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Abstract- In this study, sub-harmonic displacement of nonlinear oscillations with
parametric excitation is solved using a simulation method called the Differential
Transformation Method (DTM). We employed this method to derive solutions of
nonlinear oscillations with parametric excitation equation. Also Runge-Kutta as
numerical method is exerted to this equation too. The obtained results from DTM are
compared with those from the numerical solution to verify the accuracy of the proposed
method. The results specify that the technique introduced here is accurate and achieve
suitable results in predicting the solution of such problems.
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1. INTRODUCTION

An ordinary rigid pendulum whose axis is driven periodically in the vertical
direction is a paradigm of contemporary nonlinear dynamics [1]. This rather simple
mechanical system is also interesting because the differential equation of the pendulum
is frequently encountered in various problems of modern physics [2]. In this study,
DTM used to solve Sub-harmonic resonances of nonlinear oscillation systems with
parametric excitations, governed by:

d?x(t)
dt?

where ¢,¢, S, A are known as physical parameters. [3]

The DTM is based on the Taylor’s series expansion, and offer an effective
numerical means of solving linear and non-linear problems. A study of the related
literature makes known that Chiou [4] Make use of the intrinsic ability of differential
transforms to solve non-linear problems. The differential transformation method may be
used to solve both ODE and PDE. For example, Chen and Ho [5, 6], solved the free
vibration problems using differential transforms. In their study of 2001, Jang, Chen and
Liu [7], successfully applied the two-dimensional differential transformation method to
the solution of partial differential equations. Yu and Chen [8, 9], applied the differential
transformation method to optimize the rectangular fin with variable thermal parameters.
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Finally, Hassan [10] adopted the differential transformation method to solve some
eigenvalue problems. In general, the previous studies have verified that the differential
transformation method is an efficient technique for solving non-linear or parameter-
varying systems as Numerical method. In most of prior articles, used DTM technique
for problems without harmonic terms but in current study uses the differential
transformation method to investigate the behavior of the vibrations of a non-linear
oscillator and illustrates how the corresponding non-linear equations with harmonic
terms may be converted into differential transforms and then solved by a process of
inverse transformation. Something new in this research is using sub domain technique
in DTM program code to achieve more accuracy toward ordinary domain that will be
explained below. Also for solving these problems other analytic techniques like
Homotopy Perturbation method and Modified Homotopy Perturbation is exist [11-19].
A comparison of the present results with those yielded by the established Runge—Kutta
method confirms the accuracy of the proposed method.

2. APPLICATION OF DIFFRENTIAL TRANSFORMATION METHOD
The fundamental mathematical operations performed by differential

transformation method are listed in Ref. [10]. Now we apply Differential
Transformation Method into Eq. (1) with respect to ¢ gives:
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By suppose X, and X, are apparent from boundary conditions by solving Eq. (20)
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The above process is continuous. Substituting Eq. (3-6) into the main equation based on
DTM, it can be obtained the closed form of the solutions.
2 1 1
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In this stage for achieve higher accuracy we use sub-domain technique, i.e. the
domain of ¢ should be divided into some adequate intervals and the values at the end of
each interval will be the initial values of next one. For example for first sub-domain
assume that distance of each interval is o2 . For first interval, 0 0.2, boundary
conditions are from boundary conditions given in Eq. (1) at point # =0. By exerting
transformation we will have:

X,=4 (8)
And the other boundary conditions are considered as follow:
X, =0 9)
As mentioned above for next interval,0.2 - 0.4, new boundary conditions are:
X, =x(0.2) (10)

The next boundary condition is considered as follow:
dx
X, =—(0.2 11
\=5502) (11)

For this interval function x(z) is represented by power series whose center is located at
0.2, by means that in this power series ¢ convertto (¢ —0.2).

3. RUNGE-KUTTA METHOD

The Runge-Kutta methods are an important iterative method for the approximation
solutions of linear and nonlinear differential equations. In order to verify the
effectiveness of the proposed Differential Transformation Method, by using package of
Maple 10, the fourth-order Runge—Kutta as numerical method is used to compute the
displacement response of the non-linear oscillator for a set of initial amplitudes and
different physical parameters. These results are then compared with the DTM
corresponding to the same set of amplitudes.

4. RESULTS AND DISGUSSION
In this study, the DTM was applied successfully to find the analytical solution of

the nonlinear oscillations with parametric excitation. Comparison of the solutions
between DTM and Runge—Kutta method for a set of initial amplitudes and different
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physical parameters are shown in Fig. (1,2). By comparison the results, the advantages
and features of the DTM can be summarized as follows.

® The present methods reduce the computational difficulties of the other methods
and all the calculations can be made simple manipulations.

® By using sub domain technique the accuracy of the method is very good.

® By attending the DTM results in this study and referenced papers, obtained that
this method can be used for both linear and nonlinear differential equations.

5. CONCLUSION

In the present work, we have applied Differential Transformation Method (DTM)
to compute the sub-harmonic amplitude of nonlinear oscillations with parametric
excitation. Consequently, this equation is solved by the fourth order Runge—Kutta as
Numerical solution. Solutions are quite elegant and fully acceptable in accuracy. The
results of the different methods of DTM and Runge—Kutta are compared in Fig. (1-
4).The figures clearly show high accuracy of this method and show this approximate
analytical solution is in an admirable agreement with the corresponding numerical
solutions.
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Fig. 1 The comparison between DTM and numerical solutions of x[m]to ¢[s],a) for A
=1,A=1, f=1,6=001 ¢=10.,b)ford=2,1=1, p=4,=0.0L ¢=10
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Fig. 2 The comparison between DTM and numerical solutions of x[m]to ¢[s],a) for 4
=3,1=3, =2 =001 ¢=10.,b)ford=4,1=2, p=2, £=0.01, ¢=10

6.REFERENCES

=

A. Fidlin, Nonlinear Oscillations in Mechanical Engineering, Springer, Berlin,

2006.

2. Dimarogonas, A.D, Haddad, S, Vibration for Engineers, Prentice—Hall, Englewood
Cliffs 1992.

3. S. Soleimani, A. Ebrahimnejad, M. Esmaeilpour, D. D. Ganji and A. M. Azizkhani,
Energy Balance Method to sub-harmonic resonances of nonlinear oscillations with
parametric excitation, Far East Journal of Applied Mathematics 36, 203-212, 2009.

4. J. S. Chiou and J.R. Tzeng, Application of the Taylor transform to nonlinear
vibration problems, Trans. ASME, J. Vibra. Acoust 118, 83-87, 1996.

5. C. K. Chen and S.H. Ho, Transverse vibration of a rotating twisted Timoshenko
beams under axial loading using differential transform, Int. J. Mech. Sci 41,1339-
1356, 1999.

6. C. K. Chenand S.H. Ho, Free vibration analysis of non-uniform Timoshenko beams
using differential transform, Trans. Canadian Society Mech.Eng 22, 231-250, 1998.

7. M. J. Jang, C. L. Chen and Y.C. Liu, Two-dimensional differential transform for
partial differential equations, Appl. Math. Comput 121, 261-270, 2001.

8. L. T.Yuand C. K. Chen, The solution of the Blasius equation by the differential
transformation method, Math. Compute. Modeling 28, 101-111, 1998.

9. L. T. Yu and C. K. Chen, Application of Taylor transformation to optimize
rectangular fins with variable thermal parameters, Appl. Math. Model 22, 11-21,
1998.

10. I. H. Abdel-Halim Hassan, On solving some eigenvalue-problems by using a

differential transformation, Appl. Math. Comput 127, 1-22, 2002.



11

12.

13.

14.

15.

16.

17.

18.

19.

A. Fereidoon, N. Kordani, Y. Rostamiyan and D. D. Ganji 815

. J. H. He, Homotopy perturbation technique, Comput. Methods Appl. Mech. Eng 178,
257-262, 1999.

J. H. He, A coupling method of homotopy technique and perturbation technique for
nonlinear problems, Int J. Non-Linear Mech 35, 37-43, 2000.

Z. Z. Ganji, D. D. Ganji, Y. Rostamiyan, Solitary wave solutions for a time-fraction
generalized Hirota- Satsuma coupled KdV equation by an analytical technique,
Applied Mathematical Modelling 33, 3107-3113, 2009.

A. Fereidoon, Y. Rostamiyan, M. Akbarzade, Davood Domiri Ganji, Application
of He’s homotopy perturbation method to nonlinear shock damper dynamics, Arch
Appl Mech 80, 641-649, 2010.

Abdolhosein Fereidoon, S. A. Zahedi, D. D. Ganji and Yasser Rostamiyan,
Homotopy Perturbation method to solving nonlinear WBK equations, Far East
Journal of Dynamical Systems 10, 239-254, 2008.

Z. Z. Ganji, D. D. Ganji, Abdolhosein Fereidoon ,and Yasser Rostamiyan,
Efficiency Determination of Radiators with Temperature-Dependent Thermal
Conductivity Using Two He’s Methods, Heat Transfer Research 40, 337-353, 20009.
Abdolhosein Fereidoon, D. D. Ganji, Yasser Rostamiyan, Application of He's
Homotopy Perturbation and Variational Iteration Methods to Solving Propagation
of Thermal Stresses Equation in an Infinite Elastic Slab, Adv. Theor. Appl. Mech 1,
199 — 215, 2008.

D. D. Ganji, M. M. Alipour, A. H. Fereidoon and Y. Rostamiyan, Analytic
approach to investigation of fluctuation and frequency of the oscillators with odd
and even nonlinearities, IJE Transactions A: Basics 23, 41-56, 2010.

A. Fereidoon, Y. Rostamiyan, A. M. Babaie, D. D. Ganji, Application of Analytic
approximate technique to the solution of the two dimensional nonlinear problem of
Fluid mechanics in channel, MASAUM Journal of Basic and Applied Sciences 1,
465-475, 20009.



