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Abstract—Direct yaw control of four-wheel vehicles using
optimal controllers such as the linear quadratic regulator
(LQR) and the sliding mode controller (SMC) either considers
only certain parameters constant in the nonlinear equations of
vehicle model or totally neglect their effects to obtain simplified
models, resulting in loss of states for the system. In this paper,
a modified state-dependent Ricatti equation method obtained
by the simplification of the vehicle model is proposed. This
method overcomes the problem of the lost states by including
state integrals. The results of the proposed system are
compared with the sliding mode slip controller and state-
dependent Ricatti equation method using high fidelity vehicle
model in the vehicle simulation software package, Carsim.
Results show 38% reduction in the lateral velocity, 34%
reduction in roll and 16% reduction in excessive yaw by only
increasing the fuel consumption by 6.07%.

Index Terms—nonlinear equations, optimal control,
quadratic programming, ricatti equation, sliding mode control.

I. INTRODUCTION

Vehicles move when torque generated by the engine is
transferred to the ground through the tires, generating
traction forces. These forces can be measured using
accelerometers alone when the vehicle is static and the
kinematics equation with gyroscopes can be used when it is
in motion.

When designing a controller to assist drivers to ensure
stability, the vehicle model, its associated parameters and
their changes become important. Most research on stability
enhancement use the bicycle model to approximate the
vehicle model, which simplifies the controller design, but
provides only suboptimal performance improvements [1].
Earlier systems mostly consisted of classical control
schemes used to control only the steering angle with given
vehicle yaw and velocities [2]. In some cases, the four-
wheel car model with approximate analytical Dug off and
Fiala tire models were also considered to have a complete
model, but were then simplified to obtain simpler models [3-
4] to design the controllers. By introducing differential
braking and traction as another variable for direct yaw
control (DYC) the system became very efficient but its
complexity in controller design increased [5]. Due to the
nonlinear nature of the system, classical control schemes are
not sufficient and so modern nonlinear controllers were
introduced [6-7] such as fuzzy control [8-10, 28], sliding
mode control (SMC) [11], SMC with variable differential
transmission system and super twisting algorithm [12],
optimal control of active front wheel steering and direct yaw
control [13] using cost function [14], resulting in the
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simultaneous control of various important states. Similarly,
active front wheel or rear wheel steering [7] or four-wheel
steering [15] coupled with individual brake control [16] in
different combinations are also used to have better control of
the vehicle yaw [17].

Since the four-wheel model with analytical tire models is
a complex nonlinear system, certain linearization schemes
are used to simplify the controller design process [18].
Important parameter changes such as roll motion, pitching
and weight distribution are sometimes neglected during the
linearization process even though the four-wheel model
considers the effects of all the forces and moments
generated [19]. Parameter variations and state estimation
problems also contribute in making the controller
suboptimal, such as the cornering stiffness caused by the roll
motion [20] and inaccurate noise models available.

Lateral stability is effectively attained by considering
individual wheel braking and active steering control; but
excessive braking can cause excessive vehicle speed
reduction, more wear in the brakes and tire saturation,
causing side-slips. Some studies have also considered
braking, drive line and steering to control side-slips to
reduce braking. Individual wheel braking to control
individual side-slips is mostly used in anti-lock braking
systems [21], since the steering inputs are considered as
either zero or optimal for the situation. In direct yaw control,
individual braking optimized for individual slips is not
always suitable. Therefore, intended differences in braking
are used to enhance the yaw performance by applying
coordinated wheel braking [11-22], which is achieved by
employing an appropriate brake pressure distribution
scheme.

Chassis rolling is also responsible for wheel edge stiffness
causing tire saturation; which can be compensated by
adjusting the suspension using modulators [19] or by
adjusting the steering angle and brake pressure. By
compensating the chassis roll through steering angle
compensation, suspension modulators are not required, as
proposed in the work presented in this paper.

In this paper, the four-wheel car is modeled in state-
dependent coefficient (SDC) form and used to design an
optimal controller using state dependent Ricatti equation
[16]; due to its ability to automatically adjust the brakes and
steering with changes in brake pressure and sensor or
actuator failure. The controller, in contrast to earlier works,
will consider the state and parameters changes that have
indirect but significant consequence on the system’s stability
and performance, e.g. brake pressure distribution dynamics,
roll and weight distribution changes will be considered. To
overcome the problem of state loss during linearization, an
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appropriate number of integrals terms that replace lost states
in the system are proposed. The extra states may increase
the system dynamics but their effect on the system stability
through simulations are proved to be not significant at all.

II. VEHICLE MODEL

Fig.1 shows the forces acting on the four-wheel vehicle
during motion. In this figure, the vehicle is turning when a
nonzero steering angle input and individually controlled
brakes are applied to the wheels. Due to the turning, the
front and rear wheel experience forces along the
longitudinal and lateral direction of the wvehicle. The
longitudinal forces on the wheels are defined as the front-
left, front-right, rear-left, rear-right longitudinal forces
as F o Ffi . Fyix s Fypye Tespectively. Similarly, the lateral

wheel forces are defined as the front-left, front-right, rear-

left and rear-right lateral forces as, F' ﬂy,F ﬁy,Frly,F,,y

respectively. The vehicle is moving along the longitudinal
axis with a velocity V, and slipping laterally with
velocity V), . The vehicle is also turning at a yaw rate, r

while it tilts along the lateral axis with a roll angle,d and
with a roll rate, p and pitches with a pitch angle,¢ and a

pitch rate,q. The vehicle suspension spring stiffness are
defined by K; and the damper stiffness are defined by C; ;

which are resolved along the longitudinal direction,
asK,;,C,;, and along the lateral direction as K ; andC\;

Vector A = [ay.ay a,

measured accelerometers.  Similarly, vector
Q=[p q r]represents the angular velocities of the vehicle

] represents the accelerations

using

measured perpendicular to the axis. Other symbols used in
the equations are defined in Table 1.
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Figure 1. Force diagram of full car model
By balancing the forces along the three axis in Fig. 1, (1-
8) are obtained.

F,
SF=M(V-Qy V)=|TF, (1)
SF,
SF =3F (c0s0+ X F, ~YF g sind—4,V [V,

ZFyZZFﬁCSIH5+ZFﬁ,COS5+ZF,y ApVy‘Vy‘ 3)
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XF, =Mgcosfcos¢ @)
SF o =F gy +F gy ©)
L =Fy e+ Fppy (6)
SF 5, =F gy +Fﬁx )
SFy, =Fpp, +F, @®)

Similarly, by balancing the moments along the roll, pitch
and yaw axis, (9-14) are obtained.

[,r=SM =SM|-SM,+¥M+3M, 9)
Y M, =a[Zfosin S+XF g, cos 5] (10)
SMy=b3F,, (11)

2My=e(F fx -F fiox )coso—(F fy -F fry )sind  (12)
M y=elFp~Fpy) (13)

1o dm [,V = g ghy Ky Jp-C oy (14)

The forces acting on the tires are obtained using (15-18).

in xll /1 f(7l) J (ﬂ, ) (15)

Fyi Cyl o ;Llf(yl) K tane; (16)

_ HF; (1+4;) an
2\/(sz/11) +(C;tana;)

f(7-)—{ b (1)
17 1(2-y;)y;» otherwise

Substituting (15-18) into (1-14) and simplifying as shown
in Appendix A.

Vie=lary app ay3 ayq a5 a6 ayq “181 U (19)
y:la2l apy ap3 dpg dps Apg dyg “28][’“]“/ 2 (20)
2,2
mS S
My =M+ 22)
XX
F=lag) a3y a3z asy ass asg asg asg|x] 23)

Here,a;; ’s are the coefficients of the state matrix as

i
defined in appendix A. In [11, 16, 17, 23], ¢ ~ 0 and ¢=0
~ M and

so the weight distribution effects on the lateral velocity were
not considered. In the proposed system, their effect is
compensated by introducing extra states through integral
action. The indirect effect of these parameters e.g. the roll
effect on weight distribution and lateral velocity as
described by (14), is calculated using the roll model [3],
given by (24).

were considered for simplicity, implying that M,

Co . (K¢—msghs),h mghg .
$+

@
Ly L Ty 7

Similarly, the slip across each tire is modeled using the
vehicle traction model [16]. The vehicle slip is modeled in

(24), in terms of input tire torque, 7p; generated by the

b= 24)
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brake pressure, engine and transmission dynamics and
modeled as a nonlinear component; creating more states
which justifies the addition of new states as integral terms.
The variable is calculated for each wheel.

2
- R°J A, , +1)V R, Ty; 25)
LV Ve Ly

By substituting (19) into (24), the dynamic slip rate is
calculated in (25). The coefficients of which are listed in
Appendix A.

Fi=lag aip a3 aiq ais azg a7 agbebydebing 26)

Similarly, the system steering input is augmented by the
steering actuator, modeled as a first order delay system [16].

5lagr gz ags 944 945 946 “47 948 filbago. @7
In the model, the roll is estimated from a two-state
estimator obtained from (14) and listed in (27). [31]

(}5 C¢ K-mggh ¢ mh.
ARG 1
1 0 0
Where ay :Vy +rVy (29)

The roll model states {(é are used to calculate the roll
¢

stiffness forces in the four wheels, using (30).

F C., K ;

92 |_| Co @‘M 30
Fg3 | | Cor Ko |9 0
Foa] | Cor Ky

The effects of roll on the weight distribution are included
in the tire reaction forces of each wheel, using (27-30) [16].
megb mgh 5 bmh . F
A 2 X 20 VN
megb mghg o bmh
V. V. +F
A X e VP2
. bmh
Sy V. +F
2 2 X 20 VP
moga. mghg . _bmh_; F
L 20 2 X 2e V94
In a state-dependent coefficient (SDC) form, the
nonlinear vehicle dynamic in (19-23, 26, 27) are rewritten in
a linear state space representation form as given by (32-33).
x=A(x)x+B(x)u (32)
y=Cx+Du (33)

Whereas the u matrix consists of the inputs, listed in (34)
M=[¢¢5 Ty Tpa T3 Tb4} (34)

The coefficients of state matrix A(x) and input matrix
B(x) as described in (33) and (34) are listed in (61-92) of
Appendix-A, in terms of the state vector x= [

_| 2]
Fp= mgga mgh

G

X Xp X3 X4 X5 Xg X7 xg | =[V Vyrﬁll Ay A3 Ay ]

The state matrix is coefficients are defined in (62-93).
Similarly, the B(x) matrix consists of various state
dependent coefficients, listed in (94-99) in Appendix-A
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ary 912 93 94 95 Y6 47 %48
dp1 Gpp 43 dp4 45 dpg 427 428
d3] d3p 433 d34 d35 d3g d37 d3g
Aq] 942 43 944 945 946 947 948
ds) dsp 453 ds54 dss5 dsg ds57 dsg
461 962 963 %64 %65 %66 Y67 968
a7y d7p 473 474 475 476 477 478
| 981 982 983 984 985 4ge 487 4gg |

The B(x) matrix is modified to include the estimated roll
and roll rate obtained from (28).
[0 b, 0 0 0
by 0 0 0 0
0 0 byy 0 O

A(x)= (35)

SO OO

0
0
0
0
0
0

B(x): 0 b52 O b55 0 (36)
0 by 0 0 bgg O
0 by 0 0 0 by
| 0 by, 0 0 0 0 bgg |
While C and D are constants.
[00000000]
00010000 00000000
00000000
00001000 00000000
C=[{00000100}|, D= (37)
00000000
00000010 00000000
00000001
00000000
100000000]

III. REFERENCE SLIP ESTIMATION
During equilibrium, the net force acting on the vehicle
is 7~[0 0 g]” ; which is defined according to (1) in (38).

V=4=[00 g]T =Q, V+N (38)
0 -rgqg

Qy=r 0-p (39)
-qgp 0

The function Qy has special properties, it is skew

symmetric (Qx o) x ) and so it satisfies Lie algebra.

The matrix does not have any inverse. The relevant states
for longitudinal and lateral stability are obtained using (40).

: V

y:[’fx}:[l 0 0} 7

v 010| "y

y y

z

The states obtained in y are important for estimating the

reference slip in terms of the longitudinal and lateral accele

rations and measured yaw rate, which can be obtained from

the instantaneous velocities changes and measured yaw rate

using (41). It is also assumed that the acceleration due to

gravity is constant and there is only vertical motion of the

tires and no sideways motion is caused due to misalignments

of the camber and kingpin angles. The camber angle may

cause negligible motion of the wheels sideways due to the
rubber bushings in the suspension.

In (38), N is the error that increases during turning or

braking. It is assumed that the error is negligible during

driving in a straight line.

(40)
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1 Vy 1| 4y
24 =100tan "1 =2 1+100r=100tan 1| -2 1100 (41)
Vx ax

IV. CONTROLLER DESIGN

The vehicle SDC form given in (32) is used in designing
the controller. The state equation along with the integral
terms is presented by the equation in (42).

i_[{(g) g}z{B(Ox)}u:r(z)H@(z)u (42)
Where
Zz[vfl} wy =0joxdx= Cofxdt (43)

t t
0 0
With the inputs consisting of the feedback gain and state
error terms (43)

u=R70(z)T P(z)[%l } (44)
Where P (z) is the co-variance matrix obtained by solving
the Ricatti equation given in (45) starting with the initial
conditions.
T 9 0
P(2)T(2)+T'(z)" P(z2)+P(z)®(z)K + 00 =0 (45)
J

Where
_p-1 T
K=R "0(z)" P(2) (46)
In this equation R, Q; and Q j are constants obtained by

optimizing the cost function for optimal performance. The
matrices Q;, O j and R are given in (54-56). The input

matrix B(x) = g(x) and state matrix A(x) are considered to
be observable and detectable for each value of x.

By assuming the inputs to the system are bounded and
smooth near the vicinity of zero, the system is considered to
be controllable and observable in a region Q, defined by the
stable and observable states, provided it is point wise
observable and detectable for all states x [16]. The
controllability region Q is defined by the states that satisfy
the conditions and the controllability and observability
conditions as follows:

Rank [A, AB...] =Rank [A] 47)
Rank [O] = Rank [A, AC...] = Rank [A] (48)

The controllability region of the system without integral
terms has already been defined in [16], which is also true for
the proposed system.

In (49), the integrals of the individual slips and the
steering inputs are included and the remaining three
integrals of longitudinal velocity V', , lateral velocity 7, and

yaw rate r are not included since their integrals have no
effect on the system performance. The feedback gains are
obtained from the Ricatti equation solution (46). According
to Lyapunov theory, the cost function must include the
system states and inputs to optimize the state variables as
given in (49).

e 0]
_ T A~ T T
J=[[x" 0;X+u” Rju+x ijl]dx

t
0
Where the state error vector is written in (50)

(49)
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(50)

And the integral terms are updated by the integration of
the current state and reference state difference in (51)
0
X = j[dd =0, g =N Ay =2y Ay =234y —/14]de S
fo
Where Xref is given in (52)

X=X—Xpof

xl"ef:[eref’0’0’§d’ld’ﬂd’ﬂd’ﬂd]T (52)
eref =Vxo0 (33)
(10 0 0 0 0 0 0]
010000 0 0 0 0 0
001000 0 0 0 0
100 0020 0 0 0
Q=00 0 01000 0 0 4
00 0 0 01000 0
00 0 0 0 0100 0
00 0 0 0 0 0 100]
02000 0
05000 0
0=/ 0705000 (55)
000500
000050
(100 0 0 0 0 ]
010 0 0 0 0
001 0 0 0 0
Rl:ooom‘4 0 0 0 (56)
000 0 1074 0 0
000 0 0 10> 0
000 0 0 0 107

The cost function (49) is an important parameter since it
represents the overall performance of the system. The
proposed cost function includes the integral terms to
consider second order dynamics. The effect of the integral
terms to system response is similar to the effect of the
integral terms in PI controllers for second order linear
systems.

Similar cost function, without integral terms, is used in
the implementation of state dependent riccati equation as
given in (57) [16]. This cost function will be used in the
performance analysis of SDRE and SM-slip control.

o0
J= 11z 0% +ul Ruldx (57)
‘o
Where
10 0 0 0
010% 0 o0 o0
R=l0 0 1074 0 o0 (58)
00 0 103 0

00 0 0 1073

The stability of the system using the cost function (57)
has already been satisfied in [16]. Since the proposed cost
function is similar to the state dependent riccati equation
cost function, the proposed cost function is also proved to
represent a stable system in the same manner.

Using the following theorem, the system is proved to
represent a stable system at every point of the state matrix x.

Theorem 1. During the linearization of f(x) = A(x), g(x) =
B(x), if the resultant matrices are smooth, detectable and
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controllable, then SDRE method generates a closed loop
solution, which is locally and asymptotically stable [16].
Proof: The closed loop system is defined as follows:

5= (A()C)—B(X)R_IB()C)TP(x))x:|:l"cz:|::48:|z (59)

-Cz
The closed loop matrix I'. has already been proved to be

stable at all points of z according to the Riccati equation
theory [16, 24, 27]. The other term simply defines the
relationship of the integral terms. If A(x) is smooth and
bounded, then the system is detectable and stable and
becomes zero at the neighborhood of x = [0], the
neighborhood of boundedness can be found using Taylor
series expansion [16].

The optimality condition for state dependent riccati
equation is already proved for a scaler system [28]. The
necessary condition for optimality P(x)x+xP(x)+Hy =0 is not
generally proved for the SDRE, and is asymptotically
satisfied only in the quadratic rate sense and produces
suboptimal results [16]. H  is the Hamilton of state matrix

calculated in terms of z. By comparing the stability
condition with (45)
0 0
0 9;
According to (60), if a Ricatti solution of P(z) exists, the
solution is guaranteed to be optimal.
The proposed system optimality condition
P(2)z+:P(z)+Hz =0 1is also not generally satisfied, and is

H. =P(z)®(z)K+|: }zO,FoerR_l(B(z)T P(z) (60)

optimally satisfied in the quadratic rate sense in the same
manner since the only difference between the proposed
system and SDRE is the inclusion of the integral terms
which add extra poles at s=0 [27].

Since the system stability depends upon the system
inputs, which must be smooth and bounded [16, 24]. In real
systems, the steering input is applied through actuators,
which causes smooth turning to the vehicle and is limited by
the steering column and actuator limits. In the proposed
method, the following limits are applied to the steering
angle input [24].

-7 5 -7
* i s5<*
6 7957
T ~ - 3 T
5=1"sin§ if L5 61
16 716516 D)
T ~_ T
6 70275

V. SIMULATION OF THE PROPOSED SYSTEM

The system is simulated using Matlab Simulink and
Carsim simulator. The simulator is programmed with the
actual vehicle parameters given in Table.1.

TABLE 1: IMPORTANT PARAMETERS USED DURING SIMULATION

Symbol Definition Value
a Distance of front wheel from center 0.820 m
of gravity (c.g)
b Distance of rear wheel fromc. g 1.620 m
] Distance between front wheel and 2.440 m
rear wheels
w Wheel base 1.455 m
e Distance between front tires 1.460 m

Volume 16, Number 2, 2016

t Tread width 0.81m

hs Height of c.g from ground 0.6 m
M Total mass of vehicle 15282 Kg
m Sprung mass of vehicle 1200 Kg
I, Moment of inertia along z-axis 2400 Kgm?®
I Moment of inertia along x-axis 1100 Kgm®

xx
m, Mass of tire 30Kg
Iw Moment of inertia of tire 2750 K¢’

r Radius of tire 0.29155m
Kz Spring constant of tires 1.9 65 Nm -1
fo Coefficient of front tires along x-axis 916 Ns / rad
C}f Coefficient of front tires along y-axis 916 Ns / rad
er CoefTicient of rear tires along x-axis | 152788 Ns/rad
Cyr Coefficient of rear tires along y-axis | 157788 Ns/md
K¢f Roll stiffness of front tires 25200 N / m
C# Roll damping of front tires 105 Ns / rad
KW Roll stiffness of rear tires 25200 N / m
Cyr Roll damping of rear tires 105 Ns/rad

Stability of vehicles is most crucial during heavy braking
or fast accelerating, steep turning, and during overcoming
uneven and varying friction surfaces. Therefore, the split-p
test and the high speed lane change tests are used in the
evaluation of the proposed controller. These tests are the
default tests used to test turn over problem and are
mandatory for vehicles.

The system tests disturbances are input to the controller as
well as the Carsim software. The vehicle chosen is class B
utility vehicle without ABS, to ensure ABS system does not
effect the results. The vehicle transmission consists of
independent Macpherson front suspension and twisted beam
rear suspension according to the actual vehicle. The vehicle
roll dynamics are obtained from Carsim software for
plotting. The proposed test system block diagram is given in
Fig.3.

CarSim
MATLAB >
Interface z z
A yﬁ a
-7 - 5
— I >
4.9 iy
\ 4
S D RE + Integral Action
P(z)F(z)+F(z)T P(2)+P(2)®(z)K+0=0 -
Calculate K (2)=R™'0(z)" P(2).
| 4(x),B(x).T(2),0(2) Z=K(2)0(2)z
User Inputs

Steering Input [ 0, p], Torque input [ 7] 7H2 TH3 Tp4 ]

Figure 3. Block diagram of the system

The system is tested with a suitable sample time Ts = 0.01
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[29]. The state matrix A(x), B(x),I'(z), ®(z) are obtained
using Appendix A and (37). The state matrices are
calculated at each sample point and used in the same sample
interval for calculations.

A. Split-u Test

In this test, the vehicle is running at high speed (72Km/h)
on a straight road without driver input (6=0), and the road
surface was switched from a high friction (n=0.8) to low

friction (u=0.50) after 2s as shown in Fig. 2.
0.9 T T

<
)

e
“

e
=N

Coefficient of friction x

1 2 3 4 5 6 7
' Time(s)
Figure 2. Friction Coefficient applied to the left side wheels of the vehicle

B. High Speed Lane Change Test

In the second test, the vehicle was turning at a high yaw
rate to illustrate the performance of the controller in
assisting the driver during a high-speed lane change. The
drop in velocity during the turn was due to the intervention
of the brakes in order to reduce the speed of the vehicle,
making it suitable for taking the turn. A large angle steering
input is applied to the vehicle, which is traveling at a speed
of 72Km/h as shown in Fig. 3. The road surface friction is p
=0.8.

e
w

0.5

Steering Angle (Radians)

] 1 2 3 4 5 <] i
Time(s)
Figure 3. Steering Input to the system during high-speed lane change test.

VI. RESULTS AND ANALYSIS
A. Split-u Test

The split-p test is performed to illustrate how the extra
states in the proposed controllers (SDRE with integral
terms) have affected the system dynamics as compared to
the existing state dependent Ricatti (SDRE) and sliding
mode slip controllers (SM-slip). In this test the change in
lateral velocity and yaw rate is increased by the proposed
controller because extra states tend to increase the system
dynamic response as shown in Figs. 4 and 6.

However, this increase does not considerably affect the
system performance since the changes in the lateral velocity
and yaw rate are still negligible. This implies, the weight
imbalances are not significant because the external
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centripetal forces produced by the slip are negligible, as
shown in Fig. 5. The negligible effect of the external
centripetal forces is due to the ability of the controllers to
overcome the tire saturation region during the test and
results in a very small slip values across each tire as shown
in Fig. 8.

SDRE Plus Int Control

— — —SDRE Control
19.6 —4—+~ Sliding Mode Control | | |
0 1 2 3 4 5 6 7
Time(s)
x 107!

Time(s)
Figure 4. Horizontal Velocity ¥, and Lateral Velocity Vy in split-p test

The changes in each parameter during the test are listed in
Table 2. The cost function for SDRE is calculated using
(57), while the cost function for the proposed system is
calculated using (49). The cost function used for SM-slip
control is also (56) because the states used in its design are
similar to the states used in SDRE and according to
Lyapunov theory for nonlinear systems, the cost function
must include the relevant state and input control signal
energies only.

3066.4
——— SDRE Plus Int Control
3066.3 | — — — SDRE Control
—e—e-Sliding Mode Control
= 30662}
S
N
LL 3066.1
3066
3065.9 - . - - . -
0 1 2 3 4 5 6 7

Time(s)
Figure 5. Changes in Vertical Force F’ » during Split-u Test.

10712

5

Yaw Rate(rad/s)
(=]

) Time(s) |— SDRE Plsint Conto
o — — — SDRE Control

g ! ' - . : Sliding Mode Control
=)

T

o

2

= _‘| I L i i 1 i

g o 2 3 4 5 & 7
? Time(s)

Figure 6. Yaw rate of the vehicle during split-p test.
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-14
4 % 10
SDRE Plus Int Control
3 }{ — — — SDRE Control
—&— Sliding Mode Control

— 2 [

g JAVWAWA [\
0¢¢v,-’\§/¢¢¢u¢¢¢¢¢
-2 . .

0 1 2 3 4 5 6 7
Time(s)
Figure 7. Roll angle during split-p Test.
4 210

05
0 | i . ; .

0,55 1 2 3 4 5 [ 7

PR U IR PN P R A P

0.5
Ewa-s 1 2 3 4 5 & 7

- = ]
- SDRE Plus Int Control
0 . . ———- SDRE Control
010 1 2 3 ——— Sliding Mode Control
rd Ll P Y
=+
-
0 i i i i |
0 1 2 3 4 5 & 7

Time(s)
Figure 8. Slip across the front left wheel during Split-u Test.

TABLE 2. IMPORTANT PARAMETERS DURING SPLIT-p TEST

Parameter SDRE with SDRE SM-slip
Integral action
V, ms) 513¢7 12 217¢7 | 1877V
V. (ms) 19.71 19.71 19.68
X
Yaw rate (r) 303 6712 133 e—16 6.16 e—18
(degree/s)
Cost function, J 400 400 440

B. High Speed Lane Change Test

The purpose of this test is to show effectiveness of the
proposed controller compared to the state dependent Ricatti
(SDRE) controller and sliding mode slip controllers (SM-
Slip). In this test, lower lateral velocities and yaw rates
indicate better vehicle performance as the vehicle is drifting
less when commanded, by overcoming tire saturation. In
this test, the proposed controller has reduced the lateral
velocity by 38% compared to the SDRE controller and 29%
compared to the SM-Slip controller as shown in Fig. 9.
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Figure 9. The Horizontal Velocity Vx and Lateral Velocity Vy during

lane change test.

Volume 16, Number 2, 2016

In Fig. 9 higher reduction in longitudinal velocities
indicate that the vehicle is applying more braking forces to
achieve stability, which will result in higher fuel
consumption. So the proposed controller has increased the
fuel consumption by 6.07% as compared to the referenced
controllers as shown in Fig. 9, which is a drawback of the
proposed controller.

Similarly, excessive yaw rate is reduced by 16% as
compared to the SDRE controller and 2.8% as compared to
the SM-Slip controller, as shown in Fig. 10. The integral
terms have reduced the yaw rate overshoot, similar to the
effect of integral terms in PI control for second order linear
systems. Similar reduction in the steady state error can be
anticipated. In the s-domain, the integral terms can be
considered as creating extra poles at s =0 [7].

The sliding mode slip control is loosely following the
same yaw rate with respect to steering input. This indicates
the controller has less control on the yaw rate.

Since the roll induced in the chassis during motion is
primarily due to the force imbalances caused by the
uncompensated centripetal forces, which must be
minimized. The proposed controller has 7.6% less vertical
force changes as compared to SDRE and sliding mode slip
controller as shown in Fig. 11.

e SORE Pluss It Control
= == == SNRE Control
i Sliding Mode Control

0 1 2 3
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Figure 10. Yaw rate of the vehicle during lane change test.

Similarly, the roll angle is also a by-product of the force
imbalances of the vehicle along the lateral direction. The
proposed controller reduces the roll angle by 34% as
compared to the referenced controllers as shown in Fig. 12.

The roll angle changes during the tests are very small but
their effect on the weight distributions is significant, so they
are not neglected. The overall improvements in the system
performance can be measured in terms of the reduction in
slips, which are also reduced as shown in Fig. 13.

Table.3 below lists the important parameters measured
during the test. The values of cost function J are calculated
using (49) for the proposed system and (57) for SDRE and
SM-slip controllers; which satisfies the cost function
requirements as defined by Lyapunov function for non-
linear control systems.
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TABLE 3. IMPORTANT PARAMETERS DURING LANE CHANGE

TEST
Parameter SDRE with SDRE SM-slip
integral action
0.400 0.650 0.571
Vy (m/s)
Vx (m/s) 18.454 19.408 19.230
AF, (N) 720.477 780.4 790.9
Max. Roll (radians) 0.008 0.012 0.010
Yaw rate (r) 0.174 0.209 0.179
(radians/s)
Cost Function, J 415.085 432.41 480.560

VII. CONCLUSION

The paper proposes a new controller that includes the
states that are normally neglected in many controller design
approaches. These parameters, despite having minimal
effects on the system outcome, are important for improving
the vehicle stability at higher speeds. The proposed
controller uses the state dependent riccati equation (SDRE)
controller with integral terms; which is tested against the
controller based on the SDRE and sliding mode slip
controller. The proposed controller shows reduction in
lateral velocity and yaw rate as well as reduction in chassis
roll at the expense of 6.07% more speed reduction as
compared to SDRE and sliding mode based slip controller in
the double lane change test. This is a drawback of the
proposed controllers. However, by adjusting the cost
function, the drop in the velocity can be reduced further,
improving the fuel efficiency. The proposed controller did
not include changes in the tire coefficients due to
temperature effects and ageing. Similarly, better tire models
can be used to improve the system.

APPENDIX A

After simplifying (2-14) using tire equations (15-18), the
state matrix and input matrix coefficient terms as used in
(19-26) in terms of states are defined in (62-93)

A |x
a1 = ﬁll

K sinxy Ky sinxy 63)
ayn = } X
12 Ml(xl +ex3) Ml(xl—ex3) 3

(62)

Klasinx4 Kzasinx4 (64)
7= — }
13 Ml(x1+ex3) Ml(xl—ex3)
Kisinx, +K~sinx
1 47522 4
0142 (65)
M
Jicosx JHcosx
1 2 4
al = ,al = (66)
5 ]\/[1 6 Ml
J J
3 4
al =—,a1 = (67)
7 j\/[1 8 M1
2, 2
0y D% 6
My
Kycosxs+K, Krcosxg+K, Aylx
1008X4 TRy  R2COSYY 3,p‘2‘ (69)

a = T T
22 Ml(xl +€)C3) Ml(xl —ex3) Ml
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For each wheel (i =5, 6, 7, 8), following coefficients are
calculated.
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_ J3 (Xl +1)
T *2

Jylx+1
=225 o

Similarly, the input matrix B(x) coefficients are
calculated in (94-99)
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