APPLICABLE ANALYSIS AND DISCRETE M ATHEMATICS
available online at http://pefmath.etf.rs

APPL. ANAL. DISCRETE MATH. 10 (2016), 394-407. doi:10.2298/AADM160421010M

SOME CHARACTERIZATIONS OF THE EXPONENTIAL
DISTRIBUTION BASED ON ORDER STATISTICS

Bojana Milosevié, Marko Obradovié

In this paper some new characterizing theorems of the exponential distribu-
tion based on the order statistics are presented. Some existing results are
generalized and the open conjecture by ARNOLD and VILLASENOR is solved.

1. INTRODUCTION

There is an abundance of characterizations of the exponential distribution
and among them, a considerable part is based on the properties of order statistics.
A selection of these properties can be found in [1], [3], [7] and [10]. Recently,
ARNOLD and VILLASENOR [4] proposed a series of characterizations based on the
sample of size two and stated some conjectures on their generalization. They also
proposed a new method of proof which can be used when the density in question
is analytic. YANEV and CHAKRABORTY [15] used this method to prove two char-
acterization theorems concerning the maximum of a sample of size three as well as
the characterization based on consecutive maxima [6]. OBRADOVIC [13] considered
the characterizations of the same kind which include the median of a sample of size
three.

In this paper, we extend the generalizations to arbitrary order statistics. We
consider the case of consecutive order statistics via convolution with independent
random variables from the same distribution. Similar problems have been studied
in [14] and [5], however, their formulations are slightly different, in terms that the
convolution in question includes a random variable with fixed distribution.

The other case we consider is the characterization based on representation
of the k-th order statistic of a sample of size n as a weighted sum of k sample
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members. This problem has a history, AHSANULLAH and RAHMAN [2] proved the
theorem when the representation is valid for all k. Later, HUANG [9] showed that the
condition in general cannot be relaxed to just one value of k. We prove that under
the assumption of analyticity of the density function, the theorem is valid even
under this relaxed condition. As a corollary, we solve the conjecture of ARNOLD
and VILLASENOR regarding representation of sample maximum stated in [4].

2. AUXILIARY RESULTS

In this section we present four combinatorial identities that will be used in
the proofs of the characterization theorems. All of them contain Stirling numbers of
the second kind. A Stirling number of the second kind, denoted by {Z}, represents

the number of ways to partition a set of a objects into b non-empty subsets. In the
proofs of our lemmas we use the following well-known identities (see e.g. [8], ch.
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We proceed with the lemmas necessary for the proofs of the characterization theo-
rems.

Lemma 1. For integers k,n,r such that 1 <k <n and r > 0 it holds that
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Proof. We prove the lemma by induction on r. For r = 0 the equality (5) reduces

to
(k—1)!(n+{kﬁl}ﬂk—l)(n—k)) =(k—1)!({k+1}+k( k)),

which is true because of (1). Thus the statement of the lemma holds for r = 0 for
all 1 <k <n.
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Let us now suppose that (5) is satisfied for  — 1 for all 1 < k < n. The left
hand side of (5) can be split into

k4+r—2j—k+2
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Using the induction hypothesis on the first summand we have that the expression
above is equal to

~ (n— k+r k+r
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(7) Z;( Z. )(z—i—k 1).{i+k_1}+;( . )(z+k).{i+k}.
Grouping the corresponding summands from (6) and (7), we get
- k k+ = k k+
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z;( i )(z—i—k 1).{i+k}(n k— i) _z;( Z. )(H—k 2).{i+k_1}z.
The last equality is easily proved by putting j =i+ 1 in the first sum.
Lemma 2. For integers k,n,r such that 1 < k <n and r > 0 it holds that
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The proof of this lemma is analogous to the proof of Lemma 1 so we omit it
here.
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Lemma 3. For integers k,n,r such that 1 <k <n and r > 0 it holds that
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Proof. We prove the lemma by induction on n. For any r and k and n = k the
expression (9) reduces to identity (3).

Suppose now that the equality (9) is true for any k, any r, and n — 1. We
need to prove that it is also true for n. Transforming the left hand side of (9) we
get
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Applying (1), shifting the index s in the last inner sum, and separating the newly
obtained term for s = k + 1, the expression above becomes
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Grouping the first two summands together and applying the induction hypothesis
to the result we get the right hand side of (9).
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Lemma 4. For integers k,n,r such that 1 < k <n and r > 0 it holds that
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Proof. The proof is done using the strong induction on r. For any k and n
and r = 0 we have

n+(n—1)+---+(n—k+1)={kzl}—i—(n—k)k,

K —]: 1} = k(k; Y Suppose now that (10) is satisfied

up to r — 1. Thus it remains to prove that it is satisfied for r.
Splitting the sum on the left hand side of (10) into two parts: for j3 = 0 and
71 > 0, we get

which is obviously true since {
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The sum of indices in the inner sum of the second summand of (11) is smaller than
r + 1 so the induction hypothesis is applicable (in this case for n — 1, K — 1 and
r+1— j1). The first summand can be recursively split in the same manner until
all indices except the last one are equal to zero. After this process (including the
application of induction hypothesis) we obtain

Yo w1k 1) = (- k1)

Tlseens Jk=>0
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Substituting the index j with m = k+r — 1 — ¢ — j and, subsequently, the index
¢ with s = k — £ + 1, as well as applying the identity (4) to (n — k + 1)""1, (12)
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becomes
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Applying Lemma 1 to the two inner sums and grouping the summands we get
T
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Applying now Lemma 3 we obtain the right hand side of (10). Hence the proof is
completed.

REMARK 1. It is easy to prove that the Lemmas 3 and 4 are also true for k = 1.

Now we state and prove two lemmas that will play an important role in the
proofs of the theorems. They are similar to those from [6].

Let F be a class of continuous distribution functions F' such that F(0) = 0
and whose density function f allows Maclaurin expansion for all z > 0.

Lemma 5. Let F' be a distribution function that belongs to F. If for all natural q
it holds that

(13) F9(0) = (1)1 (0),
then f(x) = Ae™** for some A > 0.

Proof. The Maclaurin expansion of f for positive values of x gives

1)@= 005 = 30 0L = e o
q=0 q=0

For f to be a density, f(0) must be positive, so it follows that f(0) > 0 so f(z) is
the density of the exponential distribution with A = f(0).
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Lemma 6. Let F' be a distribution function that belongs to the class F. Denote
Ap(z) = F™(z) f(z). If the condition (13) is satisfied for all0 < ¢ <r—m, r > m,
then

(15) AR ©) = (=1t P4 b

Proof. The r th derivative of A,,(z) is
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Since all derivatives are of orders smaller or equal to r — m, using (13) we obtain
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= (_l)T—me-‘rl(O) ({m:- 1}(m + 1!+ {;}m')
— (_1)T*mf’“+1(0)m!{;111}.

In the last line we used the identity (1).

REMARK 2. For r < m Lemma 6 is valid without any condition imposed on derivatives of

f-
3. MAIN RESULTS

Let X(x;n) be the k-th order statistic from the sample of size n. We now state and
prove the characterization theorems.
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Theorem 1. Let X1,...,X, be a random sample from the distribution F that
belongs to F. Let k be a fized number such that 1 < k < n. If

1
(17) X(k—13n-1) T EX" < X(kin)
then X ~ E(A), A > 0.

Proof. Equalizing the densities from (17) we get

/Oz %FH@ )1 = F(z — )" * f(x — y)nf(ny)dy

—2)!(n — k)
- e @0 F@) )
n—k -
(k—1) (_1)i(n - kz) / Aisnea(z — ) f(ny)dy
(18) i=0 o 0
= f(z) > (~1)i (" B ’“) /0 Asins(y)dy.

Using induction we prove that (13) holds for every natural ¢ which by Lemma 5
implies that f(x) is exponential density.
Differentiating the integral equation (18) k times we get

n—k k—1
=0 (M) (e A 0)
i=0 j=0

+ [ A - y)f(ny)dy)
0

n—k k

o= 0(" ) (X ()4 P08
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Letting x = 0 and eliminating zero terms we get
(k= 1) (nf (O)(k = 2L (0) + £(0) 43" (0) = (n = k) (k = DL (0))
= (k= 1)F ()AL (0) + (k= DS O)(k = 2L O)k — k(n — k) (k=1L (0),

from which we get f/(0) = —f2(0), which means that (13) holds for ¢ = 1. Suppose
now that (13) is satisfied for all ¢ < r. We prove that it holds for ¢ = r + 1.
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Differentiating the integral equation (18) k + r times, letting = 0 and
eliminating zero terms we get

r+1 k+r—1
(k—1)3 (-1)! (” - ’“) ST pktroind plEr=im 049, (0)
i=0 j=i+k—2
r+1 _ ’ i k4+r—1 k ) .
=S Enik-n(" ) Y ()AL 0
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Without loss of generality, here and in similar situations afterwards, we put the

upper limit in the sums to be r 4+ 1. This is possible since for r +1 > n — k the
summands for ¢ > n — k are equal to zero.

The terms for i = 0 and j = k + r — 1 are equal and hence they cancel out.
Splitting the summation into two parts for ¢ = 0 and ¢ > 0 we get

k+r—2
(k—1) <nr+1f(r+1)(0)A§f_—22) (0) + Z nk+r1]f(k+r1])(0)A§€]_)2)
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Applying the induction hypothesis to the derivatives of functions f and, conse-
quently, via Lemma 6, to A;;;—2 and grouping the summands we obtain
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To prove the induction step it remains to show that

1 k+r & ktr—1—j E+r\\[j+1
(k_l)!(” _(k—1)+_zl(” _(j+1)){k—1})

r+1 k+r—1
=3 X (V-0
i=1 j=ith—2
(k- 1)n’“+T—1—j)(i . 2)!{#}2 1}.

Joining the summation for ¢ = 0 and ¢ > 0 back together we get

r+1 k+r—1

;j_§2(n;k)(k—1) Iy - ){ i:il}
r+1 kr—1 ‘
-3 (Tere-n 3 GED(EN)

Using identity (2) and Lemma 1 we complete the proof.

Theorem 2. Let Xi,...,X, be a random sample from the distribution F that
belongs to F and let X¢ be a random variable independent of the sample that follows
the same distribution. Let k be a fixed number such that 1 < k < n. If

d
(19) Xk—1,m) T Xo = X(k;n)

b
n—k+1
then X ~ E(A), A > 0.

We omit the proof since it follows a completely analogous procedure to the
proof of Theorem 1 with the application of Lemma 2 in the last step.

Theorem 3. Let Xi,...,X, be a random sample from the distribution F that
belongs to F. Let k be a fized number such that 1 <k <n. If

(20) %X1+ﬁX2+"'+7ngX(k;n)
then X ~ E(A), A > 0.

Proof Let k > 2. Equalizing the respective densities as in the previous proof we

/f =) /O (0= B+ 2)(gees — 90) F((n — b+ Dye)dys -+ -y
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Denote the left hand side of (21) by Jj (). Obviously, it can be expressed as

Jin(7) = /Ox f(n(z —y2)) Jk—1,n—1(y2)dy2,
Jia(e) = f((n =k +1)z).
The (k + r)-th derivative of J ,, is
k4+r—1
@)= 30w fOO) T @)
=0

4 / FED (e — o))t I (o) dge.

Letting x = 0 we get

k+r—1
JED ) = Y W f9D©0) Y (0),
(22)

Jl(sl) (0) = (n — k+1)*£®)(0), for every s > 0.

Applying the recurrence relation (22) k — 1 times we obtain

k+r—1 ‘ ‘ k4r—2—j; ‘ ‘
Jliij‘l)(()) = Z nit f(h)(()) Z (n— 1) f(Jz)(O)
leO j2:0

k—2
r+1—= 3" je
=1

> (n—k+2)7 1 U0 0)(n— k+1)

Jk—1=0

k=1 k—1
r4+1—=37 4o (r4+1—=3>0 je)
(=1 f =1

(0).

Then the (k + r)-th derivative of the left hand side of (21) becomes

Z nit (n _ 1)j2 .. (n —k+ 1)jkf(j1)(0)f(j2)(0) . f(jk)(o)'

Jis--Jk 20
1t =r+1

As before we prove by induction that (13) holds for every ¢. For r = 0, the
kth derivative of (21) at x =0 is

(n+n—14--4+n—Fk+1)f(0)f1(0)
(23) 1

= =2 f(O)A,(i;l)(o) + f/(())fk—l(o)k —k(n— k)fk-i—l(o)'

From (16) we get

(k —1)!

ALZD(0) = 2O £O) (= D!+ (k- 2)7(0)f42(0)
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Substituting this in (23) we get f’(0) = —£2(0) which means (13) holds for ¢ = 1.
Suppose now that (13) is satisfied for all ¢ < r. We shall prove that it holds for
g =7+ 1. The (k + r)th derivative of (21) at x =0 is

Z it (n —1)2 - (n — k + 1)7 fU0(0) £U2)(0) - - - UK (0)

Ji,--,Jk >0
Gt i =1
(24) 71 (i + N 1) Ly BTl N .
E - E T k+r—1—
B ( i ) (j+1)f( T 0AR(0).

j=i+k—2
Applying the induction hypothesis, the left hand side of (24) becomes
FELO)FOFD (L o g (n— k1)
Y W DR kb L)),
0< g1 mrjr <T+1

J1H i =r+l

while the right hand side of (24) can be expressed as

S n—k RS E+r 1 phtrp1 G FE=Df 541
;( ' )j_g_ (j“)( by W{i+k—1}
S e S

1 (k+r—1)
The term A,(clcfzrfl)(O) can be evaluated using (15) and (16) as
ktr—1y _ (B+7— 1) k—2 (r+1)

(k—|—7‘—1)! B ke (r+1)
+ B Dl 220+ (0)

+ Z (_1)r+1fr+k(0) (k—i—r - 1)

. - gl !
1<j1,. s Jk—2<r+2

0<jp_1<r+1
J1tetig=ktr—1

After transformations given above and grouping the summands, (24) becomes

e e - () - (13- (1)
k+r—2
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j 1
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r+1 k+r—1

CDIDIRGOE = S
i=1 j=itk—2

1<j1,-. s J—2<r+2
0<jp_1<r+1
g1t i =kr—1

- > nﬁ(n—1)ﬂ‘2---(n_k+1)jk>.
0<j1,..., Je<r+1
Jittie=rt1
To prove the induction step it remains to show that the expressions in the brackets
on both sides are equal. Joining the summands back together and applying the
identity (2) we obtain

r+1
j j j —kK\(+k-D(i+r+1
nt(n—1)2---(n—k+ 1) = (n )7{ : },
g1 .§C>o ( ) ( ) ; i (k—1)! i+k

J1H i =r+1

which follows from Lemma 4. Hence, the proof for k£ > 2 is completed.

In case of k = 1 the proof is done in analogously, but it is much simpler, so
we omit it here. O

The following corollary, which follows directly from Theorem 3, is a conjecture
stated in [4].

Corollary 1. Let X;,...,X,, be a random sample from the distribution F that
belongs to F. If

Xi+ ng +---+ an z X(nin)s
2 n ’
then X ~ E(A), A > 0.

4. DISCUSSION

In this paper we presented three new characterizations of the exponential dis-
tribution. Besides its contribution to the area of characterizations, these theorems
also have applications in the field of goodness-of-fit testing. Some tests based on
these characterizations have been considered in [11] and [12].
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