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Abstract. We define rectangular central versions of the Campanato and Mor-
rey spaces in R? and consider the commutator operator of the rectangular
2-dimensional Hardy operator and a locally integrable function b acting on
these Morrey spaces. We prove continuity of this operator when b belongs to
a rectangular central Campanato space.

1. Introduction

The theory of Campanato spaces has its origin in the early 60’s with the work
of S. Campanato [2] and G. Stampacchia [11]. For 1 < p < oo and —1/p < X <
1/n, the classical definition for Campanato space £P*(R™) is given in terms of the
following norm

1 1/p
— _ p
Hf”[,p,* - Sgp (|B|1+>\p L |f fB| dx) )

where B is any ball in R™, |B] is the Lebesgue measure of B and fp is the average

of fin B, i.e.
1
I = g7 ], S

Campanato spaces are a generalization of the space of functions with bounded
mean oscillation BMO(R™) defined by F. John and J. Nirenberg in 1961, which is
described by the following norm

1
I aso =sup 5 [ 17 = falda,
B |BlJp

where B denotes a ball in R™.

Related to Campanato spaces we also have Morrey spaces, which were introduced
in 1938 by C. Morrey [9] to study the local behavior of solutions to the second order
elliptic partial differential equations. The norm in the Morrey space LP*(R™) is
defined as follows

1 1/p
= _ pd
||f||L:Ua/\ Slép <B|1+Ap A ‘f| fE) )

with 1 < p < co and —1/p < XA < 1/n. Is not difficult to see that LP*(R™) C
LPA(R™). Both, Morrey and Campanato spaces, have been generalized in various
ways in order to obtain existence and uniqueness of solutions of partial differential
equations and better versions of the Sobolev type embedding.
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Central Campanato and Morrey spaces are generalizations of the spaces intro-
duced by Garcia-Cuerva in [6] and S. Lu and D. Yang in [8]; in this paper we
will focus on central rectangular versions of Campanato and Morrey spaces in R2.
Our aim is to explore the behavior in the central rectangular Morrey space of the
commutator of the rectangular 2-dimensional Hardy operator Hf, introduced in
[5], when b belongs to a central rectangular Campanato space. A characterization
of the central Campanato space via this commutator can be found in [10] in the
radial context. Following the techniques developed there, we obtain our continuity
results about commutators.

The notation along this manuscript will be standard and we will adopt the
convention of using C' to denote a constant that may be changing line by line.

2. Main Results

Assume 1 < p < oo and —1/p < X\ < 0, the central rectangular Morrey space
will be defined as follows

BPAR?) = {f € L},.(R?) : || fllgon < 00},

loc

where

1/p
1
£l = swo | s | For,z)Pdzdey |
B RiRe>0 \ (AR1IR) N i py py (o)

It is not difficult to show that (BP*(R?), ||| z.x) is a Banach space. If we denote
by BP’A(RQ) the space obtained considering balls with center in the origin instead
of rectangles in the previous definition, which bears the name of central Morrey
space, we can prove that BP*(R?) € BPA(R?) with ||| 50 < C ||| goon-

Under the same conditions for p and A, the central rectangular Campanato space,
denoted by CMOP’/\(RQ), is defined as the space consisting of all the functions f
in L7 (R?) such that

loc

1/p
1 /
SUP AR Ry )1FAP |f = fri,r,[Pdz1d2 <oo, (2.1)
R, R2>0 <(4R1R2)1+>\p [~ R1,R1]X[—R2,R2] 12

where
1

f(xhl'g)dl'ldl'z.
4R Ry /[_Rl,Rl]x[—Rz,Rz]
When it is finite, we denote the quantity in (2.1) by || f]l, veor-

Standard arguments allow us to show that (CMOP’A(RQ), e pgor )
space after identifying functions that differ by a constant almost everywhere in R2.
Also, simple calculations show that BP*(R?) C CMOP’)\(Rz) and, if we denote by
C’MOP’)\(RQ) the Campanato space localized at the origin, we have CMOP’)\(RQ) C

C’MOP’)\(RQ). Actually (||| o zrorr < Cllllopyor >+ since the Lebesgue measure of
balls and cubes are comparable.

fR1,R2 =

is a Banach

. A
These spaces can be seen as rectangular versions of the spaces CMO" (R?)
studied by Alvarez, Guzman-Partida and Lakey in [1] for A < 1/2.
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Now, let us introduce the rectangular 2-dimensional Hardy operator. For a
locally integrable function f, we define HI'f as

1
HQRf(xDmQ) =

=— J (1, y2)dyrdys,
21| |22

{(1,y2):ly1<|z; [}
where 27 # 0 and zo # 0. In [5] we proved continuity of the rectangular n-
dimensional Hardy operator in B2 (R?), CMOP’O(Rg) and more general spaces. In

this work we will consider the commutator of this Hardy operator, which is defined
as follows

Hy'f = bHy' f — H'(bf),

where b is a locally integrable function.

We wish to investigate the action of this commutator on central rectangular
Morrey spaces when b belongs to a central rectangular Campanato space. Our first
result will be stated under the assumption that for b, there exist a constant C' > 0
such that for any rectangle RC R2,

C
sup  [b(xy1, @) —bp| < f/~ 1b(y1,y2) — bpldyidys, (2.2)
(21,22)€R |R| J&

where by is the average of b in R. Although this assumption may seem artificial,
it is based on the condition that defines the reverse Holder class (more information
on the reverse Holder classes may be found in [3], [4] and [7]).

Now we state our first result.

Theorem 2.1. Let 1 < p < oo, —1/p < A < 0, =1/p; < \; < 0,1 = 1,2,
1/p=1/p1+1/p2, A=A + X2 and let b be a function in CMO”™ that satisfies
(2.2). Then HE : BP2*2 — BPA s bounded with

||H§||BP27>‘2—>BP,>\ < C”bHcMom»M .

Proof. Before starting, let us introduce some notation that will be helpful during
the proof. For a pair of integers k; and ko we will write

(1) Ik1,7<?2 = [_2k172k1] X [_2k2a2k2]7

(2) Ck17k2 = {(1’1,1’2) 2kl < “r]| < 2kj’j = 1’2}’

(3) bli€2 = 2*(k1+k¢2+2) flkl . b(l’l,xg)dl'ldeQ.

Consider an arbitrary rectangle [—Ry, Ri] X [—Ra, Re] C R? and take ky,ky € Z
such that 2Fi—1 < Rj < 2ki for j =1,2. Then

1 / 1
—_— |f|Pdzidzy < C’—/ | fIPdx1dzs
(4R1R2)1+)\p [ Ri.Ra] x|~ Ra,Ra] 2(k1+k2+2)(1+Ap) Loy ny

with C a constant independent of R; and Rs.
As a consequence, it will be enough to show that exists a constant C' such that

1/p
1
(WQ)(H,\,,)/I |H5f|pd$1d$2> < Clfllgrana » (2.3)
k1,k2

for every pair of integers k; and k.
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From the definition of H, If{ we have

p

/ |Hg%f(l‘1,$2)‘pd$1d$2
Ik, Ko
1

/IK1 Ko |.%‘1||.Z‘2| {ly;l<lz;[}

|

klffook =—00 Y Ch1.ky

[b(x1, 22) — b(y1, y2)] f(y1, y2)dy1dys| drxidzs

b(z1,22) — b(y1,y2)]
<|$1||332| -

><|f(2/17y2)|dl/1dy2) dxydwy

k1
—b
|:Jc1||x2| Z Z/ s, 72) = bia ko

k1=—00 ko=— Oy kg —00 jo=—00 Ciy iz

p
x| f(y1, yz)ldy1dy2> dzr1dxs

1
-b
e 2 > [ b bl

1=—00 ja=—00 Jl 1J2

+Oi Z/

k1=—00 kg=—o00 Cley kg

><|f(y1,y2)|dy1dy2) dxydry

=I+J

We can estimate the first term using Holder’s inequality for pi/p and (p1/p)’
and for po and p} as follows

Ky
r<c S Z g (ki tka)p / 1b(1, w2) — b,y [Pdzr s

k1=—00 ka=—00 Iy kg
k P
A2 S [ vwmin
Jj1=—00 ja=—00 J1 Jj2
ust Kz p/p1
<C Z Z g~ (hitha)p (/ |b(z1,22) — bkl,k2|p1dx1dw2>
k1=—00 ka=—00 Tiey kg
k1 1/p2 p
X |Ik17k2|1/(p1/p) Z z (/ |f(y1,y2)|p2dy1dy2> |Ij17j2|1/p2
J1=—00 jo=—00 11 2

p

1 1
< CIOIE omons 1 1 Gnns D Z IR DY Z el

k1=—00 kg=—00 J1=—00 joa=—00
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1
< OIBIE s 1 By S ORI

k1:—00 kg:—oo

<C ”b‘lg_/\}[opl')‘l ||f|‘2[12/\2 |IK17K2|1+AP'

The second term can be estimated using Hélder’s inequality repeatedly, first for
p and p’ and second for p;/p and ps/p, and the fact that b satisfies (2.2):

K, K k1
jse 3 Y et [0S 3 | o) = b

ki=—00 ka=—00 Chy kg J1=—00 ja=—00 Iy ,42

p
x| f(y1, yz)ldy1dy2> dz1dxs

Ky k1
<C Z Z 2- (k1+k2)P/ Z Z [/ |b(y17y2) _bkl,k2|p

ki=—o00 ko=—00 Chy ko j1=—00 ja=—00 Ii1 42

P

1/p
X|f(y17y2)|pdy1dy2] ‘Ij17j2|1/pl dxidzo

Ky k1
<C z Z 92— (k1+kz)p/ Z Z [/ |b(y1,y2)*bkl,k2|pl

ki=—00 kg=—00 Chy kea j1=—00 jo=—00 3152
1/p2 p

1/?1
Xdyldy2] l If (1, yz)l’”dmdyz] L, |7 | daydas

K,
<C||f\|6p2A2 Z Z 2(’“““/ Z Z J17]2‘1/p1+1/]32+1/p+k2

k1=—o00 ka=—00 Chky ko Jj1=—00 jo=—00

1 1/p1 p
T 1b(y1,y2) — bky o |7 dzydzs
‘Ik17k2| Ikl,k2
Kl kl P
<C ”bHCMOpl A1 ||f|‘2p2,)\2 Z Z ‘Ik17k2| (G1=Dp+1 Z Z Jl J2‘A2+1
ki=—00 ko=—00 J1=—00 jpa=—00
K,
<C ||bHCMOP1 A ||fHBP2 Ao Z Z ‘Ik1,’f2|1+>\p
klz—oo kg:—oo

< Clbl; |1

CMOPLA Hf”%pg,kg |IK17K2
Combining the above estimations for I and J, (2.3) can be proved. O
Now we wish to state a continuity result for H, lf?' when b is a function for which

(2.2) not necessarily holds. To do this, we need to impose stronger conditions on p
and A\ and the following lemma.
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Lemma 2.2. Let 1 < p < oo, =1/p < A <0, kj,l; € Z forj =1,2 and b €

CMOP’)\(RQ). With the same notation in the proof of Theorem 2.1, the following
holds

‘b(xl’x2)_bk1;]€2| < |b(l‘1, x2)_bl17l2|+c ||bHcMop')‘ max{|lk17k2|)\7 |Ik17lz|)\7 |Il17l2|)\}'

Proof. First notice that
1

1,7 |b(l‘1, 1‘2) - bkl,k2+1| dl‘ldl‘z
| k17k2‘ Ik'l«k2

|bk1,k2 - bk17k2+1| <

1 1/p
<2 1T o] |b(21,22) — bk kot 1|Pdz1dy
| k1,k2+1| Ikl,k2+1

<2 Hb”cMop’* |I/€171€2+1|>\'
Now observe that if ko < Iy

lo—1
(@1, 22) = bk k| < 101, 22) = bk o + Y [ory g — bry |
Jj=k2
lo—1
< b(@1, w2) = biy 1o + 2Blle giorr Y kgl
Jj=k2

< b(@1, 22) = biy 1] + C 116l g Ty ks |
Similarly, if ko > o
(21, 22) = biy ko | < [b(21,32) = by 1| + C I g e [Ty 1,
By the previous calculations we have
b(1, 2) = biey ks | < [b(21,22) = bk, 1| + C |10l g orr max{| T, k| [ Tky 101}

Proceeding in the same way for k1 and [; in the first term of the right side of last
inequality , we obtain

‘b(xlva)_bkl,kJ < |b(1’1a xQ)_bll,IQH_C ||bHC',\'/l(9P=)‘ maX{|Ik17k2|)\’ |Ik1712|)\’ |111712|)\}'

O
Theorem 2.3. Let 2 < p < oo and —1/2p < A< 0. Ifb e CMOP’)\(RQ), then
H: BPA(R?) — BP2XR?) is bounded with

S 505 s 2 ey < C 1Bl pgomn -

Proof. We will continue using the notation in the proof of Theorem 2.1. Again, it
will be enough to prove that there is a constant C' > 0 such that

1/p
1
(/ Hff(xl,xz)lpdw1dxz> < C|fllgen- (2.4)
Trey 9

|IK17K2 ‘1+2>\p

To obtain (2.4) we note that

/ |H f (21, 22) |Pday das
Ik ko
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P
1
S/ ( T b1, 22) —b(y17y2)||f(y1ay2)|dy1dy2> dxidxo
Iy ko

[1llm2] Sy 1<ty

<CZ1 Z/

ki=—00 ko=— Cly ky

(1, 22) = bky ks |
(lxlllzz Ly iy ’ n

x| f(y1, y2)|dy1dy2> dz1dxs

K1
e / b1, 92) — b ko
> Z o <|x1|x2| - )

k1:—00 k =

><|f(y1,y2)|dy1dy2> dxidxo

=1+J

The term [ can be handled using Hélder’s inequality as follows

Ky
1<c Y Z 2- (’ﬁ+’f2>P/ b(21, 2) — bpy oy |Pdaydy

k}l—*OO k?z—foo Cklvk’2

k1 P
X E E / f(y1,y2)|dy1dya

j1=—00 ja=—00 Cii.io
K1
)\ 1 p+1
< C”bHCMOpA E E |Ik17k2
k1=—00 ko=—00

k1 1/p p
< D2 Z [/ (s y)Pdyrdys | |1, 5|7

Jj1=—00 ja=—00 151,52
p
K, k1
A— A
S OB oo 1M D Z ey s [P Z L5l
k1=—o00 kg=—00 J1=—00 ja=—00
Kl K2
el /N[ LA S S S e
k:lzfookg:foo
<DL o 1B Hrcy 1y |2,

where the last inequality holds since 2pA > —1.
To estimate the term J we will use Lemma 2.2 and the fact that max{|Ix, ,|*,

‘Ik1,12|>\ |Ij1,j2|)\} = |Ij17j2|)\ when k; > ji, i = 1,2 as follows
K1 Kz 1
TS SN SIESCIY BN (5 SR Sl NNV S,
k1=—00 ko=—00 Ckl*k‘Z J1=—00 ja=—00 “ J2

p
><|f(yl7y2)|dy1dy2> dzidxo
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K, k1
<C Z Z 2(k1+k2/ Z Z/ b u2)

k1=—00 ka=—00 Chy ko J1=—00 jo=—00 Liy s

p
X|f(y17y2)|dyldy2> dxidxo

<C i Z 2” ’“*’“2”’/ i: Z / b(y1, y2)

k1=—00 ko=—00 Chy ko J1=—00 ja=—00 Ijy o

P
x|f(y1,y2)|dy1dyg> drydzy
Ky

Ko
D DD SIS S

klzfoo kzzfoo

p
><|f(y1,y2)|dy1dy2> dridxs

=J + Jo.

Again by Holder’s inequality we obtain

K k1
hEC Y Z |Ik1,k2|-/ > Z V by, y2) = by

ki=—o00 kg=—00 Criky \ ji=—o00 jo=—o0 L/ Li1.i2

1/p’
Xdyldy2‘| [/
I

71,32

P

1/p
f(yhyz)pdmdyz] dx1dxo

Chy ey j1=—00 ja=—00 Ti1 42

bk1,k2|

b71>j2|

A
IS

K .
SC”fH%p,/\ Z Z [Thy ks | p/ Z Z ]17]2|,\+1/p’

k1=—00 ka=—0c0 k1,k2  \ ji=—o00 jo=—00

X

J

1/p\ P
1b(y1,Y2) = bj, 4o pd@hdyz] dx1dzo

J1.32

K, Ky k1
_ A
SR T D S SRS B SR SRRt

k1=—00 ko=—00 Jj1=—00 j2=—00

K1
SN I LI Sl Sl A

kl——OO kQ——OO

< OB o 1 My 4227,

P
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Finally, J> can be estimated in the following way

K1

K
B <Ol oo D 3 2*(k1+k2)p/ Z Z L

k1=—00 ko=—00 k1,k2 J1=—00 jo=—00
% /
I

71,32

1/p\ P
|f(y1, y2)|pdy1dy2] dzidzo

<O 1 r S S Vel [ (P dode,

ki=—o0 kz—*OO Ikl ko

Ky

A
< OBIE oo 15 S S a2

klffoo k27700

< COIBIE oo 171 i 27,

which completes the proof of Theorem 2.3. ([l
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