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Abstract. The present paper deals with the differential geometry of a
complex Finsler space endowed with (γ, |β|)-metric, where γ is a cubic-root
metric and β is a differential (1, 0)-form. Expressions for the fundamental
metric tensor, complex angular metric tensor, their inverses, Chern-Finsler
connection, holomorphic curvature and Euler-Lagrange equations are ob-
tained.
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1 Introduction

In 1979, M. Matsumoto [9], introduced the concept of cubic metric on a differentiable

manifold with the local coordinates xi, defined by L(x, y) = (aijk(x)y
iyjyk)

1
3 , where

aijk(x) are components of a symmetric tensor field of (0, 3)-type depending upon the
position x alone. The Finsler space with a cubic metric is called a cubic Finsler space.
There are some papers related to the cubic Finsler space [6, 12, 13] etc. In 2011, T.
N. Pandey and V. K. Chaubey [11] introduced the concept of (γ, β)-metric, where γ
is a cubic-root metric and β is a 1-form metric defined by γ = 3

√
aijk(x)yiyjyk and

β = bi(x)y
i respectively. N. Aldea and G. Munteanu [3] introduced a complex Finsler

space with Randers metric following the ideas from real case [4, 5, 8, 14] in 2009.
The authors of the current paper [7] studied a complex Randers space with metric

L = α+ ϵ|β|+ k |β|2
α , ϵ, k ̸= 0.

The aim of the present paper is to introduce and study a complex Finsler space with
the fundamental function, F (γ, |β|) on the lines of the Finsler space with (α, |β|)
metric as studied by N. Aldea and G. Munteanu [3], such that

(1.1) F (z, η) = γ(z, η) + |β|(z, η),

where

(1.2)


γ = 3

√
aij kη

iηjηk;

|β(z, η)| =
√
β(z, η)β(z, η) with β(z, η) = bi(z)η

i.
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In this paper we determine the fundamental metric tensor (it’s inverse and deter-
minant), the complex angular metric tensor (it’s inverse and determinant), Chern-
Finsler connection coefficients, holomorphic curvature and Euler-Lagrange equations
for the complex Finsler space (M,F ) with (γ, |β|)-metric.

2 Preliminaries

Let M be a complex manifold of dimension n and (zk)k=1,...,n be complex coordi-
nates in a local chart. The complexified tangent bundle TCM splits into holomor-
phic tangent bundle T ′M and anti holomorphic tangent bundle T ′′M , i.e. TCM =
T ′M⊕T ′′M . The holomorphic tangent bundle T ′M is itself a complex manifold with
local coordinates u = (zk, ηk) in a chart, which changes by the following rules

(2.1) z′k = z′k(z), η′k =
∂z′k

∂zj
ηj .

Further, TC(T
′M) decomposes as a sum of holomorphic and anti holomorphic tan-

gent bundles T ′
u(T

′M) and T ′′
C(T

′M) respectively. A natural local frame
{
∂/∂zk, ∂/∂z′k

}
for T ′

u(T
′M) changes according to the rules obtained from Jacobi matrix of (3). Since

the changing rule of ∂/∂zk contains the second order partial derivatives, the concept
of complex non-linear connection(c.n.c.) was introduced.

Let V (T ′M) ⊂ T ′(T ′M) be the vertical bundle spanned by {∂/∂ηk}. The com-
plex non-linear connection(c.n.c.) determines a supplementary complex subbundle to
V (T ′M) in T ′(T ′M), i.e. T ′(T ′M) = H(T ′M)⊕ V (T ′M), called the horizontal bun-

dle. It determines an adapted frame
{

δ
δzk = ∂

∂zk −N j
k

∂
∂ηj

}
, where N j

k(z, η) are the

coefficients of the (c.n.c.) [1, 2, 10].
A complex Finsler metric F on complex manifold M is a continuous function

F : T ′M → R+ satisfying following conditions [10]

1. L = F 2 is smooth on T ′M \ {0};

2. F (z, η) ≥ 0, the equality holds if and only if η = 0;

3. F (z, λη) = |λ|F (z, η), for ∀ λ ∈ C;

4. the Hermitian matrix (gij(z, η)) where gij = ∂2L
∂ηi∂ηj , is postive definite on

T ′M \ {0}.

Let us write L = F 2. Then, the pair (M,F ) is called a complex Finsler space.
A Hermitian connection of (1, 0) type named the Chern-Finsler Connection [1] has a
special meaning in a complex Finsler space. Notationally, it isDΓN = (Li

jk, 0, C
i
jk, 0),

where

(2.2)
CF

N i
j= gmi ∂glm

∂zj
ηl, Li

jk = gmi δgjm
δzk

=
∂N i

k

∂ηj
, Ci

jk = gmi ∂gjm
∂ηk

.
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The holomorphic curvature [1, 10] of the complex Finsler space (M,F ) in the direction
η is

(2.3) κF (z, η) =
2

L2(z, η)
G(R(χ, χ)χ, χ),

where G is the N -lift of the complex Finsler metric tensor gij defined by G = gij dz
i⊗

dzj + gij δη
i ⊗ δηj and R is the curvature of Chern-Finsler connection. Locally,

(2.4) κF (z, η) =
2

L2
Rjkη

jηk,

where

(2.5) Rjk = −gljδh

(
CF

N l
k

)
ηh [4].

Consider a C∞ curve c(t), t ∈ R on a complex manifold M and (zk(t), ηk(t) = dzk/dt)
be its extension on T ′M . The Euler-Lagrange equations with respect to a complex
Lagrangian L = F 2 [2, 10] are given by

(2.6) Ei(L) ≡
∂L

∂zi
− d

dt

(
∂L

∂ηi

)
= 0,

where L is considered along the curve c(t) on T ′M . The solutions of the Euler-
Lagrange equations are the extremal curves with respect to the arc length.

3 Complex Finsler space with (γ, |β|)-metric

Differentiating (1.2) partially with respect to ηl and ηp and using the symmetry of
aij k in its indices, we obtain

(3.1)


∂γ
∂ηl = al

3γ2 ,
∂γ
∂ηp =

2ap

3γ2 ,
∂|β|
∂ηi = βbi

2|β| ,
∂|β|
∂ηj =

βbj
2|β| ,

∂2γ
∂ηl∂ηp =

alp

3γ2 − 4alap

9γ5 , ∂2|β|
∂ηi∂ηj =

bibj
4|β| ,

where al = aljk η
j ηk, ap = alkpη

l ηk and alp = 2alpkη
k.

The function L = F 2 depends on z and η because of γ = γ(z, η) and |β| = |β(z, η)|.
Also, γ and β are homogeneous with respect to η, i.e. γ(z, λη) = |λ|γ(z, η) and
β(z, λη) = λβ(z, η), for ∀ λ ∈ C. Therefore, L(z, λη) = λλL(z, η), for ∀ λ ∈ C.
From the homogeneity property, we have the following

(3.2)
∂γ

∂ηi
ηi =

1

3
γ,

∂|β|
∂ηi

ηi =
1

2
|β|.

Now,

(3.3) L = F 2 = (γ + |β|)2.
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On differentiating (3.3) partially with respect to γ and |β| respectively, we have

(3.4) Lγ = 2F = L|β|, Lγγ = 2 = Lγ|β| = L|β||β|.

Again differentiating (3.3) partially with respect to ηi and ηj respectively, we get

(3.5) ηi =
∂L

∂ηi
=

2F

3γ2
ai +

Fβ

|β|
bi; ηj =

∂L

∂ηj
=

4F

3γ2
aj +

Fβ

|β|
bj .

Using (3.4), we conclude following relations

(3.6)

γLγ + |β|L|β| = 2L, γLγγ + |β|L|β| = Lγ , γLγ|β| + |β|L|β||β| = L|β|,

γ2Lγγ + 2γ|β|Lγ|β| + |β|2L|β||β| = 2L.

The fundamental metric tensor gij of the complex Randers space (M,F ) is given by

gij =
∂2L

∂ηi∂ηj
(3.7)

= Lγγ
∂γ

∂ηi
∂γ

∂ηj
+ Lγ|β|

(
∂γ

∂ηi
∂|β|
∂ηj

+
∂|β|
∂ηi

∂γ

∂ηj

)
+ L|β||β|

∂|β|
∂ηi

∂|β|
∂ηj

+ Lγ
∂2γ

∂ηi∂ηj
+ L|β|

∂2|β|
∂ηi∂ηj

,

where Lγ = ∂L
∂γ , L|β| =

∂L
∂|β| , Lγγ = ∂2L

∂γ2 , L|β||β| =
∂2L
∂|β|2 and Lγ|β| =

∂2L
∂γ∂|β| = L|β|γ .

Using (3.1) and (3.4) in (3.7), we have

gij =
2F

3γ2
aij −

4

9γ5
(F + |β|)aiaj +

1

2|β|
(F + |β|)bibj

+
1

3γ2|β|
(βaibj + 2βbiaj).

(3.8)

If we assume ρ0 =
Lγ

3γ2 = 2F
3γ2 and µ0 =

L|β|
2|β| =

F
|β| , (3.5)gives

(3.9) (βaibj + 2βbiaj) =
1

ρ0µ0
ηiηj −

µ0

ρ0
|β|2bibj −

2ρ0
µ0

aiaj .

Substituting (3.9) in (3.8), we obtain

(3.10) gij =
2F

3γ2
aij −

8F

9γ5
aiaj +

F

2|β|
bibj +

1

2L
ηiηj .

This leads to

Theorem 3.1. The fundamental metric tensor of a complex Finsler space (M,F )
with (γ, |β|)-metric is given by (3.10).

Next, we have the following proposition [4] given by D. Bao, S. S. Chern and Z.
Shen:
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Proposition 3.2. Suppose
1. (Qij) is a nonsingular n× n complex matrix with inverse (Qji),

2. Ci and Ci = Ci, i = 1, 2, 3, .., n are complex numbers,

3. Ci = QjiCj and its conjugates, C2 = CiCi = C
i
Ci;Hij = Qij ± CiCj.

Then,
(i) det(Hij) = (1± C2)det(Qij),

(ii) whenever 1±C2 ̸= 0 the matrix (Hij) is invertible and in this case its inverse is

Hji = Qji ∓ 1
1±C2C

iC
j
.

We use the Proposition 3.2 to find the inverse and determinant of the fundamental
metric tensor. (3.10) may be written as

(3.11) gij =
2F

3γ2

{
aij −

4

3γ3
aiaj +

3γ2

4|β|
bibj +

3γ2

4LF
ηiηj

}
.

Assuming Qij = aij and Ci =
2√
3γ

ai

γ , and applying Proposition 3.2, we find Qji =

aji,Ci = 1√
3γ

ηi

γ ,C2 = 2
3 , where (a

ji) is the Hermitian inverse of (aij). Since 1−C2 =

1
3 ̸= 0, the matrix Hij = aij − 4

3γ3 aiaj is invertible with the inverse Hji = aji + ηiηj

γ3

and det(Hij) =
1
3det(aij).

Now, assuming Qij = aij − 4
3γ3 aiaj and Ci =

√
3
|β|

γ
2 bi and applying Proposition 3.2,

we obtain Qji = aji + ηiηj

γ3 and Ci =
√

3
|β|

γ
2

(
bi + βηi

γ3

)
, where bi = ajibj . Therefore

C2 = 3γ2

4|β|

(
∥b∥2 + |β|2

γ3

)
, where ∥b∥2 = ajibibj . Since 1 + C2 = σ

4|β|γ ̸= 0, where

σ = 4|β|γ+3γ3 ∥b∥2+3|β|2, the inverse of Hij = aij − 4
3γ3 aiaj +

3γ2

4|β|bibj exists and is

given by Hji = aji + ηiηj

γ3 − 3γ2

σ

(
bi + βηi

γ3

)(
bj + βηj

γ3

)
and det(Hij) =

σ
12|β|γ det(aij).

Finally we set Qij = aij − 4
3γ3 aiaj + 3γ2

4|β|bibj and Ci =
√

3
LF

γ
2 ηi. In view of the

Proposition 3.2, Qji = aji + ηiηj

γ3 − 3γ2

σ

(
bi + βηi

γ3

)(
bj + βηj

γ3

)
and

(3.12) Ci =

√
3

LF

γ

2

{
aji +

ηiηj

γ3
− 3γ2

σ

(
bi +

βηi

γ3

)(
bj +

βηj

γ3

)}
ηj .

From (3.5), we get

(3.13)

{
ajiηj =

2F
3γ2 η

i + Fβ
|β| b

i, bjηj =
2F
3γ2β + Fβ

|β| ∥b∥
2
, biηi =

F
3γ2β + Fβ

|β| ∥b∥
2
,

ηiηi =
2F
3 γ + F |β|, ηjηj = 4F

3 γ + F |β|.

Using (3.13) in (3.12), we have

(3.14) Ci =

√
3

LF

F

γ

{
ηi
(
1− |β|2

σ

)
− βγ3bi

σ

}
.

Therefore C2 = 1+ γ|β|2
2Fσ . Since 1+C2 ̸= 0, Hij = aij − 4

3γ3 aiaj +
3γ2

4|β|bibj +
3γ2

4LF ηiηj
is invertible with the inverse

(3.15) Hji = aji +Aηiηj +Bbibj + C(βbiηj + βbjηi),
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where

(3.16)

A = 4|β|σ2−2γσ2−12|β|3σ−9γ|β|4+γ|β|2σ
γ3σ(4Fσ+γ|β|2) , B = −3γ3

σ
(4Fσ+3γ|β|2)
(4Fσ+γ|β|2) ,

C = −3(4Fσ+3γ|β|2)+6γσ
σ(4Fσ+γ|β|2) .

Also, the determinant of Hij is

(3.17) det(Hij) =
(4Fσ + γ|β|2)

24F |β|γ
det(aij).

From (3.11), gij =
2F
3γ2Hij , the inverse of the fundamental metric tensor is given by

(3.18) gji =
3γ2

2F
Hji,

where Hji is given by (3.15).
Also, the determinant of the fundamental metric tensor is given by

(3.19) det(gij) =

(
2F

3γ2

)n

det(Hij),

where det(Hij) is given by (3.17). Thus, we have

Theorem 3.3. The inverse and determinant of the fundamental metric tensor of
a complex Finsler space (M,F ) with (γ, |β|)-metric are given by (3.18) and (3.19)
respectively.

Next, we define the complex angular metric tensor of the complex Finsler space
(M,F ) with (γ, |β|)-metric as

kij =
∂2F

∂ηi∂ηj

= Fγγ
∂γ

∂ηi
∂γ

∂ηj
+ Fγ|β|

(
∂γ

∂ηi
∂|β|
∂ηj

+
∂|β|
∂ηi

∂γ

∂ηj

)
+ F|β||β|

∂|β|
∂ηi

∂|β|
∂ηj

+ Fγ
∂2γ

∂ηi∂ηj
+ F|β|

∂2|β|
∂ηi∂ηj

,

(3.20)

where Fγ = ∂F
∂γ ,F|β| =

∂F
∂|β| ,Fγγ = ∂2F

∂γ2 ,F|β||β| =
∂2F
∂|β|2 and Fγ|β| =

∂2F
∂γ∂|β| = F|β|γ .

On differentiating F partially with respect to γ and |β| respectively, we have

(3.21) Fγ = 1 = F|β|, Fγγ = 0 = Fγ|β| = F|β||β|.

On substituting (3.1) and (3.21) in (3.20), we obtain

(3.22) kij =
1

3γ2
hij +

1

4|β|
bibj ,

where

(3.23) hij = aij −
4

3γ3
aiaj .
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To find out the inverse of the complex angular metric tensor, we will apply Propo-

sition 3.2. From (3.22), kij = 1
3γ2

{
aij − 4

3γ3 aiaj +
3γ2

4|β|bibj

}
. Assuming Qij = aij

and Ci = 2√
3γ

ai

γ , and applying Proposition 3.2, we get Qji = aji,Ci = 1√
3γ

ηi

γ

and C2 = 2
3 . Since 1 − C2 = 1

3 ̸= 0, the matrix Hij = aij − 4
3γ3 aiaj is in-

vertible with the inverse Hji = aji+ + ηiηj

γ3 and det(Hij) = 1
3det(aij). Taking

Qij = aij − 4
3γ3 aiaj and Ci =

√
3
|β|

γ
2 bi, Proposition 3.2 gives Qji = aji+ + ηiηj

γ3

and Ci =
√

3
|β|

γ
2

(
bi + βηi

γ3

)
. Therefore C2 = 3γ2

4|β|

(
∥b∥2 + |β|2

γ3

)
. Since 1 + C2 ̸= 0,

the inverse of Hij = aij − 4
3γ3 aiaj +

3γ2

4|β|bibj exists and is given by

(3.24) Hji = aji +
ηiηj

γ3
− 3γ3

σ

(
bi +

βηi

γ3

)(
bj +

βηj

γ3

)
and

(3.25) det(Hij) =
σ

12|β|γ
det(aij).

Since kij =
1

3γ2Hij , the inverse of the angular metric tensor kij is given by

(3.26) kji = 3γ2Hji,

where Hji is given by (3.24).
Also, the determinant of the angular metric tensor kij is

(3.27) det(kij) =
σ

4(3γ2)n+1|β|
det(aij).

Thus, we have

Theorem 3.4. The inverse and determinant of the complex angular metric tensor
of a complex Finsler space (M,F ) with (γ, |β|)- metric are given by (3.26) and (3.27)
respectively.

4 Connection coefficients and curvature

The Chern-Finsler connection coefficients (c.n.c.) of a complex Finsler space (M,F )
with (γ, |β|)- metric is defined by

(4.1)
CF

N i
j= gmi ∂glm

∂zj
ηl = gmi ∂ηm

∂zj
.

Differentiating (3.5) with respect to zj , we have

∂ηm
∂zj

=
1

2|β|

(
2|β|
3γ2

∂ail k
∂zj

ηiηlηk + β
∂bl
∂zj

ηl + β
∂bi
∂zj

ηi
)

×
(
4am
3γ2

+
βbm
|β|

)
+ F

{
4

3γ2

∂ailm
∂zj

ηiηl − 8

9γ5
am

∂ail k
∂zj

ηiηlηk

+
bm
2|β|

∂bi
∂zj

ηi +
β

|β|
∂bm
∂zj

− β

2β|β|
bm

∂bl
∂zj

ηl
}
.

(4.2)
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Substituting (3.18) and (4.2) in (4.1), we have

CF

N i
j =

3γ2

4F |β|

{
ami +Aηiηm +Bbibm + (βbiηm + βbmηi)

}
(4.3)

×
{(

2|β|
3γ2

∂aplk
∂zj

ηpηlηk + β
∂bl
∂zj

ηl + β
∂bp
∂zj

ηp
)(

4am
3γ2

+
βbm
|β|

)
+ F

(
4

3γ2

∂aplm
∂zj

ηpηl − 8

9γ5
am

∂aplk
∂zj

ηpηlηk +
bm
2|β|

∂bp
∂zj

ηp

+
β

|β|
∂bm
∂zj

− β

2β|β|
bm

∂bl
∂zj

ηl
)}

.

Next, we consider the following complex Cartan tensors [2]

(4.4) Cjhk =
∂gjh
∂ηk

=
∂gjh
∂γ

∂γ

∂ηk
+

∂gjh
∂|β|

∂|β|
∂ηk

.

Differentiating (3.10) with respect to ηk and using (3.1) in (4.4), we have

Cjhk =
1

3γ2

{
β

|β|
bk − 2(F + |β|)

3γ3
ak

}
ajh(4.5)

+
4

27γ8F

(
5γ2 + 10|β|2 − 16|β|γ

)
akajah

+
1

4Fβ|β|
(
β|β| − F 2

)
bkbjbh

− 1

9F |β|γ4

{
2β

F
(F + |β|) bkajah +

β

γ
(2F + γ)akajbh + 2βakahbj

}
+

1

3Fγ

{
1

2|β|
akbjbh +

(|β|2 − F )

γβ|β|
bkbjah +

1

2γ
bkajbh

}
.

Also, the vertical coefficients of Chern- Finsler connections are defined as

(4.6) Ci
jk = gmi ∂gjm

∂ηk
= gmiCjmk.
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Substituting (3.18) and (4.5) in (4.6), we obtain

Ci
jk =

3γ2

2F

{
ahi +Aηiηh +Bbibh + C(βbiηh + βbhηi)

}
(4.7)

×

[
1

3γ2

{
β

|β|
bk − 2(F + |β|)

3γ3
ak

}
ajh

+
4

27γ8F

(
5γ2 + 10|β|2 − 16|β|γ

)
akajah

+
1

4Fβ|β|
(
β|β| − F 2

)
bkbjbh

− 1

9F |β|γ4

(
2β

F
(F + |β|) bkajah +

β

γ
(2F + γ)akajbh + 2βakahbj

)
+

1

3Fγ

{
1

2β
akbhbj +

(|β|2 − F )

γβ|β|
bkbjah +

1

2γ
ajbhbk

}]
.

This leads to

Theorem 4.1. The coefficients of Chern - Finsler connection, complex Cartan ten-
sors and the vertical coefficients of Chern-Finsler connections of a complex Finsler
space (M,F ) with (γ, |β|)-metric are given by (4.3), (4.5)and (4.7) respectively.

The holomorphic curvature (in the direction of η) of the complex Finsler space
(M,F ) with (γ, |β|)- metric is defined by (2.4).

Substituting values of glj and
CF

N l
k from (3.10) and (4.3) in (2.5), we have

Rjk = − 3γ2

4F |β|

{
2F

3γ2
alj −

8F

9γ5
alaj +

F

2|β|
blbj +

1

2L
ηlηj

}
δh(4.8)

×
{
apl +Aηlηp +Bblbp + C(βblηp + βbpηl)

}
×

{(
2|β|
3γ2

∂atsr
∂zk

ηtηsηr + β
∂bs
∂zk

ηs + β
∂bt
∂zk

ηt
)(

4ap
3γ2

+
βbp
|β|

)
+ F

(
4

3γ2

∂atsp

∂zk
ηtηs − 8

9γ5
ap

∂atsr

∂zk
ηtηsηr

)
+ F

(
bp
2|β|

∂bt
∂zk

ηt +
β

|β|
∂bp
∂zk

− β

2β|β|
bp

∂bs
∂zk

ηs
)}

ηh.

Thus, we have

Theorem 4.2. The holomorphic curvature of a complex Finsler space (M,F ) with
(γ, |β|)-metric is given by (2.4) together with (4.8).

5 Euler-Lagrange equations

The Lagrangian L given by (3.3), L = F 2 = (γ + |β|)2 depends on the parameter
t ∈ R by means of zk(t) and ηk(t) and their conjugates. Differentiating (3.3) with
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respect to t, we have

(5.1)
dL

dt
=

∂L

∂zi
ηi +

∂L

∂ηi
dηi

dt
+

∂L

∂zi
ηi +

∂L

∂ηi
dηi

dt
.

Since, L is homogeneous of degree one in ηi, ∂L
∂ηi η

i = L, on differentiating with respect
to t, we get

(5.2)
dL

dt
=

d

dt

(
∂L

∂ηi

)
ηi +

∂L

∂ηi
dηi

dt
.

But Ei(L) = 0, implies d
dt

(
∂L
∂ηi

)
= ∂L

∂zi along the extrmal curve c(t) on T ′M . There-

fore (5.2) gives

(5.3)
dL

dt
=

∂L

∂zi
ηi +

∂L

∂ηi
dηi

dt
.

By conjugation (as t and L are real valued functions), we have

(5.4)
dL

dt
=

∂L

∂zi
ηi +

∂L

∂ηi
dηi

dt
.

Adding (5.3) and (5.4) and using in (5.1), we conclude dL
dt = 0, which further implies

dF
dt . This leads to

Theorem 5.1. For the complex Finsler space (M,F ) with (γ, |β|)-metric, dL
dt = 0 =

dF
dt along an extremal curve c(t) on T ′M .

Now, we derive the Euler-Lagrange equations for L = F 2 = (γ + |β|)2.
Differentiating L with respect to zi and ηi respectively, we have

(5.5)
∂L

∂zi
= Lγ

∂γ

∂zi
+ L|β|

∂|β|
∂zi

= 2F

(
∂γ

∂zi
+

∂|β|
∂zi

)

(5.6)
∂L

∂ηi
= Lγ

∂γ

∂ηi
+ L|β|

∂|β|
∂ηi

= 2F

(
∂γ

∂ηi
+

∂|β|
∂ηi

)
.

Further differentiation of (5.6) with respect to t implies

d

dt

(
∂L

∂ηi

)
= 2

dF

dt

(
∂γ

∂ηi
+

∂|β|
∂ηi

)
+ 2F

{
d

dt

(
∂γ

∂ηi

)
+

d

dt

(
∂|β|
∂ηi

)}
.

(5.7)

In view of theorem 5.1, (5.7) gives

(5.8)
d

dt

(
∂L

∂ηi

)
= 2F

{
d

dt

(
∂γ

∂ηi

)
+

d

dt

(
∂|β|
∂ηi

)}
.
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Now,

(5.9) Ei(γ) =
1

3γ2
Ei(γ

3) +
1

γ2

dγ2

dt

∂γ

∂ηi
,

(5.10) Ei(|β|) =
1

2|β|
Ei(|β|2) +

1

|β|
d|β|
dt

∂|β|
∂ηi

respectively. For the Lagrangian L = F 2 = (γ + |β|)2, (2.6) gives

(5.11) Ei(L) ≡ 2F {Ei(γ) + Ei(|β|)} = 0.

Substituting values of Ei(γ) and Ei(|β|) from (5.9) and (5.10) in (5.11), we obtain

(5.12) 2|β|Ei(γ
3) + 3γ2Ei(|β|2) + 6|β|dγ

2

dt

∂γ

∂ηi
+ 6γ2 d|β|

dt

∂|β|
∂ηi

= 0.

Thus, we have

Theorem 5.2. The Euler-Lagrange equations of the complex Finsler space (M,F )
with (γ, |β|)-metric are given by (5.12).
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