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Abstract. Using an integral representation on infinite domains with a qua-
siconformal boundary the generalized Faber series for the functions in the
Bergman space A%(G) are defined and their approximative properties are in-
vestigated.

1. Introduction and New Results

Let G be a simple connected domain in the complex plane C and let w be a
weight function given on G. For functions f analytic in G we set

2(Gw) =4 1+ [[ 1P wleo. <ot
G

where do, denotes the Lebesgue measure in the complex plane C.

If w =1, we denote A%(G) := A%(G,1). The space A?(G) is called the Bergman
space on G. We refer to the spaces A%(G,w) as “weighted Bergman spaces”. It
becomes a normed spaces if we define

1/2

HfHA?(GM) = // \f(z)|2w(z)doz
G

Hereafter, we consider only the special weight w(z) := 1/|z|* in this work.

Now let L be a finite quasiconformal curve in the complex plane C. We recall that
L is called a quasiconformal curve if there exists a quasiconformal homeomorphism
of the complex plane onto itself that maps a circle onto L. We denote by G; and
G4 the bounded and unbounded complements of C \ L, respectively. It is clear that
if f € A%(Gz), then it has zero in oo at least second order. As in the bounded case
[7, p. 5], A%(G>) is a Hilbert space with the inner product

()= [[ 11
G2
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which can be easily verified. Moreover, the set of polynomials of 1/z are dense in
A%(G9) with respect to the norm

1 gz = (1P
Indeed, let f € A%(Gs). If we substitute z = 1/¢ and define

f() = f (é) — 100,

then G2 maps to a finite domain G¢, and f. € A%(G¢), because

[P o= [[ 1 |d" <cf[ 1) do. <o,
Ge G ca

with some constant ¢ > 0. Since f has zero in co at least second order, the point
¢ = 0 is the zero of f, at least second order and

// f*(f) ngg ://|f(z)|2daz <.
Ge¢ i

¢
Hence f.(¢)/¢? € A%(G¢). If P,(s) is a polynomial of ¢, then we have

4[ f*C(QC) ?

2 1

é / PO~ 1O i

1\ 1 2
i)z

do,.
This implies that the set of polynomials of 1/z are dense in A%(Gy), since the set
of polynomials P,(¢) are dense in A?(G) with respect to the norm

1l gz = (LF: Y2,

(see, for example: [7, Ch. 1]). Also, for n = 1,2,... there exists a polynomial
Py(1/z) of 1/z, of degree < n, such that E,(f,G2) = [|f — P}l 42(c,) (see for
example, [6, p. 59, Theorem 1.1.]), where

Pn(C) -

dO’C

E,.(f,G2) := Inf{||f = Pl 42(g,) : P is a polynomial of 1/z, of degree < n}

denotes the minimal error of approximation of f by polynomials of 1/z of degree
at most n. The polynomial P*(1/z) is called the best approximant polynomial of

1/z to f € A%(Ga).
Let D be the open unit disc and w = ¢(z) be the conformal mapping of G onto
CD :=C \D , normalized by the conditions
»(0) =00 and lirr(l)zgo(z) > 0,
z—

and let ¥ be the inverse of ¢. In the neighborhood of the origin we have the
expansion

SO(Z):ngOéoJrOélZJrldoterakszr... )
2z
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Raising this function to the power m we obtain
()™ = Fmn(1/2) + Qum(z)  for ze€ Gy, (1.1)

where F,,(1/z) denotes the polynomial of negative powers of z and the term @, (2)
contains non-negative powers of z and is analytic in the domain G;. The polynomial
F,.,(1/z) of negative powers of z is called the generalized Faber polynomial for the
domain G,. If z € G4, then integrating in the positive direction along L, we have

This formula implies that the functions Fy, (1/z), m = 1,2,... are the Laurent
coefficients in the expansion of the function

Y (w)
P(w) -z

in the neighborhood of the point w = oo, i.e. the following expansion holds

W(w) ZFm<1)1 2 € Gy, welD,

Y(w) — 2z z ) wmtl

which converges absolutely and uniformly on compact subsets of G5 x C'D. Differ-
entiation of this equality with respect to z gives

i = () () e

CA(w) s (1) 1
(h(w) — 2)° Z Fin <z> wmt1 (1.2)

m=1

2 € Gy, weCD

m=1

or

for every (z,w) € Gax CD, where the series converges absolutely and uniformly on
compact subsets of Gox CD. More information for Faber and generalized Faber
polynomials can be found in [12, p. 255] and [7, p. 42].

In this work, for the first time, we obtain (Section 2, Lemma 2.1) an integral
representation on the infinite domain G5 with a quasiconformal boundary for a
function f € A%(Gy). By means of this integral representation in Section 2 we
define a generalized Faber series of a function f € A%(G2) to be of the form

- 1
z
m=1

with the generalized Faber coefficients a,(f), m =1,2,....

Our main results are presented in the following theorems, which are proved in
Section 3.

Theorem 1.1. Let f € A%(Gs). If

S an()FL (%) (13)

m=1
is a generalized Faber series of f, then this series converges uniformly to f on the
compact subsets of Gs.
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Corollary 1.2. Let P,(1/z) be a polynomial of degree n of 1/z and
P.(1/z) € A%(G2). If am(P,) are its generalized Faber coefficients, then a,,(P,) =

0 for all m>n+2 and
n+1
1 1
P, -] = g m(POF =],

m=1

A uniqueness theorem for the series

nfjlammﬂc, (2):

which converges to f € A%(G3) with respect to the norm [l 42(c,) 1s the following.

Theorem 1.3. Let {a,,} be a complex number sequence. If the series
oo
1
>t (3)
z
m=1
converges to a function f € A%(Ga) in the norm [l a2(cy)> then the

am, m=1,2,..., are the generalized Faber coefficients of f.

The following theorem estimates the error of the approximation of f € A%(G>)
by the partial sums of the series (1.3) in the weighted norm || 42(¢, . for the

special weight w(z) := 1/ |z|*, regarding to the minimal error E,(f, Gs).
Theorem 1.4. If f € A%(Gy), w(z) :=1/|z|* and

n+1
(12) - S ()
m=1

is the nth partial sum of its generalized Faber series
- 1
TAGE
z
m=1

then
c

1f = Sn(fs M a2y < m\/ﬁEn(ﬁGz%

for all natural numbers n and with a constant ¢ independent of n.

Similar results for the bounded domains with a quasiconformal boundary were
stated and proved in [8] and [5], respectively. These problems in the weghted cases
were studied in [9] and [10].

We shall use ¢, cy,..., to denote constants depending only on parameters that
are not important for the questions of interest.

2. Definitions and Some Auxiliary Results

In [4], V.I. Belyi gave the following integral representation for the functions f
analytic and bounded in the domain G,

f(z) = _i//W%(OdUO z € Gy.
G2
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Here y(z) is a K-quasiconformal reflection across the boundary L, i.e., a sense-
reversing K-quasiconformal involution of the extended complex plane keeping every
point of L fixed, such that y(G1) = G2, y(G2) = G1, y(0) = co and y(oo) = 0.
Such a mapping of the plane does exist [11, p. 99]. As follows from Ahlfors theorem
[1, p. 80] the reflection y(z) can always be chosen canonical in the sense that it is
differentiable on C' almost everywhere, except possibly at the points of the curve
L, and for any sufficiently small fixed § > 0 it satisfies the relations

[yl + lyel < e, if Ce {C] d<s|<1/d, <¢L}
el + el < eals| ™2, i |g > 1/8 or [¢] <4,

with some constants ¢; and ¢y, independent of (.

Considering only the canonical quasiconformal reflections, .M. Batchaev [3] gen-
eralized the integral representation above to functions f € A?(G4). The accurate
proof of the Batchaev’s result is given in [2, p. 110, Th. 4.4]. A similar integral
representation can also be obtained for functions f € A%(Gz). The following result
holds.

Lemma 2.1. Let f € A%(Gs). If y(z) is a canonical quasiconformal reflection
with respect to L, then

_ _7// o C ch(g)do—c, 2 € Go. (2.1)

Proof. Let y(z) a canonical quasiconformal reflection and f € A%(Gs). If we
substitute ¢ = 1/u for ¢ € G5 and define

f(Q) = f(1/u) = fi(u),
then G2 maps to a finite domain G,, and f. € A?(G,). If y*(t) is a canonical
quasiconformal reflection with respect to dG,, then from the Batchaev’s result we

have
/ (feoy") (W) yi(wdos, — t€ Gy,

u—t

where CG,, := C\G,. Substltutlng u = 1/¢ in this integral representation we get

fe) = /)=t / U i 1/6) 7o

LIy (1/Q)]="
_ ;/ (32_2)2 Z(1/g)da<, € Gy

If we define 1

y(¢) = —
y* (1/¢)
then y(¢) becomes a canonical quasiconformal reflection with respect to L. Conse-
quently, for f € A%(Gy) we get

1 o 22
9 = [ e e see
G1
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O

From now on, the reflection y(z) will be a canonical K-quasiconformal reflection
with respect to L.
Let f € A%(Gy). Substltutmg ¢ =19(w)in (2.1), we get

_ 1[I ( wyr(P(w)) 224 (w)
o // (w))]2 ' (6(w) _Z)ngun 2 € Gy (22)

Thus, if we deﬁne the coefficients am(f) =12,..., by
// wnL+1 ()1]1)2) yf(w(w))daun (23)

then, by (1.2) and (2.2), we can associate a formal series > ~_ a,,,(f)F},(1/2) with
the function f € A?(Gy), i.e

Zam T (1/2).

We call this formal series a generalized Faber series of f € A%(Gy), and the coeffi-
cients a,,,(f), m = 1,2, ..., generalized Faber coefficients of f.

Lemma 2.2. Let {F,,(1/2)}, m = 1,2,..., be the generalized Faber polynomials
of 1/z for Gy. Then

Z H HAZ(GZ) < nm
m

m=1
Proof. Since 7(¢) is a canonical K-quasiconformal mapping of the extended com-

2
plex plane onto itself, we have ‘@Z‘ / @C‘ < k and ‘@C|2_ ‘@Z‘ > 0. Also, it is known

2
_ _ 2
that ‘yzl = |yc| and ’yC‘ = ‘ZFC" Therefore, \yd/’%’ < k and ‘ZFC‘ —lye|” > 0.

[ 170 0©OF fyeto)] o
G1
2\ ~! 2
- /G / on@ (1=t /el ) (Jo] = l?) o
< =5 [ 1o n@r (Jue] = el aoe.
G1

2
Since <|y<|2 — ‘gﬁc’ ) is the Jacobian of y((), substituting ¢ for y(¢) on the right

Hence

side of the last inequality we get

2 f 2,
//I(foy)(of yeQ)] do¢ < 'f"‘,ﬁ)
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3. Proofs of the New Results

Proof of Theorem 1.1. Let M be a compact subset of Gy and y(z) a canonical
K-quasiconformal reflection With respect to L. Since by Lemma 2.1

) = // °y ye(Q)dor

- //f ( )y?(w(w)) Z2¢/(w) doy, for ze M
))]2 (w(u)) — 2)2 7 7

by means of (2.3), Holder’s inequality and Lemma 4 we obtain

| Zam 7 (1/2)

3 [ fllaz(as)
/1—k2?

n ’ 2
Qw +Z Fnl/2) doy . (3.1)
m=1

wm+1

for every z € M, where the constant c3 depends only on L.
Let 1 <r < R < oo. In view of (1.2)

] |22 s mga

r<|w|<R m=1

2
> F' (1)
3 w7i+/1)

m=n+1

doy

_ / / do,

r<|w|<R

<1 1 1 2
=m Z m <r2m Rgm) |Fr,n (1/2)]

m=n+1

B AUk

m=n+1 m+ 1

and by letting r — 17 and R — oo we get

2 (w)
Z[ (¥ (w)

2 " (1/2)
AP

m=1

doy, < 4w f: M (3.2)

e m+1

Therefore, by (3.1), (3.2) and Lemma 3 we conclude that

Zam 7 (1/z)

m=1

converges uniformly to f on M.

Proof of Corollary 1.2. Let z € G3. By Theorem 1.1 we have

o0

n (1/2) Z am (P,)F, (1/2).

m=1
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On the other hand, P,(1/z) can be written in the form

n+1

n (1/2) ZAka (1/z),

with the specific coefficients Ay, kK = 1,2,...,n+ 1. Let y(z) be a canonical K-
quasiconformal reflection relative to L. Since y(z) is identical on L, by Green’s
formulae we get

an(Pa) = / & wfn/fl ]zf( Ly (o),
_ %Ak//kaln{fl 1:; M)ﬁ( )yc(@b(w))dow
_ "ilAk// a (Fk 1&(“( ))])dgw

_ n+1 Fk 1/11)
Zm ot

lw|=1

By (1.1)
Fo [1/(w)] = 0™ = Qu((w)),
where Qp, (¢¥(w)) is analytic in CD, and then

s / B [1/¢(w)] - QATOPD 1, ?f k=m, (3.3)
27 wm Tl 0, if k#m,
|w|=1

which implies that a,,(P,) = A, for m = 1,...,n+ 1, and a,,(P,) = 0 for all
m > n + 2. Hence
n+1

o (1/2) Zam v (1/2).

Proof of Theorem 1.3. Let y(z) be a canonical K-quasiconformal reflection

relative to L and
n+1

w (f,1/2) = Z anF,, (1/%)
be the nth partial sum of
Z am F), (1/2) .

Using (3.3) it can be shown that

[1/y (v ]W(w)
n—>oo7'r// wm-i-l ))]2 %(w(w))dow = Gm, m=1,2,.... (3.4)
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If m and n are natural numbers, then by using Holder’s inequality and Lemma 4
we get

(7)== 2 e s L
1/2

n [1/y($(w))] ¥ (w) _ 1 do,
ere LRt (// w m)

) // vt =5 [1/y(w<w))]\2w’<w>|2|2f<<w<w>))2da -
cD [y ()|’ w

w [1/y(v(w))] ¥ (w)
)2

wm+1 ,(/) ]

1/2
<-4 ((f = Sn) o) (O <<)2da)
v mm (/él/| y | ’yz ' ¢

n [1/y (¥ (w))] ¥’ (w)
DE

yz(1/}(w))daw — am

’LUm+1 ’(/J ] yz(’l]b('LU))dO'w — Qm

G 1f = Snll az(as)

mn(1 — k?2)
wifiﬂ L) ot — 55)

Since lm ||f — Shl 42(,) = 0, (3.4) and (3.5) show that an(f) = am, m =
n—oo
1,2,

Proof of Theorem 1.4. Let y(z) be a canonical K-quasiconformal reflection with
respect to L, and P*(1/z) the best approximant polynomial to f € A%(G5) in
the norm ||'||A2(G2)‘ For z € G5, by means of Holder’s inequality, Lemma 4 and
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Corollary 1.2 we obtain
1f(2) = Sn (f, 1/2)| < |f(2) = Py (1/2)| + [P (1/2) — Sn (£,1/2)]

n+1

S (am(P) = am(f))FL, (1/2)

m=1

<|f(2) = By (1/2)[ +

< |f(z) = P, (1/2)]

// oy — P*oy w))a( )Yz (1/1( ))n+1F7/n(1/Z)d

o
w))]2 — wm+1 w

<|f(z) = Py (1/2)]

> ) 2 1/2
L1 //|(foy—P:{oy>(¢(w))| V(o) e (w(w)| .
"5 ly (¥ (w)]

(s )

1/2
< 1) - |+(//| oy~ P on)(Q)F [uelc \dac)

n+1 1/2
< Z| m >
1/2
c fQ |F,;<1/z>|2>

S|f(2)—P§(1/Z)|+7r(15_]€2)f—P;||A2(G2)<Z m

fasy F’ 1/2’

Tm\~/~)
,merl

m=1

n+1l | 1/2
ﬂf(z%ﬂt(l/z)Hﬁ (f,Ga (ZlF <1/z>>

for all natural numbers n. This shows that

E2(5.C i\F (1/z>| |

1£(2) = S (£, 1/2)* < 2|f(2) — Py (1/2)]* +

7T( k?)
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Multiplying both sides by 1/]z|* and take into account that 1/ |z|* < ¢ for z € G,
and with a constant cg, we get

1

) =80 (112 T
n+1 / 5 2
< er )~ P/ + S (.o S Pns UL
m=1

Now, by integrating both sides over G2 and by virtue of Lemma 2.2 we get

asy (1A
2 2 C8 2 mZI1A%(Ga)
1£(2) = Sn(fs Maz(ow)y < crEL(f,G2)+ mEn(ﬂ Gz);T

< <C7 + csl(n—il;;)) Ex(f,G2)

Con

2
S 1_k2En(f,G2)7

i.e.,
c

1£(2) = Snlf, Maz(grw < m\/ﬁEn(faGﬂ

for all natural numbers n.
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