Applications of Mathematics

Kenta Kobayashi; Takuya Tsuchiya
A priori error estimates for Lagrange interpolation on triangles
Applications of Mathematics, Vol. 60 (2015), No. 5, 485-499

Persistent URL: http://dml.cz/dmlcz/144388

Terms of use:

© Institute of Mathematics AS CR, 2015

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/144388
http://dml.cz

60 (2015) APPLICATIONS OF MATHEMATICS No. 5, 485-499

A PRIORI ERROR ESTIMATES FOR LAGRANGE
INTERPOLATION ON TRIANGLES

KENTA KOBAYASHI, Kunitachi, TAKUYA TSUCHIYA, Matsuyama

(Received June 10, 2015)

Abstract. We present the error analysis of Lagrange interpolation on triangles. A new
a priori error estimate is derived in which the bound is expressed in terms of the diameter
and circumradius of a triangle. No geometric conditions on triangles are imposed in order
to get this type of error estimates. To derive the new error estimate, we make use of the two
key observations. The first is that squeezing a right isosceles triangle perpendicularly does
not reduce the approximation property of Lagrange interpolation. An arbitrary triangle
is obtained from a squeezed right triangle by a linear transformation. The second key
observation is that the ratio of the singular values of the linear transformation is bounded
by the circumradius of the target triangle.

Keywords: finite element method; Lagrange interpolation; circumradius condition; mini-
mum angle condition; maximum angle condition

MSC 2010: 65D05, 65N30

1. INTRODUCTION

Lagrange interpolation on triangles and the associated error estimates are im-
portant subjects in numerical analysis. In particular, they are crucial in the error
analysis of finite element methods. It is well known that we must impose some geo-
metric condition on the triangles to obtain an error estimation [2], [14], [18], [19]. In
the following, we mention some common estimations.

Let K C R? be an arbitrary triangle with vertices x;, x>, and x3. Let P; be the
set of polynomials with two variables whose order is at most 1. For a continuous
function v € C°(K), the Lagrange interpolation Z;v € P; of order 1 is defined by
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and (C) 26400201. The second author is partially supported by JSPS Grant-in-Aid for
Scientific Research (B) 23340023.
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v(x;) = (Ziv)(x;), i = 1,2,3. For K, let hx be the length of its longest edge, and
o the diameter of its inscribed circle.

The minimum angle condition, Zlamal [19] (1968), Zenisek [18] (1969). Let
6o (0 < 0y < /3) be a constant. If any angle 6 of K satisfies 6 > 0y and hx < 1,
then there exists a constant C' = C(0y) independent of hx such that

v = Zvlli2.x < Chilvlaox Vv e H(K).

Many textbooks on finite element methods, such as those by Ciarlet [6], Brenner-
Scott [4], and Ern-Guermond [7], explain the following theorem.

Shape-regularity. Let o > 0 be a constant. If hx/ox < o and hx < 1, then
there exists a constant C that is independent of hx such that

2

h
(11) HU —I]l(’l)| 1,2,K < CQ_§|U|2’2’K < CO’hK|U|2’27K Vv e HQ(K)

It is a simple exercise to show that the minimum angle condition is equivalent to
the shape-regularity for triangular elements in R?. The maximum of the ratio hr /ox
in a triangulation is called the chunkiness parameter [4]. The shape-regularity con-
dition is sometimes called the inscribed ball condition as well. On the conditions
equivalent to the shape-regularity, see [3]. The minimum angle condition or shape-
regularity, however, are not necessarily needed to obtain an error estimate. The
following condition is well known.

The maximum angle condition, Babuska-Aziz [2] (1976). Let 6 (n/3 <
01 < wt) be a constant. If any angle 0 of K satisfies 6 < 01 and hx < 1, then there
exists a constant C = C(01) that is independent of hx such that

v = Zvlli2.x < Chilvlaox Vv e H(K).

Later, Kfizek [14] introduced the semiregularity condition, which is equivalent to
the maximum angle condition (see Section 4.1 (2)). Let Rx be the circumradius
of K.

The semiregularity condition, Krizek [14] (1991). Let p > 1 and 0 > 0 be
constants. If Rx/hx < 0 and hx < 1, then there exists a constant C = C(o) that
is independent of hx such that

v —Zxv|l1px < Chi|vlaprx Yve W2P(K).
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Since its discovery, the maximum angle condition has been considered the most es-
sential condition for error estimates of Lagrange interpolation on triangular elements.
However, Hannukainen, Korotov and K¥izek [8] pointed out that the mazimum angle
condition is not necessary for convergence of the finite element method by showing
simple numerical examples. Furthermore, the present authors recently reported the

following error estimation.

The circumradius condition, Kobayashi-Tsuchiya [11] (2014). For an arbi-
trary triangle K with Rx < 1, there exists a constant C, that is independent of K
such that the following estimate holds:

(1.2) v _IllﬂfHLth < CpRi|v|2px Vv E Wz’p(K)a I<p< oo

Note that estimate (1.2) follows from

(1.3) BM(K) = sup Phpt o CypRx,
veTH(K) [Vl2p.K

where the set 7.} (K) C W2?(K) is defined by

7;)1(1() = {ve W*P(K); v(x;) =0, i =1,2,3}.

Suppose that {77, }»>0 is a sequence of triangulations of a polygonal domain  C R?
such that

(1.4) }1}&}) max Ry =0.

Let Sy, be the set of all piecewise linear functions on 7, defined by
Sp = {up € H&(Q) N C(ﬁ), vh|lk € PLVK € Tp},

and let up € S;, be the piecewise linear finite element solution on the triangulation
Tr, of the Poisson problem

—Au = fin Q, u =0 on 01,

for a given f € L?(Q). Then, Céa’s lemma [6], Theorem 2.4.1, claims that, for the

exact solution u,
— <C inf |u— <Clu—1T} < ( )
v —unll1,2,0 < C inf lu—wpli2,0 < Clu—Thuli20 < C pax Ry |ul2,2,0,
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where Z}u is the global piecewise linear interpolation of u defined by I}Lu| Kk =ZTku
for any K € Tj,. Hence, if (1.4) holds and u € H?({), the finite element solutions
{up} converge to u as h — 0. The condition (1.4) is called the circumradius condition
in [11].

Let a, 8 € R be such that 1 < @ < 8 < 14 «. Consider the triangle K whose
vertices are (0,0)T, (h,0)T, and (h®, h?)T. Tt is straightforward to see that or =
O(hP) and Rg = O(h'T*=P). Hence, if h — 0, the convergence rates which (1.1) and
(1.2) yield are O(h?~#) and O(h'T>=#), respectively. Therefore, (1.2) gives a better
convergence rate than (1.1). Moreover, if 8 > 2, (1.1) does not yield convergence
while (1.2) does. Note that, when h — 0, the maximum angle of K approaches .

From these facts we can say that the circumradius Ry of K is more important
than its minimum and maximum angles (or the chunkiness parameter). It should
also be noted that the circumradius condition is closely related to the definition of
the surface area [12].

The aim of this paper is to extend (1.2) to higher-order Lagrange interpolation
and to prove the following theorem.

Theorem 1.1. Let K be an arbitrary triangle. Let 1 < p < oo, and k, m
be integers such that k > 1 and 0 < m < k. Then, for the kth-order Lagrange
interpolation Z¥- on K, the following estimation holds:

B

(L5) o= Thtlnpu < C(5
K

m
) R M olk g1 p e = CRERS 2™ 0k ¢

for any v € W*+LP(K), where the constant C depends only on k, p and is indepen-
dent of the geometry of K.

We here emphasize that no geometric condition on the triangles is imposed in
Theorem 1.1. Therefore, the estimation (1.5) is valid even if the maximum angle
condition does not hold.

To prove Theorem 1.1, we make use of two key observations. One of them is
that “squeezing an isosceles right triangle perpendicularly does mot reduce the ap-
prozimation property of Lagrange interpolation,” which was first noted by Babuska
and Aziz [2] for the case k = 1 and p = 2. This obervation is stated rigorously in
Theorem 2.3.

Note that an arbitrary triangle K can be obtained by “folding” or “unfolding”
a right triangle. Let A be the 2 x 2 matrix that defines the linear transformation
of “folding” and “unfolding” (see (3.2)). Liu and Kikuchi [15] pointed out that an
error estimation of the linear Lagrange interpolation Z} is obtained by considering
the eigenvalues of AT A. In Section 3, we rewrite Liu and Kikuchi’s proofs using
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Kronecker products of matrices, and one of their main results [15], Corollary 1 is
immediately obtained (Theorem 3.1). The other key observation is that the upper
bound in Theorem 3.1 is closely related to the circumradius Rx of K (Lemma 3.2).
Combining Theorem 3.1 and Lemma 3.2, an alternative proof of (1.3) is obtained for
the case p = 2 (Corollary 3.3).

This method is straightforwardly extended to higher-order Lagrange interpolation
in Section 4, and we obtain the main results of Theorem 4.2 that is equivalent to
Theorem 1.1.

2. PRELIMINARIES

2.1. Notation. Let n > 1 be a positive integer and R™ the n-dimensional Eu-
clidean space. Throughout this paper, K is a triangle in R2. We denote the Euclidean
norm of x € R” by |x|. Let R™ := {l: R™ — R: [ is linear} be the dual space of R™.
We always regard x € R™ as a column vector and a € R™* as a row vector. For a ma-
trix A and x € R", AT and xT denote their transpositions. For matrices A and
B, A ® B denotes their Kronecker product. For a differentiable function f with n
variables, its gradient V f = grad f € R™* is the row vector

Vf=Vxf:= (g—i,...,%), X = (z1,...,2,)".

Let Ng be the set of nonnegative integers. For § = (01,...,0,) € (Ng)", the

multi-index 9 of partial differentiation (in the sense of distribution) is defined by

A

x*m, |(5|Z:51—|—...—|—5n.
1 -..0Ty

Let @ C R™ be a (bounded) domain. The usual Lebesgue space is denoted by
LP(Q) for 1 < p < oo. For a positive integer k, the Sobolev space W* (1) is defined
by WkP(Q) := {v € LP(Q); 9% € LP(Q), |§| < k}. The norm and semi-norm of
WkP(Q) are defined, for 1 < p < oo, by

5 1/p 1/p
olim :=(Z|a |) . olleps :=( 3 |v|&,,p,9) 7

|6]=k o<m<k
d = 0 = .
and [vli 000 := max {ess sup [0°0(x)[}, [[vlk,c0.0 = max, {[v]m,cc.0}

2.2. Preliminaries from matrix analysis. We introduce some facts from the
theory of matrix analysis. For their proofs, readers are referred to textbooks on
matrix analysis such as [9] and [17].
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Let n > 2 be an integer and A an n x n regular matrix. Let B := A~'. Then ATA
is symmetric positive-definite and has n positive eigenvalues. Let 0 < p,,, < pps be

the minimum and maximum eigenvalues. Then we have
pnlx [ < AP < pae %2, pag Ix® < BT < pgt P vxoe R™

Then the minimum and maximum eigenvalues of (AT A)® (ATA) = (A A)T(A® A)
are 0 < p2, < p?,. Hence, for any w € [R"z, we have

pmw? <A@ A)w® < pdw, ppflwl? <|(B @ B)Twl? < )’ lwl?.

The above facts can be straightforwardly extended to the case of the higher-order
Kronecker product A® ... A. For A®...® A, B® ...® B (the kth Kronecker
products), we have, for w € R”k,

WP < [(A® .0 Aw <y Iwl pf Wl < [(Bo ... @ B) Wl < it wl?.

2.3. The affine transformation defined by a regular matrix. Let A be an
n x n matrix with detA > 0. We consider the affine transformation ¢(x) defined by
y =p(x):=Ax+b for x = (z1,...,7,)Y, ¥y = (¥1,---,yn)T with b € R™. Suppose
that a reference region {} C R™ is transformed to a domain Q by ¢; Q := @(ﬁ)
Then a function v(y) defined on  is pulled-back to the function ¥(x) on Q as
0(x) = v(p(x)) = v(y). Then we have Viv = (Vyv)A4, Vyv = (Vx0)B, and
|Vyv|? = |[(Vx0)BJ? = (Vx0)BBT (Vx0)T.

The Kronecker product V ® V of the gradient V is defined by

0 0 V):((‘)Q 0? 0? 0? )

VeV:= (8—x1v"”’5‘—xn 022 92101y B2y 102, 022

We regard V ® V as a row vector. From this definition, it follows that

D (@)= (%ax]f = (Ve V)u?

|5|=2 ij=1

and (Vx @ Vx)0 = ((Vy @ Vy)u)(A® A), (Vy ® Vy)v = ((Vx ® Vx)0)(B ® B).
Suppose that the minimum and maximum eigenvalues of BBT are 0 < \,, < Ay
Then we have A\, |Vx9|? < |Vyv]? < Ay|Vx9|? and

™ (@y0)” = |(Vy & Ty of? = (Vx ® V)i)(B @ B)(B ® B)™((Vx & Vs)i)"
(Ve ® Va)d)(BBT @ BBT)((Vx ® Vi),

A3 @0)2 < Y (@) <A ) (980)

|6]=2 |6]=2 |6]=2
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The above inequalities can be easily extended to higher-order derivatives giving the
following inequalities:

(2.1) Ao D (030 < D (05v)* < Ay Y (9%9)°, k=1
|6]=k |6]=k |6]=k
2.4. Useful inequalities. For N positive real numbers Uy, ..., Uy, the following

inequalities hold:

N N p/2 1- p 2) 1 < p g 27
(2.2) Y ur< NT(”>( U,f) . 7(p) = { /
k=1 k=1 0, 2<p <o,
YL\ i 0, 1<p<2,
(2.3) ( Uz) <NOSUL () = {
; ; p/2—1, 2<p<oo.

2.5. The Sobolev imbedding theorems. If 1 < p < oo, Sobolev’s Imbedding
Theorem and Morry’s inequality imply that

W2P(K) c CH 2P (K, p>2,
H(K) c Wh(K) c COV29(K) VYq>2,
W2P(K) c wha/C=p)(Kg) c ¢ D/r(K), 1<p<2.

For proofs of the Sobolev imbedding theorems, see [1] and [5]. For the case p = 1, we
still have the continuous imbedding W2!(K) C C°(K). For the proof of the critical
imbedding, see [1], Theorem 4.12 and [4], Lemma 4.3.4.

2.6. Lagrange interpolation on triangles and their estimations. Let K
be a triangle with vertices x;, ¢ = 1,2,3, and let (A1, A2, A3) be its barycentric
coordinates with respect to x;. By definition, we have 0 < A\; < 1, Ay + Ao+ A3 = 1.
For a positive integer k > 1, the set *(K) of points on K is defined by

(2.4) Zk(K) = {(%,a—;,a—;) € K; a; €Np, 0<a; <Kk, a1+a2+a3=k}.

Figure 1. The set $¥(K), k=1, k=2, k = 3.
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For a triangle K, a positive integer k, and 1 < p < oo, we define the subset
TFE(K) c WELP(K) by

p

(2.5) TA(K) :={ve WHP(K); v(x) =0 VxeIFK)}

Let Py, be the set of polynomials with two variables whose degree is at most k. For
a continuous function v € C(K), the kth-order Lagrange interpolation Zf-v € Py, of
v is defined by v(x) = (Z¥v)(x) for any x € X*(K). From this definition, it is clear
that v — Zjv € TJ(K) for any v € WP (K).

For an integer m such that 0 < m < k, B;”’k(K) is defined by

(Y |V]m.p, &
B""(K) = sup %.
vETF(K) Vlkt1,p,K

Note that we have

(2.6) B™M(K) =1inf{C; |v — I¥-0|mpx < Clolgsr1prx Vv € WHFTLP(K)L

p

For an error estimate of Lagrange interpolation, standard textbooks such as [6]
and [4] explain the following theorem. Recall that g is the diameter of its inscribed
circle of K.

Theorem 2.1. Let 1 < p < oo, and let k > 1 be an integer. Let o > 0 be
a positive constant. Then, for a triangle K that satisfies hi /ox < o, the following
estimate holds:

(2.7) [V — Tl < CRE" 0l p e Yo € WHTLP(K),

where m = 0,1,...,k, and the constant C depends on k, p, and o.

Jamet presented an improved estimation, which does not require the shape-
regularity condition [10], Théoréme 3.1.

Theorem 2.2 (Jamet). Let 1 < p < co. Let m > 0, k > 1 be integers such that
k+1-m>2/p(1<p<oo)ork—m=1(p=1).! Then the following estimate
holds:

k+1—m
hK

2. — IRy SO—K
( 8) |U KU| L, K CCOSm(eK/2)

[Olks1pc Vo € WEFLP(E),

where 0 > 11/3 is the maximum angle of K, and C depends only on k, p.

! Note that in [10], Théoréme 3.1 the case p = 1 is not mentioned explicitly but clearly
holds for triangles.
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Note that, if m =k > 1 and 1 < p < 2, estimate (2.8) cannot be applied. As will
be noted in Section 4.1 (2), Theorem 1.1 includes Theorem 2.2 as a special case.

Let K, be the right triangle with vertices (0,0)T, (1,0)T, and (0,a)T (0 < a < 1)
that is obtained by squeezing K. As is stated in Section 1, squeezing a right tri-
angle perpendicularly does not deteriorate the approximation property of Lagrange
interpolation. We have the following theorem:

Theorem 2.3. There exists a constant Cy,,, that depends only on k and p (1 <
p < 00) and is independent of « (0 < o < 1) such that

(2.9) BMF(K,) == sup MUITEY P Crp, m=0,1,... k.
veTh(Ka) [0lht1p. 5,

Note that Theorem 2.3 is not a totally new result. For the case m = k = 1 and
p = 2, (2.9) was proved by Babuska and Aziz in [2]. Kobayashi and Tsuchiya [11]
proved (2.9) with m = k = 1 and any p (1 < p < 00). For the case k > 1 with
p=2and m =0, 1, (2.9) was proved by Shenk [16]. By (2.8), estimate (2.9) holds
ifk+1-m>2/p(l<p<oc)ork—m=1(p=1). Hence, it seems that (2.9)
with k =m > 2 and 1 < p < 2 has not yet been proved. A proof of Theorem 2.3 by
the Babuska-Aziz type technique will be given in [13].

3. Liu AND KIKUCHI’S METHOD

In this section, we give an alternative proof of (1.3) for the case p = 2 using the
Liu and Kikuchi’s method. To this end, we rewrite their proof using the Kronecker
product of matrices.

For s, t, and a with s2 +t> = 1, t > 0, 0 < a < 1, we consider the vector
(as,at)T € R% Let K be the triangle with vertices x; := (0,0)T, x5 := (1,0)T, and
x3 := (as,at)T. Let ej, ez, e3 be the three edges of K, as depicted in Figure 2.
Without loss of generality, we assume that es is the longest edge of K. Let 6 be the
angle between e; and e3. Then s = cosf, t = sinf, and the assumption that e, is
the longest yields

1 T
<§, —<9<T[.

(3.1) s =cosf < 3

[\ e}

Note that an arbitrary triangle in R? can be transformed to K by a sequence of
scaling, translation, rotation, and mirror imaging.
We define the 2 x 2 matrices as

(1 s o (1 —st!
52) T TS ()
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X3

€3 €2

0

X1 e1 X2

Figure 2. The triangle under consideration. The vertices are x; = (0, O)T, X = (1,0)T,
and x3 = (as, at)T, where 2 +t2=1,¢ >0, and 0 < o < 1. We assume that
lex] =1 < fea].

Then K, can be transformed to K by the transformation y = Ax. Moreover,
TF(K) is pulled-back to T}(K,) as TF(K) 3 v 9 :=vo A€ TF(K,). A simple
computation yields that AT A has eigenvalues 1 + |s|, and BBT has eigenvalues

(15 |s|)/t2. It follows from (2.1) that (1—|s|)t2|Vx0|? < |[Vyv|? < (1+]s])t 2| V0|
and

(3.3) Gl _t4|5|) D00 < Y (9gv)* < (Lt lo) +t4|8|) > (200)°.

|5]=2 |5]=2 |5]=2
Furthermore, because the determinant of A is ¢, we have
1+]s,. a—1sP* | )?
|U|%,2,K < P |U|% 2, Ko

ol _ 21+ |)|U|12KQ _ @+ [s)?0 o k.

A= 1Dk, (= IsDI0f 2k,

|o |22Ku |U|%,2,K7

|’U|§,2,K

Combining this estimate and (2.9) with m = k = 1 and p = 2, we obtain the following
theorem [15], Corollary 1:

Theorem 3.1 (Liu-Kikuchi). For 0 < o < 1 we have the estimate

Ll gy ¢ 2Che

By (K) < —=1 2
1—|s] 1—|s|

The following is the key lemma.
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Lemma 3.2. Let Ri be the circumradius of K. For the triangle K considered
in this section, the following inequality holds:

< 2V2 Rg.
1 —|s]

Proof. Recall from (3.1) that s = cosf, t =sinf, and /3 < § < n. A straight-
forward computation implies that

V1i+s| <V2V14+a2—2as Yae(0,1], -1<s<

(] e}

From the cosine and sine laws, we have |ea|? = 1 + a? — 2as = 4R%t2. Therefore,

we obtain
1 \/1 2 2
- ||: :lslggx/l—l—aQ—Z&s:% 4R§(t2=2\/§RK-
—|s

O

Combining Theorem 3.1 and Lemma 3.2, we have obtained an alternative proof
of (1.3) for the triangle depicted in Figure 2 with p = 2.

Corollary 3.3. Let K be the triangle depicted in Figure 2. Then we have

Bé’l(K) = sup M < 4\/§C1,2RK.
veT (&) [V]2.2,K

4. MAIN RESULTS AND THEIR PROOFS

The method explained so far can be immediately extended to higher-order La-
grange interpolation. Inequality (3.3) is extended to the case of arbitrary k as fol-

lows:

— s k . k
2B 5 g < 3 ot < LR 52 e

|6]=F |6]|=k |6]=F
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Let 1 < p < co. Then inequalities (2.2) and (2.3) yield

p/2
WK—/ Z |8‘S |pdy<2mT(P)/<Z |a<5 ) dy

16]= 16]=

Sy (5 amavor ) ay
S

|6]=m

< 2mr(p>(
of (5 o) o

— 2m7‘ (
|6]=m

<2m(7(p)+v(p))<1 t2| )m”/ / Y e dx

@ |§|l=m

_ 2m(7(p)+7(p))(1 +2|8| )m”

; ol ¢

and

g = [ 3 100 ay

|6]|=k+1

p/2
22—(k+1)v(p)/( Z |8f,v(y)|2> dy
K

|6|=k+1

p/2
22(k+1)“/(13)<1_—2|8|)(k+1)p/2/< Z |({961A)(X)|2) dy
t K x

|6|=k+1

g 1~ [s|\(++ /2 o
_ o (k+1() t/ ( 995 (x 2) dx
(= ) (X 1o

|6]|=k+1

(k+1) /2
: / S jage(x) dx

Ko |5)1=k+1

- 2*(k+1)('r(p)+7(p))<1 — s I)“““)”/Qt P
2 k+1,p,K.

> 2*(k+1)(7(p)+v(p))<

The two inequalities and Theorem 2.3, Lemma 3.2 imply

Ol PETTA )P0, L
X
|U|k+1,p,K b (1~ s |)(k+1)p/2lvlk+1,p,

(k+1+ 2(4|P
(1+ [s]) P2 107 | i

kam.p ol ok

|U|m,p,K ~ (1+ |5|)(k+1+m)/2|@|m,p,K

km,
[V]kt1,p,5 e

m
Py = < CrpCrp R,
0| kt1,p, K
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where Gy, p = 20FH1HM () +1(P)/P and the constant ¢y, depends only on k, p. If
p = o0, the same estimation is obtained by letting p — oo in the above inequalities.
Thus, denoting ¢, ,C,p by Ck p, the following theorem has been proved.

Theorem 4.1. Let K be the triangle depicted in Figure 2. Then the estimate

B;””k(K) = sup M <CrpRE Vp, 1<p<
vETH(K) [0]k+1,p, 1

holds, where R is the circumradius of K and the constant C},;, depends only on k
and p.

Now, let K be an arbitrary triangle. Theorem 4.1 and Corollary 3.3 can be
extended to K. A similar transformation Gy for a positive Y € R is defined by
Gy: R? — R% Gy(x) := Yx. Let K; be defined by K; = Gy(K). A function
u € WEP(K) on K is pulled-back to v(x) := u(Gy' (x)) = u(G1/y(x)) on K. Then
for a nonnegative integer k and any p (1 < p < 0o) we have

[l pres = Y2 lulp e Vu € WPH(EK).

Let hx > hy > hy be the lengths of the three edges of K. Suppose that the second
longest edge of K is parallel to the z- or y-axis. Then, by a translation, a mirror
imaging, and Gy /p,,, K can be transformed to the triangle K depicted in Figure 2.
Hence, we may apply Theorem 4.1 to K, and obtain

h v %
sup 5 [ulm,2,K — sup ||m7p7K

m
. hk+1 _ |v| _ < CkJ)Rfé
u€Ty(K) Mg |u|k+172,K veTk(K) Wk+1,p,K

and

U K — _
sup | |myp, < Ck,pR%héchl m < Ck’pR?h];;rl 2m.
ueTF(K) |ulkt1,p,x

Here we use the fact that Rizhe = Rx and hi /2 < hy < hx. The constant Cy
can be modified up to a constant multiple. Note that if p # 2, the Sobolev norms
are modified by a rotation. Therefore, we have shown the following theorem, which
is equivalent to Theorem 1.1 because of (2.6).
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Theorem 4.2. Let K be an arbitrary triangle. Let Rx be its circumradius and
hx the length of its longest edge. Let 1 < p < oo, and let m, k be integers such that
0 < m < k. Then there exists a positive constant C' that depends only on k, p such
that the following estimation holds:

Rk

Bm“k(K) = sup 7|u|m’p’K <C’(—
P hi

m
) R = CRy .
ueTF(K) ||kt 1,p, 5

4.1. Concluding remarks. Here we compare the newly obtained estimate (1.5)
with known results such as (2.7), (2.8), and (1.2).

(1) For an error analysis of the finite element method, the cases m = 0,1 are the
most important. In these cases, the estimates obtained from (1.5) can be written,
for any v € WrHLP(K), as

[v— vl px < CReMY ! Wlks1pr, v = Tivlopx < CE olks1p s

They are extensions of (1.2). Recall that the constant C is independent of the
geometry of K.

(2) Recall that hy < hg < hg are the lengths of the three edges of K. Let
0k be the maximum angle of K and Sk the area of K. Then, from the formulas
SK = %hlhg sinL‘)K and RK = hthhK/(4SK), we have

Rk 1

aK I
hx  2sinfg’ 3

<9K<TC.

Thus, it is clear that the boundedness of Rk /hk, which is the semiregularity of K
defined by Krizek, is equivalent to the mazimum angle condition Ok < 61 < m with
a fixed constant 6;. If this is the case, the estimate from (1.5) becomes

¢ _
|U _I?(’Ulm,p,K < ——__phtt m|v|k+1,p,K Yov e Wk-‘er(K)

(2sin @)™ K

for m =0,1,...,k, which is an extension of Jamet’s result of (2.8).
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