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1 Introduction

Let R”, n > 2, be the n-dimensional Euclidean space and S”~! denote the unit sphere in R”
equipped with the induced Lebesgue measure do. Let o; > 1 (j = 1,..., 1) be fixed real num-
bers. Define the function F : R” x (0, 00) — R by F(x, p) = 27:1 sz,o’z"‘/', x=(%1,%2,...,%,).
It is clear that, for each fixed x € R”, the function F(x, p) is a decreasing function in
p > 0. We let p(x) denote the unique solution of the equation F(x,p) = 1. Fabes and
Riviere [1] showed that (R”, p) is a metric space, which is often called the mixed ho-
mogeneity space related to {o;}/;. For A > 0, we let A; be the diagonal #n x 7 matrix
A, = diag{r™,...,A%}. Let R* := (0,00) and ¢ : R* — R*, we denote Ay, by A,(y)
for y e R”, where y = A 1y € "

The change of variables related to the spaces (R”, p) is given by the transformation

x1 = p*“cosB---cosb,_5cosb, 1,

%y = p*2 cosB; - --cosB,_osinb,_,
‘o

X,-1 = p%1 cos B sin by,

X, = p*" sin6y.

Thus dx = p*J(x')dp do (x'), where p®1J(x') is the Jacobian of the above transform and
n n 2 s -1 .

o= 21:1 aj, J(¥') = Zj:1 aj(x;) . Obviously, J(x") € C*°(§"") and there exists M > 0 such
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that
1<J(®) <M, Vaes
It is easy to see that
o) =|x, ifar=ap=---=a,=1
Let Q be integrable on $"~! and satisfy
/ﬂ 1 Q(u)] () do (u) =0, (1.1)
-
Q(Awx) = Q(x), Vs>0andxeR”. (1.2)

For d > 2 and a suitable function ® : R” — R?, we define the parabolic Marcinkiewicz
integral operator M on R? by

00 1 Q(y) 2dt 1/2
M )(x):(/ ‘—f x—®(y))d —) . 1.3)
alf o |2 Jpp)=t P()’)“"lf( (y) Y ¢
When o4 = -+ = a,, = 1, we denote M by ud. Clearly, if n = d and ®(y) = y, the oper-

ator 1 reduces to the classical Marcinkiewicz integral operator denoted by j.q, which
was introduced by Stein [2] and investigated by many authors (see [3-9] for example).
In particular, Ding et al. [5] proved that if Q@ € H(S"™), then uq is bounded on L?(R")
for 1 < p < 0o. Subsequently, Chen et al. [4] showed that uq is bounded on L?(R”) for
2B/(2B -1) <p < 2B if Q € Fy(S") for some B > 1. Here

Fp (")

B
= {Q eL'(S"): sup /5n1|9(y’)‘(10g z 'ly,|) do (y') < oo}, VB>0. (1.4)

gesn-1

The functions class F5(S") was introduced by Grafakos and Stefanov [10] in the study of
L? boundedness of singular integral operator with rough kernels. It follows from [10] that
Fp, (S"71) C Fp, (8" for 0 < B < B, and ., L1(S™ ) C Fp(S"™) for any B > 0. More-

over,

gq>1

(N Fp(s) g1 () € [ Fa(s™)

B>1 p>1

and

() Fs(s") & Liog"L(s™™).

B>1

Later on, Al-Salman et al. [11] proved that uq is bounded on L?(R") for 1 < p < 0o provided
that Q e Llog™ L)V/2(S"1). It is well known that L(log* L)2(5"~') and H'(5"~') do not con-
tain each other. When # = d and ®(y) = P(|y|)y’ with P(y) being a real polynomial on R sat-
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isfying P(0) = 0, Wu [12] proved that ,u,g is bounded on LP(R”) for 1 + 1/(28) < p <1+ 28
provided that © € F(5"*) for some B > 1/2. The L boundedness for the Marcinkiewicz
integral operator associated to polynomial mappings has also been obtained (see [6, 13]).

Whena; >1(j=1,...,n), n=d and ®(y) = y, we denote M$ by Mgq. In 2008, Ding et al.
[14] proved that Mg, is bounded on LP(R") for 1 < p < 0o, provided that € L7(S"™!) for
fixed g > 1. Chen and Ding [15] extended the above result to the case Q2 € L(log L)V?(5"1).
Later on, Chen and Lu [16] proved that Mg is bounded on L?(R") for 28/(28-1) < p < 28,
provided that Q € F3(S"™!) for some B > 1. This result was recently refined by Liu and
Wu [17], who extended the range of f to the case 8 > 1/2 and the range of p to the case
1+1/(2B8) <p <1+28. When n = d and ®(y) = A,(y), Al-Salman [18] obtained the following
result.

Theorem A Let n = d and ®(y) = A,(y). Suppose that 2 € F(S"™) for some B > 1 with
satisfying (1.1)-(1.2).
(i) If o(t) = P(t) with P being a real polynomial on R, then M$ are bounded on LP(R")
for2B/(2B —1) < p < 2B. The bounds are independent of the coefficients of P.
(ii) Ifp €, then M& are bounded on LP(R") for 2B/(2B — 1) < p < 2. Here § is the set
of all functions ¢ which satisfy:
(@) ¢:R* — R* is continuous increasing C function satisfying that ¢' is
mMonotonous;
(b) there exist constant Cy and cy such that t¢' () > Cyd(t) and ¢(2t) < co¢(t) for
allt>0.

Remark 1.1 There are some model examples in the class §, such as £* (& > 0), £*(In(1 +£))?
(o, B > 0), tInln(e+t), real-valued polynomials P on R with positive coefficients and P(0) =
0 and so on. For ¢ € §, there exists a constant B, > 1 such that ¢(2) > B,¢(t) (see [19]).

It is natural to ask whether Theorem A also holds if the range of 8 is relaxed to 8 >
1/2 and the range of p is relaxed to 1 + 1/(28) < p <1 + 2. In this paper, we will give an

affirmative answer to this question. Our main results can be stated as follows.

Theorem 1.1 Let n = d and ®(y) = (Pi(e(0W))y1, .- Pule(0()))y,) with Pi(t) being real
valued polynomials on R satisfying P;(0) = 0 and ¢ € §. Suppose that Q € Fg(S") for
some B > 1/2 satisfying (1.1)-(1.2). Then M are bounded on LP(R") for 1+ 1/(28) < p <
1+ 28. The bounds are independent of the coefficients of P; for all 1 < j < n but depend on
max,<j<q deg(P)) and ¢.

Theorem 1.2 Let n = d and ®(y) = Apy () (y) with ¢ € § and Pn(t) = Zfi] a;tt and Py(t) >
0 if t #0. Suppose that Q € Fg(S™") for some B > 1/2 satisfying (1.1)-(1.2). Then M3 are
bounded on LP (R") for1+1/(28) < p < 1+2B. The bounds are independent of the coefficients
of Py but depend on N and ¢.

Remark 1.2 It is clear that Theorem 1.1 implies Theorem 1.2. When o = -+ =, = 1,
o) =tand Pi(¢) = --- = Py(¢) = ZZI a;t', Theorem 1.1 implies the result of [12]. In fact,
Theorem 1.2 with ¢(t) = ¢ extends the result of [12] to the mixed case. Comparing Theo-
rem A with Theorem 1.2, the range of 8 is extended to the case § > 1/2 and the range of p
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is enlarged to the case 1 + 1/(28) < p <1 + 2. Thus Theorem 1.2 essentially improves and
generalizes the corresponding results in Theorem A. In addition, Theorem 1.2 implies the
result [17, Theorem 1.3] when Py(t) = p(¢) = ¢.

When # = 2, we have the following result.

Theorem 1.3 Let ¢ = (¢1,...,Pq) be real analytic on S*. Let ®(y) = Px(e(o(#)))o(y) =
Pxn (@)A1, -, Prlp(p3))pa(y)) with Px(t) = YN, ait’ and ¢ € §. Suppose that
Q € F4(S') for some B > 1 satisfying (1.1)-(1.2). Then M$ are bounded on L(R?) for
1+1/(2B) < p <1+ 2B. The bounds are independent of the coefficients of Py but depend
on @ and N.

We remark that when o1 = --- =, =1 and ¢(t) = ¢, the surface {®(y) : y € R"} given as
in Theorem 1.3 recovers {(Px (|y))$1 (), ..., Pn(|y))¢a(y')); ¥ € R"}, which was originally in-
troduced by Al-Balushi and Al-Salman [20] in the study of L” bounds of singular integrals
associated to certain surfaces.

The third type of surfaces we consider are polynomial compound subvarieties. To state
the rest of our result, we need to recall some notations. Let A(n, m) be the set of polynomi-
als on R” which have real coefficients and degrees not exceeding m, and let V(n, m) be the
collection of polynomials in .A(#, m) which are homogeneous of degree m. For P € A(n, m),

(2"

[Al<m

we set

1Pl =

> @y

[A|<m

Definition 1.1 ([21]) Let # > 2, m € Nand 8 > 0. An integrable function Q on S"! is said
to be in the space F(n, m, B) if

1

B
COIE o) @ : 15
PeV<ZE«EP=1/sn1| (y)‘(()g lP(y)l) ob) <o (1.5)

It should be pointed out that the condition (1.5) was introduced by Al-Salman and Pan
[21] (also see [22]) in a study of the L? boundedness of singular integrals with rough ker-
nels. It is easy to check that F(n,1, B) = F5(S"). Moreover, it was shown in [21] that

]:ﬂ (Sl) = m]:(z’ m, B). (1.6)

m=1

The rest of the results can be stated as follows.

Theorem 1.4 Let P = (Py,...,Py) with P; : R” — R being a polynomial for1 <j <d. Let
@(y) = Plp(p())y) and ¢ € F. Suppose that Q satisfies (1.1)-(1.2) and Q € (2, F(n,s, B)
for some B >1/2. Then M3 are bounded on LF(RY) for 1 +1/(2B) < p <1+ 2B. The bounds
are independent of the coefficients of P; for all 1 < j < d but depend on max;j<ydeg(P;)
and ¢.

Theorem 1.5 Let P = (Py,...,Py) with P;: R* — R being a polynomial for 1 <j <d. Let
@(y) = Plp(p()y) and ¢ € §. Suppose that Q satisfies (1.1)-(1.2) and Q € Fg(S") for some
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B >1/2. Then eMg are bounded on LP(R?) for 1 +1/(2B) < p <1+ 2B. The bounds are inde-
pendent of the coefficients of P; for all 1 < j < d but depend on max,<j<q deg(P;) and ¢.

Remark 1.3 When o; =1 (j = 1,...,n), Theorem 1.4 implies Theorem 1.2 with p =1 in
[13]. Obviously, Theorem 1.5 follows from Theorem 1.4 because of (1.6).

The rest of this paper is organized as follows. After recalling some preliminary notations
and lemmas in Section 2, we will prove our results in Section 3. We would like to remark
that the main methods employed in this paper is a combination of ideas and arguments
from [12, 21, 23]. The main ingredient in our proofs is to give a systematic treatment with
these operators mentioned above.

Throughout this paper, we let p’ satisfy 1/p + 1/p" = 1. The letter C, sometimes with
additional parameters, will stand for positive constants, not necessarily the same one at
each occurrence, but independent of the essential variables.

2 Preliminaries
Lemma 2.1 Let {0};} be a family of measures. Suppose that

supsup| oy +g]| = Clgll,
JjEZ t>0 p

holds for some p >1 and g € LP(R"). Then there exists a constant C > 0 such that

2 1/2 1/2
([ Sesrs) ] (2
1 jeZ p je€Z

for arbitrary functions {gj}jcz, € LP(£2,R").

p

Proof By the assumption, we have

sup sup |O'j,t*gj|Hp <

supsup loj| «suplg|| =C
JEZ te[l1,2] v p

sup |gjl ” .
JEZ t>0 je jeZ p

On the other hand, by the dual argument, there exists a function / € L” (R") satisfying
l/2]l > = 1 such that

2
It
1 ez,

2
2
= /RZ/I |0yl * |gi(x)| dt| ()| dx

jeZ

< / 3 g @) sup sup [0yl * Vil ) dx
R” j

jeZ JEZ te[1,2]

supsup o]« Jl(x) |
p e >0 p

> gl

JEL

< HZ gl
JEZ

<C

’

p
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where /(x) = h(—x). Thus, Lemma 2.1 follows from the standard interpolation argu-
ments. O

Let {ax}rez be a sequence of real positive numbers with satisfying infycz ag.1/ax = a > 1.
Let {A«}xez be a collection of C*°(0, oo) functions satisfying the following conditions:
supp(rx) C [apiy ai s

0<M=<L Y M®=L  |due)dt] <Clt,
keZ

where C is independent of ¢ and k. Let M € N\{0} and L : R” — RM be a linear transfor-
mation. For each k € Z, we define the multiplier operators S in R” by

S (E) = M ([LE)|)F ®). 1)

By an argument which is similar to those used in [8, Proposition 3.1], one can easily get
the following lemma. The details are omitted here.

Lemma 2.2 Let Sy be as in (2.1) and {gjx.} arbitrary functions on R". Then
(i) foreach fixed1l<p<2andl<gq<p,

2 2 1/2q 2 1/2)q
H (Z/ Y Sigike dt) <Cc)’ (Z/ |gj,k,t|2dt) ; 22)
jez Y1 kez » kez! Njez, /1 »
(i) foreachfixed2 <p<ooandl<q<p,
2 2 1/2)q
(S [ sssn] )
jez *1 kez »
2 1/2)2 q/2
= CZ( / (Z |g/',k,t|2> dt> . (2.3)
keZ 1 jEZ P

The following lemma is our main ingredient in the proof of our main results.

Lemma 2.3 Let {1y, : k € Z,t € R*} be a family of uniformly bounded Borel measures on
R”. Let {ai}kez be a sequence of real numbers with satisfying infiez aialar = a > 1. Let
M € N\{0} and L : R" — RM be a linear transformation. Suppose that

() |Te(®)] < Cmin{L,a|L(E)|}; (2.4)

(i) [7e(®)] < Clloglaxl(§)) ™ forsome B> 0, ifax|L(&)] > 1; (2.5)

(i) [supsup| 1zl 1£1| <, (26)
keZ t>0 q

foralll <q<oo.Thenforp € 1+1/(28),1+2B) and B >1/2, there exists a constant C(a) > 0
such that

([ gmerra)”

b kez

= C@Ifllp-
p
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Proof Let Sk be as in (2.1). Then we can write

2 N 1/2
G : = ( [ laeeseo) dr)
keZ
Tk, * <Z Sj+kS/’+kf> (x)

Uz (z

kel

(=

keZ

2\ 12

dt)
2\ 12

dt) .
Casel.1+1/(28) < p <2. It follows from (2.2) and (2.7) that

2 1/2
(Z / |rk,t*5,+kf|2dt>
1

kel

Z Sirk (The * Sjerf) (%)

jeZ

q

lenli=cd

jez

p

For each fixed k € Z, we set

2 ) 1/2
If (x) := (2/1 |r/(,t*5j+kf(x)’ dt) .

kel

Invoking Lemma 2.1 and the Littlewood-Paley theory imply

=Cllfllp, VYl<p<oo.
p

sl < cH (Z |S,»+kf|2)m

keZ

On the other hand, by Plancherel’s theorem and (2.4)-(2.5), we have

2 A
1= 3 [ P | ds ds

keZ

2

s<c[ ¥ (&) e) ] de
U ez Mk sIL@lsal )

< CB}IIf I3,

where B; = a7*! x>y + (|j + 1|log @)~ xjj<_1). That is,

11if ll2 = CB;jl[fll2-

Interpolating between (2.9) and (2.10), there exists € € (2/(28 + 1),1) such that

Mf Iy < CB Il V1+1/26) <p<2.

, Vl<g<p.

(2.7)

(2.9)

(2.10)

For fixed p € (1 +1/(28),2) and 8 > 1/2, we can choose g € (1, p) such that ge8 > 1. Thus

Do IfIg < C(Za“ﬁ“‘” + (li+1] loga)‘“’j> IF11% < C@IIF11%,

jez. j>—1 j<-1
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which, together with (2.8), implies

“Ggwpg(xanvh, for1+1/(28) <p<2

Case2.2<p<1+2B.By(2.3) and (2.7), we havefor2<p<ocoand1<g<p/,

2 1202\ /2
”G(f)HZ = CZ([ H (Z [Tk * Sj+kf|2> dt) .
! p

jeZ keZ

Let

1/2
hﬂmzcjw*&mmﬁ.

keZ

(2.11)

(2.12)

By (2.6), [23, p.544, Lemma] and the Littlewood-Paley theory, we have, for k € Z and

tell,2],

1/2
Wjaf llpo < CH (Z |Sj+kf|2)

keZ

<Cllfllpy» VY1<po<oo.
0

On the other hand, by the same arguments as in (2.10), we have

Wjef 2 < CBjlif ll2,

(2.13)

(2.14)

where B; is as in (2.10). On interpolation between (2.13) and (2.14), for fixed p € (2,1 +28)

and 8 > 1/2, we can choose g € (1,p') and § € (2/(28 + 1),1) such that g88 > 1 and

Wiofllp < CB}’-S Ifll,, for2<p<1+28.

This, combined with (2.12), implies

TGl C(Zaq‘”” +3 (i +1llog a)"’”ﬂ) I£19 < C@IFIL,

=1 j<—1

which, together with (2.11), completes the proof of Lemma 2.3.

O

Lemma 2.4 ([13, Lemma 2.2]) Suppose ®(£) = t*1 + ust*? + -+ + W, t* and ¢ € §, where

W2, ..., Uy are real parameters, and oy, . .., o, are distinct positive (not necessarily integer)

exponents. Then for any r > 0 and A € R\{0},

r d »
//Zexp(m(go(t))){ < C@)| Ao |,

where € = min{l/ay,1/n} and C(¢) does not depend on iy, ..., L.

Lemma 2.5 ([24, Lemma 2.2]) Let P(t) = (Pi(2),...,P4(t)) with P; being real polynomials

defined on R*. Suppose that ¢ € §. Then the operator Mp , defined by

2r
M) =sup [ 1f(x - Plot0) |5

r>0
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is bounded on LP(R?) for 1 < p < co. The bound is independent of the coefficients of P; for
alll <j<dandf but depends on ¢.

Lemma 2.6 ([25]) Let ®:S' — R4, & = (®y,..., ®,) be real analytic on S'. Suppose that
{®1,..., Py} is linearly independent set. If Q € Fy(S*) for some B > 1, then

1 ro
sup |SZ( )‘(log’r m) do (¥') < o0.

SESd 1

3 Proofs of main theorems
Proof of Theorem 1.1 Let N = maxj<j<, deg(P;). For 1 <[ < n, let Pj(¢) = Zﬁfl a;t'. Forl<

s<N,and1<I<nlet P(t) = Y% ayt and PO) = (PO (t),..., PP (1)). Set PO(t) = 0

and

@,(9) = (PP (@ (0 )3 PY (9 (p))7).

Then we can write
D) & = Zsly,P“ (¢(p1))

ZZ&mw p()) :Z( ) 5)e(p®), (3.1)

=1 i=1 i=1

where L; : R” — R” is the linear transformation given by

Li(§) = (aiiér, ..., ainkn)-
For eachje€ Z,t € Rt and 1 < s < N, we define the measures {ojft} and {|ojft|} by

. Q)
- S(y) - dy,
’t(s) 2t L1t<p@)§ﬂtexp( 2rid:0) S)P()’)“’l g

1 o 120)
| }t|(§) 2t ./;‘-1t<p(y)<2/texp( 2mi®:0) E)P(J’)a_l @

We get from (3.1)

o t(S) (§)|
1 , , 120y)|
< o 2jilkp(y)ﬁzjt|exp(—2m<l>s(y) . é) —exp(-2mi®(y) - $)|p0/)a_1 ly

< C(p(2)’|Ls(®)])- (3.2)
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On the other hand, by a change of variable, we have

f . / exp (—Zm'ZLk(é) : 9(p(r)k> QO)6)do(0)dr
o1t Jgn-1 )

<C /S 1900|052 0)] do 6), (33)

— 1
‘Ojft(§)| = 5t

where

1 Ut S
Ii,t,s,s(‘g) = i /leteXP<—27Ti Ly (§) - 9¢(V)k> dr.
k=1

By Lemma 2.4, we have

|056(0)] < Clo(22)°Ly(§) - 0] "

Combining the trivial inequality |1;:(0)| < C with the fact that ¢/(log )” is increasing in

(ef, 00), we have

(loge™n - ]™)F
(log lp(Z2)°L(§)1)

[ s (0)| < C 5 ifo(2e) L&) > 1, (3.4)
where 1 = Ls(€)/|Ls(£)|. This, together (3.3) with the fact that 2 € F5(S"™'), implies

|03,(6)| < Cllogle(e) L(&)]) ", if |o(28) Ly(£)] > 1. (3.5)

Now we can choose a function ¥ € C3°(R) such that ¥(¢) =1 for |t| <1/2 and ¥(¢) =0
for [t|>1. For1 <s <N,jeZand t € R*, we define the measures {z},} by

¥ (Jo(20) L))

=h)
e
s
=)
N
—=

k=s+1

N
~a & [Tv (je@0) Lie))).
k=s

Here we use the convention ]_[jew a; = 1. It is easy to see that

-~
S

It follows from (3.2), (3.5), and the trivial estimate |G],t(§)| < Cthat,forl<s<WN,

|75,6)] < Clo) min{1,0(22)'|Ls(©)|}, (3.7)

|75,6)| < Clo) (log|@(e) L(®)]) ", if |9 (2t)°Ly(€)] > 1. (3.8)
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By the definition of ajft and (3.6), we can write

~ zdt 12
Mg(f)(x) = (/0 7)
0

5.;:02’(/0 Nk f(x) 2ﬂ>
<ZZ/2/+1‘O—Ot )2?>1/2
A rnor)”

JEL

<2Z(/ PTG 2dt> . (3.9)

jeZ

0
> Yol wfx)

j=

| /\

| /\

On the other hand, by a change of variable we have

1 (Y)I
H t| *f Wt /2;1t<p(y)§2/tV( ¢ (y)) ()/

<c [ Ja)l(g; [yt aarylar)ast)

<c / 1Q0/) [ Mp . ()x) do (1),
Sn—l

where Mp,, is as in Lemma 2.5 and P(¢) = (Pis)(t)y/l,...,Pﬁf)(t)y;). By Lemma 2.5 and
Minkowski’s inequality, we have

Hsupsup||ojft| >x<f| H < ClIfllp-
jeZ >0 P

This inequality, together with the definition of j},, yields

”sup sup| |Ti:| >x<f| H < Clfll- (3.10)
jeZ t50 p
Then Theorem 1.1 follows from (3.7)-(3.10) and Lemma 2.3. O

Proof of Theorem 1.3 Let ®, Py, ¢, ¢ be as in Theorem 1.3. For 1 <s < N, we set Ps(¢) =
Y -1 amt™. Define the measures {olft} and { Io/ftl} by

. Q(y)

=— —2miP; ) . dy; 3.11

z(f) o /ﬂlkp@KMeXP( i (ga(,o(y)))qﬁ(y) S) ()L Y (3.11)
Q

O3 [ ew(omiplplpm)ol) &) 2 g, 6.12)
V-ltcp(y)<Vt (y)

Following the notation in [20], let {¢,...,¢;,} be a maximal linearly independent subset

of {¢1,..., ¢4}, wherel <l <d,1<i. <dandr=1,...,1. Thus, forj ¢ {i,..., i}, there exist
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a¥ = (@j1s...,a)0) € R! such that

d’j(y/) = d(/) : (¢L’1( ’e 1¢11 Z‘l/ k¢zk

This implies that there exists a linear transformation L : RY — R/ such that
¢(y)-6=LE)-¢(y), &R,

where ¢(y') = (@40)s...,9;,(')). Thus

7] =€ [ 196)|10st )] do 7).

where

1

It
st @) =57 [ expl-2miP(0(0) (L) - ().

By Lemma 2.4, we have

l/s

s (2)] = Cle(2t) asL€) - #(7)] (313)

Since t/(logt)? is increasing in (e, 00) for any 8 > 0, and |¢(z')| < B with B > 1 for any
7 € §"71. We can deduce from (3.13) and the trivial estimate |J;;¢(z')| < C that

(log(Beﬂﬂc o) ™h)?
56 (2)| <

loglp@arareny  PEIaLE]>1 (3.14)

where ¢ = L(£)/|L(§)|. Invoking Lemma 2.6 and (3.14), we obtain, for § > 1,

|07,(6)| = Clloglo(Ze)'al®))) ", if |o(28) aL(®)] > 1. (3.15)

On the other hand, we have

GO0 =5, [ lemlamilap(o0) 1LO0) -1 2
< clo@al®) [ [9)]16)] o (?)
= Cle(2t) a;l @) sup|¢ ()|
< Clp(2t) a,L(#)|. (3.16)

Notice that

| 1820
o )] = /W,_lkpwva—Psw(pm)wy>>|pw_l @

<c [ 1eo( [t o)) ) ao ),
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This combining with Lemma 2.5 and Minkowski’s inequality, implies
Hsup sup| |ojf,| *f| H <ClIfllp- (3.17)
jEZ t>0 p

Then the rest of the proof of Theorem 1.3 follows from an argument which is similar to
those in the proof of Theorem 1.1 and (3.15)-(3.17). We omit the details. a

Proof of Theorem 1.4 Let n > 2, P = (Py,...,P;), where P; : R” — R is a polynomial for
1<j<d.Let

M = max{deg(P),...,deg(Pa)},

and

Pi(y) = Z aiy’ fori=1,...,d.

lyl=M

Forl <s <M, we let

© = (Pl,S’ . ';Pd,s);

where
Pis(y) = Z ayy’.
lyl=s
Set P© =0 and ®(y) = o(p»)y

ForeachjeZ,teR* and O <s< M, we define the measures {ojft} and {|0]ft|} by

- Q(y)
lt(é) E-th<p@)<ﬂtexp( 2mi® (Y) é) (y)a 1 y

, 1)
_ _ () - d
’ lt‘ (€)= 2t /2/—1:<p(y)§2/texp( 2mi®:0) E)P(y)a_l ‘

For 1 <s < M, let [; denote the number of multi-indices y = (y1,..., yu) satisfying |y| =s,

and define the linear transformation L, : R — R’ by

L&) = ((Ls(g) lyl=s — (Z ﬂzygl) .
lyl=s

By the change of variables, we have

/S"IWt/Q/ exp(-2ri& - P (g (u )9))‘1”9(9)](9)610(9)‘

0

2
= C/;n_l |Q(9)|}2% / exp(-27i - P (p(u)6)) du

21t

do (0)
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1 Ut d
EC/ |§Z(0)| —/ exp —Z”iZZ%ﬂjy@”(p(u)‘V‘ du|do(9)
s 2t lyl<s i=1
<c [ |20 @) do@)
sn-
where
1 Ut
Jjsi(0) = E/ eXP(—QﬂiZ(Ls(E))y9y<p(u)s+10wer powers in u) du.
-1
lvl=s
Let

Que(0) = |Lo(&)| " Y (Lu(e))vo".

lyl=s
By Lemma 2.4, we have

-1/s

Viese @] = Clo(22)'[Ls(®)]| Que®)])
By this inequality, together with the trivial estimate |Jj;(9)| < C, we get

(log(e” | Qs (0)1™)°

AR — C i
iaso ®)] < C L@

. if|o(28)°Ly(®)] > 1.
Since @ € %, (5, 8), Qse € V(n,5) and [|Qy¢ || = 1, we immediately obtain

|07,6)] < C(log|e(Ze)’Ly(©)|) ", if [o(2e)’Ly(€)| > 1. (3.18)
On the other hand, we have

|77,(6) - 05, 1(8)|

1 < 120)|
< exp| —2ri Eaip(p®)'(v) | -1 dy
Vt Jojviepy) <t ( I;MZ# 4 (p0)) (V) p()t
< Clo(2t)’Ly()|. (3.19)
In addition, using Lemma 2.5, one can easily check that
Hsup sup| |cr]ft| *f| ” < CIIfllp- (3.20)
jEZ t>0 p

Then the rest proof of Theorem 1.4 follows from similar arguments to the proof of Theo-
rem 1.1 and (3.18)-(3.20). Details will be omitted. O
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