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ABEL’S METHOD ON SUMMATION BY PARTS
AND BALANCED g-SERIES IDENTITIES

Wenchang Chu

The Abel method on summation by parts is reformulated to present new
and elementary proofs of several classical identities of terminating balanced
basic hypergeometric series. The examples strengthen our conviction that as
traditional analytical instrument, the revised Abel method on summation by
parts is indeed a very natural choice for working with basic hypergeometric
series.

1. INTRODUCTION

For an arbitrary complex sequence {7y}, define the backward and forward
difference operators V and A, respectively, by

(1) VT =Tk — Tk—1 and ATp = T, — Trt1

where A is adopted for convenience in the present paper, which differs from the
usual operator A only in the minus sign.
Then Abel’s lemma on summation by parts may be reformulated as

> BiVAy = [ABloo — A_1By+ Y ALABy

k=0 k=0

provided that the limit [AB]s := lim A,,By,+1 exists and one of the nontermi-
m— 00

nating series just displayed is convergent.
In fact, according to the definition of the backward difference, we have

ZBkVAk = ZBk{Ak — Ay} = ZAkBk - ZAk—lBk-
k=0 k=0 k=0 k=0
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Abel’s method on summation by parts and balanced g-series identities 59

Replacing k£ by 1 + k for the last sum, we derive the following expression:

> BiVAy = ApBmii — A 1Bo+ Y Ag{Bi — Bri1}
k=0 k=0

m
= AmBmi1 — A1Bo+ Y AyAB.
k=0
Letting m — oo, we get the desired formula.
Recently, the author [4, 5] has systematically reviewed several fundamental
basic hypergeometric series identities through the Abel lemma on summation by
parts. The approach can briefly be described as follows:

e Applying Abel’s lemma on summation by parts to a given g-series €2, the
machinery establishes a recurrence relation.

e Iterating the recursive equation derives a transformation formula on the -
series involving a new free integer parameter m.

e Truncating the 2-series by specifying one of the parameters in the transfor-
mation yields a terminating series identity.

e Finally, the limiting case m — oo of the transformation (if exists, of course)
leads to a nonterminating series identity.

The objective of the present work is to explore the applications of Abel’s
lemma on summation by parts to terminating balanced g-series identities that,
as a common underlying structure, involve g-shifted factorials with bases ¢ and
¢%. Several g-series identities will be exemplified in a unified manner by means of
Abel’s lemma on summation by parts such as the g-analogues of the second Gauss
summation theorem and the Bailey formula on 3F;(1/2)-series due to ANDREWS
[1]; the terminating g-analogues of the Watson and Whipple formulae on 5 Fs-series,
discovered respectively by ANDREWS [2] and JAIN [8]. Several new transformation
formulae will also be established. They will show again that as classical analytic
weapon, Abel’s lemma on summation by parts is indeed a very natural and powerful
method in dealing with basic hypergeometric series identities.

In order to facilitate the readability of the paper, we reproduce the notations
of g-shifted factorial and basic hypergeometric series.

For two indeterminate ¢ and x, the shifted-factorial with base ¢ is defined by

n—1

(2) (z;9)o=1 and (x;q), = H(l—qu) for n=1,2,....
k=0

The product and fraction of shifted factorials are abbreviated respectively to

(3) [a, By ooy viq], = (49), (B50), (VD)

o fB,..., (%9, (8:9), - (via),
@ {AaBa-~-’C‘q]n (49, (Biq), - (Cia),
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Following BAILEY [3], GASPER-RAHMAN [6] and SLATER [9], the basic hy-
pergeometric series is defined by

0o

ag, A1y - .-y Q) . _ ag, A1y ..., Q) n

5) 1“‘”[ bl,...,bx‘q’z] —Zo{q, bi,. .., by ‘q]nz
n=

where the base ¢ will be restricted to |g| < 1 for nonterminating g-series.
When gagay ---ayx = biby---by, the series just defined is called balanced,
which will be the main subject of the present paper.

2. ¢-ANALOGUE OF GAUSS’ SECOND SUMMATION THEOREM

Define the &- function by

(6) S(a,b):= Y _@onba (137,

= (@ 0)x(qab; ¢*)x

For the two sequences defined by

k
qa, qb (qab; g)x (2)
4§ {q, qab q]k I Lgabi )i !

it is almost trivial to compute the limiting relation
A_1By=[AB] =0
as well as the finite differences

1-¢* (qabiq) (5)
1 — qab (¢3ab; ¢*)x '

VAL =" [q’ qab” and ABy =

Then we can manipulate the &-series by Abel’s lemma on summation by parts as
follows:

®ab) =Y Mq(k—;)

¢; @)k (qab; ¢?)x

k>0
:ZBk VA, = ZAk AB,
k>0 k>0

-y L—g¢* qa Drlab e (5)

— -2
= 1 aab (45 9)w(gPab; ¢*)r

(1—gqa)(1 — gb) (¢Pa:u(a*b e (*57)
72

(1= qab)(1 - gPab = (@ Dr(a®ab; ¢2)x
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where the last passage has been justified by shifting the summation index £ — 1+k.
Therefore, we have established the following recurrence relation

(1 —qa)(1—qb)
(1 — gab)(1 — g3ab)’

(7) 8(a,b) = &(¢*a,¢’b)

Iterating this relation m-times, we get the following functional equation.

Lemma 1. (Recurrence relation on nonterminating series)

(qa; 4*)m (qb; ¢*)m

&(a,b) = &(¢*"a,¢*™b
(@.8) = B(gma, gt U

Letting m — oo and then appealing to Euler’s g-exponential function (cf. [6, I1.2])

(5) (o
Q\* (=)
2 () (73 0)os

n>0
we get the following limiting relation

q(k;rl) .

= (_Q;Q)oc = m

lim &(¢™a,q™b) = Z -
m—0o0 E>0 (‘LQ)k

which leads to the g-analogue of Gauss second theorem (cf. BAILEY [3, §2.4]).

Corollary 2. (ANDREWS [1, Eq. 1.8])

i (0ki0r (*37) _ (4010700 (abi 6%
(

= (4:9)k(qab; ¢* )i (43 ¢*) oo (qab; ¢*) oo

3. ¢-ANALOGUE OF BAILEY’S SUMMATION THEOREM

Define the $)- function by

) o) = 3 dlatao ({)

= (% )kl )k

For the two sequences defined by

(4/¢ )k (k';l) k {a q/a }
A = 55— d B = ’
S T P N P VIR TS ’q i
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it is not hard to check the limiting relation
A_1By =[ABloc = 0

as well as the finite differences

_l-de@aan (5) i, _(—a)(—gc/a)[ a, gfa| |
VA, = T—o (qz;q2>kq c” and ABj = 1= —q) [q/c, qQC‘CILq.

Then we can reformulate the $)-series by Abel’s lemma on summation by parts as
follows:

. . k
Sae) =3 @O0/ () kS g o~ S 4 a8,

2. 2 .
= (@ )kl g = =

(1 —ac)(1 - qc/a) (a; ) (q/a; @)k (5) 2,)\k
- (=91 —qe) é(qz;q%(qzc;q)kq (%)

Therefore, we have established the following recurrence relation

(1 =ac)(1—qc/a)
(1-c)1-qe)

Iterating this relation m-times, we get the following functional equation.

(9) $(a,c) = $H(a,q%c)

Lemma 3. (Recurrence relation on nonterminating series)

(aa q2)m(qc/a§ q2)’m
(C; q)2m '

9(a,c) = H(a,¢*™c)

Letting m — oo and then noting that $(a,0) = 1, we derive the following
g-analogue of Bailey’s summation theorem (cf. BAILEY [3, §2.4]).

Corollary 4. (ANDREWS [1, Eq. 1.9])

i (a; @)k (/a5 Q) q(fj) o las qz)((j‘(;z)C/a; *)oc

4. ¢-WATSON SUMMATION FORMULAE DUE TO ANDREWS
AND JAIN

Define the 20- function by

(10) W(a,b,c) : = 4¢3 o b e _\gib ‘% Q} .



Abel’s method on summation by parts and balanced g-series identities 59

For the two sequences defined by
qa, gb ‘ (qab; @)k (c; )k
Cr = and Dy = ————~——~"~ 2~
F { q, qab q] . " (qabs ) (c )k
it is not difficult to compute the limiting relation
(64%) o0 {qa qb }
C_1Dy=0 and [CD]y = ——— ’ ‘
1o [ ] (qab; ) | € ¢ q ~
as well as the finite differences

a,
q,

— gk _ . .2
Ve, = ¢ { qu ‘ q} and AD, — U= 00 —qab/e) (gabi@i(cia®)e_ 1
k

(1 —qab)(1 —1/c) (¢*ab; ¢*)r(qc; @)k
Then the 20-series can be manipulated through Abel’s lemma on summation by
parts as follows:

(a; )k (b;Qn(c; )k &
W(a,b,c) = =N " DL VC: = [CDloe + Y Ci ADy,
( ) kzzo(%Q)k(C?(l)k(qab;qZ)kq kzzo K VO = [CD] kzzo ek

_ (64*) [qa, qb (1 —gab/c) ey (9959)n(gb; @k (P k&
~ (qab; ¢%) oo {q» c ‘q}: (1 —gab)(1—1/c) > (- )(q;q)k(qC;q)k(q3ab; q*)k

k>0

_ (650 {qa, qb‘ } (1 —ga)(1 — gb)(1 — gab/c) ) (¢°a; Dr(a*bs Dr (g ¢k
(gab;q®)oc [ 4> ¢ 17] . (1 —gab)(1—q®ab)(1l —1/qc) (¢; O)x(q?c; Q) (g ab; g2

where the last passage has been justified by shifting the summation index k — 1+k.

k>0

Therefore, we have established the following recurrence relation

B (1 —ga)(1 — gb)(1 — gab/c)
(11) W(a,b,e) = W(g"a, 45, 4°¢) 7 5 T by (T 1/a0)

L (6d)x {qa,qb‘q} .
(qab;¢*)se | gs¢ |7

Iterating this relation m-times leads us to the following partial sum expression

l9a, b, qab/c; @*lm 2
W(a,b,c) = W(¢*™a,q*™b,¢* ¢ q" (=)™
(0:0:) ( aah Pzmaes @

-1
+mz: =) [qa, gb, qab/c; ¢l (%" ¢;¢%) oo [qH%a, ql;jkb ‘ q]
Pt (qab; ¢*)an(qc; )k (¢ H**abig?)se | @0 ¢7c

which can further be simplified to the following transformation theorem.

Theorem 5. (Transformation on balanced 4¢3-series)

lga, gb, qab/c; ¢l 2
2 (a, b, c) = W(¢*"a, ¢*™b, "¢ q" (=)™
(o0 ) =20 laats Pamlas @t 0

m—1
(¢;4%) o0 {qa,qb‘ ] [qab/c 2} K2 Nk
_l’_ - - - —_— .
(qab; ) | >¢ q . ]?:0 ¢%a, ¢*b q kq (=¢)
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Taking ¢ = ¢~2™ in this theorem, we recover directly Jain’s g-analogue of

Watson’s summation formula (cf. BAILEY [3, §3.3]).

Corollary 6. (Jain’s terminating 4¢s-series identity [8, Eq. 3.17] see also [7, Eq.
1.5])

3

27: (@ rb:u(@" Pk (99 8)n(abi¢)n
(¢; 9)x(qab; ¢?)1(a72"; @)k (4 ¢*)n(qab; ¢*)n’

k=0

Instead, if we let b = ¢~ 9~ with § = 0, 1 in Theorem 5, then we will ob-
tain another terminating g-analogue of the above mentioned WATSON’S summation
formula.

Corollary 7. (Andrews’ terminating 4¢s-series identity [2, Thm 1]; see also [7,
Eq. 1.4] and [10, Eq. 1.1]) For b = ¢~™ with n being a nonnegative integer, there
holds the following identity.

[q, gc/a

Ja C’qﬂ , mn-even;
afaqe ™|

b b’
493 { @ b e
0, n-odd.

¢ _\ﬁ ‘ . _
¢,\/qab, —/qab $4q) =

In addition, the limiting case m — oo of Theorem 5 yields the following
surprising transformation formula on nonterminating series.

Proposition 8. (Transformation on nonterminating balanced series)

ab, e, —ve | 1 _ (656%)x [qa,qb [ qab/c | 2] w2
4¢3 ¢, \/qab, — /_qab’q’q} ——(qab;qQ)oo q, c }q m;) ¢2a, b q kq (=o)".

5. ¢-WHIPPLE SUMMATION FORMULAE

Define the 9M-function by

(12) M(a,ce) = agy | ala, e, \/E‘q;q}

—q, €, qc/e

For the two sequences defined by

. 2.2
Cp = (qa; @) (qzcyqz)k and Dy, = {1/@, qac ‘ ]
(qac; )i (%5 4%k .

it is routine to verify the limiting relation

_ _ (6% [qa, 1/a
C.1Dy=0 and [CD]s = (20%)o0 | € acle ‘q
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as well as the finite differences

1—d"/a (a;)k (6P 4

VO = T1/a (gac s (B 0L
(1 —ae)(1 —qac/e) [1/a, qac &
ADy a(l—e)(1 —qc/e) {qe, QZC/(’/’ } 7

Then the 9Mi-series can be reformulated through Abel’s lemma on summation by
parts as follows:

Mg, c.e) = 3 ((a§Q)k(Q/a§Q)k(C§ @)k & = YD Ve = €D + Y0 AD,

=5 (4% (e a)ilac/e; ar = =

(P60 {qa, 1/a ‘ } N (1 —ae)(1 — qac/e) > (99; )k (/0 9)r(@*c; ) i

C(@%¢H)s L& ac/e a(l —e)(1 —qe/e) = (0% ¢*)k(ae; a)r(a®c/e; a)r

Therefore, we have established the following recurrence relation

—ae)(1 — qac/e 2¢: g2 a. 1/a
(13) M(a,c,e) = M(qa, ¢*c qe)(l )(1 —qac/ )+(q $0%) oo {q , 1/ ’q]

a(l—e)(1—qcfe)  (¢%q%)e | & ac/e
Iterating this relation m-times, we get the following partial sum expression
e:*)mlaac/eia®)m (%)
q a
(e;@)m(qc/e;q)m
)k

[ k+1 —k/a ‘q] (q2+2kc; q2)oo
k“C/e (4% ¢2) o

M(a,c,e) = M(q™a,¢*"c,q" e)(

+mzlq<) aeq)qac/eq

= (e30)r(qc/e; )k
Simplifying the last partial sum, we derive the following transformation theorem.

Theorem 9. (Transformation on balanced 4¢3-series)

.2 Loy (m
M(a,c,e) = M(¢g™a,q*™c,q"e) (ac; ¢)m(qac/e;q )mq (2>a7m

(e:q)m(gc/e;q)m
igte [ 1] S [

Taking a = ¢~™ in this theorem, we recover directly the following terminating
g-analogue of Whipple’s summation formula (cf. BAILEY [3, §3.4]).

q } q—kza—2k.
k

Corollary 10. (Andrews’ terminating s¢sz-series identity [2, Thm. 2]; see also
[10, Eq. 1.2]) For a = ¢~™ with m being a nonnegative integer, there holds the
following identity.

a, g/a, \/e, f‘q;q} _ q<m2~+1) (ae; ¢*)m(qac/e; ¢*)m

—q, e, qc/e (e;q)m(qc/e; Q)m
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Instead, if we let ¢ = ¢~ 2™ in Theorem 9, then we will obtain another terminating

g-analogue of the above mentioned Whipple’s summation formula.
Corollary 11. (Jain’s terminating 4¢s-series identity [7, Eq. 3.19])

q;q] _ (ae3¢*)m(ae/a3 4% )m

(6; Q)QnL

m

¢ a, Q/CL, q_ y —4
473 —q, €, q172m/e

—m

6. TRANSFORMATION ON NONTERMINATING ¢g-WHIPPLE
SUMS

This section will further investigate transformations on the 9i-series defined
in the last section. It will finally be expressed in terms of 5¢1-series.

6.1. For the two sequences defined by

_ @ad e/aar I T
= (% a®)k (e9)k 4 he= {QQC/e, e/c’ }

we have no difficulty to confirm the limiting relation

B _ a, q/a ’ (4°6 %) o
E_1Fp =0 and [EF]e = —gc/e {e» qc/e qLO (4% 4*)

as well as the finite differences

_ 1-¢"c/e (ca®)n (a'e/cin
VRS T e @ @an L

_ (I—qac/e)(1 —g*c/ae) [ a, q/a .
A = (1—gqc/e)(1 —q3c/e) {q‘gc/e7 e/c) q} ¢

Then Abel’s lemma on summation by parts can be used to manipulate the 9i-series
defined in the last section as follows:

Mace) = Y ((a;q)k(Q/a;q)k(C;QQ)k &= B VB = [BFl. + Y B AR,

= (@ a*)k(es @rlge/e; a)n = =
_—qc|a, q/a (q2c; q2)oO (1—gac/e)(1 —q c/ae q/a 9k (q2c; qz)k
e L qc/e ‘ L(qQ;qQ)oo * (1 —gc/e)(1 —q3c/e) Z; i )k(g3c/e; @)k

Therefore, we have established another recurrence relation

B 5 (1 —qac/e)(1 — ¢*c/ae)  qcla, q/a (¢%c; %) o
() mlasese) = oleg’ere) (TG [0 A | L(q%q%
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Iterating this relation m-times, we get the following partial sum expression

- g2 2 L2
m(a, C, 6) = W(Ch qu«C7 6) (qaC/E, q )m(q C/Cle, q )m

(qc/e;q)2m
-1
_%mz:qzk [qac/& ¢*c/ae 2] (¢**%* ¢ ¢%) o [a, q/a q]
o qcle, ¢*cle v (@%@ e d e/l

Simplifying the last partial sum, we derive the following transformation theorem.

Theorem 12. (Transformation on balanced 4¢s-series)

-2 2 L2
Mla,ce) = Mla, e, o) LG L/

(qe/e;q)am
-1
4 (266" {m q/a M mz {qac/e, q*c/ac ‘qz} 42
¢ (¢%¢%)e L& ac/e 7] = ¢’ k

Taking ¢ = ¢~ 2™ in this theorem, we recover the terminating balanced series
identity stated in Corollary 11. If letting m — oo in Theorem 12, then we derive
the following interesting transformation.

Corollary 13. (Nonterminating transformation formula)

13 a, q_/a, Ve, —/c ‘ q;q} = b {0, a, q/a ‘q; } (qac/e; %)oo (q2c/ae; ¢ oo

q, e, qcfe —-q, e (qc/e;q)
el o ofe | ) S5 fucfefeloc | ]
¢ (6%6%)e e ac/el™] = g*c Ko
6.2. Denote the last 3¢o-series by
0, a, a
(15) S(a,e) : = 342 [ 4 qé ‘CIH]} .

For the two sequences defined by

~ (¢/e 9k _la q/a
& = (¢2; ¢*)x and P = 1/e, ge

],

—€
EaFo=0 and [EFle = (o [“’ g/“‘q]

we can compute without difficulty the limiting relation

as well as the finite differences

_1—dfe(1/e;qh _ (1—ae)Q—ge/a) [ a, q/a
V&= T @t M A T i g [q/a e | } -
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Then Abel’s lemma on summation by parts can be utilized to reformulate the &-
series as follows:

_ e (@39)k(g/as @)k /= _
G(a,e)—kzzo CErONETD kzzofk V& [Ef]oo+]§5k AFy,

e [a, q/a ‘q} N (1 —ae)(1 — qge/a) > ((G§Q)k<Q/a;Q)k k.

C(@d)s | o€ (1—e)(1—qe) & (a%a)r(ae;q)

Therefore, we have established the following recurrence relation

— S(a.a%e (1 —ae)(1—gqe/a) e a, q/a| |
(16) S(a,e) = 6(a,q"e) (1= o)1= qe) ((]2;(]2)00|: . ’q

Iterating this relation m-times, we get the following partial sum expression

4 00

m—1 b 2k

m » (ae;5¢%)m qe/a 7°) (ae; ¢°) qe/a )k {a, q/a q*e
G(a,e) = 6(a, me ( ‘ —_—.
(€)= 6la,4™e) (€ @)2m kZ:O (€:9)z2x e 1 (@)

Simplifying the last partial sum, we derive the following transformation theorem.

Theorem 14. (Transformation on nonterminating s¢o-series)

S(are) = S(a, 4™ ¢) (ae;0*)m(ge/a;q*)m e [a, q/a M "f lae. ge/a: .

(€39)2m (¢% 6% | € Nt

Letting m — oo in this theorem, we find the following very strange transformation.

Corollary 15. (Transformation on nonterminating 3¢o-series)

" {0 jL q/a ‘q q} _ 1 [a, qf; ‘q;q} . (0€:0%)oo(ge/a;4%)oo

(€5¢)o0
*;)oo [a q/a‘ ] Zqzkae ae/a; k.

2. 12
(4% 9 St

Substituting this transformation into Corollary 13, we derive the following
less elegant transformation formula.
Corollary 16. (Transformation formula on nonterminating balanced 4¢3-series)

[,q/a

} b { ,q/a ‘q;q} lac, ge/a, qac/e, ¢*c/ae; %]

q, e, QC/e —q e, gc/e; qloo
o0
qaC/e,q%/ae‘ 2} {a, q/a ’ } ok 2
— € ae,qge/a:
[ it T] e gese |4 Oogzoq lae. ge/a; ¢°]k

¢ (@®6 %) [a, q/a ‘ i qac/e, qzc/ae’ 9| ok
e, qcfe |1 q kq :

e (¢%4%) o= q’c
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Taking a = ¢~™ in this Corollary and then applying the g-Chu-Vandermonde-Gauss

S

ummation theorem [6, IL.6], we recover the identity stated in Corollary 10.
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