3 -4 6
6 5 -4 6



Adding -2 times the first row to the second row, D remains 1:

1 2 -3 4
0 -6 11 -14

(36)
05 -7 10
6 5 -4 6

Adding 1 times the first row to the third row, D remains 1:

2 -3 4

-6 11 -14
5 -7 10
-7 15 -18

(37)

o o O

Adding —6 times the first row to the fourth row, D remains 1:

12 -3 4
11 14
01 —— —
6 6 |. (38)
5 -7 10

0 -7 15 -18

Multiplying the second row by —1/6, D « D(-6) = 1(-6) =
—6:

1 2 -3
11 14
01 -5 %
13 5 (39)
00 — -=
6 3
[0 -7 15 -18]

Adding -5 times the second row to the third row, D remains
—6:

12 -3 7
14
o1 -
6 6
. (40)

00 2 22
6 3

13
0-7 = -2
L 6 3

Adding 7 times the second row to the fourth row, D remains
—6.

Multiplying the second row by 6/13, D « D(13/6) =
-6(13/6) = —13:

12 -3 4 7
11 14
01 —— —
6 6
10 | - (41)
00 1 ——0
13
1
00 2 2
L 6 3 |
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Adding —-13/6 times the third row to the fourth row, D
remains —13:

12 -3 4
11 14
01— %
10 (42)
00 -
13
00 0 0 |

The matrix is now in row echelon form with diagonal
elements 1,1, 1, and 0.
Thus, det A = —13(1)(1)(0) = 0.

Using the New Method (Gbemi’s Method). One has

1 2 -3 4
2 -2 5 -6
-1 3 -4 6
6 5 -3 6

1 2 34 1 2 -3
2 -2 5 -6 2 -2 5
Pl 3 -4 6 -1 3 -4

-3 6 6 5 —4
(43)
4 2 1 -3 4

2 5 6-22 5 -6
P -1 -4 6 3 -1 -4 6
6 36 5 6 -3 6

1 4 2 31 4 2
2 =6 -2 5 2 -6 -2
P -1 6 3 -4-16 3
6 6 5-36 6 5

Hence,

S(ap)=|2

(44)

6 W53 L6, 6 5 _‘3';1

S(Afp) = (48 — 360 — 90 + 72)
— (=36 + 72 + 120 — 360) = —126.
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Applying Sarrus’ rule to the second part A,

s(Ay) =12

6 =3 .6 .5

S (Asp) =

(150 — 324 — 24 + 96)
—(~100 + 108 + 36 — 288) = 142.

Applying Sarrus’ rule to the third part A

tp>

+
S(ag)=|2 =6 2

-1 6

1;'6' 1;6.. LY 3"-4 Cuoa Ty

S(Ayp) = (54 - 192 - 60 + 180)
— (=36 + 160 + 90 — 216) = —

Therefore,
det(A) =S (Afp) +S (Asp) +S (Atp)
=-126+ 142+ (-16) =0

Example 2.

(45)

(46)

(47)

Using the Laplace Expansion of Cofactors Method. One has

2233
2332
A:
5379
3247
det (A)
332 2 32 232 233
=213 7 9[-257 9]/+3|5 3 9/-3|537
247 347 327 324
det (A)
=2(3(49 - 36) — 3 (21 — 18) + 2 (12 — 14))
~2(2(49 - 36) - 3(35 — 27) + 2 (20 — 21))

+3(2(21-18)-3(35-27)+2(10-9))

~3(2(12-14)-3(20-21) + 3(10 - 9))

= -2,

(48)

Using the New Method (Gbemi’s Method). One has

2233
A_p332
5379
3247
2233223
2332233
A =l5379537
3247324
2332233
2323232
AS":5793579
3472347
2323232
2233223
A“’:5937593
3724372
Hence,
+ + - +
2 2 23
s(Ap) =12 2'.:_.3"'3
5 837
3 L2 L.4 L74 3, 2J 4

S(Ag,) = (294-162+60 - 72)
~ (315 - 144 - 56 — 81) = —26

S(Asp) =

G, v o N+

B
S(Asp) = (108 - 54 + 180 — 196)
— (90 - 126 + 216 — 84) = —58

+ -+ - + — +
2332233
S(Ap)=l2 2 2 32 3 2
5909 7 9
EREAEAC N

S(Ayp) = (48 - 189 + 210 - 108)

— (80 — 84 + 126 — 243) = 82.

(49)

(50)
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TaBLE 1: Comparison of time consumption among different methods.

Laplace expansion method

Rezaifar method The new method (Gbemi’s method)

Number of executions 1,000
Total time for executions 0.453s
Average time per execution 0.00453 s

1,000 1,000
0.359s 0.218s
0.00359 s 0.00218 s

TaBLE 2: Comparison of time consumption among different methods.

Laplace expansion method

Rezaifar method The new method (Gbemi’s method)

Number of executions 10,000
Total time for executions 4197 s
Average time per execution 0.0004197 s

10, 000 10,000
3.496s 1.766 s
0.003496 s 0.0001766 s

Therefore,
det(A)=S(A)+S(A,)+S(A,) o
= —26-58+82=-2.
Hence,
det (A) = -2. (52)

It should not be that we only apply the first scheme in this
example. If we use any of the 10 schemes developed in work,
we will still arrive at the same results.

6. Efficiency of the New Method

6.1. Asymptotic Analysis. In order to determine the efficiency
of the method, an asymptotic analysis was carried out using
big-O. The advantage of asymptotic analysis is that it is
independent of the computer specifications. This will be used
to compare the existing methods with the new method.

The conventional method in most texts and literatures is
the Laplace expansion method which evaluates the determi-
nant as a weighted sum of its submatrices. It is well established
in literature that the run time of the Laplace expansion
method for finding determinant is O(n!).

6.1.1. Run Time of New Method. The new method evaluates
the determinant of a 4 X 4 matrix as an extension of Sarrus’
rule. Thus, for every diagonal, there are n items that are
visited. Thus, the running time is O(#?). This can also be
verified from the MATLAB program. There are two nested
for loops which means an O(#?) algorithm.

6.1.2. Run Time of Other Variations of the New Method.
Analyzing the other variations of the new method, the run
time is O(1?).

7. Programming

This section presents the evaluation of the new approach
(called the G-method) and its ability to be used in pro-
gramming (i.e., as a subroutine for more applications); the
program is written in MATLAB. Also, the MATLAB codes
for Rezaifar and Rezaee [1] and Laplace expansion method
are also presented as shown in Algorithm 1.

8. Comparison with Existing Methods

The running time O(n?) is far better than O(n!) running time.
This means that the G-method (the new method) is more
efficient than the existing Laplace expansion method and
other existing methods for the computation of 4 x 4 matrix.
This fact was also illustrated with the execution time of the
MATLAB code run on an Intel® Core™2 Duo CPU 2.00 GHz
4.00 GB (RAM) system. The codes for the Laplace expansion
method and G-method were run with a test matrix.

In order to see the difference in execution time and speed
of execution more efficiently, the algorithm has to be run
many times. Therefore, the codes were run 1000 and 10,000
times on the same matrix, and the average execution time per
problem is calculated. The results are shown in Tables 1 and 2.

It can been seen from Tables 1 and 2 that the new method
saves much time and the speed of running is faster than
the Laplace expansion and Rezaifar’s methods. Although
the recursive loops in Rezaifar’s method make it be used
more in programming, if the division by zero appears during
the computation of the determinant of a matrix, then the
method fails to evaluate the value of the determinant unless
rows are changed and as a result the determinant altered
[1]. This shortcoming or limitation of Rezaifar’s method was
also pointed out by Dutta and Pal [36]. However, the newly
developed method (G-method) overcomes the limitation of
Rezaifar’s method.

For the optimized MATLAB in-built method, for the
1000 number of executions, the total time for execution is
0.015 sec, while the average time per execution is 0.000015 sec.
However, it has been pointed out that, commonly in machine
programs which required some algorithm to find the deter-
minant of matrices, Gaussian elimination or Gauss-Jordan
method is used. This method is based on linear and unilateral
approach to find the determinant [1]. It is hoped that if this
newly developed algorithm is optimized, it will run faster
than the MATLAB in-built method.

9. Conclusion and Future Works

In this paper, efficient techniques based on Sarrus’ rule for
computation of the determinant of 4 x 4 matrices have been
proposed. The techniques are shown to be very quick, easy,
efficient, very usable, and highly accurate. The new method
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function answer = GMethod(A,part)

%% Developed by Sobamowo M. Gbeminiyi
%% GMethod stands for Gbeminiyi’s method.
n = length(A);

2626 6 6 6 6 6 2 2 2 2 6 5 5 5 5 5 555 5 5 5 5k % % % % % % % % %

suml = 0;

sum2 = 0;

fori=1:1:n
sum3 = 1;
sum4 = 1;

for j=1:1:n

sum3 = sum3*A(j,non_zero(mod (i+j-1,4),4));

sum4 = sum4*A(n - j + 1,non zero(mod(i+j-1,4),4));
end

suml = suml + ((-1)"(i+1))*sum3;

sum2 = sum2 + ((-1)"(i))*sum4;

end
answer = (suml - sum2);
if part <=2
answer = answer + GMethod([A(:,1),A(:,3:n),A(:,2)],part+1);
end
end

function answer = RMethod (m)
%% Developed by Omid Rezaifar.
%% RMethod stands for Rezaifar Method.
%% Developed by Omind Rezaifar.

%% This code was extracted from [31, 38-42]
n = length(m) ;

X% X% X% 2% %

if n ==

answer = m;

elseif n ==

answer =m(1,1)m(2,2) - m(1,2)*m(2,1);
else

mil =m(2:n,2:n);

min =m(2:n,1:n -1);

mnl =m(1:n-1,2:n);

mnn =m(l:n-1, 1:n-1);

mliinn =mi1(l:n -2, 1:n-2);

answer = RMethod(m11)*RMethod (mnn) - RMethod (min)*RMethod (mn1) ;
answer = answer / RMethod(miinn);

end

end

function [answer] = ExpansionMethod(A)

%% Laplace Expansion Method 2% % % % 6% % 4% % 4455 %

%%
n = length(A);

if n==1
answer = A;
else
if n ==
answer = A(1,1)%A(2,2) - A(1,2)*A(2,1);
else
answer = 0;

fori=1:1:n
answer = answer + ((-1)A(1+i)*A(1,i))*ExpansionMethod([A(2:n,1:i -1), A(2:n, i+1:n)]);
end
end
end

ALGorITHM 1: Continued.

1
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>> ExecutionTestl

sk sk sk sk sk oskosk sk sk sk sk sk sk oskoskoskosk sk sk ok
Matrix Executed

101 3 -7

54 1 12
0 210 1

4 320 11
sk s sk sk ok sk sk ok ok sk sk ok ok ok sk ok ok ok ok ok

Number of Executions = 1000
Total Time for Execution = 0.453
Average Time per Execution = 0.000453
sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk ok sk
>> ExecutionTest2
sk sk sk sk sk sk ok sk sk skosk sk sk sk sk sk sk sk ok ok
Matrix Executed
101 3 -7

54 1 12
0 210 1

4 320 11
sk o ok oKk oK ok ok oK oK kR kR K R K

Number of Executions = 1000
Total Time for Execution = 0.218
Average Time per Execution = 0.000218
sk sk sk sk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk ok
>> ExecutionTest3
sk sk sk sk sk sk ok sk sk skosk sk sk sk sk sk sk sk ok ok
Matrix Executed
101 3 -7

5 4 1 12
0 210 1
4 320 11

sk ok ok ok ok oK ok K sk sk ok ok ok ok oK Kk ok

Number of Executions = 1000
Total Time for Execution = 0.359
Average Time per Execution = 0.000359

sk ok ok ok ok oK ok ok sk sk ok ok ok ok oK K ok ok

# % % % % % %« Average Time per Execution For Laplace Expansion Method s # s s s # % % *

* %% % % + + x Average Time per Execution For Gbeminiyi Method (G-Method) # # # s s % # % % % %

# %% % % % %+ Average Time per Execution For Rezaifar Method s # # # % % % % %

ALGORITHM 1

creates opportunities to find other new methods based on
Sarrus’ rule to compute determinants of higher orders. Also,
the new approach has been shown to be applicable to compute
the determinants of larger matrices such as 5 x 5, 6 x 6, and
all other n x n (n > 6) matrices. This will be presented in the
second part of the paper.
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