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Abstract. In this paper, we introduce the method of adding additional fac-
tors and a parameter to multiple zeta values and prove some generalizations
of the duality theorem and several relations among multiple zeta values. In
particular, we are able to evaluate some special (truncated) sums in terms of
Riemann zeta values of different weights.

1. Introduction

We fix a positive integer r and put
Tk(r) :{k: (k‘l,k’g,...,k'r) e N” ‘ 1<k <ky<--- <k'7-}.

For an r-tuple of positive integers a = (o, g, . . ., @) with ;. > 2, a multiple zeta
value (or r-fold Euler sum) (cf. [1]) of depth r and weight || = a1 +ag + -+ +
is defined as

C(O{l’a27 e 70[r) = Z kl—ale—O& e k;aT'
Tw(r)

For our convenience, we let {1}* be k repetitions of 1. Due to Kontsevich [3],
multiple zeta values can be expressed as iterated integrals (or Drinfel’d integrals)
over the simplex of dimension |a| defined by Ejq| : 0 <t; <o < -+ < t)q < 1.
Indeed, we have

Clar,a,...,00) :/ D Y,
E

lex]
with
0 — dt;/(1—t;) fj=l,ar+l,ar4+as+1,...,00 Fas+... +a,_1+1;
J dt;/t; otherwise.
Some particular multiple zeta values and sums of multiple zeta values can be
further expressed as double integrals.

Proposition 1.1. [4, page 120] For a pair of nonnegative integers m and n, we

have
)™ n+2) = (logl) (logl) (dtdt

m!n! Eo 1-— tl g 1-— tl)tQ

1 g L1 B oo - " dtydts
=— og —— og— | ——"—.
m!n! Eo & 1-— tQ J t2 (]. — tl)tg
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Proposition 1.2. [4, page 120] For nonnegative integers p,q,r and £, we have

Z C({l}p7a17"'aa7‘7ar+l +€+1)
|a|=g+7+1

L o ) (oY (g2 () e
_p'q'r'ﬁ' Eo gl—tl gl—tg gtl gtg (1—7f1)t2.

For a pair of positive integers p and ¢, the multiple zeta value (({1}P~1, ¢ + 1)
can be expressed as iterated integral

Poodt, M ar
/E H1—]tj 11 I

p+a j=1 i=p+1 "

The change of variables u1 =1 —tpyq, U2 =1 —tpig—1,...,Uppq = 1 —t; then
transforms the iterated integral into

T du; A du;
/E Hl—;j H U;

pta j=1 1=q+1
which is (({1}971,p + 1). So that we have (({1}*~1,q + 1) = ¢({1}¢L,p + 1).
This is called the Drinfel’d duality theorem and it can be extended to a vectorized
version (cf. [6]). For n pairs of positive integers p1,q1; p2,42;---; Pn,dn, let

E={U" g+ 1L{1 L+l {1} g+ 1)
and let k' be its dual defined by
k' = ({1}qn717pn +1, {1}%71717]%—1 +1,..., {1}q1713p1 + 1)

Then the general duality theorem asserts that ((k) = ((k’) [10]. Ohno’s general-
ization of the duality and sum formulas [9] asserts further:

d Ck+e)= > (K +d), (1.1)

|e|=m |d|=m

for any nonnegative integer m. In particular, for a pair of positive integers p and
q, we have

Z C(alv"'aapflvap"_q): Z C(Bl,“'aﬁqflaﬂq +p) (12)
|a|=p+m |Bl=g+m

Note that the special case ¢ = 1 of (1.2) then gives the sum formula of multiple
zeta values.

Proposition 1.3 (The Sum Formula [8]). For integers m > p > 0, we have
> Clon, . opor,ap+1) = ((m+1).
|ae|=m

In this paper, we add further factors to multiple zeta values with parameters
and produce the following results.
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Theorem 1.4. Suppose that p and q are positive integers and r is a nonnegative
integer. Then for any real number a > —1 and nonnegative integer m, we have

Yo (kita) (ke t+a) 2 (ky +a) " (ky + 1)

le|=p+m
Tw(p) (1 3)
1 O +1) - +7r—1) Z A . ‘
- > - - (=17 ) (g +4)"
s, (i) (4 a) - (g 4 a)e j
Te(q)

In particular, taking ¢ = 1 and @ = r in (1.3) gives the following corollary.

Corollary 1.5. For any positive integer p and nonnegative integers m and r with
m+p>r+1, the truncated sum

Z (by+r)" % (kpfl +r) " (kp + T)_ap_l

loc|=p+m
T (p)
is equal to
(l+1) - (L7 —1) (r o
S (e
J:

The outline of this paper is as follows. In Section 2, we shall introduce the
method of adding some factors to multiple zeta values with parameters and give a
proof of Theorem 1.4 according to this way. In Section 3, based on known duality
relations, we can produce new identities concerning duality. We obtain a simple
relation by starting with a special truncated sum in Section 4 and give a brief
summary of this paper in the final section.

2. Multiple Zeta Values with Parameter and Additional Factors
For different purposes, different factors such as
tl a 1— t\a\ b 1 c t
t|a| ’ 1-—-1t "\ 1 — 1 el

are attached to iterated integral representations of multiple zeta values to produce
new multiple zeta values when differentiating with respect to the parameters. For
example, the iterated integral

/ ( tl >a ﬁ dt] dtr+1

Ert1 try1 j=1 1- tj lry1

obtained from the iterated integral of (({1}"~1, 2) with the additional factor (¢1/t,41)%,
can be evaluated as

1
2 e+ a)ke +a) - (ke + )k,

Tw(r

In a similar manner we have for positive integers p and ¢

a P ) p+q )
/E+ (i) Hldf I F= S lttaty+al s @

t
s i=p+1 T (r)
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On the other hand, we add extra factors such as t;j, (1 —t;)" with r; integers
to iterated integrals of multiple zeta values to produce sums of multiple zeta values
of different weights. For example,

/ o dhidly 13
B, C(1—t)t k(k+2) 4
and
dt,  dtadts = k )
Lt = e =@

Here we consider a special multiple zeta value with a parameter a and an addi-
tional factor related to the multiple zeta value (({1}?~1, ¢ + 1), namely

a +q
Lt Poody, Y d
traen=[ oy (75) % T3 @2
E P/ i Ji=py1
Note that I(p,q;a,r) can be evaluated easily as

3 (ks + a)(kz +a) -~ (ky + @)y + 1) 7%

Tk (p)

p+q

Now we are ready to prove our main theorem.

Proof of Theorem 1.4. Let I(p, q;a,r) be defined as (2.2). Fix ¢;,¢,+1 and integrate
with respect to the remaining variables o, ...,t, and ¢,19,..., ¢, to express the
iterated integral as the double integral

;/ i <t1)“<lo 1—t1>p1 <10 1)‘” dt,dts
(- Dig— 1) Jp, 2\t 11 ¢n) =i

Under the change of variables:

1—-1%; 1
x1 = log ?752, w9 = log ga

the double integral is transformed into

1 -1 -1 1 1 a _—r
<p1>!(q1)!/,329«“’f xg (e + et — e ) e das,

where
Dy = {(Zl,.’ﬂg) | T > 0, xo > 0, el +e*? — g1t > 0}

Now interchange x; and x2 to yield the double integral with the same value

(p—1)lqg—1)!
With the same change of variables

17’[1,1

1
q—1_p—1( a1 T2 _ Lr1tT2)? —r3y
z{ b (€M e e Ve dzdzs.
Da

r1 = log
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we conclude that

e gty f, (22) (2) (i)
,q;a,T) = -
P4 =D g—1)! g, \T=w ) \u e 1w

< (1o 1 p=l dU1dU2
& (%) (]. — ul)u2 (2 3)
:/ <1—“q+1)r< uy )a ﬁ du, ﬁ dug
Eppy \ 1 — w1 Ugi1 i 1—uy hai1 U

In light of the expression
1 > El +7r— 1 01—1
(1 —u) 1 ezl ( r )ul 7
=

the double integral in the right hand side of (2.3) can be evaluated as

€1€1+1 (€1+’I"71) - (T N —
E E —1)/ 14 P,
rl 6y +a)(ly+a) - (by + a) .7( ) j (b +7)
Te(q) 7=0

This leads to the identity

3 (ks +a) (ks +a) - (ky + )] (ky +1) 70

Tw(p)

GG+ (L+r-1) ¢ (T N —p
ol Z (61 + a) €2+a) (ly +a) ;(*1) <j)(€q +4)7P.

Differentiating both sides of the above identity with respect to a for m times, we
obtain our assertion. (]

Taking r = 0 into Theorem 1.4 and then letting a = 0, we get the special case of
the duality and the formula (1.2). With the similar consideration of multiple zeta
values with parameters, Ohno’s theorem (1.1) can be obtained from the differenti-
ations of the more general identity

1
iy B+ @)k +a)- (kip) + a)kpikylyp, - ki
1 (2.4)
iy Gt a)le+a)- (g + a)lgibe " g, - Oy

where the real number @ > —1 and p = (p1,p2,---,0n), @ = (q1,92,--.,qn) are
n-tuples of positive integers. In fact, the left hand side of (2.4) is equal to the
vectorized form of (2.1), i.e. the integral obtained from the iterated integral of
C{13 =t g +1,...,{1}P»~1 ¢, +1) with an additional factor (cf. [5, page 76-82])

/ ( t1t51+1 e tsn,1+1 >a ﬁ dt ﬁ dtil
Ep|+1al bpi1ts 4ol ls, 1 4p,+1 1- t . ti,

g i1=p1+1
s1+ s Sn—11+Pn s
S dty, = dt, dt;, - dt;
S VIR | BRSNS
1— ¢, 4 1— ¢, .
Je=s1+1 th i2=81+p2+1 tw In=8n—1+1 tj" in=8n—1+pn+1 tz"



92 C.-L. CHUNG and M. EIE

where s, = p1 +¢1 + - + Pm + ¢m- So the identity (1.3) can be viewed as a
generalization of the special case of Ohno’s theorem.

3. Duality Among Restricted Sums
For nonnegative integers p, ¢, r, the restricted sum formula [7] asserted that

Z C({l}p>a1u"'7a7‘7ar+l+1): Z <(607513"'7ﬂp+q+1)'
lel=q+r+1 |B|=p+r+1
There is another duality among restricted sums [2, 6]

Z CH{1 an, ..y iy + 1)

lo|=g+r+1

= Z C({l}qﬂﬁlv"‘vﬁr7ﬂr+1+1).

IBl=p+r+1
By Proposition 1.2, the above relation is given by

1 1 \* 1—t\" ta\?  dtidts
i log log log— | —m—
pq:r: E- 1-— tl 1-— tg tl (1 - tl)tg

1 1-— (5% P U2 " 1 a duld’uQ

= log log — log— | —m—
pr.q: Eo 1-— U9 (5% U2 (1 — ul)uz

1 1 a 1— V1 " V2 P d’t}ldvg

= log log log— | ———.
q:r:p: Eo 1-— (%1 1— (%) (% (1 — U1)’U2

We now prove the following extension.

Theorem 3.1. Suppose that p,q,m and v are nonnegative integers. Then the
following series are equal.

(k1k2 e kpkp+r+1)_1 .
(kpt1 +m)@ (kpo +m)22 - (kppppr +m)orr” (3.1)

|a|=g+7r+1
T (p+r+1)

S G (G +m) T ,
|B=p+r+1 (32)
Te(p+1)

> (1) <m> Yo (le ) (Egr +5) P gz + 5)

j=0 J |B|=p+r+1 (3.3)
Te(g+r+1)

X oo X (L + 5) 70 (Cgppr + ) 7Pt h
Proof. We express (3.1) as the double integral
1 / L™ log L b log L7101 " log 22 T dtydty
p'q'?"' Eo tg & 1 —tl & 1 —tg gtl (1 _tl)tQ.

Under the change of variables:

r1 = log T—7 ro = log —
-l
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the double integral is transformed into
1 P,.q 1 " —mx
I /D2 xjxg (log prr—— ezl‘*‘”?) e "2 dx dxs (3.4)
with Dy = {(x1,22) | 21 > 0, 22 > 0, €** + e"2 — *17%2 > 0}. Now with another
change of variables:

1—U1

) SI,'QZIng,
I—UQ u9

the double integral is transformed back to

1 /um log 7Y (105 2 (10 L) _duaduz
plgr! Jg, 2 gl—u2 gul gu2 (1—ur)up

In terms of multiple zeta values, it is exactly the integral representation of (3.2).
This proves the equality of (3.1) and (3.2).

On the other hand, we interchange x1 and x5 in (3.4) to yield the double integral
of the same value

L / 2Pl <10g ! )7 e~ ™2 dx1dxs.
plglr! Jp, 12 €Tl + T2 — eT1tT2 1er2

This corresponds to the following double integral

1 / (1 )m 1 1 4 1 1-— (%4 " ] (%) P dUldl}g
- 0 0 og— | ——M——
qirlp! Jg, ! & 1—v & 1— vy & V1 (1 —v1)vg

after making the change of variables:

z1 = log

U2
, Ty = log —.

z1 = lo
! gl—vl (%1

In terms of multiple zeta values, it is equal to (3.3). O

Remark 3.2. In summary, in the proof of previous theorem, we obtain that

1 / ti " lo 1 ! lo L-h) lo t—Q ! 7dt1dt2
p'q")"' Es tg & 1-— tl & 1— tg & tl (]. — tl)tQ
1 1-— Uq P u9 " 1 1 dulduz
= 71 log — log— | — 3.5
plrig! /E2 2 <0g 11@) (og u1> <0g uz) (1 —uq)ug (3:5)

1 1 1 1 — U1 " (%) P d’UldUQ
= 1—wv)™ (1 log —— log —= | —— )
q'rip! /]52( o) <Og1v1> (Oglvg) (og v ) (1 —w1)vg

The parameter m here can be a real number so that we can perform differentia-
tions with respect to m to produce more general identities concerning duality.

4. A Truncated Sum

The special truncated sum (see Corollary 1.5)

D (1) (o 1) (hy 1)

|a|=m+p
T (p)

has the value

> i [ @)

00
{=1
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or
> 1
=1
This implies, in particular, the partial sum corresponding to k; =1
S= Y 1Tk k7 k!
la|=m+p
1<ka<---<kp

has the value
- 1
¢(m+p) - ; I+ it

when m + p > 2. Of course, the value is a linear combination of single zeta values
along with constants.
For 1 < j < p, we let

B —Qap—ap— =i LT+ T Y% -1 —ap—1
;= Y 1 e SRRy vl

|ee|=m+p
1<kj1<-<kp
and S, = ("TP71). Then S = S; — Sy + 83 — -+ + (—=1)P71S,.
Theorem 4.1. For a pair of positive integers m and p, then we have

S1—Sy+ 83—+ (=1)F ISPZC(m+p)—ZW~
—1

5. A Final Remark

When multiple zeta values are expressed as iterated integrals, most of duality
theorems of multiple zeta values are obtained from the change of variables: t —
1 —t = u or componentwise

up =1 —"Fjapuz =1 —taqj-1,- - U =1 — 1.

This also includes multiple zeta values or sums of multiple zeta values expressed as
double integrals. For example, we have

L / <10g l_tl) " <1og 1) Y dtdty
min! /g, 1—tq to (1 —t1)ts
:L / <log L )" <log u2>m 7du1duQ .
min! /g, 1—wu Uy (1 —uy)us

On the other hand, when multiple zeta values or sums of multiple zeta values are
expressed in double integrals, the change of variables

1 zlogL,xQ :logt—2
1—-1t t1
or
bfvlzlogl_tl,a@:logl
1—1t to

provides an alternative way to obtain the duals. Especially, when it is hard to
evaluate the dual simply obtained from the change of variables t — 1 — ¢.
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