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Taxis in road pricing zone: should they pay the congestion charge?
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SUMMARY

This study aims at investigating the impact and feasibility of charging taxis with toll fee in the pricing zone
when designing congestion pricing scheme. A bi-level programming model is developed to compare the
maximum social welfares before and after the congestion charge is imposed on taxis. The lower level is a
combined network equilibrium model formulated as a variational inequality program, which considers the
logit-based mode split, route choice, elastic demand, and vacant taxi distributions. The upper level is to
maximize the social welfare when toll rates vary. The bi-level problem can be solved by the genetic
algorithm, whereas the lower level is solved by the block Gauss—Seidel decomposition approach together
with the method of successive averages and diagonalization algorithm. An application with numerical
examples is conducted to demonstrate the effectiveness of the proposed model and algorithm and to reveal
some interesting findings. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Since Pigou first proposed the concept of congestion pricing in 1920 [1], abundant studies have been
focused on different aspects of this subject, such as optimal toll rate, minimum toll revenue, equity
effects, selection of charging locations, and public acceptance [2-8].

However, little attention in the literature has been paid to modeling the effects of charging taxi on
social welfare within the context of the competition of multiple modes. It is a non-negligible issue
when designing the road pricing policies, because taxis have accounted for higher and higher percent-
age of the overall traffic demand in urban area over years. And taxi always operates on the street
searching for the next customer even when it is vacant; thus, its impact on the traffic congestion is
consistent. Especially for metropolitan area such as Hong Kong, taxis contribute as high as 50-60%
of the traffic [9, 10]. In recent years, taxis in Hong Kong have served more than one million passengers
each day [11, 12]. In London, there are about 55,998 taxis cruising in the road network, which is
equivalent to eight taxis per thousand inhabitants on average [13]. Because of the high demand of taxi
in the urban area, whether charging taxis or not in road pricing zone could significantly change the
composition of the traffic as well as the traffic flow distribution in a network, so that leads to different
system performances.

Many studies have been focused on the taxi services and market regulations. Yang and Wong [14]
made an initial attempt to model taxi services in a road network with a given customer OD demand
pattern. This model simultaneously described occupied and vacant taxi movements in a steady state
of equilibrium considering the effects of taxi fleet size. As an extension to the work of Yang and Wong
[14], Wong et al. [15] incorporated congestion effects and demand elasticity into the model and
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reformulated the problem as a bi-level programming formulation. Wong et al. [16] further extended the
work of Yang and Wong [14] and Wong et al. [15] to the case of multi-user, multiple taxi modes
(normal, luxury, and restricted area taxis), and customer hierarchical logit-based modal choice for a
given OD demand pattern. The distance-based and congestion-based taxi fare charging mechanisms
are also introduced in addition to the existing taxi services.

Yang et al. [17] analyzed the nature of demand—supply equilibrium for taxi services in a regulated
market including competitive and monopoly market. Yang et al. [10] then extended this model by taking
account of congestion externalities due to both taxi and normal vehicle movements. Yang and Yang [12]
proposed a bilateral searching and meeting function to describe the equilibrium properties of taxi market.

However, few of previous studies have concentrated on the effect of congestion charge on taxi. King
and Peters [18] examined the impact of road pricing on the route choice and travel time of taxi trips
between lower Manhattan and LaGuardia airport in Queens in the USA. It is concluded that, for
passengers, usage of toll road for taxi represents a cost greater than the benefit, unless one has extremely
high value of time (VOT) (about $170 per hour). It is worth noting that the work of King and Peters [18]
considered the impacts of charging taxis on occupied taxis only. The impacts of the toll scheme on other
modes in the system and the overall performance of the system were not investigated.

The equilibrium of multi-modal network has also been widely explored over the past 30 years [19-22].
The asymmetric interactions among different modes are usually taken into considerations, and the logit-
based model is commonly adopted to describe the mode choice behavior. Considering the performance of
the whole system with multiple traffic modes, there will be two effects when toll is imposed on taxis. The
first effect is positive: Because an optimized toll scheme can effectively internalized the external cost of
taxis, so that reduces the congestion cost caused by the selfish-routing behavior of taxis. The second effect
is negative: Because increasing the cost of taking taxi will encourage the use of private car, a less efficient
mode with higher operating cost compared with taxi or public transit. Therefore, the overall effect of
charging taxi on the social welfare is not yet clear.

This paper compares the maximum social welfares obtained before and after toll is imposed on
taxi by considering multi-modal and variable demands. A bi-level model is introduced where the
lower level is a combined network equilibrium model (CNEM) that involves logit-based mode split,
route choice, elastic demand, and vacant taxi distributions and the upper level aims at social welfare
maximization. Because the interactions of network flows are asymmetric, the lower level is formu-
lated as an equivalent variational inequality (VI) program. The numerical example indicates that
given a certain level of bus service, whether to charge taxis mainly relies on the ratio of operating
cost of private car to that of taxi. The threshold of the ratio is 9 (which can hardly be reached in
the real world) in the numerical example based on realistic data settings. So far, as the ratio is lower
than the threshold value, charging taxis always outweighs exempting them from the toll in terms of
the maximum social welfare. And when the ratio is lower than the threshold, the ratio between the
maximum social welfares of charging and not charging the taxi decreases with the taxi fare levels
but does not affect much by the taxi fleet size, while the conclusion that charging taxis gains higher
maximum social welfare still holds.

In the next section, the CNEM is developed. Section 3 constructs a VI formulation for the CNEM.
Section 4 presents the upper-level social welfare maximization problem. Section 5 introduces the
block Gauss—Seidel decomposition method together with the method of successive averages and diagonal-
ization algorithm to solve the CNEM, while the bi-level programming model is solved by the genetic
algorithm (GA). In Section 6, a numerical example is provided to illustrate the effectiveness of the
methodology proposed, and some interesting findings are highlighted. Conclusions and future expansions
are given in Section 7.

2. THE COMBINED NETWORK EQUILIBRIUM MODEL
2.1. Preliminaries

Consider a road network G(V,A) where V is the set of nodes and A is the set of links. A is the set of toll
links, ACA. Let R and S be the sets of origin and destination nodes. In the following, the superscripts
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“p,” “b,” “0,” and “v” indicate private car, bus, occupied taxi, and vacant taxi, respectively. The traffic
flow is composed by all of them in the road network. Additionally, m e M =(p,b,0) represents the
combination of private car, occupied taxi, and bus mode.

Let g,, be the total demand between OD pair re R and s S. We then have

qrs = €s+qib’s+q?s7 }"ER,SES (l)

where 7, ¢°, and ¢, are the traffic demands of private car, bus, and occupied taxi from origin r€ R to
destination s € S, respectively. Furthermore, for the taxi mode, we have the following trip end equations

0} =2d), reR 2)
seS
D;’ = ZRq}‘fs, seS (3)

where O? and D{ are the demands for taxi mode from origin zone r€ R and to destination zone s €S,
respectively.

2.2. Generalized costs

2.2.1. Generalized costs of the private car and taxi mode

Let ¢, ¢?, and ¢}, be the generalized costs on link a € A for private car, occupied taxi, and vacant taxi, re-
spectively. And all of them are assumed to be a linear function of link length d,, link travel time ¢,, and toll
v, (if toll is charged). Let b” and b” be the operating costs per unit distance for private car and taxi. Without
loss of generality, we assume b” > b". Additionally, bg, b{, and b represent the preliminary flag-fall charge
per ride and the mileage-based and delay-based' taxi fares that are charged to customers who take taxi.
Then, we have the following cost structures if taxis are tolled in the road pricing zone [10,16].

o = a(xy) + BPdy +y,, acA )
Co = Malxa) + Dda + b5 (talxa) = 1q) + ¥y a€A ©)
ch = Mla(Xa) +b'dy +y,, acA ©)

where 1 is the VOT for users taking private car or taxi while /, is for taxi drivers. #,(x,) is the travel time and
is supposed to be an increasing function of total flow x,, on link a € A. £ is the free flow travel time. Note that
if taxis are exempt from the congestion charge, there are no tolls for them but private cars still have to pay.

The total generalized costs for private car and taxi on route ke K,; between origin r€R and
destination s € § are presented as follows:

Cfs,k = Z Lﬁxiw reR,seS kekK 7
acA
k= 2 Co0m By + 20 WY, reR,seS kekK, ®)
acA

'Delay-based taxi fare is an additional fee that customers have to pay when taxis are subject to congestion.
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a“ak’

Cﬁr,k:agcv vk TER seS kekK,, ©)

where W is an endogenous variable that denotes the customer waiting time for taxi at zone r. 4,,,, is the
value of customer waiting time. Note that in practice, the taxi cost is not strictly linearly proportional to
the travel distance because of the fixed flag-fall charge for the first two or three kilometers. Yet as the
travel distance increases, the linear approximation becomes more accurate. Thus, for simplicity, we
directly used the linear assumption as made by Yang et al. [10] and Wong et al. [16].

According to Wong et al. [15], we can specify the expected customer waiting time as a function of
the cruising vacant taxi hours and the area of the zone.

Z
V.o
Nw!

W =y

r

reR (10)

where Z, is the area of zone r€R and 7 is a model parameter that is common to all zones. w) is the
waiting/searching time of vacant taxi in zone r. N} is the number of vacant taxis meeting customers
in zone r per hour. It is noteworthy that at equilibrium, we have N’ = O?. Thus, Equation (10) can
be represented as follows:

Z,
W =n—- €R
P g an

2.2.2. Generalized cost of the bus mode
It is generally known that dedicated bus lanes are now common in many metropolises. And this kind of
lanes can only be used by busses and thus can facilitate faster movement of busses. In this paper, we
suppose that dedicated bus lanes are available in the network, and hence, there is no interaction
between bus and private car or taxi.

Also, for each OD pair, it is assumed that there is one bus line [23]. Therefore, the generalized costs of
bus passengers between origin r € R and destination s € S (denoted as Cfs) can be described as follows:

Ch =Ty + (Gr(qh) + AwWh + 1, reR,seS (12)

where T, is the bus travel time. With the assumptions described earlier as well as the given bus schedule
and frequency, T, is constant here. 4, is the VOT for bus passengers. G, (qfs) is the crowding discom-
fort experienced by bus passengers, which is an increasing function of the number of travelers choosing
the bus. ¢ is the unit cost of discomfort. Wfs is the waiting time of bus passengers, and we specify it as
er’s =7 where F is the bus frequency. Generally, the value of « is set to 0.5 when the passenger ar-
rival is assumed to be a uniform random distribution and the bus headway is constant. 4,,, is the waiting
time value of bus passenger. 7 is the bus fare.
Furthermore, the total flow on each link a € A can be obtained through the following equation:

fo= T X (Pt fa)it X T fudu ach (13)

reR seS kekK seS,reR keKy,

where ffs,k and f7; , are the flow on route k € K, for private car and occupied taxi, respectively. f7, ; is
vacant taxi flow on route k € K;,, where K,; and K, are the sets of paths between zone r € R and zone
s€S.d,,, and J}, are link-route indicator variables which are 1 if route k between OD pair re R and s€ S
uses link a, and O otherwise.
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2.3. Taxi service time constraint

We assume that there are N cruising taxis that operate in the network, and in one unit period (1 h)
operations of taxis, the total taxi service time consists of occupied time (denoted as 70) and empty
time (denoted as 7V). In a stationary state, the total taxi occupied time is equal to the taxi hours that
complete all the customer demands ¢¢; and thus is given by

T0 = Z qushm }"ER,SES (14)

reR seS

where 4, is the average travel time from origin r€ R to destination s €S, and can be represented as

» (f‘;mk » rars;fk)

h,y = ke ) “;f [16]. The total empty time of taxis is composed of moving times from zone
rs,k

kekK
s €S to zone re R and waiting/searching times in the zones. Thus, it can be computed by

TV =% % dy (hy +w)), reRses (15)

seS reR

where gy, is the number of vacant taxis traveling from zone s € § to zone r € R to search for customers.
Therefore, the following constraint should be satisfied within 1-h period [14].

X X aihs+ X Xy (he +w)) =N (16)

reR seS seS reR
where N is the taxi fleet size.

2.4. Traffic assignment

It is assumed that the route choices of all travelers including private car, bus passenger (although for
each OD pair there is one bus line), occupied taxi, and vacant taxi follow user equilibrium. And we
further suppose that the routes of occupied taxi are determined by the customers taking the taxi.

At equilibrium, the following conditions have to be satisfied.

Crp = if f, >0, reRseSkek,meM (17)
iy if fri =0, reRseS keK,,,meM (18)
and
;}r,k = uy,,if fzr,k >0, reR,seS,kek, (19)
;r,k2u¥r7 if frr,k = Oa VGR, se Sa k EK” (20)

where 1 and u;, are the minimum generalized costs for mode m € M and vacant taxi between origin
reR and destination s € S, respectively.

2.5. Logit mode split

We propose the following logit-based mode choice function, which is able to give the proportion of

trips taken by the mode m € M between origin r€ R and destination s € S at equilibrium.
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exp[—p(up — o)
Pt = , ~— reRseSmeM
"I explpld, — 0] D

ieM

Then, we have the number of travelers who take mode m as follows:

. exp[—A(uyy — )] q,, re€R,seSmeM (22)

T =% exp[- B, — o]

ieM

Here, ¢ represents the attraction of mode m for travelers between origin r € R and destination s € S. 8
is the dispersion coefficient. From this function, we can see that the number of travelers for each mode is
proportional to the attraction and inversely proportional to the minimum generalized cost.

2.6. Vacant taxi distributions

In addition to private car and occupied taxi, vacant taxi also contributes significantly to the traffic
congestion, because there are always considerable amount of vacant taxis searching for customers on
the limited road space. Vacant taxi drivers may change their initial destinations and paths if the toll is
imposed on taxi. In this section, the following logit model is proposed to describe the vacant taxi
behaviors on the road network [14]. As in the paper of Yang and Wong [14], here, we suppose that every
taxi driver attempts to spend the minimal expected search time in meeting customer and the expected
search time is a random variable that is identically distributed with a Gumbel density function.

exp[—o (1), + 4w!)]

Y exp|[—o(u); + Aw))]’
i€ER

P = seS,reR (23)

where P, is the probability that vacant taxi departs from zone s € S and meets the customer in zone r€R. @
is a non-negative parameter reflecting the degree of uncertainty for taxi drivers on customer demand and taxi
services of the whole market.

And, in a steady state of equilibrium, every customer is eventually able to take a taxi after
waiting and searching, and all occupied taxis will become available when passengers arrive at
destinations [15]. Thus, we have

Eeqzr =D}, se§ (24)
SEZS% = E%D?‘Pr/s =07, reR (25)

2.7. Elastic demand

A demand function is presented here to describe the elasticity of the OD demands.
4, = Dm(urs)7 r ER, sER (26)

where ¢, is the total demand between origin r€ R and destination s € S, which is supposed to be a
continuously and strictly decreasing function of users’ minimum perceived generalized costs u,.
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Ups = _,é ln{ Z €Xp [_ﬂ(u:’; - (pﬁ)] }’ VER’ SER (27)

meM
Correspondingly, u,, = D;.'(g,,) is the inverse demand function.

3. AN EQUIVALENT VARIATIONAL INEQUALITY PROGRAM

Note that the interactions of network flows are asymmetric because of the delay-based taxi charge. Namely,

ocl  0Oc?
ay”"a 2
o o (28)
where 2}‘; and % are given by
ocP Ota(x,)
“a _ 2
ox g ox @9)
oc)  Ota(x,) o Oty(xy)
o A o + b5 o (30)

Thus, a VI program is formulated in this section, which is equivalent to the aforementioned CNEM.
The feasible region €2 of our VI formulation is stated later, and related dual variables are also provided in
the brackets:

2 4qy =07, reR, (&) 31)

seS
%QE,- =D], se€S, (a5) (32)
s = quxv reR,ses, (ym) (33)
> fﬁ’k:q:’é’,, reR,seSmeM, (u:’;) (34)

keK

X i =ty sESTER (1) (35)
fi20, reRseS,meMkeky, () (36)
bi20, reRseSkeKy, (1) (37)
q%=0, q,.=20, reR,seSmeM (38)

Constraints (31) and (32) are the conservation conditions of flow for vacant taxis. Equation (33) is
the conservation equation for total demand. Equations (34) and (35) show that the sum of all path flows
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for private car, bus, occupied taxi, and vacant taxi should be equal to their demands, respectively.
Equations (36), (37), and (38) are the non-negativity constraints on path flows and demands, respectively
With the feasible region described earlier, the VI problem can be stated as follows. Find (7 Zf oo Do s

€ Q, which satisfies

Z Z Z an ( sk rYk) Z Z Csrk ( srk *f;}tk) - Z D;sl(Q:s) (qrs - ‘I:s)

reR,seS meM kekK seS,reR keK, reR,seS
+ llnq;yé* _m ( mo__ mf) + lln v, ( v o_ v,‘)>0
Prs )\ Drs — s = Ay \dsr — dgr )=
reR,seS meM s seS,reR

(39)

where C7 K and CV ., reR, seS, meM, ke K, are defined by Equations (7)—(9).

sr.k>
Proposition. The optimality conditions of the proposed VI program are equivalent to the CNEM in Section 2.

Proof. The KKT (Karush-Kuhn-Tucker) conditions of the VI formulation (39) are given later.

ek Chr— s —xnp =0, reRseS,meM keky (40)
f;r,k : ler,k - u:r 7X:r7k = 07 r ERa s€ S,k €Ky (41)
q;’é Emgm_(olrz—’_uﬁz_ym:oa VER,SES (42)

1
q : —Ing, +u +e +a;,=0, reRseS (43)
o
g : —D.'(g,)+7,=0, reR;seS (44)

The complementarity conditions are

frxxni =0, reRseSmeMkek, 5)
er.k.lervk = Ov I‘ER7S € Sa k EKsr (46)
Xrsx=0, TER, seS,meM, keK, (47)

X k=0, 1ER, s€S, keK, 48)

From Equations (45) and (47), we have Xrsx =0, if £, > 0. Then, from Equation (40), we
can obtain that C7(, =uy. And if fi{, =0, x5, =0, then C7{, =uj. Therefore, we have the
following conditions:
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Crox =y, if f’r’;k >0, reR,seS, kekK,;,meM (49)
Cra=uio,if £, =0, reR,seS kek,;, meM (50)

which implies that the route choices of private car, bus commuters, and occupied taxi follow user
equilibrium. Similarly, we can demonstrate that the route choice of vacant taxi also satisfies the
user equilibrium condition by utilizing Equations (46), (48), and (41).

From Equation (42), we have

m

an

rs

= exp|f(¢)y — uls +7,)], reR,s€S, meM (51)

Taking the sum of m in both sides gives rise to

1

exp(By,) = , reR,seS
> exp[Blol —up)] (52)
meM
Substituting Equation (52) into Equation (51) leads to
exp[—A(uys — o)
s = . 2 —q,., reR,seS
T exp[-B(u, — 9},)] (53)

ieM

which is consistent with the logit-based mode split model, Equation (22).
From Equation (52), we have that

Vrs = 7% IH{Z €xXp [*ﬂ(”}rﬁ - w:’;)} }’ reR, ses (54)

Substituting Equation (54) into Equation (44) gives rise to

D\ (q,) = 1ln{z exp[—B(ul — o) ] } reR, seS (55)

ﬂ meM

which indicates that the elastic demand function defined in Section 2.7 is satisfied.
Equation (43) can be rewritten as follows:

q., = exp|—o(u!, +a,+e,)], reR,seS (56)
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Substituting Equation (56) into Equation (32), we have

Dy

) S o v e)] o7

reR

Substituting Equation (57) into Equation (56) leads to

= exp[—o(u, +e)]
Y exp[—o(ul +e)]

ieR

D?, }”ER7 seS (58)

Comparing Equation (58) with the logit-based vacant taxi distribution model (23), we know that
Ayw) is associated with e,. Similar to Wong et al. [15], we can calculate taxi waiting/searching time
w through Equations (16), (31), (32), and (56) (For details, one can see Wong et al. [15]).

Because the constraints (31) to (38) are non-negative and linear and the continuous formulation (39)
has the region of non-negative flows and OD demands, we can conclude that at least one solution to the
VI program exists (Wong et al. [16]).

4. SOCIAL WELFARE MAXIMIZATION

The upper level aims to derive the optimal congestion tolls under which the social welfare is maxi-
mized. Note that social welfare is expressed as the total willingness to pay of the travelers minus the
total social cost.

maxSW(y) =
3 D w)dw — 3 (tawa) + P~ T CLah () — X Malxa)x)()
reR,seS acA reR,seS acA (59)

= 2 owdi(MWIY) = X | Ata(xa)x (y) +5'da (x5 (y) + ()] = X A (v)w)(y)

reR seS acA seS,reR
S.t.
YIRSy, <y, acA (60)

where the revenue of tolls, fares that customers pay taxis, and bus fares are not involved in the social
costs, because these costs imply only a transfer within the system. C%" is expressed as C%' = 2, T, +
CGrs(qh) + A Whi. X2 (y), x2(y), and x!(y) denote the flows on link a € A for private car, occupied taxi,

min and y ™ are the upper bound and lower bound of the toll on link a€A.

and vacant taxi, respectlvely b
Note that travel time 7,(x,), link flows ¥ (y), x%(y), and x",(y), demand matrices g,,(y), ¢ (y), ¢°(y), and
q..(y), customer waiting time W?(y), and taxi waiting/searching time w)(y), a€A, reR, s€S are

derived from solving the lower-level problem.
5. SOLUTION ALGORITHM
The block Gauss—Seidel decomposition approach together with the method of successive averages and

diagonalization algorithm is developed to solve the VI formulation (39). One can refer to Florian et al.
[24] and Wong et al. [16] for details. The algorithm follows the procedure later.

Step 0. Initialization. Let the iteration number /=0. Select an initial feasible solution f';; ,?, f;ﬁlk, reRr,
seS,meM, kekK,,.
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Step 1. Computation of generalized costs. Compute the generalized costs C” O c*™ and '), and then

s,k rs e d sr.k

obtain the minimum generalized costs #?("), u’"), and u*\"), re R, s €S, k€ K,,. Compute the demands for
taxi from origin zone r € R and to destination zone s € S, that is, O7 and D; through f fs(l,z and Equations (2)

and (3). Therefore, we can find the vacant taxi distribution ¢"¥) and taxi waiting/searching time w'") by

solving the doubly constrained gravity model Equation (56) subject to Equations (31), (32), and (38).
o(l)

s> and its minimization u?) can then

Customer waiting time W"< ), generalized cost of occupied taxi C°
be computed through Equations (11), (5), and (8).

Step 2. Computation of demand matrices. Compute total demand qﬁ? according to elastic demand
function Equation (26) and use the logit-based mode choice model, that is, Equation (22) to find
demand matrices for private car ¢/, bus ¢"), and occupied taxi ¢, reR, seS, based on the
minimum generalized costs obtained in step 1.

Step 3. Network equilibrium assignment. After obtaining the demand matrices q,v( and q”(l , TER,
seS,meM, apply diagonalization algorithm to the following fixed demand network equilibrium prob-

lem to compute the auxiliary path flows Hﬁ(}g and H') reR, seS, keK,;, meM.

srk?

S 3 RO Sr) TR Gl (s fin) 20

reR,seS meM kekK seS reR kekK,

subject to Equations (34-37).

Step 4. Method of successive averages. Utilize the following equations to find the path flow pattern
of next iteration.

1 iy
i =g s () —pn0), reRseSkeKymeM

l+ 1 rs.k rs,k
PO =l (B =1). reRseskek,

2 2
141 ! I+1 v(il
\/ > E (- o (=)
reR,seS keK,; meM seS,reR keK,
m(l v(!
RZ SkZK ZMfka) " SZ RkZK fSE‘I){
reR seS kek s me seS reR kekK,
go to step 6; otherwise, set /=17+1 and return to stepl.

Step 5. Convergence test. If < g, then

Step 6. Computation of final results. Compute the final generalized costs Cm(,iﬂ) and Cﬁﬁ’l,jl), and demand

matrices qrsu+1> and g, V(1) according to the final path flows f7 ,i‘H dfwl,;H meM,reR,seS, kek,,.

It is worth noting that this bi-level problem is non-convex; thus, heuristic algorithms have to be
considered to obtain a relatively good solution. The sensitivity analysis-based method would be a
highly efficient solution algorithm to solve the bi-level programming problems when the first-order
derivatives are easy to be obtained from the lower-level problem (Yang and Bell [25]). In this paper,
however, to solve the sensitivities from the VI program Equation (39) is very difficult in view of the
complexity of the formulation. Compared with some other algorithms such as projection-based
algorithm, descent algorithm, or penalty function approach, GA would still be a straightforward and
effective method to solve the bi-level problem, which has been proven in many existing literatures
(Liu et al. [26]). Thus, in this paper, the GA is adopted for its simplicity and effectiveness.
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6. NUMERICAL EXAMPLE

In this section, we provide a numerical example solved by the proposed algorithm. Consider a road
network depicted in Figure 1 with four OD pairs, six nodes, and 14 links. The bus lines are 1-2-4-6,
1-3-4, 5-6, and 5-3-4, respectively, which are represented as dotted lines in Figure 1. We assume that
the travel time function for each link follows the traditional BPR (Bureau of Public Roads) function

xp 0 vV
ta(ta) = 10 {1 +0.15(w>4], acA 61)

where the free flow travel time /0 and link capacity C,, as well as link length d,,, @ € A, are given in Table 1.
The negative exponential demand function is

qrs = qrs exp(_Krsurs)a re R7 sE€ S (62)

where g, is the potential demand for each OD pair and «, is a elasticity parameter that represents the
sensitivity of demand to generalized costs. Let g, =4000 veh/h, g,,=3000 veh/h, g5, =4000 veh/h, and

11

Figure 1. The network.

Table I. Link free flow, capacity and length.

Link Star node End node t2 (h) C, (veh/h) d, (km)
1 1 2 0.03 1200 2
2 2 1 0.03 1200 2
3 1 3 0.03 1200 2
4 3 1 0.03 1200 2
5 3 4 0.04 1200 3
6 4 3 0.04 1000 3
7 2 4 0.02 1800 1
8 4 2 0.02 1800 1
9 3 5 0.03 1200 2
10 5 3 0.03 1200 2
11 5 6 0.04 1200 3
12 6 5 0.04 1200 3
13 4 6 0.04 1200 3
14 6 4 0.04 1200 3
Copyright © 2014 John Wiley & Sons, Ltd. J. Adv. Transp. 2015; 49:96-113
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=3000 veh/h, respectively. Also, let x16 = k14 = k56 = k54 =0.03. Similar to Huang [27], the following
passenger crowding discomfort function is specified

Gy (qlr}x) =0, (qi’x)2 + quljs, reR seS (63)

where 6; and 6, are positive parameters. In this numerical example, let 8, and 6, be 0.001 and 0.0001,
respectively. Furthermore, the bus frequency and bus travel time are shown in Table 2. Other parameters
are set next:b” = 3%/km, bj = 10$, b =2$/km, b3 =30$/h, b"=1.5%/km, A =60$/h, A, =40$/h, ,,, = 120$/h,
A =30$/h, 2y, =608/h, N=2000, ¢l/s=2, 97 =1, 97 =5, 9, =2, 97, = 1, 0, =5, 0 =2, 0% =1, 9% =5,
02, =2, 92,=1, 92, =5, =0.06, c=0.2, nZ,=10, reR, { =0.01, t=2.

Figure 2 displays the maximum social welfare of charging and not charging taxi versus the number
of iterations, where the execution time is 25 min. It can be observed in Figure 2 that there is an increase
(8%) in the maximum social welfare as congestion toll is imposed on taxi, where the maximum social
welfare is 1.60 x 10°$ for charging taxi and 1.48 x 10°$ for not charging it. This can be explained by
the fact that without the toll, every taxi behaves selfishly when making the route choice, which causes
efficiency loss.

Tables 3-5 as well as Figure 3 compares the performances between charging and not charging taxi
for the congestion toll. We observe that the private car demand and bus demand increase by 445 and
176, respectively, after taxi is tolled, while the taxi demand decreases by 1467. This is because part of
the demand shifts from taxi to private car and bus due to the congestion fee. The total demand
decreases by 846 (7.9%), which is considerably affected by the charge on taxi.

Figure 4 portrays the change of the ratio of maximum social welfares (denoted as p) with the ratio of
operating cost per unit distance for private car to that for taxi (b”/b”, denoted as @) when preliminary
flag-fall charge b is 10 and taxi fleet size N is 2000. As we can see from the figure, that p decreases
with w. The reason is that when toll is imposed on taxi, part of travelers will divert from taxi to private
car, leading to a higher social cost because of the higher operating cost of private car. Thus, the greater
the o, the higher the social cost for charging taxi, and hence, the less the ratio of maximum social

Table II. Bus travel time and frequency.

Origin Destination Travel time T, (h) Bus frequency F,, (veh/h)
1 6 0.3 10
1 4 0.2 10
5 6 0.15 10
5 4 0.2 10
1.6
1.56

o1

<

[

315

=

g

E 148 o oeeecmmeemmmememmmmememmoReTTTTTTIooos

£ o

é Il-’

E II-

144" —— Charging taxi
----- Not charging taxi
1.4 : : : : : ,
0 10 20 30 40 50 60

number of generations

Figure 2. Maximum social welfare of charging and not charging taxi versus the number of iterations.
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Table III. The OD matrix of private car when charging taxi (not charging taxi).

6 4 A
1 448 (318) 731 (590) 1179 (908)
5 1303 (1180) 570 (519) 1873 (1699)
A 1751 (1498) 1301 (1109) 3052 (2607)

<
m
=

Table IV. The OD matrix of taxi when charging taxi (not charging taxi).

6 4 2 4y
seS
1 375 (833) 514 (864) 889 (1697)
5 828 (1078) 459 (868) 1287 (1946)
> 4 1203 (1911) 973 (1732) 2176 (3643)

reR

Table V. The OD matrix of bus when charging taxi (not charging taxi).
6 4 > )

ses

1 1288 (1233) 1070 (1030) 2358 (2263)
5 1201 (1185) 1107 (1042) 2308 (2227)
Y 2489 (2418) 2177 (2072) 4666 (4490)

7.8%
(7.8%)

1.2$
(2.5%)

7.78%
(6.59%)

4.5%
(7.5%)

7.8%
(7.59%)

1.3$
(1.2%)

Figure 3. The optimal toll when charging taxi (not charging taxi).

welfares. It is also worth noting that as w increases further beyond 9 (although it unlikely happens in
real life), p will be less than 1, implying that the maximum social welfare for charging taxis will be less
than that for not charging them.

Figure 5 depicts the change of p against preliminary flag-fall charge per ride, as w equals 2 and N
equals 2000. It can be seen in this figure that initially, p decreases dramatically with the preliminary
flag-fall charge. This is because the demand for taxi decreases with the flag-fall charge, resulting in
the decrease of the total external cost caused by taxis, so as p. Moreover, p tends to be steady and ap-
proach to 1 as the initial flag-fall charge exceeds 25$, because now the cost of taking taxi is too high
and the taxi demand is too low to affect the system performance.

Figure 6 shows that p does not change much with respect to the taxi fleet size. This is because of
the two opposite effects of raising the taxi fleet size on p. On the one hand, as taxi fleet size grows,
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by°=10, N=2000

1.08

1.06 +

QU 1.04 -

1.02

O mmm e e e e e e

0.98 L L L L L L
2

Figure 4. Ratio of maximum social welfare for charging taxi to that for not charging taxi versus ratio of operating
cost per unit distance for private car to that for taxi.

— =2, N=2000
1.08
1.06
104+
1.02
IR i
0.98 : : : ‘ ‘ ‘
10 15 20 25 30 35 40

preliminary flag-fall charge per ride ($)

Figure 5. Ratio of maximum social welfare for charging taxi to that for not charging taxi against preliminary
flag-fall charge per ride.

1.5¢
=2, by=10
14+
1.3
Q
12+
11+
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1 L L L L L L J
2000 2100 2200 2300 2400 2500 2600 2700
taxi fleet size

Figure 6. Ratio of maximum social welfare for charging taxi to that for not charging taxi against taxi fleet size.
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taxi service quality is improved and thus more travelers will be attracted to take taxi. Therefore,
when charging taxi, the number of travelers shifting from taxi to private car will increase, resulting
in a larger p. On the other hand, as taxi fleet size grows, the taxi waiting/searching time increases
after taxi is tolled, which leads to the social welfare decrease. As a result, the value of p tends to be
steady when taxi fleet size varies.

From all the previous discussions, we have the conclusion that, in this case, charging taxi is always a
better choice as long as the operating cost of private car is not far beyond that of the taxi (not greater
than nine times).

7. CONCLUSIONS

A mathematical model was presented to address the issue that whether or not taxis should pay the
congestion charge in pricing zone. The model is developed as a bi-level programming problem where
the lower level is formulated as a VI program, with the logit-based mode split, route choice, elastic demand,
and vacant taxi distributions. The upper level aims to maximize the social welfare. The bi-level model is
solved by GA, whereas the lower-level sub-problem is solved by the block Gauss—Seidel decomposition
approach together with the method of successive averages and diagonalization algorithm.

The results of the numerical example indicated that whether taxis should be charged in pricing
zone is mainly dependent on the ratio of operating costs for private car to that for taxi. Generally
(when the operating cost of the private car is not extremely higher than that of the taxi), charging
taxis for the congestion fee is always a better choice in terms of the maximum social welfare. This
can be explained by the fact that as taxis are charged as well as the private cars, the external cost
of the system is fully internalized, which outweighs the benefit from encouraging the usage of taxi
mode by not charging them.

This study offers a useful methodology when designing congestion pricing schemes for multiple
traffic modes for decision-makers. Real transportation networks and traffic data will be tested in the
future instead of the synthetic one used in the current study.

8. NOTATION
The list of symbols used in the paper:
N set of nodes
A set of links
A set of toll links, ACA
R set of origin zones
S set of destination zones
Grs total demand between zone r€ R and zone s€ S
qv, demand of private car from origin r€ R to destination se€ S
@, demand of bus from origin r € R to destination s€ S
q demand of taxi from origin r € R to destination s€ S
(04 demand for taxi mode from origin zone re€ R
DY demand for taxi mode to destination zone s€ S
q.. number of vacant taxis traveling from zone s € S to zone re R
X, flow on link a€A
oy link-route indicator variable, which is equal to 1 if route k between OD
pair re R and s €S uses link a, and 0 otherwise
K, set of paths between zone r€ R and zone s S
ch generalized cost on link a € A for private car
c generalized cost on link a € A for occupied taxi
c generalized cost on link a € A for vacant taxi
frsx flow on route k € K,, for mode m € M between zone r€ R and zone s€ S
fﬁr;k vacant taxi flow on route k € K., between zone s € S and zone r€R
Copyright © 2014 John Wiley & Sons, Ltd. J. Adv. Transp. 2015; 49:96-113
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generalized cost for mode m € M on route k € K, from zone re R to zone s€ §

rs.k
Yk generalized cost for vacant taxi on route k € K, from zone r€R to zone s €S
t.(x,) travel time on link a€ A
tg free flow travel time on link a€ A
A VOT for users taking private car or taxi
Ay VOT for taxi drivers
A VOT for bus passengers
Aow value of customer waiting time
Apw value of bus passenger waiting time
b’ operating cost per unit distance for private car
by preliminary flag-fall charge per ride
by mileage-based taxi charge
5 delay-based taxi charge
we customer waiting time for taxi at zone r
b" operating cost per unit distance for taxi
d, length of link ac A
wy waiting/searching time of vacant taxi in zone r
Z, the area of zone reR
n a model parameter that is identical to all zones
T, bus travel time from origin r € R to destination s€ S
Wb waiting time of bus passengers between zone r€ R and zone s€ S
Gy (qf?s) crowding discomfort experienced by passengers
4 the unit cost of discomfort
F, bus frequency between zone r€ R and zone s € S
T bus fare
N taxi fleet size
P proportion of trips taken by mode m € M from zone r€R to zone s€ S
o attraction of mode m € M between zone r€ R and zone se€ §
S dispersion coefficient
P, probability that vacant taxi departs from zone s € S and meets the customer in zone r € R.
o non-negative parameter reflecting the degree of uncertainty for taxi drivers
on customer demand and taxi services of the whole market
/. average travel time from origin r € R to destination s€ S
a Lagrange multiplier related to taxi demand constraint at destination zone s€ S
e, Lagrange multiplier related to taxi demand constraint at origin zone r € R
Vrs Lagrange multiplier related to conservation equation of total demand from
zone r€R to zone s€ S
Xrsk Lagrange multiplier related to the flow non-negativity constraint from zone
r€R to zone s €S for mode m e M on route k€ K,
Xork Lagrange multiplier related to the flow non-negativity constraint from zone
1 s€ S to zone r€ R for vacant taxi on route k € K,
Upg users’ minimum perceived generalized costs between zone r€ R and zone se §
uy. minimal generalized costs for mode m € M between zone re€ R and zone se€ S
uy, minimal generalized costs for vacant taxi between zone r€ R and zone s €S

Va toll charge on link acA

v upper bound of toll rate for link a€A

y;‘in lower bound of toll rate for link a€A

€ acceptable error in the block Gauss—Seidel decomposition method

C, capacity of link ae A

Gy potential total demand between zone r€ R and zone s€ S

Kps elasticity parameter between zone r € R and zone s € S, representing the

sensitivity of demand to the minimum generalized costs
D, (u,) demand function between zone r€ R and zone s€ S
D; (g, inverse of demand function
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