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Abstract. In this paper we derive certain asymptotic properties of composi-
tion operators involving the shift operators, Berezin transform and a class of
unitary operators defined on the Bergman space. We also discuss about some
intertwining properties of composition operators which leads to obtain many

ergodicity properties of composition operators.

1. Introduction

Let dA(z) denote the Lebesgue area measure on the open unit disk D, normal-
ized so that the measure of the disk D equals 1. The Bergman space L2(D) is
the Hilbert space consisting of analytic functions on D that are also in L?(DD, dA).
For z € D, the Bergman reproducing kernel is the function K, € LZ(ID) such that
f(z) = (f,K,) for every f € L2(D). The normalized reproducing kernel k, is the

K.

function 724 Here the norm Il - |l2 and the inner product (,) are taken in the

space L?(D, dA). For any n > 0,n € Z, let e,,(2) = v/n + 12™. Then {e, } forms an

orthonormal basis for L2(D). Let K(z,w) = K,(w) = m—=3 = Z en(2)en(w).

(1—2w)?
For ¢ € L>(D), the Toeplitz operator T, with symbol ¢ is the oper;agor on L2(D)
defined by T} f = P(¢f); here P is the orthogonal projection from L?(D,dA) onto
L2(D). The Hankel operator Hy : L2(D) — (L2(D))* with symbol ¢ € L>°(D) is
defined by Hyf = (I — P)(¢f). The little Hankel operator Sy : L2(D) — LZ(D)
is defined by S,f = PJ(¢f) where J : L*(D,dA) — L*(D,dA) is defined as
Jf(z) = f(Z). Let H>*(D) be the space of bounded analytic functions on D) and
h*°(D) be the space of bounded harmonic functions on D. Let Aut(ID) be the Lie
group of all automorphisms (biholomorphic mappings) of D. We can define for each
a € D, an automorphism ¢, in Aut(D) such that
(1) (b0 0 60)(2) = 2
(i) 6a(0) = a, da(a) = 0
(iil) ¢4 has a unique fixed point in D.
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In fact, ¢o(2) = {== for all @ and z in D. An easy calculation shows that the de-

rivative of ¢, at z is equal to —k,(2). It2 follows that the real Jacobian determinant
of ¢q at zis Jy,(z) = ka(2))? = % Given A € D and f any measurable func-
tion on D, we define a function Uy f on D by Uy f(2) = kx(2) f(¢r(z)). Notice that
U, is a bounded linear operator on L?(D,dA) and L2(D) for all A € D. Further, it
can be verified that U = I, the identity operator, Us = Uy, U,(L2(D)) C L2(D)
and Uy ((L2(D))1) C (L2(D))* for all A € D. Thus Uy\P = PU), for all A € D. Let
¢ : D — D be analytic. Define the composition operator Cy from L2 (D) into itself
by Cyf = fog. The operator Cy is a bounded linear operator on L2(D) and ||Cy|| <
}tligggl‘ Given a € D and f any measurable function on D, we define the function
Cof = foga, where ¢, € Aut(D). The map C, is a composition operator on L2(ID).
Let L3(D) = L2(D) B(E2(B))o where (LZD))o = {7 : f € L2(B), £(0) = 0} and
L} be the space of harmonic functions in L'(D,dA). Let H(D) be the space of

holomorphic functions from D into itself.

In this paper we discuss about some asymptotic properties and ergodicity prop-
erties of composition operators defined on the Bergman space. In section 2, we
derive certain asymptotic properties of composition operators involving the shift
operators, the Berezin transform and the class of unitary operators Uy, A € D. In
section 3, we established certain intertwining properties of composition operators
and exploited these to obtain some ergodicity properties of composition operators.
The applications of these results are discussed in section 4.

Let £(L2(D)) be the space of all bounded linear operators from L2 (D) into itself
and LC(L2(D)) be the set of all compact operators in £(L2(D)). For a bounded
linear operator S on L2(D), the Berezin transform of S is the function B(S) on
D defined by B(S)(z) = (Sk.,k.) = S(z). The Berezin transform B(¢)(z) of a
function ¢ € L>*°(D,dA) is defined to be the Berezin transform of the Toeplitz
operator Ty. In other words,

Bo)(:) = B = [ o (F51 )aatw) = 5(:)
D Zw
The last equality follows from a change of variable in the definition of the Berezin
transform. The above integral formula extends the Berezin transform to L'(ID,dA)
and clearly gives (B¢)(z) = ¢(z) for any harmonic function ¢ € L'(D,dA). For
¢ € LY(D,dA), By = (;NS is an infinitely differentiable function on D and if ¢ is
bounded then so is B¢ = ¢ and Hq§||oo < |Plloo- If & > 9, then ¢ > 1. On D, the
only measure left invariant by all Mobius transformations is the pseudo-hyperbolic
measure dn(z) = (if\‘i\i))?
with respect to the invariant measures. The mapping B : f — f is a contractive

. It turns out that the Berezin transform behaves well

linear operator on each of the spaces LP(D,dn),1 < p < co. Further, the Berezin
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transform B is a bounded operator on the spaces LP(ID,dA),1 < p < co but B is
not a bounded operator on L!(D,dA). For details see [12].

Let T = {2 € C : |z|] = 1} and L?(T) be the space of square integrable, mea-
surable functions on T with respect to the normalized Lebesgue measure on T.
form an orthonorml basis for L?(T). Given f € L'(T),

1

27
the Fourier coefficients of f are a,(f) = by f(e®)e ™04, n € Z where Z
T Jo

is the set of all integers. The Hardy space H?(T) is the subspace of L?(T) con-
sisting of functions f with a,(f) = 0 for all negative integers n. Since a,(f) is

a bounded linear functional on L?*(T) for any fixed n, and H? = ﬂ ker an, it
n<0
follows that H?(T) is a closed subspace of L?(T) and therefore a Hilbert space.

Let P denote the orthogonal projection from L?(T) onto H?(T). Let L*°(T) be
the space of all essentially bounded measurable functions on T. For ¢ € L*°(T),
the Toeplitz operator L, from H?(T) into itself is defined by L,f = P(¢f) and
the Hankel operator D, from H?(T) into itself is defined by Dy,f = P(JT(pf)).
Here J is the mapping from L?(T) into L?(T) defined by J f(e't) = f(e™%). Let
H>(T) ={f € L>*(T) : an(f) =0 forn < 0,n € Z}. A function ¢ € H>*(T) is

said to be an inner function if |g(e’*)| = 1 almost everywhere on T.

The sequence {e"}°

— 00

Let H and K be nonzero complex Hilbert spaces. The tensor product of x € H
and y € K is a conjugate bilinear functional z ® y : H x K — C defined by
(z ® y)(u,v) = (x,u){y,v) for every (u,v) € H x K. The collection of all (finite)
sums of tensors x; ® y; with x; € H and y; € K, denoted by H ® K, is a complex
linear space equipped with an inner product (,) : (H® K) x (H®K) — C defined,

N M N M

for arbitrary in ®y; and ij ®z; in H® K, by <2:1:z ® Yis ij ® zj> =
i=1 j=1 i=1 j=1

N M

Z Z (@, w;) (yi, zj) (the same notation for the inner products on H, K and H ®

i=1j=1
K). The tensor product on H® K of two operators T in L(H) and S in £(K) is the

N N
operator T® S : H® K — H ® K defined by (T®S)in®yi :ZTxiQ@Syi

i=1 i=1
N

for every Z z; ®y; € H® K, which lies in £L(H x K). The completion of the inner
i=1

product space H ® K, denoted by H® K, is the tensor product space of H and K .

The extension of T'® S over the Hilbert space H®K denoted by T®S, is the tensor

product of T and S on the tensor product space, which lies in L(HRK).
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2. Asymptotic Properties Involving Shift Operators and Berezin
Transform

Let R : L2(D) — L2(D) be such that (Rf)(z) = &0 et § = T,, the
Toeplitz operator on L2 2(D) with symbol z Wthh is called the Bergman shift opera-

tor. Suppose f(z Zakz Then Sf = Zakz yand S*f = Zk+1 a2t L.

Notice that RS = I, Rl =0and Rz = 2/~ 1,] > 1. Moreover,

i ; ; J_i=1 if § > 1,
T, = P(EZJ) _ P(|Z‘22’]71) _ FriF , 1Ly =2 .a
0, otherwise.

Hence R = T: + K where K is a compact operator on L2(D) and if {e;};j>0 =
{VJ+127},>0 is the standard orthonormal basis for L2 (D), then

i+l =1
<R€j,€i>:{ o L=+ 1

0, otherwise.

Barria and Halmos [3] introduced the concept of asymptotic Toeplitz operators on
the Hardy space as follows. An operator T' € L(H?(T)) is asymptotic Toeplitz if
{L*"TL"}%°, converges in the strong operator topology in £(H?(T)) where L is
the unilateral shift on H?(T). Shapiro in [27] obtained conditions on ¢ such that
the composition operator Cy on H 2(T) is asymptotic Toeplitz. In this section we
obtained conditions on ¢ such that {S*"C;S™} converges strongly as n — co. We
have shown that if ¢ : D — D is holomorphic, then the sequence {S*"CyS™} and
{5058} converges in SOT. Further, we have shown that if ¢ fixes the origin
but is not a rotation then the sequence {S*"CyS™} converges to 0 in the SOT.

Theorem 2.1 If ¢ : D — D is holomorphic, then S’*"C;‘)S" — 0 strongly and
S*"(CyS™ — 0 strongly.

Proof : Fix f and n. Then choose g € L2(D), ||g[| = 1 such that [|S*"C3;S™ || =
<S*"C;;S"f,g>. Thus
1S CES™ fll = (5™ f, CS™g)
= (2" f,¢"(909))
< [ \rllgoalioraa

2 2n % 2 %

< ([1storras)” ( [ lgostaa)
C 2 QndA 2
< lCol ( [ 17710 a4)
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Since |¢| < 1 on D, the last integral above converges to 0 as n — oo which estab-

lishes that S*"C3S™ — 0 strongly. Now we shall show S*"CyS™ — 0 strongly.

Fix f € L2(D) and observe that because ||S*|| = 1, || S*"C,S™f||* < ||Cp S f||> =

" (fog)||* = / |9|°"| fog|?dA. Since |¢| < 1, we have |¢|* — 0 a.e. on D. Now
D

because fogp € LZ(D), we see that ||S*"CsS™f||*> — 0 by the Lebesgue dominated

convergence theorem. [

Theorem 2.2 If ¢ fixes the origin but is not a rotation, then the sequence {S*"C;5"}
converges to 0 in the strong operator topology provided we assume 0.co = 0.
Proof : The reproducing kernels {K, : z € D} have linear span dense in L2(D)
and the operator norms [|.S*"C7S"|| are uniformly bounded, so it suffices to prove
that nh_}rrgo |S™"C5S™ K. || = 0 for all z € D where S = T,. Notice that

n n _ w
(S KZ)(w) =w KZ(’LU) - (1 —ZU})2
Pn_l(w)
= — KZ
zZn (w) 1—-Zzw }
n—1
where P,_1(w) = Z(Ew)k. Thus (C’;S"Kz)(w) = Ei [Kd,(z)(w) —C’;;Rf%lzsuw)}.
k=0
Since ¢(0) = 0, the operator Cy has lower triangular matrix with respect to

the orthonormal basis {e,};2, for L(D). Thus C} has upper triangular ma-

trix, that is, C;zk is a polynomial of degree < k for each nonnegative integer

* 1 _ 1 *mn 1 * 1 _ 1 *T 1 _
k. Now C¢(172w) = 1_%1” and S Eincqﬁ(lfgw) - ZTS (I—Ww) -

@)n 1
( = 3w Further,
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and

* T 1 * 22w2 e ]' * ]' —_

1—Zzw

1 1
=95 — —1-C;(Z
2" 11— o(z)w d)(zw)}
0(2) L (@) 1
Z ) 1=¢(x)w Z ) 1-9¢(x)w
Similarly we can calculate
sk, k —\"
S*";C:;( e ) = (b(f) L forallk=0,1,2,........ ,n—1.
Z 1—-7zw Z 1—¢(2)w
Thus
1 1 *Pn_l(w)

(S*"C3S"K.) (w) = S"‘";K(z;(z)(w) -8 S O T—

Il
N
<
|
~__—
=
<
™x
|
M1 e
-
/N
<
vl —
~_—
—
|
/&H
Ny
g

Hence [|S*"C3S" K. || < &

[||K¢(z)|| + ||%H} Now since

1 >, \k
190 o = ];) (d)(z)) w”

we obtain
1
[t = S / w*dAw)
D ‘1 — (b(z)w’ k=0
o0
k=0
=log —————>
1- |¢>( )|
1 _ 1
and n|| T || = log TTaye tends to oo as n — oo. Thus

¢ z

1
[||K¢(z)|| +nlog 5y
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for all n > 0 and z € D. Since ¢ fixes the origin and is not a rotation, the Schwarz

lemma guarantees that |¢(z)| < |z| for all z € D and ‘@ K4zl — 0 as

n — oo for each z € D and ‘@ nlogw — 0 as n — oo provided we

assume 0.0o0 = 0.0J

Englis in [13] has shown that the set of all Toeplitz operators Ty, ¢ € L>(D) is
dense in £(L2(D)) in strong operator topology. In fact, the result remains in force
if we consider Toeplitz operators with symbols in any w* dense subset of L>°(ID).
If D(D) is the set of all infinitely differentiable functions on DD whose support is
a compact subset of D then the set {T, : ¢ € D(D)} is strong operator topology
dense in £(L2(D)). There is a natural intermediate function space between D(DD)
and L°°(D), namely C(D), the functions continuous on the closed unit disk D.
Englis also proved that [13], the norm closure of {Ty : ¢ € C(D)} coincides with
{T;: ¢ € C(D)} + LC(L2(D)). We shall show below that if 1) € C(D) is harmonic
and if Cy is neither the identity nor a compact operator on L2(D) then Ty, — Cy
cannot be compact. Now fix a composition operator Cg, which is neither the
identity nor compact and a Toeplitz operator T3, where ¢ € C (D) is harmonic and
set A =T, — Cy. We claim A is not compact. Assume 1 is not a.e. zero on T,
since otherwise Ty, is the zero operator and then A = —Cy, which we are assuming
non compact. It is enough to show that the adjoint operator A* = T, — C:; is not
compact. Since k, — 0 weakly as |a| — 17, to show A* is not compact, it suffices
to show that {||A*k.||} does not converge to zero as |a| — 1. In what follows we
shall prove {(A*k,, kq)} does not converge to zero. Now

(A*ka, ko) = <Taka,ka> — (Cka ko)
= (Pharkia) = (1= |a2)” (Kya, Ka)
=(a) — (1-a?)” Ky (a)
—lal?2)?

(@) - LD

(1 - ¢(a)a>

<

where i denotes the Berezin transform of 1. Since Cy is not the identity operator
on L2(D), the map ¢ is not the identity on D. By the “ boundary uniqueness ”
property of bounded holomorphic functions [10], the set E = {£ € T : ¢(§) # &}
therefore has full measure : m(FE) = 1 where dm denotes the Lebesgue measure on
T and ¢(§) denotes the radial limit of ¢ at £ (which exists at m a.e. point of T, see
[10]). Since we have assumed ¢ is not a.e. zeroon T, the set ' = {& € T : ¢(&) # 0}
has positive measure. Thus E'N F' has positive measure and in particular is not

empty. Fix a point & € ENF. We have as r — 17,1(r) — (§) # 0 and
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(1—r*)* N 0
(1-(re)re)” (1-6(6)¢)° )
because ¢(€) # €). Thus hI{l (A" kye, kre) = ¥(€) # 0, thus establishing that A*
r—1"

and therefore A is not compact.

= 0 (the denominator of the last function is not zero

Let H?(D) denote the space of analytic functions on I which are harmonic ex-
tensions of functions in H?(T). It is not very important to distinguish H?(D)
from H?(T). For details see [33]. Hence in the sequel we shall always refer Ly
as a Toeplitz operator on H?(T) or H?(D) with symbol ¢ € L*(T). Suppose
¢ € H(D). Then ¢ induces a linear operator £s on the Hardy space H?(D) as
follows : £4f = fogp. The operator & is called the composition operator induced
by ¢ on H?(D). Let L.f = zf,z € D, f € H*(D).

Theorem 2.3 If ¢, € H(D), then (U,&L,)*"(C4®Ey) — 0 in L(L2RH?) for
all 2 € D, where L, is the operator of multiplication by z on H?(D). Further,

(U, QL) (C4RE)(U.SL)™ -5 0

and
(U.BL.)™" (C3RE)(U.OL)"™ — 0.
Proof The operator U, is an unitary operator for all z € D and L, is an isometry
on H?(D). Hence by [22], U, ®L, in £(L?(D)®H?(D)) is an unilateral shift for all
z € D. Hence (U.®L,)*" - 0 and ||(U.®L.)| = |U.||| L] = 1.
Further (U,®L,)*" (CyRE)(U.RL,)" = (U"CyUMS(LE"EWL?). Tt follows

from [27] that LI"&, L7 — 0 and L;"E?ZLTZL — 0. The result follows since
U CyUZ| < ||Cygl| for all n. O

Theorem 2.4 Let ¢ be an inner function in H*(T) and L, be the Toeplitz op-
erator on H?(D) with symbol ¢ and &y be the composition operator with sym-
bol ¢ on H?(D). If ¢,4p € H(D), then (U,&L,)*"(C4®Ey) — 0 in SOT in
L (L2(D)®H?(D)) for all z € D. Further,
(U.0Lg)*" (Co®EY)(UBLg)" = 0

and

(U.®Ly)*" (C3RE)(U.&Lg)"™ = 0 for all z € D.
Proof The proof is similar to theorem 2.3, as L, is an isometry on H?(D) and
it follows from [26] that L3"EyLy — 0 and L;"E; LY — 0 in L(H*(D)) for all
inner functions ¢ € H>*(T). O

Recall that {e,,(2)}52, = {v/n + 12"}22, is an orthonormal basis for L2 (D). Let
{un}52, is an orthonormal basis for (L2 (D))*. Reindexing the sequence {u, }2, by
a subset of Z x Z, we obtain the collection f;;(i > 1,7 € Z) which is an orthonormal
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basis for (L2(D))+. Thus L?(ID,dA) is the Hilbert space with an orthonormal basis
formed by the vectors {e;};>0 and {fi;}i>1,ez -
Define the function r : N — N by r(k) = s whenever 257! < k < 25(k > 1,5 > 1).
Define T € L£(L*(D,dA)) by

Tfij=fij—1(i>1,7%#0)
Tfio=4"fi1(i>1)

Te; =ejp1 (j ¢ (3% k=1,2,.... }
Tege = egnyq + frry,zr (B=1,2....).

Let Hy = L2(D,dA) and H; = \/{fi;,j € Z},i = 1,2,.... . Then L*(D,dA) =

@ H,;. In this decomposition T' can be written in the matrix form as
i=0

where Sy is the unilateral shift (forward shift) and S;(¢ > 1) is a bilateral weighted
shift. All weights of S;(¢ > 1) but one are equal to 1 and these are “backward”
shifts.

It can be verified similarly as in [25] that the operator T is a power bounded

operator <lim sup [|T" f|l < oo) and 7" -2 0 in L?(ID,dA). Since any two sepa-
n—oo

rable infinite dimensional Hilbert spaces are isometrically isomorphic, there is an

unitary map U from L?(D,dA) onto L*(D,dn). Thus M = UTU* € L(L*(D,dn))

and M = UTU* is power bounded and M"™ = UT"U* - 0 in L(L*(D,dn)).

Thoerem 2.5 If ¢,7) € H(D), then as an operator on L*(D, dn), {M"C,B™} con-
verges to 0 in the strong operator topology and (B"®@M™)(Cy&Cy) — 0 in the
strong operator topology in £ (L?(ID, dn)&L?*(D, dn)).

Proof: Since L'(D,dn) c L'(D,dA), the Berezin transform B is defined on the

former space and
_ (1 —Jwf)?
ol = [ 70 = i eace)

< B(|f])(w).
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Thus
1Rl < [ (L1 ) g
- [iree y/l_w% (=)
= [velg M%’

the change of order of integration being justified by the positivity of the integrand.
It follows that B is a contraction on L'(D,dn). The same is true for L>°(D) and
from the Marcinkiewicz interpolation theorem it follows that B is a contraction on
LP(D,dn), 1 < p < oo. Further on L?(D, dn) Bf = F(Ap)f where Ay, is the self

adjoint operator given by Aj = (1 — |2]?)? W on D and
oo T -1
F(z) = 1——
@=11(-755)
T

)
Thus the spectrum of B must be contained in [0,1]. Let F(\) be the resolution of
identity for the self adjoint operator B. Then

N[

sinm(y/z + 1 —

1
1B 71 = [ PAEN. )
Hence by Lebesgue monotone convergence theorem,

IB™fII* = (1 = EQA7)FI* = | Prer(s—n fII*-

Since there is no nonzero harmonic function in L?(ID, dn) and (B — I)g = 0 implies
g is harmonic in L?(D,dn), hence ker(B — I) = {0} and therefore |B"f| — 0.
That is, B"® — 0 strongly in L?(ID, dn). Since M™ is power bounded, there exists a
constant k such that |[M™| < k for all n. Now for f € L*(D,dn),
[M"CyB™ fI| < [M"[|Coll| B £
< E|C,INB™fll — 0 as n — cc.

Since B™ — 0 strongly and || M™|| < k, hence by [22], the sequence { B"®@M"} —
0 in strong operator topology in £ (L*(D, dn)®L*(ID,dn)) . Thus

(B"@M™)(Cyp@Cy) = (B"Cyp@M"Cy) — 0 in SOT as n — co.0]

Let T € L£L(L2(D)). We say T is power bounded if limsup || 7" f|| < oo for all
n—oo
f € L2D). If T € L(L?(D)) is similar to a contraction, that is, if there exists an
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invertible operator U € L£(L2(D)) with |[UTU || < 1, then T is power bounded,
for in this case

I = lvtuT" U
<llwTtoro=tmu|
< vl

for each n € N. The converse is not true; a power bounded operator need not be
similar to a contraction [17]. The operator Cy : L2(D) — LZ(D) is an isometry [5]
if and only if ¢ is a rotation. Below we find conditions such that Cy is similar to
an isometry.

Proposition 2.6 (i) Let Cj; be similar to a contraction on L2(D) and the set
{feL2(D): £I{1+ I|(r — 1)%(745 — Cy) " f|| = 0 for every & € T} is dense in L2(D)
then (C’aC(ng’;)" — 0 and (U,CyU,)" — 0 in the strong operator topology in
£(12(D)).

(i) Let Cy € L(LZ (D)) be such that the sequence {[|C} f||}n>1 converges for every
f € LZ(D), and let B, be the operator given by

(Bsf.g) = lim (C3"C3f.g). f.9 € Ly(D).

Then Cy is similar to an isometry if and only if By is invertible.

Proof:(i) The result follows from [31] as (C,CyC,)" = CoCC, and (UaCylUs)" =
UanUa for all n € N and a € D and Cy is power bounded.

(ii) Suppose that Cy is similar to an isometry. Then there exists a positive invertible
operator S € L(L; (D)) with ||S|| = 1 such that C};SCy = S. Thus

(C5"(I = S)CGf ) = ((By = S)f. /)

as n — oo for every f € L2(D). Since I — S > 0 we obtain By — S > 0. Thus By,
is invertible because S is positive and invertible in £(L2(D)). Conversely, if By is

invertible then since C3ByCy = By, we obtain Cy is similar to an isometry. [J

The operator T' € £(L2 (D)) is asymptotically regular if lim || 7" f—T""'f|| =0
n—oo
for all f € L2(D). If the convergence of this limit is uniform, that is, |77 —T"*|| —

0 as n — oo, we then say that T is uniformly asymptotically regular. The operator
T € L(L?(D)) is strongly stable if liminf |7 f|| = 0 for all f € L2(D). For a € D,
n—oo

—a/1— 2
let m, be the geodesic midpoint between 0 and a, that is, m, = %a.
Lemma 2.7 For any a € D, the operators C,,U, are not asymptotically regular
and not uniformly asymptotically regular. Further, these operators are not strongly
stable.
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Proof: The points to note are the following :

(i) Cof = f if and only if f = go¢,,, where g is an even function.

(ii) U, f = f if and only if f = (godm, )km,, g is an even function.

For proof of these see [32]. Since C2 = I and U2 = I for all a € D, hence there exists
f,g € L2(D) such that nh—>120 |C™f — CP L f|| # 0 and nh—>12<; |Urg — UM g| #0. Tt
may be noted here that [|C? — C* || = ||I — C,| and ||[UZ — U2 || = ||I — U,|| for
all n € N which does not tend to zero as n — oo. Further, linrggf NCefll = 11fIl #0,
if f = go¢m,,g even,g £ 0 and Liminf [|U f[| = [If] # 0 if f = (g0dm,)km,, &
even, g 0. O

The Berezin transform B on L?(D, dn) has no nonzero fixed points [11] and B
is strongly stable as by theorem 2.5, B™ — 0 in the strong operator topology on
L?(D,dn). But it is not known to authors if B is uniformly asymptotic regular.
Further if ¢ € L>°(D) is such that Hy is a Hilbert schmidt operator then

DB G = B 6l am .y < 1HsllEs < oo

n=0

For details see [2].

A power bounded operator T on a Hilbert space H is called almost weakly stable

if 0 is a weak accumulation point of every orbit {T"x : n € N}, z € H.

Theorem 2.8 Let ¢,¢ € H(D). Then there exists a sequence of almost weakly

stable unitary operators T}, on L2?(D) and a sequence {z,, }5°_; in D with |z,,| — 1
. R w N 1—z?

such that (U, ®T,,)(Cp@Cy) — 0 in L(LZ(D)®L2(D)). If lim % =0
z1=1- 1 —]6(2)|

then (U.,, ®T,)(Cy&Cy) — 0 in strong operator topology in £ (L2(D)®L2 (D)) .
Proof: Since span{k, : z € D} is dense in LZ(D), it suffices to show that for all
k., kw) = 0. Fix z,w € D. For m > 1,

(w)
w))k.,, (w)
(A = [zm[*)]
[(1 = (@2, (w), 2))(L = (w, z))]*
Since |(¢,, (W), z)| < |z| and [{(w, zm)| <
(1= Jw*)(A = [2*)A = [2m]*)
(L —=120)2(1 = w])? '
It then follows that n%ig)n@(Uzmkz,kw} = 0. From [14], it also follows that there

exists a sequence of almost weakly stable unitary operators T}, such that T,, — I
in norm in £(L2(D)). Thus from [22], it follows that (U,, &T},) — 0. Now if

z,w € D, we have lim (U,
m—00

(Us, bz k) = (1 — |w|2)(Uzme)
= (1 - |w|2)kz(¢zm(
_ O = JwP)( - 2

w|, we obtain

Uz, ks ku)| <
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K is compact then KU

Zm

. . 1—|z]?
Iytic and lim ————
Y 211 1= [g(2)]?
®Tm)(0¢®0¢) =U.

5 0asm — oo in L(L2(D)). If ¢ : D — D is ana-
= 0, then it is shown in [33], that Cy is compact and
hence (U

Zm Zm

Cy@T,;,Cy — 0in SOT. This follows from [22]. [J

An operator A on a Hilbert space H is said to be quasinormal if A commutes
with A*A. Moreover A is said to be subnormal if there exists a normal operator
@ on a Hilbert space K such that H is a subspace of K, H is invariant under
the operator @, and the restriction of @ to H is A. The operator A is said to be
hyponormal if and only if A*A— AA* > 0. The operator A is pure in case, the only
subspace of H reducing A on which A is a normal operator is the zero subspace. It
is well known that normal operators C quasinormal operators C subnormal opera-
tors C hyponormal operators. Excellent references on subnormal and hyponormal
operators are [6] and [7].

If Y(z) = z + A\z,|\| < 1, then the Toeplitz operator Ty defined on L2(D) is a
pure hyponormal operator. To verify this let G be the smallest reducing subspace
of Ty which contains the image of the self-commutator of T~ , T Ty — Ty15. By
direct computation TxTy — TxTy = (1 — |A\*)(15T, — T.T%). But, for all i > 0,
(I5T, — T, T%) (2} = (zi—é - ﬁ) 2%, Since the polynomials are dense in L2(DD), it
follows that G = L2?(D), and this will imply that T is pure. Also, it is clear that
T~ is hyponormal.

Under a smoothness assumption, Kriete and Cowen [9] have given conditions
on ¢ that are necessary and sufficient that C be subnormal on H 2(T). For ¢ an
analytic map of the unit disk into itself, Cowen in [8] has shown that the subnormal-

ity of C(’; on the Hardy space implies its subnormality on the Bergman space L2 (D).

Theorem 2.9 Let ¢ : D — D be analytic. If C7 is a hyponormal contraction
on L7(D) which is also pure then C3" — 0 in SOT in L(L;(D)). Further, if for
some T € L*°(DD), the Toeplitz operator T is a pure hyponormal contraction, then
TECyT3"™ — 0 in SOT.

Proof If Cj is a pure hyponormal contraction, then from [30] it follows that
C’;” — 0 in SOT and if T is a pure hyponormal contraction then for f €
L2(D), ITRCoT5" £l < Tl IC HIT5™ £l < 11T £l = 0 as m — o0

3. Intertwining Property of Composition Operators

In this section we discuss about some intertwining properties of composition
operators and from it derive certain ergodicity properties of composition operators.
Theorem 3.1 Let T, S € £(L?(D)) are power bounded and C,T = SC, for some
a € D. Then T™ — 0 in WOT if and only if S — 0 in WOT. Further, if for
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each nonincreasing subsequence of positive integers (n;) and every f € LZ(D) the
N

N
O | " o . 1 n .
—_— ] J 3 —_ J -} o)
limit ngr(l)o N E 1 T f exists in norm topology then ngréo N E 1 S™i f exists for all
Jj= Jj=

[ € Ly (D).
Proof Suppose T" — 0in WOT. Then (T™h, k') — 0 for all b, b’ € L2(D). Thus for
all h,k € L2(D) we have, (S"Cuh, k) = (CoT"h, k) = (T™h,C}k) — 0 as n — o0.
Hence S™f — 0 weakly for all f € L2(D) as Range C, = L?(D). Since S is power
bounded, we have S™ — 0 in WOT.

Conversely, suppose that S™ — 0 in WOT. Then $*" — 0 in WOT and C}S* =

T*C*. Hence T*" — 0 in WOT and so T — 0 in WOT.
N
1
Suppose lim — Z T" f exists in the norm topology for each f € L2(D). Then
N—oo N =
1 & 1 &
. . nJ — . . n] . 2 .
]\}l_rgo N jz::l S™C,f ]\}gr(l)o N Jz::l C,T™ f exists for each f € L7(D). Since Range
N 1N
) 1 N s .. . T
C, = L;(D) and the sequence + ZlT 7 is bounded, the limit A}l_r)r(l)o N ZlS if
j= j=
exists for all f € L2(D). O

This result shows that the intertwining relations with the composition operators
C,,a € D is important in describing certain asymptotic properties of composition

operators on Bergman space.

Definition 3.2 A function g(x,y) on D x D is called of positive type (or positive
definite),written g > 0, if

n

> cieg(w, ) = 0. (1)

Jok=1
for any n-tuple of complex numbers ¢y, cs, ...... cn, and points x1, Ta, ...... z, € D. We
write g > h if g — h > 0. We shall say v € A if v € L*>°(D) and is such that

v(z) =O(z,2) ... (2)
where O(z, y) is a function on D) x I meromorphic in  and conjugate meromorphic
in y. It is a fact that (see [19],[21]) © as in (2), if it exists, is uniquely determined
by 7. The function © satisfies the condition (x) if there exists a constant C' > 0
such that
CK(z,y) > O(z,9)K(z,y) > —CK(z,7).

The function + is said to satisfy the condition (%), if v € A and if v(z) = ©(z,2)
as in (2), then there exists a constant C' > 0 such that

O1(z,9) = O(z,7) + O(y.7)
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and

62(33’ g) = z[@(x,gj) - @(ya i‘)]

satisfy the condition (x).

The following theorem gives a necessary and sufficient condition for the existence
of a bounded linear operator T on L2 (D) with prescribed Berezin transform and is
such that TC, = C,T for all a € D.

Theorem 3.3 Let f € L>°(D). Then f(w) = [y f(¢.(w))dA(z) for all w € D and
f satisfies (x%), if and only if there exists T € £(L2(ID)) such that 7(z) = f(z) and
C, T =TC, for all a € D.
Proof: Let f € L*(D) and f satisfies (xx). Then by [11], there exists T €
L(L2(D)) such that T(w) = (Tky, ky) = f(w) for all w € D. Now f(w) =
Jy f (6-(w)) dA(z) mplies

(Tky, k) = /D (Thy. () ko (w)) dA(2)

- / (U.TU.ku, k) dA(2)
D

_ <( /D UZTUsz(z)> kw7kw>

= (Tku, ko)

for all w € D where T = / U,TU.dA(z). From [11], it follows that T = T. Tt is
D

shown in [32] that if T = T then TC, = C,T for all a € D. Conversely, if there
exists T € L£(L2(D)) such that T(z) = f(z) and TC, = C,T for all a € D, then
T € L™(D) and T satisfies the condition (). For details see [11]. Now since
TC, = C,T for all a € D we have T = T. For more details see [32]. Hence

f(w) = T(w)
= (Tku, k)

_ <(/D UZTUZdA(z)) kw,kw>
_ /D (UTU. ko, ko) dA(2)

_ /D (T )s bogr () dA(2)

- [ Tto-taac

= [ 16-paae)
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The result follows. [
In the following theorem, we find conditions on Cy such that C,Cy = C4Cl.

Theorem 3.4 Let a € D and Cy be a positive composition operator on LZ(D). If
Cy < Re(CyCy), then C,CyC = Cy and hence CJCyCt™ — Cy strongly. Further
in this case ¢ = go¢,,, where g is an even function.

Proof: For f € L?(D), by Heinz inequality [20], we obtain

(Cof, [) < (Re(CaCo)f, f)
= Re(C.Cyf, f)
< (CuCof, )
= (Cof. Ca )]
<{Cof, [)ECHCEf Cof) . (3).

Hence (Cyf, ) < (CoCyCrf, f) for all f € LZ(D) and thus

In addition to Cyp < Re(CoCy); if Cy = CoCyC; is assumed, then (3) yields

<C¢f7 f> = R6<Cac¢f7 f>
= [{CaCo f, 1)
- <Cac¢'f7 f>
for all f € L2(D), and hence Cy = C,Cys. From (4), since C,C,C: — Cy > 0, it
follows that C,(CoCyCt — Cy)Ck > 0, that is C2C,(C)? > C,CyC. Repeating
this process n times, we have C? 1 Cy(CH)" T > CrCy(Cx)™. Thus, {CC,(CH)™ -
n=12... } is an increasing sequence of positive operators. This sequence is

bounded, since C2 = I. Therefore, it converges to a positive operator on L2 (D),

say S, in the strong operator topology. Notice that
C,SC* = C, ( lim cgc¢(c;)N) o
n—oo
. n+1 *\n+1
- nILHOlO Ca C¢(Ca)
=5
. 2n *\ 21
- nh—>ngo Ca C¢(Ca)

— C,.
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Thus C,CyCt = Cy and therefore CI'Cy(Ck)™ — Cy strongly as n — oo. From
Cy < (C“LQC"’C“), we have
[C2(CaCy + CsC3)(Ce)"]
2
[Ca(CaCo(Ca)") + (CaCs(C5)")Ca]
5 .

CaCs(Cy)" <

By letting n tends to co, we have S < %SC: = Re(C,S). Thus S = C,S. That
is, Cy = C,Cys. Hence for all f € L2(D),Cysf is a fixed point of C,. In particular,
taking f(z) = z, we obtain that Cyz = C,Cyz. That is ¢ = ¢og,. From [32], it
follows that ¢ = gog,,, where ¢ is an even function. O

Let T be a contraction (that is, a linear operator of norm < 1 ) on the Hilbert
space LZ(D). For T € L(L3(D)), by Mz we shall denote the uniformly closed
subalgebra of £(L2(D)) generated by T and I. Let T = {z € C : |z| = 1} and
o(T) denote the spectrum of T'. Let 0,(T) = o(T) N'T, the unitary spectrum of 7'
By lemma 2.7, the operators C,, U, are neither strongly stable nor asymptotically
regular. But the following holds:

Theorem 3.5 Let Cy be a contraction on L2(D). Then if the Gelfand transform
of I' € M, vanishes on 0, (Cy), then |[U,CETCof|| — 0 as n — oo for all a € D
and for all f € L2(D).

Proof: Since Cy is a contraction on L2 (D), hence for every f € L2(D), the limit
nh—{%o ||C$fH exists and is equal to irelg HC’:ng Define an inner product on L2 (D) by
the formula [f, g] = (Byf, g) where (Byf,g) = nan;()(CZ”C’gf, g). Tt is easy to see
that the limit on the right hand side exists. This induced a semi-norm on LZ(DD)
defined by p(f) = (Byf, f}é. Let E = kerp. It is clear that F is a closed, invariant
subspace of Cy. If E = LZ(D), then there is nothing to prove. Hence, we may as-
sume that E # L2(D). Let J : L2(D) — L2(D)/FE be the quotient mapping. Then
the semi-norm p induces a norm p on Ky = L?(D)/E by ;:7(Jf) = p(f) and we have
lJfll = (nh_{rgo HC’;}]"HQ)% Let K be the completion of K with respect to the norm

p. Define Vy : Ko — Ko by VoJ = JCy. Since ||VoJ f|l < |Co|ll|J f]], Vo extends to
a bounded operator V on K. Then we have V.J = JCjy, where J : L2(D) — K has
dense range. Also since [Vp(f), Vp(9)|=[p(f),p(9)],f,g € L2(D), V is an isometry
on K. Let A ¢ (Cyp). Since p((A — Cy)71f) < [|[(X = Cy)~HIp(f), f € LE(D), it
follows that A ¢ (V). Thus o(V) C 0(Cy). Now assume V is an isometry but not
unitary. Then o(V) = D and consequently, o(Cy) = D. Hence, 0,,(Cy) = T. Let
I' € Mg, be such that I'(€) = 0 on 0,(Cy) where T' denote the Gelfand transform
of I'. Since I' € Mg, there exists a sequence {p,(z)}52; of polynomials such that



232 NAMITA DAS AND PABITRA KUMAR JENA

lpn(Cy) —T|| = 0 and p,(z) — 0 uniformly on T. By the Von-Newmann inequal-
ity, |pn(Cy)|l < sup|pn(€)] — 0, and so I' = 0. Hence we may assume that V is
€eT

an unitary operator. As above, there exists a sequence of polynomials {p,(z)}22
such that ||p,(Cy) —T|| — 0. It follows that p,,(z) — 0 uniformly on ,,(Cy). Since
o(V) C 0,(Cy), we have ||p, (V)| — 0. Now from the identity p,(V)J = Jp,(Cy),
we obtain that JI' = 0. Hence we have that nlgr;o |CRTf|| = 0 for all f e LZ(D).

Since C2 = I for all @ € D and U, is an unitary operator and U2 = [ for all a € D,
we obtain_lim |U.CZTCo f|| = 0 for all a € D and for all f € L2(D).00
n oo

In the following theorem, we prove that if there is a self-adjoint composition
operator Cy lying between the self-adjoint composition operator Cy and U,C,U.,
for some z € D and if either o(Cy) or o(Cy) is a null set with respect to Lebesgue
measure on R then Cy = Cy = U, CyU..

Theorem 3.6 Let Cy and Cy, be self-adjoint operators on L2(ID). If either o(Cy) or
0(Cy) is a null set with respect to Lebesgue measure on R and Cy, < Cy < U.CyU,
for some z € D then M, = {(go¢m_)km. : g even} is a reducing subspace of
U.CyU, =Cy =Cy and if Oy, < Cy < U.CyU., for all z € D then Cy = Cy = al.
In both the cases U CyU} — Cy strongly.

Proof : Without loss of generality, assume o(Cy) is a null set with respect to
Lebesgue measure on R. Choose A > 0 such that Cy + Al is positive and invert-
ible. Let T = (Cy + AI)2U,. Then by our assumption, TT* < Cy + A\ < T*T
and |T| = U.(Cy + AI)2U, = U.T. Thus T is a hyponormal operator on L2 (D).
Notice that o(|T|) is a null set with respect to Lebesgue measure on R because
o((Cy + M)2) is also a null set with respect to Lebesgue measure on R. Now
T = U,|T| as U2 = I. Since U} = U,; thus U, is a self-adjoint unitary operator
and U, # +I. This implies that the spectrum o(U,) = {-1,1}. By [29], T is
normal. Thus Cy = Cy = U,CyU,. By the spectral decomposition, there exists a
unique orthogonal projection P, on L2(D) such that U, = P, — P. Let M, be
the range of P,. Thus U,f = f if and only if P,f = f for any f € L?(D). By
[32], M, = {km_(90¢m.) : g even}. Thus CyU, = U,Cy, for some z € D if and only
if CyP, = P,Cy. This is true if and only if M, is a reducing subspace of Cy. If
Cy = Cy = U,CyU, for all z € D then C,U, = U,Cy for all z € D, and therefore
Cy = al. For details see [11]. O

For € € T and f a function on D, let (R.f)(z) = f(ez). Then R;! = R* = R;
and R, is an unitary operator on L2(D) and L*°(D). Thus the transformation

E(T) = R:TR, is an isometry in £(L2(D)) since R, is unitary. The map Z also
maps compact operators onto the set of compact operators and it has the following



ASYMPTOTIC PROPERTIES OF COMPOSITION OPERATORS 233

interesting properties.

Theorem 3.7 (i) If ¢(z) = az,a € C and ¢¥(z) = Bz, € C then the following
hold: R"CyRy = Cy, RF"CIR! = C}, RI"CyCyRy = CyCy for all n, € € T
and hence {RI"Cy R} o, {RI"CH R}, {RI"CyCy RY 122 converges in norm
to Cy, CF, CyCy respectively as n — oo.

(ii) If ¢ € L>°(D), then Rf"Cgrny — Cy in norm as n — oo.

(iii) If Ty, Hy, Sy are the Toeplitz, Hankel, little Hankel operators on the Bergman
space L2 (D) respectively with symbol ¢ € L°°(D), then the following hold:

RI"T4R} = Treng, RI"HyR! = Hpsng, R;" Sy R = Speng

for all n and therefore

(R T RE Vo0 AR HRp o RE V0 AR SR o R Y20

converges in norm to Ty, Hy, Sy as n — oo respectively.
Proof:(i)Since for all z € D, f € L2(D)

(RE"CHRf)(2) = (CoRY f)(€"2)
¢ P(d(e"2))
¢ Plae"z)

hence R;"CyR! = Cy for all n € N and R;"CiR! = C} for all n € N. Thus
R"CyR? — Cp in norm as n — oo and R;"CIR? — C in norm as n — oo.
Further

R™CyCyR = R CyRMR:"Cy R”
= CyCy
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for all n. Hence {R"C,CyR"} converges in norm to C,Cy on L2(D) as n — oc.
(ii)Since
(R:"Crpo f)(2) = Cry o (€"2)

— (foRI9)(e"2)

— F(RIo(E2))

— fo(ee)

= f(¢(2))

= (Cof)(2)
for all z € D and f € LZ(D), hence R:"Crny = Cy for all n and R:"Crrg — Cy

in norm as n — 0o.
(iii) For z € D, f € L2(D), (R:"T,R" f)(z) = (T4 R2 f)(€"2) and

(To R f)(€"2) = P(o(€"2) f(2))
= P((RZ)f)(2)
= (Trrof)(2).

Thus (RF"TyRE f)(2) = (Tre, f)(2) forallz € D, f € L2 (D) and therefore RX"T, R =
Tgng on L2(D) and

R:HTR;LQJ)R:' == TR%lRchb = T¢
Also
(Re"HRY f)(2) = (Ho R f)(€"2)

= — P)(¢("2)f(2))
= (Hp:nf)(2)

and the result follows. If Sy is the little Hankel operator on LZ(DD), we proceed
similarly. For z € D, f € L2(D),

(RE"SsREf)(2) = SeRE f(€2)

= PJ((R{f)(€"2))
= PJ(¢(e"2) R f(€"2))
= PJ($(e"2)f(2))

= (Sneraf)(2):

Hence R*"SyR"™ = Sgny and therefore R*"SpngyR™* — Sy in norm as n — oo. O
e Polle ol € ropile )
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If n is a nonnegative integer and z € D, the function Kg")( )= W, weD

(1-zw

is the reproducing kernel of z in the weighted Bergman space L2(dA,,), where
dA,(w) = (n+1)(1 — |w]*)"dA(w).

The n-Berezin transform of an operator S € £(L2(D)) is defined as

(BuS)(z) = (n+ 1)(1 = 22 S (5) (=17 (S K™), w K.
3=0
It is clear that B, S € L>°(D) for every S € £(L?(D)). Using the fact that

n

> ()1l = (1= wl)",
§=0
we see that if S =T, with ¢ € L>°(D), then

(Bng)(2) = (BnTy)(2) )
(D1 ey / - w";’(|2+n) dA(w)

= [ow =k e (n+1)(1 - [wP)"dA(w)
|1 11— zwP@m)
- / B(6-(p))(n + 1)(1 = |p2)"dA(p),

where the last equality comes from the change of variables w = ¢,(p). Notice that
I1Br (@)oo < [|@]loo for all ¢ € L°(D). The 0-Berezin transform of an operator is
the usual Berezin transform, which has been extensively used in this work. The
n-Berezin transforms of functions (not necessarily bounded) were introduced by
Berezin in [4]. Tt is not difficult to verify that for S € £L(L2(D)) and n > 0;

(n+2)(1 = |2]*)B,, (S — TpSTy) (2) = (n+ 1)Byy1 (Th—02ST1 _wz) (2)

for every z € D and || B, S]|oo < (n 4 2)27||5||.

In the following theorem we use the concept of n-Berezin transform to describe an
intertwining property of composition operators. This theorem can be compared
with theorem 3.3. For ¢ € L°°(D,dA), we define a function $ on D as follows:

- / B(60(2))dAw).

This should not be confused with the Berezin transform defined previously. As one
can verify, the function ¢ differs spectacularly from B¢ for harmonic functions ¢.

Theorem 3.8 Let Cy be a composition operator on L?(D) and suppose there is
p > 3 such that

sup || 1(,c)op. Llp < C and sup | T(g ¢, )00, Llp < Cuvvvnvnvs (5)
z€D z€D
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where C' > 0 is independent of n. Then C,C,C, = Cy for all a € D if and only if
Cy(w) = Y(w) where ¢ = nlgr;oB/nag for all w € D.

Proof : Let C, € L£(L%(D)) and satisfies the condition (5). It follows from [2§]
that, Tp,c, — Cy in L(L2(D)) norm. It is shown in [32] that C,CyC, = Cy if and
only if Cy(w) = [, (U.CyU.ky, ky)dA(2). Thus

Cy(w) = <</D UZC’¢UZdA(z)> kw,kw>
_ <( /D U.( lim TB”%)Usz(z)) k:w,k:w>

- nan;o<</D(UZTBnc¢Uz)dA(z)) kw,kw>
= Tim (T b b )

n—00
=(T o kwv kw
< lim B,Cy >
n— 00

- B ( lim m) (w)

n—oo
= B(¥)(w) = ¢(w)
where ¢ = lim B/na¢ O
n—oo

Corollary 3.9 If Cy € L(L2(D)) and there exists a sequence {¢,} such that
Ty, — Cy strongly then there exists a sequence {¢,} such that Ty, — Cy strongly
and T — C} strongly in L(L7(ID)).

Proof: It is well known [18] that if {A,} is a sequence of operators on a Hilbert
space H and A,, — A in strong operator topology, then there exists {B,}, B, =

Mn

Z’ykAk such that v, > 0,> v = 1, B, — A strongly and B} — A* strongly.
k=1
The corollary is a direct consequence of this. O

4. Applications

The applications of these asymptotic results and the intertwining property of
composition operators in this article are manifold (see [3],[16],[27]). We shall present
here only one application of these results relating to distances between the unitary
operator U, and Cy,a € D. Notice that if ¢ € H(D) (the space of all holomorphic
functions from D into itself) a € D, then ||U, — Cy|| < 1 implies the operator Cy
is invertible. This is so for the following reasons : since U, is unitary and U2 = [
hence |1 — U,Cy| = ||[U2 — U,Cy|| = ||Us — Cyl| < 1. Thus U,Cy is invertible
and therefore Cy = U,(U,Cy) is invertible. This implies ¢ is conformal [24]. The
following is also true.

Theorem 4.1 (i) Let ¢ € H(D) be conformal and (z,) be a sequence of real



ASYMPTOTIC PROPERTIES OF COMPOSITION OPERATORS 237

numbers such that z, = o(1). Suppose ||Usf — 7T, c, f|| <1+ z, for some real
number r > 1 and for all f € L2(D) and n € N. Then ||U, — Cy]| < 1.

(ii) Let ¢ € H(D) be a rotation, that is, ¢(z) = az,|a| = 1. Suppose (z,) is a
sequence of real numbers such that x,, = o(1). If |Usf — Ts, 0, f|| = 2 + , for all
f € LZ(D) and for all n € N then U, + C, is not invertible.

Proof:(i) Suppose ¢ € H(D) is conformal and ||Usf — T3, c, fl| = 1 + x5, for all
n € N and for all f € LZ(D). Then Cy is invertible [24] and since T, ¢, — Cy in
strong operator topology, we have for all f € L?(DD),

|Uaf = 1Cofll = lim |Uaf — 1T, 0,

= lim (1+4+x,) =1

n— oo

Thus ||U, — rCy|| = 1. By [23], 0 is not in the approximate point spectrum of the
operator rCy = || Uy —17Cy|| Uy + (rCyp —U,) if and only if ||(r—1)U, — (rCyp —U,)|| <
(r—=1)+|rCs —U,|| = r. Hence, r||Uq — Cy|| = ||rUq —rCy|| = ||[(r — 1)Uy — (rCy —
Uy)|l < rand so U, — Cy|| < 1. This proves (i). For proof of (ii), let ¢ € H(D) be
a rotation. By [5], this implies Cy is an isometry on LZ(D) and so [|Cy|| = 1. Let
r>1=|Cyll and W = LFC Then Cy = rW — U, and [|U, — rW|| = [|Cy| = 1.
Proceeding as in (i), one can show that W = % is not invertible if and only if
U — %H > 1. That is, if and only if ||(r— 1)U, — Cy| = r. Equivalently, if and
only if ||U, — Cyg|| = 1+ ||Cys|| = 2. Thus we have shown that |U, — Cy|| = 2 if and
only if U, + Cy is not invertible. In (ii), it is given that ||Usf — T, o, fll = 2 + =5
for all f € L2(D) and for all n € N. Since Tp,c, — Cg in strong operator topology,
hence for all f € L2(D), ||Uaf —Cysf|l = nll_}IIOlo |Uaf = TB,c, fll = nli—>H;o(2+xn) =2.
That is, ||U, — Cyl| = 2 and hence U, + Cy is not invertible. O
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