
Article 

 

A General Model for Cost Estimation  
in an Exchange 
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Abstract 
Current Generally Accepted Accounting Principles (GAAP) state that the cost of an asset acquired for cash is the fair value 
(FV) of the amount surrendered, and that of an asset acquired in a non-monetary exchange is the FV of the asset 
surrendered or, if it is more “clearly evident,” the FV of the acquired asset. The measurement method prescribed for a 
non-monetary exchange ignores valuable information about the “less clearly evident” asset. Thus, we suggest that the FV in 
any exchange be measured by the weighted average of the exchanged assets’ FV estimations, where the weights are the 
inverse of the variances’ estimations. This alternative valuation process accounts for the uncertainty involved in estimating 
the FV of each of the asset in the exchange. The proposed method suits all types of exchanges: monetary and non-
monetary. In a monetary transaction, the weighted average equals the cash paid because the variance of its FV is nil. 
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Introduction 

The Accounting Principles Board (APB) in its Opinion 29: 
Accounting for Non-monetary Transactions, which The 
Financial Accounting Standards Board (FASB) adopted, 
sets forth the accounting treatment for a non-monetary 
exchange (APB, 1973). Three principles constitute the core 
of Opinion 29: (a) The fair value (FV) of an exchanged 
asset is the basis for measuring and recording cost; (b) the 
FV of the surrendered asset is, in general, the cost of the 
acquired asset; and (c) the FV of the acquired asset may 
serve as cost when it is “more clearly evident” than that of 
the surrendered asset. The International Accounting 
Standards Board (IASB; 1993a, 1993b, 1993c) adopted 
similar principles. 

In line with the current accounting standard, if the FV of 
both assets exchanged are “clearly evident” to the same 
extent, and one asset has a FV estimation of $100 and the 
other asset has a FV estimation of $110, then each party to 
the exchange will record different amount. However, if the 
exchange does not involve equalizing cash payment, the FV 
of both assets must be identical. We, therefore, suggest a 
procedure to estimate the FV of the exchange by the 
weighted average of the two assets’ FV estimations, where 
the weights are the inverse of the variances’ estimations. 
This alternative valuation process accounts for the 
uncertainty involved in estimating the FV of each of the 
assets involved in the exchange. The suggested method 
unifies the accounting for all types of exchanges (monetary 
and non-monetary) as it can be implemented to any type of 
exchange. For example, if one of the assets involved is cash 
(e.g., buying a machine for $100 in cash) the weighted 
average is equal to the amount of cash, as the variance of 
the FV of cash is 0. 

Our alternative enables both parties to record the 
transaction at a single amount, a quality that might be 
required by tax authorities. We may generalize the model to 
fit any type of exchange: assets for assets or services, 
liabilities for assets or services, equity instruments for 
assets, liabilities, or services, and so forth. Currently, the 
accounting profession refers to each type of an exchange as 
a unique case. For example, SFAS 123R (FASB, 2004) 
establishes standards for transactions in which an entity 
exchanges its equity instruments for goods or services. 
Adoption of the proposed model as a general accounting 
standard will result in one accounting rule for estimating 
FVs in any type of exchange. 

The article contributes to the accounting body of 
knowledge in the following ways: (a) It offers a general 
standard for estimating cost for all exchange transactions 
(monetary and non-monetary); (b) it points out the 
deficiencies of the current standard for measuring cost in a 
non-monetary barter; (c) it reveals a number of 
inconsistencies between accounting standards. 

The organization of the article is as follows. The next 
section provides a short background. The “Models for 
Analysis” section presents the three models. It discusses 
their rationale, presents their basic elements, and provides 
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formal results. The final section details the contribution and 
summarizes the article. 

Background 

Asset valuation has been a central issue in accounting for 
quite a long period because of its impact on the balance sheet 
and on the measurement of income (Hendriksen & van 
Breda, 1982; Most, 1982). The study of asset valuation deals 
with two distinct types: (a) at acquisition (determining cost) 
and (b) after acquisition (establishing FV). 

On one hand, accountants prefer to distinguish sharply 
between the two types of asset valuation. The FASB (2006), 
for example, defines cost (entry price) as “the price paid to 
acquire [an] asset,” and FV (exit price) as “the price that 
would be received to sell [an] asset,” and then asserts, 
“conceptually, entry prices and exit prices are different” 
(FASB, 2006, para. 16). On the other hand, they use the two 
types interchangeably. The standard for non-monetary asset 
transactions (APB, 1973) suggests that the level of 
reliability of the FV estimation of the assets is the yardstick 
for measuring cost. The FV estimation, of either the 
surrendered or the acquired asset, with the lower variability 
(i.e., the “more clearly evident”) serves as the barter value. 
This inconsistency intrigues our attention and provides 
motivation for this study. 

A glance over recently published standards reveals that 
both the FASB and the IASB (the Boards) repeatedly 
include FV, and only occasionally refer to historical cost, in 
after-acquisition valuation assignments. The frequent 
recommendations of FV accounting compelled the Boards 
to discuss and define the concept of fair value. In SFAS 
157, the FASB (2006) defines, 

Fair value is the price that would be received to sell an asset or 
paid to transfer a liability in an orderly transaction between 
market participants at the measurement date. (para. 5) 

The Board is quite particular about the elements of this 
definition. The market refers to the principal (or most 
advantageous) market (FASB, 2006, para. 8) and an orderly 
transaction means exposure to the market for a period that 
allows usual marketing activities, and precludes forced 
transactions (FASB, 2006, para. 7). The Board then 
summarizes that the objective of FV measurement is to 
determine the price that would be received in a sale of an asset 
at the measurement date (an exit price; FASB, 2006, para. 7). 

The FASB (2006, para. 22) then suggests a three level 
“fair value hierarchy.” Level 1 is that of quoted prices in 
active markets; Level 2 is that of observable prices (i.e., 
quoted prices for similar assets in active and shallow 
markets); Level 3 is FV valuation induced from 
unobservable inputs. The FASB limits the reliance on 
unobservable inputs to cases where observable inputs are 
unavailable (FASB, 2006, para. 30). It emphasizes that the 
objective of FV measurement is to reach the exit price 
“from the perspective of the market participant that holds 
the asset” (FASB, 2006, para. 30). 

The unobservable inputs must reflect (a) the reporting 
entity’s assumptions, (b) the best information available in 
the circumstances, (c) available information that does not 
require undue cost and effort, and (d) information that 
exposes the differing assumptions of other market 
participants (FASB, 2006, para. 30). 

Our approach unifies the two distinct models of 
valuation at and after acquisition into one model of FV 
valuation. In addition, the FV estimation that we suggest 
takes into consideration all the available information on 
both assets in the exchange. 

Models for Analysis 

We use three independent models to back our proposal for 
measuring cost in a barter transaction. The models, which 
address the issue from different perspectives, support the 
thesis that the estimated FV of a barter transaction is a 
weighted average of the estimated FVs of the assets 
exchanged in the barter, weighted inversely to their 
variances. 

The models share some common basic assumptions, 
including the determinants of the asset value, but differ 
from each other with respect to the objective of the model, 
the assumption regarding the distribution of the FV, the 
assumption regarding the realization of the random state of 
nature, and the assumption regarding the knowledge of the 
owners. Table 1 summarizes the characteristics of the three 
models. 

Common Assumptions and the Determinants of the 
Assets’ Value 

The first two basic assumptions are straightforward. The 
restriction on cash transfer (T2.2) is a technical one. Both 
assumptions simplify the analysis with no loss of 
generalization. 

Of the three determinants of the value of an asset, two 
affect the demand for the asset and its market value. The 
asset’s attributes (T3.1) refer to its inherent characteristics, 
for example, the location of an apartment, the quality of its 
neighborhood, its size, and fixtures. The random state of 
nature (T3.2) captures general economic factors over which 
the parties have no control. For example, a threat by the 
Iranian Government to block the Strait of Hormuz may 
push up oil prices and push down the value of an apartment 
located in a distant suburb. The third, a technical property, 
states that the measurement error, ε , of asset X is 
independent of that of asset Y. 

Model I 

The objective of Model 1 is to find the unbiased FV of the 
barter transaction. We prefer this statistic because an 
unbiased estimator possesses the desired property of having 
a value, which on the average, equals that of the population. 
For Model I, we add two specific assumptions: 
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Table 1. A Comparison of the Attributes of the Three Models. 

Attributes Model I Model II Model III 

(T1) The objective of 
the model 

(T1.1) Find the 
unbiased FV of the 
barter transaction 

(T1.2) Find a z-value that 
maximizes the probability of a 
barter transaction 

(T1.3) Find a linear combination for the estimated FVs of 
the assets that minimizes the variance of the reported 
figure of the barter transaction (and thus minimizing the 
variance of tax payments) 

(T2) Common basic 
assumptions 

(T2.1) There are two parties to the exchange transaction: A owns asset X, and B owns Y 
(T2.2) The exchange transaction does not involve additional cash transfers (this assumption simplifies the analysis 

with no loss of generalization) 
(T3) Determinants of 

the value of an asset 
(T3.1) The asset’s attributes 
(T3.2) A random state of nature, θ , which captures general economic factors that are not controlled by the 

parties to the exchange 
(T3.3) A measurement error, ε , which is independent of that of the other asset 

(T4) Distribution of 
the FV  

(T4.1) The FV of each of the assets, X and Y, is 

characterized by a normal distribution, 2( , )x xN μ σ  

and 2( , )y yN μ σ , respectively 

(T4.2) The FV of each of the assets, X and Y, is 
characterized by a Beta distribution 

( , , , )x x x x xFV Beta Min Max∼ α β  

( , , , )y y y y yFV Beta Min Max∼ α β  

(T5) Realization of the 
random state of 
nature, and appraisal 
of the assets 

(T5.1) The state of 
nature is realized 
the FV of the assets 
has been appraised 

(T5.2) The state of nature is 
realized; The FV of the assets 
has not been appraised. 

(T5.3) The state of nature is realized; The FV of the 
assets has not been appraised 

(T6) Knowledge of 
owners 

(T6.1) The parties 
know the appraised 
FVs of the assets, 
prior to the barter 
transaction 

(T6.2) The parties know the 
normal distributions of the FV 
of the assets and decide to 
barter prior to the appraisal of 
the FV of the assets 

(T6.3) The parties know the range of FV of the assets 
(Min and Max), but they do not know the Parameters 
α,β   

(T7) Barter 
occurrence 

(T7.1) A barter 
transaction 
occurred 

(T7.2) The parties agree to a 
barter transaction (prior to the 
appraisal) 

(T7.3) The parties agree to a barter transaction (prior to 
the appraisal). 

The parties agree on the linear combination of the 
estimated FVs of the assets (i.e., for tax purposes) 

 
i. The FV of each of the assets, X and Y, is 

characterized by a normal distribution, 2(μ ,σ )x xN  

and 2(μ ,σ )y yN , respectively. 
ii. First, the state of nature is realized. Second, the FV of 

the assets is appraised and the parties are informed of 
the assets’ FV. Third, the Barter occurred. 

Figure 1 depicts a time analysis of the elements of Model 
1. 

Given our assumption that the parties agree to a barter 
exchange, without equalizing cash payments, we may 
deduce that the FV of both assets is equal, such that 

=x yFV FV and = =z x yFV FV FV , where zFV  denotes the 
FV of both assets. 

Result 1. Under the above assumptions, zFV  has also a 

normal distribution, 2(μ ,σ )z z zFV N∼  and the unbiased 

mean of the FV of the barter equals 
2 2

2 2

1 1μ μ
σ σ

μ*
1 1
σ σ

+
=

+

x y
x y

x y

. 

Proof: See Appendix A for the proof of Result 1. 
For example, assume that the following are the estimated 

FV and variances of two non-monetary assets, X and Y, in a 

barter transaction μ 20,  μ 25,  σ 1 and σ 2= = = =x y x y . 
The unbiased estimated FV of the exchange is 

2 2

2 2
σ μ σ μ 4 20 1 25 105 21.

1 4 5σ σ
+ × + ×

= = =
++

y x x y

x y  

If in a barter exchange, the owner of asset X adds the 
amount of d dollars to the owner of asset Y, then the 
unbiased mean of the FV of the barter equals 

2 2

2 2

1 1(μ ) μ
σ σ

μ* .
1 1
σ σ

+ +
=

+

x y
x y

x y

d
1 

Model II 

The objective of Model II is to find a value z  that 
maximizes the probability of a barter transaction (T1.2). 
The model portrays a common reality in which the parties 
to a barter transaction face two alternatives: (a) sell-and-buy 
or (b) barter. In a sell-and-buy dual-transaction, each of the 
parties sells the asset he owns and purchases the asset he 
desires. In a barter transaction, each of the parties 
exchanges the asset he owns for the asset he desires. 
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Inconsistencies Among the IASB’s Requirements for 
Measuring Cost 

The IASB, in IAS 16 (IASB, 1993b, paras. 24, 26), 
prescribes that the cost of an acquired asset in a non-
monetary exchange transaction is the FV of the surrendered 
asset. In contrast, the Board, in IAS 18 (IASB, 2006), which 
focuses on revenue, imposes the opposite rule in the case 
where a firm purchases fixed assets for inventory. The 
Board states, as a general rule: “Revenue shall be measured 
at the FV of the consideration received or receivable” 
(IASB, 2006, para. 9). The application of this rule to an 
exchange of inventory for a non-monetary means measuring 
cost at the FV of the acquired asset. 

These contradicting measurement rules may result from 
the differing perspectives regarding cost-measurement and 
revenue-recognition. Nonetheless, this does not justify the 
contradicting rules. A consistent application of the method 
for cost estimation, which this article proposes, resolves this 
and similar inconsistencies. 

It is interesting to note that U.S. GAAP (Generally 
Accepted Accounting Principles) do not have this internal 
inconsistency. The APB (1973, para. 7) establishes that 
“exchange of product held for sale in the ordinary course of 
business (inventory) for dissimilar property as a means of 
selling the product to a customer” must be recorded at the 
FV of the inventory sold (APB, 1973, para. 7, example a). 

A similar inconsistency exists in IFRS 2 Share-Based 
Payment (IASB, 2004). In contrast to the measurement 
requirements set by IAS 16 (IASB, 1993), IFRS 2 
determines that in general, 

For equity-settled share-based payment transactions, the entity 
shall measure the goods or services received, and the 
corresponding increase in equity, directly, at the fair value of 
the goods or services received. (IASB, 2004, para. 10) 

This inconsistency too does not prevail in U.S. GAAP. 
FAS 123R (FASB, 2004), which concerns share-based 
payments, requires the use of the more reliable FV estimate 
between the given-up equity instruments and the acquired 
asset. When the share-based transaction occurs between the 
entity and its employees, the FV of the shares transferred is 
clearly preferable (FASB, 2004, para. 7). 

Summary 

The main objective of this article is to offer a model for FV 
estimation that faithfully represents a non-monetary 
exchange transaction. We show that this value is a weighted 
average of the FV estimations of the assets exchanged, 
where the weights are the inverse of the asset’s variances. It 
is an unbiased mean estimator of the barter’s FV, and it 
depicts the reality of the parties’ agreement to a non-
monetary barter with no adjusting cash transfers. We use 
three models that portray different situations to support and 
provide robustness for our proposal. 

Our model utilizes available, currently discarded, 
information, as encouraged by the FASB (2006), and thus, 
improves the estimated value; it prevents the use of extreme 
values for recording cost (either the estimate of the FV of 
the surrendered asset or the FV of the acquired asset); it 
also precludes a potential inconsistency of cost recording, 
which may arise where the FV estimations of both assets to 
the transaction, are of the same level of reliability. In the 
latter case, under current rules, each of the parties uses a 
different cost figure. 

The model bridges the gap between entry price (cost) 
and exit price (FV). It shows that entry price and exit price 
are special cases of the general rule of FV estimation, where 
one of the assets is cash. The model, thus, eliminates the 
current dichotomy of monetary and non-monetary exchange 
transactions. More so, the model fits many types of 
exchanges. Its adoption will result in one accounting 
standard for any type of exchange transaction. 

Applying the model in real cases is practical and quite 
simple. It does not require a full knowledge of the 
probability distributions of the FV of the exchanged assets. 
It is sufficient to elicit from the owners (or appraisers) the 
following information: (a) the most likely value of the asset 
and (b) a range that captures the FV of the asset with a high 
probability (for instance, 99%). Because the range linearly 
relates to the standard deviation, the ratio of the ranges of 
the estimated FVs of the two assets provides a good 
estimate of the ratio of the two standard deviations. Given 
this information, one can easily calculate the weighted 
average as suggested by the model. 

Finally, the proposed model may enhance uniformity and 
improve comparability of accounting reports. 
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Appendix A 

Proof of Result 1 

The precision of a normal distribution is defined to be the reciprocal of the variance; that is, 2
1
σ

=r . DeGroot (1970, p. 167) 

Theorem 1 says, 

Suppose that 1 2X ,X ,...,Xn is a random sample from a normal distribution with an unknown value of mean W and a specified value 
of the precision r (r > 0). Suppose also that the prior distribution of W is a normal distribution with meanμ and precision τ such that 

μ−∞ < < ∞  and τ 0> . Then the posterior distribution of W when X ( 1,..., )= =i ix i n  is a normal distribution with mean μ '  and 
precision τ+ nr , where 

τμμ '
τ
+

=
+

nrx
nr . 

Using the above theorem, we view the distribution of asset A as the “prior” for the distribution of the fair value (FV) of 
the barter, and the FV realized for asset B as a sample of size one. Therefore, the updated distribution of the FV of the 

bargain is normally distributed with mean 
2 2

2 2
σ μ σ μ

μ
σ σ

+
=

+
A BB A

BA

 and the precision is the sum of the precisions, 2 2 2
1 1 1
σ σ σ

= +
x y .

 

An Additional Direct Proof of Result 1 

For normal distribution of the FV of the assets, the probability density functions (pdf) are 

( )

( )

2

2

μ0.5
σ

μ0.5
σ

1 e
σ 2π

1 e .
σ 2π

−⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞−
⎜ ⎟⎜ ⎟
⎝ ⎠

=

=

x

x

y

y

x

x

y

y

f x

g y

 

Given that there has been a barter exchange, we know that the realized FV are identical. Denote the FV by z. The pdf of z 
is 

             

( ) ( ) ( )

( ) ( )

22
22

2 22 2

μμ 0.50.5 μμσσ 0.50.5 σσ

μ μμ μ0.5 0.50.5 0.5σ σσ σ

1
2σ σ π e

1d d e d .
2σ σ π

⎛ ⎞−−⎛ ⎞ ⎜ ⎟+ ⎛ ⎞⎜ ⎟ ⎜ ⎟ −−⎛ ⎞⎝ ⎠ ⎝ ⎠ ⎜ ⎟+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

+∞ ⎛ ⎞ ⎛ ⎞− −− −⎛ ⎞ ⎛ ⎞+∞ +∞⎜ ⎟ ⎜ ⎟+ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

−∞
−∞ −∞

= = =

∫ ∫ ∫

yx
yxyx

yx

y yx x

y yx x

zz
zz

x y

x xx x

x y

e
f z g z

h z

f x g x x e x x
  

 (1) 

Denote by 2 2
μ μ

γ
σ σ

−
=

+
y x

x y
. 

 

2 2 2 2

2 2 2 2

2 2

σ μ σ μ σ μ μ σμ
σ σ σ σ μ μμ μ σ γσ .

σ σ σ σ σ

+ −
−

+ + −−
= = = =

+

y x x y x y x x
x

x y x y y xx
x x

x x x x y    
 (2) 

Similarly,    
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2 2 2 2

2 2 2 2

2 2

σ μ σ μ σ μ μ σμ
μ μ σ σ σ σ μ μ

σ γσ .
σ σ σ σ σ

+ −
−

− + + −
= == = − = −

+

y x x y y x y y
x

y x y x y y x
y y

y y y x y   
 (3) 

Note that 

     
μ μ μ μ μ μ μ μ γσ .

σ σ σ σ σ
− − + − − − −

= = + = +x x x
x

x x x x x

z z z z

    
(4) 

and 

     
μ μ μ μ μ μμ μ γσ .

σ σ σ σ σ
− − + − −− −

= = + = −y y y
y

y y y y y

z z z z

    
 (5) 

Therefore, 

 .
( ) ( ) ( ) ( )

( ) ( )

2 222

22
2 2

2 2
2 2 2 2

2 2

0.5 0.5 0.50.5

0.5 2 0.5 2

0.5 0.5

e e

e

e e

⎛ ⎞ ⎛ ⎞− − −⎛ ⎞−⎛ ⎞ + + −⎜ ⎟ ⎜ ⎟+ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎡ ⎤⎡ ⎤ ⎛ ⎞− −⎛ ⎞ ⎢ ⎥⎢ ⎥+ + − + + − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤− − −⎢ ⎥+ + +
⎢ ⎥⎣ ⎦

= =

=

= =

yx
x y

y x yx

x y
x y

x y
x y

z z zz

z zz z

z z z

μ μ μμ γσ γσ
σ σ σσ

μ μγσ γ μ γσ γ μ
σ σ

μ μ
γ σ γ σ

σ σ ( )
2

2 2 2 20.5
e .

⎛ ⎞
⎜ ⎟ +⎝ ⎠ x y

μ
γ σ γ σσ

    

 (6) 

It follows that one can write the probability density function of z as 

                    

( )
( )

( )

22 2 2
2 2 2 2

2 2 22
2 2 2 2

0.50.5 0.5 0.50.5

0.5 0.50.50.5 0.5

e e e e

e e d e d .e d

⎛ ⎞−− − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟+⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟+⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞+∞ +∞−−⎛ ⎞+∞ ⎜ ⎟ ⎜ ⎟⎜ ⎟+ +⎜ ⎟ ⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

−∞ −∞−∞

= = =

∫ ∫∫

yx
x yyx

yx
x y

yx

zz z z

z zxx
h z

x xx

μμ μ μ
γ σ γ σσσ σ σ

μ μμμ
γ σ γ σ σ σσσ

   

 (7) 

It is known that 

                                  

2

0.51 e d 1.
2

−⎛ ⎞+∞
⎜ ⎟
⎝ ⎠

−∞

=∫
z

x
μ

σ

σ π     
 (8) 

Thus, 

                          

2

0.5
e d 2 .

−⎛ ⎞+∞
⎜ ⎟
⎝ ⎠

−∞

=∫
z

x
μ

σ σ π
     

 (9) 

Substituting Equation 9 into Equation 7, we finally obtain 

                                   
( )

2

0.51 e .
2

−⎛ ⎞
⎜ ⎟
⎝ ⎠=

z

h z
μ

σ

σ π     
 (10) 

That is, z is normally distributed with mean μ and standard deviation of σ . 
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Appendix B 

Proof of Result 2 

Denote the standard normal probability density function by n(.) and the standard normal cumulative distribution function by N(.). 
We shall make use of the following property of the standard normal distribution: 

Lemma 1 

For the standard normal distribution, 
( )
( )

( ) 1 2 ( )1
( ) 1 ( )

−

−

n x N x
x N x N x

 is fairly constant for any 1 2( , )x x that are “near neighbors.” That is, 

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

1 1 2 2

1 21 1 2 2

1 2 1 21 1 .
1 1

− −
≈

− −

n x N x n x N x

x xN x N x N x N x
 

The following table provides the value of 
( )
( )

( ) 1 2 ( )1
( ) 1 ( )

−

−

n x N x
x N x N x

 (rounded to 2 decimal points): 

x 
 

x 
 

0.01 −1.27 1.57 −1.19 
. 
. 
. 

0.46 

. 

. 

. 
−1.27 

. 

. 

. 
1.68 

. 

. 

. 
−1.19 

0.47 −1.26 1.69 −1.18 
. 
. 
. 

0.70 

. 

. 

. 
−1.26 

. 

. 

. 
1.80 

. 

. 

. 
−1.18 

0.71 −1.25 1.81 −1.17 
. 
. 
. 

0.88 

. 

. 

. 
−1.25 

. 

. 

. 
1.92 

. 

. 

. 
−1.17 

0.89 −1.24 1.93 −1.16 
. 
. 
. 

1.03 

. 

. 

. 
−1.24 

. 

. 

. 
2.05 

. 

. 

. 
−1.16 

1.04 −1.23 2.06 −1.15 
. 
. 
. 

1.17 

. 

. 

. 
−1.23 

. 

. 

. 
2.17 

. 

. 

. 
−1.15 

1.18 −1.22 2.18 −1.14 
. 
. 
. 

1.31 

. 

. 

. 
−1.22 

. 

. 

. 
2.31 

. 

. 

. 
−1.14 

1.32 −1.21 2.32 −1.13 
. 
. 
. 

1.43 

. 

. 

. 
−1.21 

. 

. 

. 
2.45 

. 

. 

. 
−1.13 

1.44 −1.20 2.46 −1.12 
. 
.. 

1.56 

. 
.. 

−1.20 

. 
.. 

2.60 

. 
.. 

−1.12 

( )
( )

( ) 1 2 ( )1
( ) 1 ( )

n x N x
x N x N x

−
−

( )
( )

( ) 1 2 ( )1
( ) 1 ( )

n x N x
x N x N x

−
−
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We denote by 

( ) ( )( ) ( ) ( )( )1 1 .⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦P F z F z G z G z  

Because ln(.)  in a strictly increasing function, we may look for the maximum of 

( ) ( )( ) ( ) ( )( )ln ln 1 ln 1 .⎡ ⎤ ⎡ ⎤= − + −⎣ ⎦ ⎣ ⎦P F z F z G z G z  

The first-order condition for a maximum is 

[ ] ( ) ( )( ) ( ) ( )( )d d dln ln 1 ln 1 0.
d d d

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤= − + − =⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦P F z F z G z G z
z z z

 

Denote by 
2 2

2 2
+

=
+

$ y x x y

x y
z

σ μ σ μ
σ σ

 and by 2 2
−

=
+

y x

x y

μ μ
γ

σ σ
. 

 

2 2 2 2 2 2

2 2 2 2

2 2

2 2

2 2

.

+ + − −
−

+ +−
= =

−
−+= = =
+

$
y x x y y x x y x y x y

x
x y x yx

x x x

x y x x

y xx x
x x

A x y

z
σ μ σ μ σ μ σ μ μ σ μ σμ
σ σ σ σμ

σ σ σ
σ μ μ σ

μ μσ σ σ γσ
σ σ σ    

 (11) 

Similarly, 

 

2 2 2 2 2 2

2 2 2 2

2 2

2 2

2 2

.
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−

− + +
= =

−
+ −

= = − = −
+

$
y x x y y x x y y x y y

y
y x y x y

y y y

y x y x

x y y x
y y

y x y

z
σ μ σ μ σ μ σ μ μ σ μ σμ

μ σ σ σ σ
σ σ σ

σ μ μ σ
σ σ μ μ

σ γσ
σ σ σ    

 (12) 

We know that 

                     

( ) ( )( ) ( ) ( ) ( )
( )

( ) ( )
( ) ( )( )

( ) ( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

2 2

2 2

( ) 1 1 2d ln 1
d ( ) 1 ( ) 1

1 2 1 21 .
11

=
= =

⎡ ⎤ ⎡ ⎤− − −⎣ ⎦ ⎣ ⎦⎡ ⎤⎡ ⎤− = =⎣ ⎦⎣ ⎦ − −

⎡ ⎤+ − + −⎣ ⎦= =
−+ − +

$
$ $

z z
z z z z

x x x x x x

x x xx x x x

f z F z f z F z f z F z
F z F z

z F z F z F z F z

f F n N

N NF F

μ γσ μ γσ γσ γσ

σ γσ γσμ γσ μ γσ

  

(13) 

Similarly, 
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( ) ( )( ) ( ) ( )
( ) ( )( )

( ) ( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

2 2

2 2

1 2d ln 1
d 1

1 2 1 21
11

1 2 1 1 21 1
1 1 .

=
=

⎡ ⎤−⎣ ⎦⎡ ⎤⎡ ⎤− − = −⎣ ⎦⎣ ⎦ −

⎡ ⎤− − − − − −⎣ ⎦= − = −
− − −− − −

⎡ ⎤− − −⎣ ⎦= − =
− − − −

$
$

z z
z z

y y y y y y

y y yy y y y

y y y y

y yy y y y

g z G z
G z G z

z G z G z

g G n N

N NG G

n N n N

N N N N

μ γσ μ γσ γσ γσ

σ γσ γσμ γσ μ γσ

γσ γσ γσ γσ

σ σγσ γσ γσ γσ   

 (14) 

By Lemma 1, 
( )
( )

( )
( )( )

( ) 1 2 ( ) ( ) 1 2 ( )1 1
( ) 1 ( ) ( ) 1

− −
≈

− −
A A B B

A A A B B B

n N n N
N N N N
γσ γσ γσ γσ

σ γσ γσ σ γσ γσ
, therefore, for 

2 2

2 2
+

=
+

$ y x x y

x y
z

σ μ σ μ
σ σ

 we obtain

( ) ( )d dln ( ) 1 ( ) ln ( ) 1 ( ) 0
d d= =

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤− + − ≈⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦$ $z z z z
F z F z G z G z

z z
. 

In other words, 
2 2

2 2*
+

≈ =
+

$ y x x y

x y
z z

σ μ σ μ
σ σ

. 

Appendix C 

Proof of Result 3 

Denote the linear combination of the FV estimate by 

( ) ( ) ( )1 ,= + −Z E x E yδ δ  

where ( )E x  and ( )E y  are the FV estimates, and δ and (1 δ)−  are the weights, which minimize the variance, Var(Z). The 
objective of the parties is to minimize the variance, Var(Z). The first-order condition for a local minimum yields: 

( )( ) ( )2 2

22

2 2 2 2

d
2 2 1 0

d
11

and 1- .
1 1 1 1

= − − =

⇒ = =
+ +

x y

yx

x y x y

Var Z
δσ δ σ

δ

σσδ δ

σ σ σ σ

 

The second-order condition for a local minimum is satisfied. That is, 
2

2 2
2

d ( ( )) 2 2 0= + >x y
Var Z
d

σ σ
δ

. 
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Note 
1. Denote the fair value (FV) by z. The pdf of z is 

( ) ( )( ) .

( ) ( )d
+∞

−∞

−
=

−∫

f z d g zh z

f x d g x x

 Note that 
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(1) ( )
2 2( )0.5 0.51 1e e .

2 2

− − − +⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠− = =

x x

x x

x d x d

x x
f x d

μ μ
σ σ

σ π σ π
 

(2) Therefore, we may replace ( )−f x d  with 
2( )0.51( ) e

2

− +⎛ ⎞
⎜ ⎟
⎝ ⎠=

x

x

x d

x
k x

μ
σ

σ π
, where the expected value of x  

is μ +x d , and the standard deviation of x  is σx . Utilizing Result 

1, we may conclude that the probability density of the FV of the 
assets (including the cash) in the barter exchange is normally 

distributed with mean μ and variance 2σ , where 2 2 2
1 1 1
σ σ σ

= +
x y

 

and 
( )2 2

2 2

1 1

.
1 1

+ +
=

+

x y
x y

x y

aμ μ
σ σ

μ

σ σ
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