Ensemble unscented Kalman filter for state inference in continuous—discrete systems
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Abstract: The authors consider non-linear state filtering problem in continuous—discrete systems, where the system dynamics is modelled by a
stochastic differential equation, and noisy measurements of the system are obtained at discrete time instances. A novel particle method is pro-
posed based on sequential importance sampling. This approach uses a bank of the continuous—discrete unscented Kalman filters (CDUKFs) to
obtain the importance proposal distribution, retaining the advantage of the CDUKF in continuous—discrete systems as well as the accuracy of
particle filter in highly non-linear systems. Simulation results show that the algorithm outperforms some other benchmarks substantially in

estimation accuracy.

1 Introduction

Continuous—discrete dynamical models are used to model
continuous-time systems, where a continuous-time signal is
observed at discrete time instances. Such models appear common-
ly in engineering and physics applications, especially in the fields
of control, communication and navigation [1-5]. Several methods
have been proposed for dealing with continuous—discrete optimal
filtering problems. For example, the Kalman—Bucy filter is dis-
cussed in [6-8] and the continuous-time unscented Kalman
filter (CTUKF) is presented in [9]. Such Kalman-type filtering
methods work optimally for linear Gaussian models, but lead to
seriously biased estimate if the models are non-Gaussian and/or
non-linear.

In this paper, an ensemble continuous—discrete unscented
Kalman filtering (EnCDUKF) method is developed in the frame-
work of sequential importance sampling (SIS), which in theory
works optimally for any non-Gaussian and/or non-linear
models, provided that the likelihood function is computable.
Simulation results show a significant performance improvement
over other benchmarks, such as the continuous—discrete
variant of the bootstrap particle filter [10] and the CDUKF
method [9].

2 Continuous—discrete filtering problem

A general form of continuous—discrete systems can be modelled as
follows

dx(¢) = f(x(¢), t)dt + L(¢) dB(¢)
Vi = hg(x(ty), 1) + 1y

where x(f) € R" denotes the state at time ¢, f(-, -) is the drift
function, L(¢) represents a dispersion matrix, B(¢) refers to a
Brownian motion with diffusion matrix Q.(¢), k represents discrete
time instance of measurements, y, € R" is the kth discrete-time
measurement, 7 is the arrival time of yy, A, is the measurement
function, r; is a zero-mean Gaussian measurement noise with co-
variance matrix R;. The purpose of (Bayesian) continuous—discrete
filtering is to recursively compute the posterior distribution p[x(#;)/
Y1, ---» yil- Theoretically, the solution to the continuous—discrete fil-
tering problem can be computed by the following two steps, namely
prediction and update [6]:

(M

e Prediction step: calculates the predicted probability density at
time step #; from the ‘Kolmogorov forward partial differential
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equation’ using the old posterior probability density at time step
tr—1 as the boundary condition.

e Update step: uses the Bayes’ rule for computing the posterior
probability density of state at time step #; from the predicted prob-
ability density of the prediction step and the likelihood of the meas-
urement yy.

3 Proposed method

The proposed EnCDUKF method uses a bank of CDUKFs for
generating proposal distribution within an SIS framework. As
shown in [9], the CDUKF is able to accurately propagate the
mean and covariance of the Gaussian approximation to the state
distribution in continuous—discrete systems, thus distributions gen-
erated by the CDUKF generally have a good support overlap with
the true posterior distribution. It is desired for SIS that the pro-
posal distribution mimic the true posterior, so it predicts that
EnCDUKF method should have a good performance in accuracy
of filtering. A brief algorithmic flow of the EnCDUKF is as
shown in Fig. 1.

3.1 CDUKF update

Now we present the details necessary for implementation of the
CDUKEF in the SIS framework described above; the full derivation
of CDUKEF refers to [9].

The key idea of unscented Kalman filter (UKF) is to use a set of
elaborately selected sigma points for unscented transform (UT) to
obtain the state inference for non-linear systems [11-14].
Supposing that the dimension of the unknown state x is =,
the UT usually needs 2n + 1 sigma points and each sigma point is
associated with a specific weight. The weights are calculated as
below

Wo=Mn+A; Wo=MNa+0)+10-2+p) (3)
W,=1/{2(m+ N}, W=1/2m+N}, i=1, ..., 2n
“4)

where 1=0?(n+x) — n and the positive constants e, § and K are
used as parameters of UT [11, 15].

For each particle st;,_,, the CDUKF process includes the follow-
ings two steps: prediction and update.
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1. Imitialisation: k=10
e fori=1,...,] V, draw a set of state samples s, from the prior
distribution p{x(tg)), then calculate the covariance matrix as be-

low

Bi=E [[mi, — 1) (1 — mn}"] (2)
where mg = E[z(ty)] and []7 denotes the operation of matrix
transposition.

2 Fork=1,2,...
a. Importance sampling step
~Foréi=1,...,1 N
# Update the samples with the CDUKF

# Sample m}, from the Gaussian distribution generated by

the CDUKF

# Set 1y, = [m;,:k . mi] and P:,:k = [P:,:*_ ] P;]
respectively.
—Fori=1,...,1 N, evaluate the importance weight up to a
normalising constant.
— Fori=1,..., N, normalise the importance weights.

b. Resampling step.

¢. Output: The output is generated in the same manner as for the

generic particle filter.

Fig. 1 Brief algorithmic flow of the EnCDUKF

Prediction: Integrate the following differential equations

% =/(X@®), Do )
? = XOW/I(X(@), D +,X@), DX (0) (6)

+ L(HQ (L' (1) (7)

from the initial conditions m(z,_,) = #it,_,, P(t,_,) = P,_, to time
instance #;, resulting in the predicted mean and covariance, denoted
- m()] +

i

by i and P, , respectively. Here X(f) 2 [m(t)

V0 JPD —JPD] and

W=(1I-[w ]) x diag( W W) (8)

X(I—[w w])T ©)

where w = [W, W, 1" is the matrix of the sigma points’

weights, ¢ = a’(n + &), ~/A is the square root of matrix A satisfying
JAA = A, Iis an identity matrix with appropriate dimension
and diag means diagonalisation.

Update: First compute the predicted mean and the covariance of the
measurement, denoted by w; and S respectively, and the cross-
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covariance of the state and measurement C}, as follows

X =[my ClHvelo JP@) —P@)]
Yy = h (X k)
me =Yg (10)

St =YowyYo 4R,

Ci =X WY, 1"
where the expression ¥ =/,(X, k) means that the jth column of the
matrix ¥, denoted as Y}, is calculated by ¥;=4X;). Then calciulate

the filter gain K', the state mean m, and the covariance P as
follows

Kj = Ci {8}
ity = i+ Kily, — ] (11
Po= B - ksl

The final output of the CDUKEF is just a Gaussian distribution

N (i, P,), which characterises the uncertainty on the estimate
of the state at the kth time step.

3.2 Importance sampling

The EnCDUKF runs a bank of CDUKFs, yielding a batch of
Gaussian distributions: N (7, }A’; ), i=1, ..., N. Such distribu-
tions are then used as proposal to generate new importance
samples. Specifically, it draws one sample from each Gaussian pro-
posal: sty ~ N (i, , IA’;{ ),i=1,...,N. Then, fori=1, ..., N, evalu-
ate the importance weights up to a normalising constant

ALY AL
AT = -y
N(mk|m}{, P)

(12)

The prior density p(#t, |iir, ;) and the likelihood p(y,| st} ) are
determined by the state dynamic function and the measurement
function in (1), respectively. Then normalise the importance
weights as below

N
who =W/ Y W (13)
i=1

Finally, the resampling step is applied to multiply/suppress particles
with high/low importance weights w}; to obtain N random particles

l;lgzk, i’i,:k. More detail about the resampling strategy can refer to
[16].

4 Performance evaluation

We evaluate the performance of the proposed method via simula-
tions. First, a continuous—discrete model used in [7, 9] is adopted
here

dx(z)/dt = —sinx(t) + v(¢)

. (14)
¥y, = 0.5sin(x;) + n,

for which the state noise v(¢) and the measurement noise 7, are asso-
ciated with spectral density ¢.=0.01 and r.=0.1, respectively.
The proposed EnCDUKF method is compared with the continu-
ous—discrete bootstrap particle filter [10] and the CDUKEF [9] in es-
timation accuracy. The number of particles used for both the
particle filter and the EnNCDUKEF is 50. The state dynamics is simu-
lated to last over a time period of 7= 3 s using the Euler—Maruyama
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Table 1 RTAMSE comparison 12 T T T =
True state
. 11.8| =+ Proposed method S
Algorithms RTAMSE - = = Bootstrap Jump
16| CDUKF k 1
the proposed algorithm 0.1135 R
particle filter [10] 0.1726 5 11.4¢ ~y 1
CDUKEF [9] 0.5047 & s
2112t -
'g - » -
@ -
scheme [17] with identical time steps 6 =0.001 s. The measurement ‘s 108F e |
sampling interval is fixed with 7,=0.1 s. A set of 100 times Monte g ¥
Carlo (MC) simulations are applied to each method for performance LT 4 1
comparison. The performance is evaluated via comparing the root 104 ‘\-__ ¢-’ ]
time averaged mean square errors (RTAMSE) T \ ,{' J
102} o ume -
10 . . . . ;
" 0.5 1 1.5 2 25 3
1 . 2 Time (s)
RTAMSE = |33 [ — %, (15)
J=1 k=1

where x; ;, denotes the true state at the arrival time of the kth meas-
urement in the jth simulation, X; ; is the estimate of x;;, M is the
total number of discrete measurements in a simulation and S is
the number of independent simulations. Each algorithm is initia-
lised with identical settings. The result is listed in Table 1, which
demonstrates that the proposed method is much preferable to the
benchmark algorithms in dealing with state filtering problems for
continuous—discrete systems.

We randomly select an example run to check the estimate biases
of these methods. The result is shown in Fig. 2, which indicates that
the proposed method converges much faster than the others.

To further demonstrate the superiority of the proposed algorithm,
we test a more challenging simulation case, in which a stochastic
jump component is added to the system dynamic function as
follows

dx(t)/dt = —sinx(?) + e(O)J () + w(t) (16)

where o(f) ~ N(u,, oi), J(t) ~ Bi(1, A) is an independent Bernoulli
random variable with fixed intensity A. Set A =0.001, z, = —0.2 and
0_2y = 0.1 in this case. The other settings are the same as in the
former simulation case.
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Fig. 2 State estimation error of each algorithm in an example run

Fig. 3 True and the estimated state trajectory of each algorithm
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Fig. 4 RMSE comparison
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Fig. 5 Average computing time of each algorithm
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Here the root mean square error (RMSE)

1S 2
RMSE; = | <)~ x4 (17)
=

is used as the performance criterion for comparison. Hundred times
MC simulations are applied for each algorithm. An illustration of
the tracking trajectories for an example run is plotted in Fig. 3
and the RMSE comparison result is shown in Fig. 4.

The results again demonstrate that the proposed method is super-
ior to benchmark filtering algorithms, that is, the bootstrap particle
filter [10] and the CDUKF [9], for continuous—discrete systems,
whereas the cost is the computing resource, as indicated by the
average relative computing time shown in Fig. 5.

5 Conclusion

For continuous—discrete dynamic systems, the non-linear state fil-
tering problem is challenging, since the existing algorithms all
have their own limitations. This paper proposes a powerful candi-
date method capable of tackling any non-linear and/or
non-Gaussian state filtering problems in continuous—discrete
dynamic systems and the key idea is to use a bank of the
CDUKFs to design proposal importance distributions of SIS, thus
achieve the effect of combining both advantages of the CDUKF
and SIS. Simulation results demonstrate the high efficiency and
accuracy of our method.
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