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Abstract- In this paper Homotopy-Perturbation method (HPM) is introduced to obtain
the approximate solution of the governing differential equation of deflection of thin
circular plate under uniform loads with two different types of boundary conditions. The
edge of the plate is either simply supported or clamped and the plate is assumed to be
geometrically perfect. He's Homotopy-Perturbation method is implemented for solving
the differential equations. From comparison the results obtained that HPM is very rapid
convergence and it can be widely applicable in engineering and especially for the cases
have not exact solution, this method can be used as semi-exact solution. The results for
both types of boundary conditions were compared with the results obtained by finite
element method and exact solution.

Keywords- homotopy perturbation method (HPM), circular plate, clamped edges,
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1. INTRODUCTION

The circular plate under uniform load is one of the classical problems in
elasticity theory, which also is encountered frequently in practice. Analytical solutions
of isotropic circular plates with either clamped or simply supported edges under uniform
load, which were derived based on thin plate theory with Kirchhoff hypothesis, can be
found in [1]. Homotopy perturbation method has been used by many mathematicians
and engineers to solve various functional equations. This method was further developed
and improved by He and applied to many nonlinear problems [2-12]. In this paper, we
consider a solid circular plate with radius a under axisymmetric load, p,, and set the
origin coordinate system at center of plate. It can be shown that the present analysis is

very simple and clear. We consider differential equation of deflected surface of circular
plate based on elasticity theory as follow [1]:
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With two boundary conditions, simply and clamped supports. In this article, HPM as
powerful analytical method is employed to solve governing differential equation and
find deflection, W(r).

2. APPLICATION OF HOMOTOPY PERTURBATION METHOD

Basic idea of homotopy-perturbation method mentioned in [2-12].Consider
equation (1) with below conditions:

2.1. Plate with simply supported edges under a uniform load p, :

w=0 W # o0
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dr r dr dr

Po
2a

T
|
!

Fig. 1 The circular plate with simply supported edges

Where W is deflection, r is radius, p,is uniform load, M, is radial bending moment and

D is the flexural rigidity of plate. The geometry of plate with simply supported edges is
shown in Fig.1.To solve Eq. (1) with the boundary condition (2), according to the
homotopy perturbation explained in [2-12], we constructed the following homotopy
terms:

N(v)=0

div(r) 2d°v(r) 1 d?v(r) 1 dv(r) ®)
L) = dr' r dr’ o drl o dr
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Based on basic idea of HPM, by substituting v =V, + pv, + p°V, +...into Eq. (4) and
rearranging the equations based on powers of p-terms we will have:

p°~d4v0(r) 2d%v (r)_id2v0(r)+idv0(r)_d“uo(r)
©odr? rodr’ r2  dr? r’ dr dr*
_2d%,(r) 1 d?uy(r) 1 duy(r)
r dr’ r’ dr? r’ dr

=0

(5)
A0 200 1 a0 1 )| a0
Codrt r o dr r? dr? o odr dr*
+gd3u0(r)_idzuo(r)+idu0(r)_ p&zo
rodr’ r: dr? r* dr D
Solution of Eq. (5) may be written as follow:
vy(r)=c,r* +c,r* In(r)+c; +c, In(r)
(6)

v,(r)= 614 p(l)) +2c r’ +c,In(r )+%c3rzln(r)—%c3r2 +cC,

All the computations obtained by using the Maple package. According to the HPM, we
conclude that:

w(r)=v,(r)+v(r) (7
Therefore, substituting the values of v,(r),v,(r) from Eq. (6) into Eq. (7) yields:
w(r)=cr’+c,r’In(r)+c,+c ln(r)+ipo—r4 (8)
1 2 3 4 64 D

By applying boundary conditions (2) for Eq. (8) we have:

~ Lp0a2(3+v) Coc 1 pa‘(5+v)

- =0,c, = = 9
“TTh D(1+v) % 77 64 D(1+v) G )

And

w(r)=- 1wth'O‘>'r4+i'O‘)‘El4(5+v) (10)
32 D(I1+v) 64 D 64 D(1+v)
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2.2. Plate with clamped edge under a uniform load p,:

w=0 W # 00
r=a— d_w_ r=0-— d—W;too (11
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Fig. 2 The circular plate with clamped edges

The geometry of plate with clamped edges is shown in Fig.2. Solution of Eq. (5) may be
written as follow:

Vo(r)=cr’+c,r’In(r)+c,+c,In(r)

v (r)=Lp0—r4+lc r’+c ln(r)+lc rzln(r)—lc r’+c (12)
e D 2" 7 27 47

Therefore, by substituting the values of v, (r)and vV, (r) from Eq. (12) in to Eq. (5)
yields:

4

w(r)=cr’+c,r’In(r)+c, +c, ln(r)+6—14 pODr (13)
By applying boundary conditions (11) for Eq.( 13) we have:
1 p,a’ 1 p,a*
=—— ,6,=0,c,=——"—,¢,=0 14
' 32D’ 77 64D o
And
2 4 4
W(r):—LMerrL Pr 1 Pa (15)

32 D 64 D 64 D
3. RESULTS AND DISCUSSION

In this paper by using ANSYS package, finite element method is used to compare
the results from HPM with numerical solution. In modeling of our problem with
ANSYS package, plane elasticity theory was used. Young’s modulus and Poisson’s
ratio of the plate are taken as E=2x10"" N/m* and v=0.3, respectively, and the load
intensity is Po=6x 10° N/m?. In the calculation, the 10-node tetrahedron element (number
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187 in the ANSYS menu) is employed, and for more convenience, the thickness of the
plate is taken to be 1 m. The deflections W(r) of the neutral plane are plotted in Figs. (3,
4) for simply supported edge (a = 5, 10) and Figs. (5, 6) for clamped edge (a = 5, 10).
All of the figures show that the maximum deflection occur in center of plate (r=0). by
comparing the exact solution of circular plates with either clamped or simply supported
edges under uniform load in [1] and the results of HPM, we can understand that HPM
results is adopted with exact solution for this problem and it is verified the accuracy of
HPM. The results of FEM is in good agreement with exact solution and HPM .The
homotopy perturbation method is extremely simple, easy to apply, and gives a very
good accuracy and needs few computations.
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Fig. 3 Results of HPM, FEM and exact
solution for simply supported edge and
a=5
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Fig. 5 Results of HPM, FEM and exact
solution for clamped edge and a=5

Fig. 4 Results of HPM, FEM and exact
solution for simply supported edge and
a=10
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Fig. 6 Results of HPM, FEM and exact
solution for clamped edge and a=10
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4. CONCLUDING REMARKS

In this paper, the homotopy perturbation method and FEM are applied to solve the
governing differential equation of thin circular plate’s deflection under uniform loads
with two different types of boundary conditions. Comparison of HPM and FEM results
with exact solution shown that HPM is very effective and convenient and quite accurate
rather than FEM and yields exact solution just in two iterations without complicated.

5. REFERENCES

1. S. P. Timoshenko and S. Woinowsky-Krieger, Theory of Plates and Shells (2nd Ed.).
McGraw Hill, New York. 1959.
2. J. H. He, The homotopy perturbation method for nonlinear oscillators with
discontinuities, Applied Mathematics and Computation 151, 287-292, 2004.

. J. H. He, Application of homotopy perturbation method to nonlinear wave equations,
Chaos, Solitons and Fractals 26, 695-700, 2005.

4. J. H. He, Homotopy perturbation method for solving boundary value problems,
Physics Letters A 350, 87-88, 2006.

. D. D. Ganji, The application of He’s homotopy perturbation method to nonlinear
equations arising in heat transfer, Physics Letters A 355, 337-341, 2006.

6. J. H. He, Homotopy perturbation technique.Comput.Methods Appl. Mech. Eng 178,
257-262, 1999.

7. Z. Z.Ganji, D. D. Ganji, Y. Rostamiyan, Solitary wave solutions for a time-fraction
generalized Hirota- Satsuma coupled KdV equation by an analytical technique,
Applied Mathematical Modelling 33, 3107-3113, 2009.

8. A. Fereidoon, Y. Rostamiyan, M. Akbarzade, Davood Domiri Ganji. Application of
He’s homotopy perturbation method to nonlinear shock damper dynamics, Arch
Appl Mech 80, 641-649, 2010.

9. Abdolhosein Fereidoon, S. A. Zahedi, D. D. Ganji and Yasser Rostamiyan,
Homotopy Perturbation method to solving nonlinear WBK equations, Far East
Journal of Dynamical Systems 10, 239-254, 2008.

10. Z. Z. Ganji, D. D. Ganji, Abdolhosein Fereidoon, and Yasser Rostamiyan,
Efficiency Determination of Radiators with Temperature-Dependent Thermal
Conductivity Using Two He’s Methods, Heat Transfer Research 40, 337-353, 2009.

11. Abdolhosein Fereidoon, D. D. Ganji, Yasser Rostamiyan, Application of He's
Homotopy Perturbation and Variational Iteration Methods to Solving Propagation of
Thermal Stresses Equation in an Infinite Elastic Slab, Adv. Theor. Appl. Mech, 1,
199 — 215, 2008.

12. D. D. Ganji, M. M. Alipour, A. H. Fereidoon and Y. Rostamiyan, Analytic approach
to investigation of fluctuation and frequency of the oscillators with odd and even
nonlinearities, IJE Transactions A: Basics 23, 41-56, 2010.

(8]

9]



