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WEIGHTED SHARP FUNCTION ESTIMATE AND
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SINGULAR INTEGRAL OPERATOR WITH GENERAL KERNEL
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Abstract. In this paper, we establish a weighted sharp maximal function esti-
mate for the commutator associated with the singular integral operator with
general kernel. As an application, we obtain the weighted boundedness of the

commutators on Lebesgue and Morrey spaces.

1. Introduction and Results

As the development of singular integral operators (see [10][23]), their commuta-
tors have been well studied. In [6][21][22], the authors prove that the commutators
generated by the singular integral operators and BM O functions are bounded on
LP(R™) for 1 < p < oo. Chanillo (see [3]) proves a similar result when singular
integral operators are replaced by the fractional integral operators. In [12][18],
the boundedness for the commutators generated by the singular integral opera-
tors and Lipschitz functions on Triebel-Lizorkin and LP(R™)(1 < p < oo) spaces
are obtained. In [1][11], the boundedness for the commutators generated by the
singular integral operators and the weighted BMO and Lipschitz functions on
LP(R™)(1 < p < o0) spaces are obtained. In this paper, we will study some singular
integral operators as following(see [2][14]).

Definition 1. Let T : S — S’ be a linear operator such that 7' is bounded on
L?(R™) and there exists a locally integrable function K(x,y) on R® x R"\ {(x,y) €
R"™ x R" : x = y} such that

T(P) = [ Ky
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for every bounded and compactly supported function f, where K satisfies: there is

a sequence of positive constant numbers {Cy} such that for any k& > 1,
o (K K@)+ K )~ K ()i < C
2ly—z|<|z—y

and

1/q
( / (K (2y) — K(2,2)| + |K(y,2) — K(z,x>|>qdy>
2k |z—y|<|z—y| <2kt z—y|
< Cu(2]z — gl

where 1 < ¢’ <2and 1/¢+1/¢ = 1.
Let b be a locally integrable function on R™. The commutator related to T is
defined by

Ty(f)(x) = / (b(z) — (W) K (z, 9) f(4)dy.

R’!‘L
Note that the classical Calderén-Zygmund singular integral operator satisfies
Definition 1 with C; = 277%(see [6][10][23]).
Definition 2. Let ¢ be a positive, increasing function on R™ and there exists a

constant D > 0 such that
©(2t) < De(t) for t > 0.

Let w be a non-negative weight function on R™ and f be a locally integrable function

on R"™. Set, for 1 < p < oo,

1 1/p
[ llzre(w) = L <<P(d) /Q(M) If(y)l”w(y)dy> ;
where Q(z,d) = {y € R" : |x — y| < d}. The generalized weighted Morrey space is
defined by
LP?(R",w) = {f € Lipe(R") : [|f||r.e () < 00}

If p(d) = d°, § > 0, then LP¥(R",w) = LP°(R",w), which is the classical
Morrey spaces (see [19][20]). If ¢(d) = 1, then LP?(R",w) = LP?(R",w), which is
the weighted Lebesgue spaces (see [10]).

As the Morrey space may be considered as an extension of the Lebesgue space, it
is natural and important to study the boundedness of the operator on the Morrey
spaces (see [4][7][8][15][16][19]).

It is well known that commutators are of great interest in harmonic analysis
and have been widely studied by many authors (see [21-22]). In [22], Pérez and
Trujillo-Gonzalez prove a sharp estimate for the multilinear commutator. The main

purpose of this paper is to prove a weighted sharp inequality for the commutator.
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As the application, we obtain the weighted LP-norm inequality and Morrey spaces
boundedness for the commutator.

Now, let us introduce some notations. Throughout this paper, Q will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f,

the sharp maximal function of f is defined by

#
M7 (f)(x) = sup ‘Q|/ |f(y) — feldy,

where, and in what follows, fo = |Q|™! fQ f(@)dx. Tt is well-known that (see
[10]23])
M7 x%supmf—/ — c|dy.
(@) = s int o | 15 —cliy
Let

M) = g 10

For 1) > 0, let M (f)(x) = M#(|f|")Y7(x) and M, (f)(z) = M(|f|")"/"(z).

For 0 <n < n,1<r < oo and the non-negative weight function w, set

My 00) = 0 (gt [P wt)

Q3x
The A, weight is defined by (see [10])

A= {w € Ll (") sup <|Q| / (x)da:) <@/€2w(x)_l/(p_1)dx>p_l < oo},

1 <p<oo,

and
Ay ={we L] (R"): M(w)(z) < Cuw(z),a.e.}.

The A(p,r) weight is defined by (see [17]), for 1 < p,r < oo,

A(p, T) =

(o (g fors) " (g forvie ) ™" <)

Given a weight function w. For 1 < p < oo, the weighted Lebesgue space LP(w)

is the space of functions f such that

s = ([ rputar) <o
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For the non-negative weight function w and 0 < 8 < 1, the weighted Lipschitz
space Lipg(w) is the space of functions b such that

1
Remark. (1). It has been known that, for b € Lipg(w), w € A and z € Q,
[bQ = barql < CKIbl|Lip (wyw(@)w(2°Q)/™.

(2). Let b € Lipg(w) and w € Ay. By [9], we know that spaces Lipg(w) coincide and
the norms 0| Lip, (w) are equivalent with respect to different values 1 < p < oo(see
[9][11]).

We shall prove the following theorems.

Theorem 1. Let T be the singular integral operator as Definition 1, the sequence
{kCx} el', we A1, 0<B<1,0<n<1,¢ <s<ooandb € Lipsg(w). Then
there exists a constant C' > 0 such that, for any f € C§°(R") and & € R™,

M (To())(&) < ClIbllLips (wyw (@) (M, (f)(E) + Mpw,s(T(f))(E)).

Theorem 2. Let T be the singular integral operator as Definition 1, the sequence
{kCy} e lY, w e Ay, 0 < B < min(l,n/q), ¢ <p<n/B,1/r =1/p— 3/n and
b € Lipg(w). Then T} is bounded from LP(w) to L"(w!=").

Theorem 3. Let w € Ay, 0 < 8 < min(1,n/q"), 0 < D < 2", 1 < p < n/p,
1/r = 1/p — B8/n, LP?(R"™, w) be the weighted Morrey space as Definition 2, T
be the singular integral operator as Definition 1, the sequence {kCy} € I* and
b € Lipg(w). Then Ty is bounded from LP:?(w) to L™%(w!=").

2. Proof of Theorem

To prove the theorems, we need the following lemma.

Lemma 1.([2]) Let T be the singular integral operator as Definition 1. Then T'
is bounded on LP(w) for w € A, with 1 < p < oo, and weak (L', L') bounded.

Lemma 2.(see [24]) Let 0 < p,n < oo and w € Ui<yr<oodr. Then, for any
smooth function f for which the left-hand side is finite,

[ M(Daruds <0 [ M@
Lemma 3.(see [11][17]) Suppose that 1 < s < p < n/n, 1/r =1/p —n/n and
w € A(p,r). Then

[[Miy 0,5 () r(wy < ClFI| L (w)-
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Lemma 4.(sce [9][11]) For any cube Q, b € Lipg(w), 0 < f < 1 and w € A;, we

have
sup [b(z) = bol < Clbl| Lips (wyw (@) /1QI.
x

Lemma 5.([10]) If w € A,, then wxg € A, for 1 < p < co and any cube Q.

Lemma 6. Let 1 < ¢ <o00,0<n<00,0<D<2" we A and L"?(R", w)
be the weighted Morrey space as Definition 2. Then, for any smooth function f for
which the left-hand side is finite,

1My ()| Lo ur=ry < CHMEF (Lo ur=ry.

Proof. Notice that w!™" € A; and w'™"xg € A; for any cube Q = Q(z,d)
by [5] and Lemma 4, thus, for f € L™%(R",w!~") and any cube @, we have, by

Lemma 2,

[ m@ret T @ds = [ My (1)@ et @)xole)ds
Q -
< o MED@ @) ale)ds
= C Mn#(f)(x)rwl_r(x)dx,
Q
thus
1 v 1 1r
— z) w7 (x)dx — # z)"w " (x)dx
(Sp(d) /Q@,d) M, (f)(z) (z)d ) <C<<p(d) /Q@,d)M” (F)(x) (2)d )
and
||M77(f)| Lre(wl=r) < CHM#(f)' Lme(wl=T)-

This finishes the proof.

Lemma 7. Let 1 < p <o00,0< D < 2" w € Ay, T be the singular integral
operator as Definition 1 and LP?(R™, w) be the weighted Morrey space as Definition
2. Then

||T(f)”LT’"P(w) S C||f”LP,¢(w).

Lemma 8. Let 0 < D <2", 1<s<p<mn/n, 1/r=1/p—n/n, w € A(p,r) and
LP¥(R™,w) be the weighted Morrey space as Definition 2. Then

M aw,s (P)l|re ) < Cl[|Lre (w)-

The proofs of two lemmas are similar to that of Lemma 6 by Lemma 1 and 3, we

omit the details.
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Proof of Theorem 1. Tt suffices to prove for f € C§°(R™) and some constant

Cy, the following inequality holds:
1 1/n
(11 1T @P = 2t = D)7 e
< Ol Lips (wyw(F) (Mpw,s (f)(E) + Mg w,s(T(f))(E)) -
Fix a cube Q = Q(z¢,d) and 7 € Q. Write, for fi = fxa2q and fo = fx(2q)-,
Ty (f)(@) = (b(z) = b2)T(f)(x) — T((b— bag) f1)(z) — T((b— b2g) f2)(2)-
Then

To(f)() = T((bagg — b)f2)(20)| < [To(f)(2) — T((b2g — b) f2) (o)
|(b(2) = ba@) T (f)(@)| + [T((b = ba) f1) ()|
HT((b = bag) f2) () = T((b = b2q) f2) (o)

IN

= A(z)+ B(z)+ C(x)

and
(IQI/ ()" = 1T(( b2Q—b)f2)(mo)|"dw)1/n
< (g [mu b2Qb)f2)($o)|”d£E>1/n
: (|@|/ v~ worperar) o (k[ - nayaprar)
(g /Q (0~ b))~ T~ b))
= L+ DL+1s.

For I, by Holder’s inequality, we obtain

ho< oo / |(b() — bag)|w(z) ™V |T(f) () (x)*da
l/s 1/s
s’ 1 s
. <I2Q|/ 1b(@) = bag["w dm) <Q|/'T )
< C||b||up6<w>@Mm,smmm

IN

CI1b]] Lips (w)w () Mp s (T()) (%)
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For I, by the weak (L', L') boundedness of T and Kolmogoro’s inequality, we get,

similar to the proof of Iy,
B=1ql / = b2q) f(#)|dz < C1[bl Lip, (u) () M 0,5 (1) ()-
For I3, we have

ey /ZQ)C ) = bagll WK (2. ) = K (w0,1)dyda

IN

/ / K (2,y) — K(20,1)[1b(y) — borsiol|f ()] dyde
|Q| Qg 2k d<|y—mo|<2k+1d

/ / K (2,9) — K(20,9)| o1y — bl f(4)|dyda
|Q| QL 2kd<|y—mzo|<2kt1d
= Y+

For Iél), recalling that s > ¢’ and noting that w € A; C A, for any p > 1, choose
u > 1 such that 1/¢+1/s+1/u = 1, then by Holder’s inequality and the condition

of A,, we obtain

C o0
L sup  [b(y) — borig| K (2,y) = K(w0,y)]
@l Jq = vexrt1q 24d<|y—ao| <25 +1d
x| f(@)w(y) ' w(y) = dyde
C o0
< sup  [b(y) — bak+1 / K(x,y)—
‘Ql Q;y€2k+1Q| ( ) ? Q‘ ( 2kd§|y7mo\<2k+1d| ( )
1/s 1/u
1 s —u/s
Koy ([ rolewa) ([ e )
2k+1Q 2k+1Q
< CZkHbHLw;s ( (2k+1Q>5/nC (de) n/q w(2k+1Q)1/s B/n
1 1/s
X Mg w.s ) | ——— d
sl gy [, w)
1 1/u 2k+1 1/s+1/u
X | ——— w(y)fu/sdy %
[2M1Q| Jari1g w(2H1Q)1/s
_ 2k+1Q
< Cllblnipg w) Mp,w,s (f)(E ch |2k+1Q|)
< Ol Lipp w) Mp,w,s(F)(@)w () Z Ch
S C||b|‘szg(w)w(j)Mﬁ,w,s(f)(j)
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For I:,Sz), similar to the proof of I:,El), choose v > 1 such that 1/¢+1/s+ 1/v =1,
by Holder’s inequality and the condition of A, we get

(2) c / S
I < — bok+10 — b K(z,y) — K(xo,y
’ |Q| Q;| 2 2Q| 2kd§|y—mo\<2k+1d‘ ( ) ( 0 )‘
< | f () |w(y) w(y) "V dyda
c oo 1/q
< = bok+1o — b / K(z,y) — K(xo,y)|dy
|Q| /Q,;| e 2Q|< 2kd§\y—wo\<2k+ld‘ ( ) ( 0 )|
1/s 1/v
([ vwree) ([ wwra)
2k+1QQ 2k+1Q)
< O Ebl| iy w)w (@) w2 Q) MO (2Fd) T w (2R Q) A
k=1
1 1/s
Mg s )| ——— d
X Mg ,w,s(f)(Z) <2k+1Q| 2k+1Qw(y) y)
1 1/v |2k+1Q|1/s+1/v
- w y)fv/sdy = el
2FH1Q] Jarsrq w(2k+1Q)1/s
2k+1Q)
< O‘|b‘|Lip5(w)Mﬂ,ws chk 2k+1Q|
< 0\|b\|Lipﬁ<w>Mﬂ,w,s(f>(f>w(fc)chk
< C‘|b‘|Lip5(w)w(i')MB,w,s(f)(‘%)'

These complete the proof of Theorem 1.
Proof of Theorem 2. Choose ¢’ < s < p in Theorem 1 and notice w!'~" € Aj,

we have, by Lemma 1-3,

[T (O (wr—r)
< NIMy (T ()L -y < CIMF (T () [ L oy
< ClIbll Lipg w) 1M g, (T())w Lrwr-) + 1Mp,w,s (flwllLr (wi-))
< Clbl| Lipg w) 1M, (T 2 ) + 1M 0, ()| 2 ()
< Ol Lips () IIT ()l ey + 1l 2o (w))
< ClbllLipg w) | f | 2o ()

This completes the proof of Theorem 2.



WEIGHTED SHARP FUNCTION ESTIMATE 25

Proof of Theorem 3. Choose ¢’ < s < p in Theorem 1 and notice w!™" € A;,

we have, by Lemma 6-8,

L twiory < CIMF(Ty(f)#]

Ty ()| e r—my < 1My (To(f))] P
< ClIbl i () (M58 (T ()] s (i) + 1My, (0]l Lo =)
< Clbllzips () 1M 0,s (TN Lo () + M0, (F) | e ()
< Clbl Lips ) ITF) e () + 1l Loe w))
< Uiy 1 oo

This completes the proof of Theorem 3.
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