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Abstract- In this paper we investigate a class of artificial neural networks with delays
subject to periodic impulses. By exploiting Lyapunov functions, we analyze the global
exponential stability of an arbitrary solution with initial value being bounded by y .

Further, we discuss the existence of anti-periodic solutions by constructing fundamental
function sequences based on a solution with initial value being bounded by y. We also

establish sufficient conditions to ensure the existence, uniqueness and exponential
stability of anti-periodic solutions, which are new and easily verifiable. At last, we
present a network with its time-series and phase graphics to demonstrate our results.
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1. INTRODUCTION

It is a significant fact that we spend a lot time in investigating artificial neural
networks. We explore and study artificial neural networks, and we intend to reproduce
products such as Robots, which possess functions similar to human's and can process
signals and information. Mathematical models for artificial neural networks have been
established. Neural networks, which are described as continuous differential dynamical
systems, have been discussed, and there are extensive results about their dynamical
behaviors including equilibriums, periodic solutions, anti-periodic solutions and their
respective stability ([1],[2],[3].[4].[6].[10],[11]). But, in artificial networks for signal
and image processing, the finites switching speed of amplifiers may cause delays in the
transmission of signals, in addition, faulty elements may experience abrupt changes of
state voltage and therefore the normal transient behaviors in processing signal and
information are influenced. Consequently an artificial neural network with delays and
impulses should be modeled. The dynamics of autonomous neural networks with delays
and impulses have been considered recently, and the research are mainly focus on the
existence and stability of an equilibrium state and periodic solution ([5],[7],[8].[19]). To
the best of our knowledge, few authors have considered the problems of anti-periodic
solutions for non-autonomous delayed networks with impulses. In the neural networks,
the performance of the global stable anti-periodic solution may reveal the characteristic
and stability of the mode of the signal. Sometimes, the existence and stability of a
unique anti-periodic solution is a requirement in designing artificial neural networks,
especially the existence of destabilizing factors such as delays and impulses. So we
discuss anti-periodic problems on ANNs with delays and impulses. In this paper, we
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first consider anti-periodic solutions for the following delayed differential system with
impulses:

K (0 =-.0%, 0+ X309, (x,(t-7,(0)

+Zn:bij(t)fj(J.:Kij(s)xj(t—s)ds)+Ii(t), t#t,, (1)
X (t7) = (L+d, ) (t,), =120, k=12,

Here n is the number of units in a neural network, x, (t) represent the state vector of the
ith unit at timet. Functions c; (t) >0, 1;(t),a; (t),b; (t),7; (1), g, (t), f;(t),and K; (t) have
the similar meaning to paper [11]. t >0 is the impulsive moments, and
d. characterizes the impulsive jumps at time t, for ith unit.

Throughout this paper, we assume the followings.

(H1) Fori, j=12,---,n, I,,a;,b; :R—R and ¢, z; : R — R"are continuous functions,

and there exists a constant T > 0such that

¢ (t+T)=c,(t), & (t+T)g,(u) =—a,(t)g, (-u), b, (t+T)f;(u) =—b, ) f, (-u),
T (t+T) =7, (1), L, (t+T)=~1(t).
In addition, we denote

I = max{max|l. ()}, = MaxX{max
1<i<n {Ogtg ‘ ( )‘} ¢ ]si,jsn{OstsT

7 O

(H2) The sequence of times t, (k € N) satisfies t, <t,, and kIim t, =+, and d,

—>+00

satisfies —2<d, <0 forie{l,2,---,n}and ke N.

(H3) There existsa g € N such that

Qi =0ir teo =t +T, (keN).

k+q

(H4) For each j e{L,2,---,n}, the activation functions g;, f; : R — Rare continuous and
there exist nonnegative constants L; and Ej such that, for all u,veR,

9;(0)=f;(0)=0,]g;W)-g;(M < L; [u=vl] | f;)-f,()I<L; [u-v].

(H5) For i, je{l,2,---,n}, the delay kernels K; :[0,+o0) — R are continuous and
integrable.



52 P. Shiand L. Dong

(H6) There exist constants 7 >0 and A > 0such that, forall t >0,
(A—c @)+ D Llay (O + Ly by (1) jo °°\Kij (s)e™ds <—n<0(i=12,-n). 2)
j=1 j=1
From inequality (2), we easily know

¢ (t) —it,.\au (te” —i L;[o; )| f\Kij (s)eds>0 (i=12,--n).

For convenience, let X =(X,X,,---,%x,)" €R", in which “T" denotes the
transposition. We define |X| = (|x,|,|X,|,---,[x,)T and |x|=max{|x[} . Obviously, the
I<i<n
solution x(t) = (X, (t), X, (t), -, . (t))" of (1) has component x;(t), which is piece-wise
continuous on (t,,+o) . Moreover, x;(t) is differentiable on the open interval (t, ,,t,),
and x; (t,) exists.

2. MAIN RESULTS

Lemma 2.1. Let (H1)-(H6) hold. Assume that X(t)=(X(t),X,(t),---, X (t))" is a
solution of system (1) with initial condition,
X()=q(s) |@(s)<y, se(-00]

where y>land ie{l,2,---,n}. Then
n

% () <7 and [x(t;)| <y forall t>0, keN. ©)

Proof. Suppose that (3) does not hold. Since X, (t,) = (@+d, )X (t.)and by (H2), then

%, (0] =L+ dy )% (t)] < [x (8] - So, if [x ()
assume that there exist i €{1,2,---,n}and o € (t,,t,,;) such that

% ()| =7 and [x;(t)| <y forall te[0,0), j=12,--n. (4)

>y, then | (t,)|>» . Thus, we may

Calculating the upper left derivative of |X; (t)|, together with (H4), (2), (4), and y > l,
n
we have

0< D”|xi (a)| <—c, (o)X (o) + Zn:‘aij (g)‘ ) ‘g (X (o1 (0)))‘
+ i\bu (a)\‘ ([ Ky (9%, (0 - s)ds)‘ |1 (0)]

< —¢,(0)X, (a)+itj 7lay (0)\+iLj\bij ®)| mKU (5)|{%; (o —s)|ds +[1; (o)

e*ds+|l,(0)|<0.

<=6, (0)% () + X Lyfay @ + XL by [ K, )
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It is a contradiction, which shows that (3) holds. The proof is now completed.

Lemma  2.2. Suppose that (H1)-(H6) are true. And  assume
that X (t) = (X, (t),x,(t),---,x_(t))" is a solution of system (1) with initial
value @ (s) = (¢, (), 9,(s),*-+,¢.(s))" ( se(-o,0] ) being bounded by y , and
X(t) = (x,(t), X, (t),---,x, (t))" is a solution of system (1) with initial
value o(s) = (¢,(3), @, (S), -, ¢,(s))" (s € (—0,0]). Then there exist constants A >0 and
M > 1such that

% ®-x®|<M|e(s) -9 (s)| e, Vt>0and i=12,n.
0(8)=¢"(9)).
Proof. Lety(t)=x(t)—x"(t). Then, for i efL,2,---,n}, it is followed by

yi' (1) =-; (O (% (©) =% (1) + iaij (009 (x; (=7 (1) = 9; (X (t — ;)]

Here H(p(s)—go*(s)u1 =max su

I<isn _ <5<

+ ibij ML f, (j: K; (8)X, (t—s)ds) - f, (j: K, (&)X (t-s)ds)], t#t, (5

yi(te) =@+dy )y (), k=12,

Considering the Lyapunov functional
Vi(t) =|y;(t)e, i=12---n,
and calculating the upper left derivative of V. (t) along the solution
y(t) =(y, (), y,(®), -y, (t))T of system (5), we have, for t #t,,
D*V; (1) = 26" |y, (©)] +e“D" | y; (1) I< (A —¢; (©)V; (1)

no_ n 0 6
+ZLje“ ai,.(t)yv,.(t—rij(t))+ZLj\bij(t)uo K ()V; (t—s)e™ds. ©)

And it is easily known that V, (t;) =[1+d, |V, (t,)|, where i €12,---,n.
Let M>1 be an arbitrary real number and define
H(p(s) o (S)Hl = max{ SUPO‘% (s)—o; (s)l}. We claim that

I<isn

Vi (t) =]y @)e* < MH(p(S)—qo*(S)Hl, for vte[0t,], i=12--n. @)

Obviously, (7) holds for t =0. We first prove that (7) is true for0 <t <t,. Otherwise,
there exist i €{1,2,---,n}and p € (0,t,] such that

Vi(0) =M]p(s) — 9" ()], and V; () <M|g(s)—¢"(5)], Vt<[0.pL,j =12+ (8)
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Thatis, V,(p)- Mqu(S)—go*(S)“l =0, and V, (t)—MH(p(S)—gD*(S)Hl <0 for
vte[0,p), j=12,---,n. Combining (8) with (6), we have
0< D" (V;(t) = M|p(s) =9 (s)] )., = D*Vi ()

<[G-c (o) + X fay (O + XL oy ()| K, e a1 M)~ ¢ ()]

Thus
0 < (-, (o)+ XL lay (o + Loy ()] K, (),
which contradicts to (H6). J:l'l'herefore, @) J:1holds. From (7), we know that
Vi(t) =ly; )™ < Mng(s) —(p*(s)Hl, i=12,---,n. And since
Vi(ty) =1+, Vi (t) <Vi(t,) , it shows thatV; (&) < M |p(s) — ¢ (s)”l . Thus, for
t e[t,,t,] we may repeat the above procedure, and obtain
Vi) = |y, (0" <M|p(s) - (5)],, for telt,t,], i=12,-n.

Further, we have

Vi(©) =]y, 0)e* <M|p(s) ~ ¢’ ()], for vt>0, =12,
That is

%O-x O <M|ps)-¢ () e, vt>0, and i=12n,

Theorem 2.1. If (H1)-(H6) are satisfied, then system (1) has exactly one T -anti-
periodic  solution X" (t) = (X, (t), X, (t),---,X (t))" , moreover, x (t) is globally
exponentially stable.

Proof. Let x(t)=(x.(t),X,(t),---, X (1))" be a solution of system (1) with initial
conditions () =(¢,(5),,(S), - @, (8))" ( se(-x0]) . Here |p(s)<y for
se(-o0]and i=12,---,n. By Lemma 2.1, the solution x(t) is bounded and |X, ()| < »
for allt €[0,+0). By hypotheses (H1), we have, forvhe N,

()" x (t+(h+D)T)] = (-)"* Xi’ (t+(h+1T)=

¢ (OID " (t+ (h+DT)]+ Zn: a; (09, (1) x; (t+ (h+ 1T —7; (1)) ©)

j=1
+Zbij 0f, (J:O Kj (s)(—l)“*lxj (t+(h+DT —s)ds) + I, (t), t=t,i=12,---,n.
j=1
Further, by hypothesis of (H3), we have
D)™ x (t + (h+DT)" = ()" @+ A iy )X (G +(h+DT)

(10)
=@1+d, D" X (t, + (h+DT), k=12,---.
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Thus, for any natural number h, we obtain that (=1)"x(t+(h+1T) is a solution of
system (1). Hence, —x(t+T) is also a solution of (1) with initial condition

w(S) = (. (S),w,(S), ()" (se(—=,0]) . Then, by Lemma 2.2, there exists a
constant M > 1such that

(1), (t+ (N +DT) = (=1)" X, (t+hT)| =[x, (t + hT) = (=D, (t+ (h+ D)T)
< Me " max{ sup [p, )~y (< 2Mye ™ i=12,.n.

<i<n

(11)

—00<S<

And
D"  + (+DT)" = (=D)" X, (t +hT) | =[x @t +hT)" +x(t, +(h+DT)*
= @+ dy )X & +hT)+x (t, +(h+DT) (12)
<2Mye vk e N, i=12,---,n.

Further, for any natural number m, we have
(D™ X (t+(M+DT) = x (t) + Z[(—l)h*lxi t+(+DT) - (-D)"x (t+hT)], t #t,.
h=0
Then, for i =1,2,---,n, we have
(D)™, (t+ (M+DT)| <[ (0] +

zm:\(—l)““xi (t+(h+D)T) = (-1)"x (t+hT)|, t=t,,
h=0 (13)

D™ %, (b + (M+D)T)’

=[(@+d, ) D™ %, ( + (M+D)T))

<[=D™ % (t, + (M+D)T)

In view of (11), (12) and (13), we know that (=1)™"x, (t+(m-+1)T) is a fundamental
sequence on any compact set of R . It follows that (-1)"x(t+mT) will converge
uniformly to a piecewise continuous function X (t) =(x; (t),x,(t),---,x (t))" on any
compact set of R .

Now we are in the position of proving that x"(t) is a T -anti-periodic solution of

system (1). Firstly, it is easily known that x"(t) is anti-periodic, since
X (t+T)= lim ()" (t+T +mT) =— lim D™ x (t+(M+DT) =—x; (1), t =t

and X (t, +T) = lim (-)"x (t, +T +mT)" =—x (t,)" .

Further, from (9), and by hypothesis (H4) and (H5), we have, for i=12,---,n
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[[(-D)™ % (t+ (h+ DT = [(=D)™ % (t + (m+T)T'|

e 1D Xt + (h+DT) = ()™ (t+(m+)T) | +Zn:| a; (t) | L

j=1

A DX+ (h+DT =7 (1) - (D)™ x (t+ (M+ DT -7 (1) | +an,| by (t) |
Ly [T KGO TEDMx (E+ (14 DT =) = (<D™ X, (t + (M +1)T =) | ds.

Since {(—-1)" x(t+mT)} converges uniformly to a piecewise continuous function on any

compact set of R, and a;, b; and c; are continuous functions, therefore,

{(=D)™* x (t+(m+DT)}¥ converges uniformly to a piece-wise continuous function on
any compact set of R and t=t, . Letting m — +ocoon both side of (9) and (10), we have

X (0 =-,0X 0+ Xa,09,( (-7, 0)

+Zn:bij(t)fj(jo°°Kij(s)x’;(t—s)ds)+|i(t), t£t,,

X)) =A+d, )X (), =120 k=12

Thus, X" (t) = (x (t), %, (t),--, X, (t))"is a T -anti-periodic solution of system (1).
3. AN EXAMPLE

In this section, we illustrate our results by numerical simulation.
Example 3.1. Consider the following neural network consisting of two neurons
(x(t), y(t)), which is described by

' 1. 1
X'(t) = -2x(t) +Esm(ﬂt)91(><(t -1) +Egz(y(t —2))

+o.1tanhjo°° K,,(S)X(t—s)ds)+0.4 j: K, (s)y(t —s)ds+35in(%t)

1 1 t =2k -1,
Y'(©)=-3y(O) + £ 0 (X(t=2)) + gsin(at)g (y(t-3)
+0.3tanh j: K, (s)X(t —s)ds) +0.4 j:’ K,,(s)y(t —s)ds+6sin(%t)
X(t;):(“dk)x(tk)}, t, =2k-1 k=12, (14)
y(t)) =@+ p)y,)

Here, it is assumed that the activation functions gl(x)zgz(x):%(|x+]1—|x—lj) ,
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f,(x)=tanhx , f,(x)=x , and the delay kernels K, (s)=e"%, K,(s)=e"* ,
K, (s)=e™", K,,(s)=e*for 0<s<20and K, (5)=K_(s)=K,,(5) = K,(s) =0

for  s>20 . The connection  weights functions are  expressed
1 . 1 1 1.
by a;,(t) :Esm(zt) ,a,(t) :E’ a,, (1) :B o ay(1) =§Sln(7zt) , and

b,(t)=0.1,b,(t)=04,Db,(t)=0.3, b, (t)=0.4, respectively. Il(t)=33in(§t) and

I, (1) :6sin(%t) are the external inputs. Obviously, network (14) is an anti-periodic

system with anti-period T being 2 and impulsive jumps occur at time t =1,3,---,2k —1.
Letting d, = p, =0 for Vk e N, from the result of paper [11], we know that there

exists unique 2-anti-periodic solution, which is globally exponentially stable. In Fig.1
and 2, we draw the time-series of “t—x(t) ”, “t—y(t)” and the phase graph of
“X(t) — y(t)” for a solution with the initial value (x(s), y(s)) =(4,-2) (s <0).

Further, we discuss the influence of impulsive effects on the existence of anti-
periodic solutions. We choose the magnitude of impulsive jump d, =-0.5 and

p, =—1.5 for all ke N. It is easily verified that all conditions in Theorem 2.1 are

satisfied. Thus, system (14) has exactly one 2-anti-periodic solution, and it is globally
asymptotically stable. This result is demonstrated by the following numerical simulation
in Fig.3 and 4 with the initial condition (x(s), y(s)) = (4,—2) for s <0. When t tends to

the positive infinity, this solution will tends to the anti-periodic solution with anti-period
being 2.
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Figure 1. The time series graph of ““t-x(t)" and ""t-y(t)"for system (14)

without impulses
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Neuron 1-Neuron 2 without impulse effect
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Figure 2. The graph of “"x-y" for (14) without impulses

Neuron 1-Neuron 2 with impulse effect
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Figure 3. The graph of “"x-y" for (14) with impulses
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t-Neuron 1 with impulse effect
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Figure 4. The time series graph of “t-x(t)" and ""t-y(t)"for system (14) with
impulses

4. CONCLUDING REMARKS

A set of sufficient conditions are derived in this work to guarantee the existence
and global exponential stability of a unique anti-periodic solution for an artificial neural
networks with delays and impulses. One of our conclusions is that every solution
eventually converges exponentially to the anti-periodic solution under the impulsive
jumps of the form Ax(t,)=d, X (t,), if the frequency and the magnitude of the
impulsive effects satisfy the hypotheses (H2) and (H3). Although continuous
differential ANNs systems are studied extensively, but there are few results on anti-
periodic solution for non-autonomous ANNSs with delays and impulses.
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