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1 Introduction

In recent years, p-adic fields have been introduced into some aspects of mathematical
physics. There are a lot of articles where different applications of the p-adic analysis in the
string theory, quantum mechanics, stochastics, the theory of dynamical systems, cognitive
sciences, and psychology are studied [1-9] (see also the references therein). As a conse-
quence, new mathematical problems have emerged, among them, the study of harmonic
analysis on a p-adic field has been drawing more and more concern (cf [10-14] and the
references therein).

For a prime number p, let Q) be the field of p-adic numbers. It is defined as the com-
pletion of the field of rational numbers QQ with respect to the non-Archimedean p-adic
norm | - |,. This norm is defined as follows: |0|, = 0. If any non-zero rational number x is
represented as x = p” ”*, where m and 7 are integers which are not divisible by p, and y is
an integer, then |x|, = p7”. It is not difficult to show that the norm satisfies the following
properties:

|xy|p= |x|p|y|pv |x+y|p§max{|x|p’ |y|p}

It follows from the second property that when [x|, # |yl,, then |x + y|, = max{|x|,, [y],}.
From the standard p-adic analysis [7], we see that any non-zero p-adic number x € Q, can
be uniquely represented in the canonical series

x=p’ Y ap, y=yWel, (L)
Jj=0

where a; are integers, 0 < a; < p—1, ag # 0. The series (1.1) converges in the p-adic norm
because |a;p/|, = p7. Set Q, = Q, \ {0}.
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The space Qj, consists of points x = (x1,%2,...,%,), where x; € Q,, j = 1,2,...,n. The p-
adic norm on QZ is

%], o= lmga;; %, x€ QZ. (1.2)
Denote by

B,(a) = {x S Q; Hx—al, fp”},
the ball with center at 2 € ; and radius p”, and

Sy(a) = {x € Q;’ tx—alp =py} =B, (a)\ B,_i(a).
Since QQ is a locally compact commutative group under addition, it follows from the stan-

dard analysis that there exists a Haar measure dx on QQ%, which is unique up to a positive
constant multiple and is translation invariant. We normalize the measure dx by the equal-

ity

/ dx = |By(0)|,, =1,
By (0)

where |E|y denotes the Haar measure of a measurable subset E of QZ. By simple calcula-
tion, we can obtain that

By @l =p"" Sy @)], =P (1-p7),

foranya e QZ. For a more complete introduction to the p-adic field, see [15] or [7].
The classical Hardy operators are defined by

Hf (x) ::%foxf(t)dt, H*f(x) = /w@dt, x>0,

for a non-negative integrable function f on R*. Obviously, H and A satisfy

| ewmwds= [ feriewas
Rﬂ RVI
The well-known Hardy integral inequality [16] tells us that for 1 < g < oo,
q
I1Hf lzare) < —1|lf||M(R+

where the constant ﬁ is the best possible. The generalized result [17] is that

q
||Hf||Lq/(R+) =< —”f”Lq (R¥)?

1
and
q
”H ||Lq’(R+)—>Lq’(R+) = ﬁ’
where L + L =1
9 q
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The Hardy integral inequalities have received considerable attention due to their use-
fulness in analysis and their applications. There are numerous papers dealing with their
various generalizations, variants and applications (c¢f [18—-20] and the references cited
therein). We have obtained the Hardy integral inequalities for p-adic Hardy operators and
their commutators [21]. The boundedness of commutators is an active topic in harmonic
analysis because of its important applications; for example, it can be applied to character-
izing some function spaces. There are a lot of works about the boundedness of commuta-
tors of various Hardy-type operators on Euclidean spaces (cf. [22, 23], etc.). In this paper,
we will establish the Hardy integral inequalities for commutators generated by fractional
p-adic Hardy operators and CMO functions.

Definition 1.1 For a function f on Qy, we define the p-adic Hardy operators as follows:

HPF () = / F)de,
B(O;\x‘p) (1 3)
. f@) '
HP f(x) = AP 7\ {01,
/) [@;\B(o,xp) 114 boxe@Ao)

where B(0, |x|,) is a ball in Q; with center at 0 € QZ and radius |x|,.

Definition 1.2 Let f € Lioc(Qy), 0 < B < n. The fractional p-adic Hardy operators are de-
fined by

1
HEf(x) = (2) dt,
Chy Jxly? /B(o,|x|p)f

. (®)
H}’v — / f_ d : n 0 ,
p /) QBO,Jxp) [t horeGA)

(1.4)

where B(0, |x|,) is the ball as in Definition 1.1.
It is clear that when 8 = 0, then 'H‘Z becomes H?”.

Definition 1.3 Let b € Lioc(Qy), 0 < B < n. The commutators of fractional p-adic Hardy
operators are defined by

HEf = BHOf —HO(bf),  HELf = BHE f —HY (bf). (15)

In [24-26], the CMO spaces (central BMO spaces) on R” have been introduced and
studied. CMO spaces bear a simple relationship with BMO: g € BMO precisely when g
and all of its translates belong to BMO spaces uniformly a.e. Many precise analogies ex-
ist between CMO spaces and BMO spaces from the point of view of real Hardy spaces.
Similarly, we define the CMO? spaces on QZ.

Definition 1.4 Let1 < g < 00, a function f € L? ((@Z) is said to be in CMO‘I(Q;) if

loc

1
1 i
Fllenoran :=sup<—f @y qu) oo,
Vlleworiag) yez \ By (0)|1 By(o)lf fy(o)‘
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where

1

=— dx.
0 = 1B, 00l /By(o)f ()

Remark 1.1 It is obvious that L>(Qy) C BMO(Q)) C CMO*(Qy).

Let By =By(0)={x € QZ xlp < ¥}, Sk = By \ Bx_1 and xi be the characteristic function
of the set Sg.

Definition 1.5 [27] Suppose that @ € R, 0 < g < 0o and 0 < r < co. The homogeneous
p-adic Herz space K;"*(Qy) is defined by

Ko@) = {f € Lioe (@) : I ey < 00},
where
1
+00 q
K q
Wl ey = <Z 4 aq”ka”U(Q;)) ’
k=—00

with the usual modifications made when g = co or r = co.

Remark 1.2 K;"*(Qp) is the generalization of LI(|x|%dx), and K @) = L@,
[(;'q(@;) = L(|x|} dx) for all 0 < g < oo and @ € R.

Motivated by [22], we get the following operator boundedness results. Throughout this
paper, we use C to denote different positive constants which are independent of the es-

sential variables.

Theorem 1.1 Suppose that 8> 0,0 < q1 < g5 < 0, %—%=§,1<rl<oo,%+%=l,
b e CMO™™""2)(Q)). Then
n
1) Ifa< 0 then
p
“Hﬂ,bf”K;;qz(Qz) S C"b”CMomax(/l,rz)(Qg) |Lf||Kf‘1‘q1(Q;)- (16)
(2) Ifa> —%, then
o
”Hﬁybf K;’(Z"IZ(QZ) = C”b”CMomax{ri,rz)(QZ) ”f”](f(l’ql (QZ) (17)

When o =0, gj =1, j = 1,2, we can get the following result.

Corollary 1.1 Suppose that 8 >0, 0 < q; < go < 00, i—i=€,1<q1<oo, Ly L

qa 92 a  q
b e CMO™™002}(Q"). Then

P
“Hﬂ,bf”m @ = C”b”CMOmax{qi'qz)(Q;)”f”qu @) (1.8)
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and

e
”Hﬂ,bf”m @) = C”b”CMomaxwi.qz)(Q;)”f”L‘“ (@)
When 8 = 0, we can get the boundedness of a p-adic Hardy operator in [21].

Corollary 1.2 Let0<q; <gy<00,1<r<oo,be CMO"‘”[”’/}(QZ). Then
(1) Ifa< 3, then

P
”Hbf”Kf'”(Q;) = C”b”CMomax("”’(Qz)”f”Kf"q1 @p
(2) Ifa>-"2, then
r
12
“Hb f”Kf‘ZﬂZ(Q;) = C“b”CMomax(r,r/)(@Z)|V||Kg'q1(QZ)'

By the similar proof of Theorem 1.1, we can obtain the following result.

1 B

Corollary 1.3 Suppose that > 0,0 < q; < gy < 00, % - = 1l<n<oo, %

r

Then
() Ifa< 7, then
1

”Hﬁf”]@@@g) = C”f”Kfl"“ @)
(2) Ifa>—-7, then
145 f |z gy = €I o -

2 Boundedness of commutators of fractional p-adic Hardy operator
In order to prove Theorem 1.1, we firstly give the following lemmas.

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

Lemma 2.1 Suppose that b is a CMO function and 1 < q < r < oo, then CMO"(Q}) C

CMO1(Qy) and ||bllcmor = 11bllcamor-

Proof For any b € CMO'(Q}), by Hélder’s inequality, we have

1
1 q
—_ bx)-b qu)
(|By(o)|H /Bm)' )= bay

1 .z ; -
—_ b(x)-bg,,. |* d) ( / 1d>
S{|By(o)|H (/BV(O)| )= bng [T ) f Lds

q 1

1 r r 1—% a
- B0 /B()|b(x)—b3y(o)| dx ) |Byo)ly
(0

1

1 r r
= ——— b(x)-b dx)
(|By(o)|H /Byw)‘ )= b0

< 1blemor (Q))-

~

1

‘

Therefore, b € CMO*(Q}) and ||bllcmor < l|bllcmor- This completes the proof.
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Lemma 2.2 Suppose that b is a CMO function, j, k € Z, then
|b(£) = by | < [b(8) ~ g, | + " j = KINIb ]l caron - (21)

Proof For i € Z, recall that bg, = o |H Ja b B, x) dx, we have

dt

1
|bBi - bBi+1| < m ‘/Bl|b(t) - bBi+1

r /
< b(t) - bg,,
|BisilH B,+1| Bt

= P"lIbllcmor - (2:2)

dt

For j, k € Z, without loss of generality, we can assume that j < k, by (2.2), we get

j-1
|b(¢) = b, | < |b(£) = by, | + Y 1bs, — b,,,|
i=k
< |b(t)—bB,»} +P"1j = kll1bll caror @p)- (2:3)
The lemma is proved. O

Proof of Theorem 1.1 Denote f(x) x;(x) = fi(x).
(1) By definition,

r

dx

HGrard

e = fs k | xl;rz(n—ﬁ)‘ /B o F@)(bx) - b(t)) dt

—kra(n-p) _ ”
< /5 kp < fB o If (@) (b(x) b(t))|dt> dx
—kr2 n—-pB)
/Sk<2/[f b(t))]dt) dx

Y

< Cpfnleh) ( If @) (b(x) - b3)|dt> dx
J\Z fyowe-
—krgn
+ G ﬁk(Z/[f(t) t) - bgk)|dt) dx

Y
=1 +1I.

Now let us estimate / and I, respectively. For I, by Holder’s inequality ( Lyl -1),we
l
have

I = Cphnn ( / |b(x) - by, |” dx)(z / [f(®)] dt)

,k:/zn 1 .
<Cpn |b(x) — b, | dx
|Brlr Jg,
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’ {,Zk: (fsj[f(f)!’l dt)rll </s, dt)li}”

—00

(=k)n

ro
< ClbIE 0m @ [ZP 1 Hﬁ‘llL’l(Qz)] .

For /I, by Lemma 2.2, we get

11 = Cp 't /Sk<2 / golt ka)Idt)rz x

V=

= Cphran-p) (Z / [f () (b(2) - ka)ldt)

—kron

k r2
<Cp 1 (Z /S [f(t)(b(t)—bgj)|dt>
j=—00 " J

—kron

+Cp 1 16101 ap) (Z(k ])/Vt)|dt> =11 +1I.

For II; and II,, by Holder’s inequality, we obtain

—kron k / % / , L/
m=<Cpn {(Z [f(t)|”dt) ( |b(t)_b3,|’1dt)’1}
j=—00 Y5 Sj

—kron k
S Cp n { Z ”.f”Lrl(Qp)p 1 <|B | / |b t) bB,‘ 1dt)

j=—

r2

:

e

k  (Gokon 2
<CIp|”* | T NEN L on
<C| ||CMO,1(Q;){ij Wl

=-00

and
—kr2n k % 1
M<Cp 7t IbIZ, Q,,){Z(k—j)</ V(t)|”dt) (/ dt)l
J==00 5 Si
k i—k)n r
< ClIBIIZ 0 @ﬂ){Z(k—ﬁp I[ﬁlan(@;)} :
j=—00

Then the above inequalities together with Lemma 2.1 imply that

1

)
L’Z @)

1

a
q1
L2(Q})

f’z’qz( ( Z Pkaqz ” Hp Xk

- ( 5 o100
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—k)n q1 %
Wfillr g

kg
{ > P o g (Zp ’
Jj=—00

400 k(o a %
+C kougy 11 a " [
in LUV Zp Wl ep
k=—00 —00

k G=4m ok
+C pkaqlnb” o (k—])p n ||f}||LH(Q”)
CMON(@)) Y
=00

k=—00

1

G=kn m) o
S C”b”CMOmax ES) Qn Z pkaql Z (k ] 1 |W||L’1 (QI’;’)

—00

=J. (2.4)

For the case 0 < g1 <1, since & < 7, we have
1

k on q1
]ql - C”b”?Momdx {rra} er Z pkwﬂ(Z (k_j)p i Hf”Lrl @) )
J

k=—00

S G-\ "
— q1 jo || £ o o A
- C”b”CMomax{ri,rz)(Qz) Z (Z p] |m||L I(Qp)(k ])p 1 )

k=—00

—k)( —a)q1

a aq a ,

= C”b”CMOm‘“(rl "2} (Qp) kX_;o,ZPJ ”f”Ul @ (k =Nt !
7 -a)q

1

+00

g U

- CIIb”?x\/fo‘“a* i) @), Z P @ Z (k—j)p
i

_ q
= C||b||CMOM{,i,2,(Qn IlfIIKu "y

For the case ¢; > 1, by Holder’s inequality, we have

+00

k q1
. (j—k)( L —a)
= CIBI™ Z<Zﬂaiwnm<@n></«—ﬁp " )
CMO 12@ Pl v

S e lﬁ%i—Mm
a1 E z g1 2
= C”b”CMo'"a” 2} (qp) p’ W”Ul Q” !

k=—00 \j=—00

+00 +00 (j—k

_ 7 aq Z > 7“”
= CIBIT, it g > Pl g

j=—00 k=j

_ q1
- Clil 1 W g 2.6)

CM omdx r1 o} Qn

Then (1.6) follows from (2.4)-(2.6).
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(2) By definition,

r2

dx

(MG ) Xl @ = 157 () (b(x) - b(D)) dit

Q\B(O,Ix])

B-n 3 r2
= [5/( </Qg\3(o,pk) |t|1" lf(t)(b(x) b(t))|dt> dx
f (Z / P8 (blx) - t))|dt> dx
5;

/Sk(Z/p’ f(8)(b(x) ka)|dt) dx
/Sk(z PP (b(t) - ka)|dt)r2 »

}kSJ

=K+ L.

By Holder’s inequality, we get

K=C b(x)—bg |*d 3 (=) d
([Sk| (3) ~ by )(Z/y o) t)
1 r

§Cpk"<% Bk‘b(x)—bgk’ dx)

(S (o]

j=k

(k=

oo r
< ClIbIE 0m @ {Zp " |U;||Lrl(@z)} . (2.7)

j=k

By Lemma 2.2, we have

/ (Z / P (b(e) - ka)]dt> dx
- (1 (Z/p/ —ka)|dt)
< Cpt (Z / PP @)(b(t) - b)) | dt)
j=k VS

+ CP 1B o1 ) (Z(i - k)p /S f @) dt)
j=k j

= Ll +L2.
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For L; and L,, by Holder’s inequality, we obtain

L=y ‘<ﬁ-">< b —b,’id>71< ’w)ﬁ
L <Cp i;ﬂ LI (t) — by, | dt /S]_lf(t)l t

o j 137
i 1 < \7
SCpkninq ”f”Ll@p <|B| /|b(t)—bBi|ldt) 1}

j=k
[} r
(k=pn
< C b 2 , ) A7 n
< CIPIZ, o 1ka Il

and

e

L, < C”b”CMOl Qn n{;;(i_k)pi(ﬂn) (‘/S] V(t)|"1 dt) (/31 dt)

r
= ClbI o g {Z(I k)P & |lf||L’1(@p} :

:

Then (2.7)-(2.8) together with Lemma 2.1 imply that

1

)
L2(Qp)

L

q1
q1
I2(Qp)

) 0 (kpn a\ g1
Z pea ”b”CM0r2 @) Zp 2 il
j=k

745,

5@ <Zpk“” [Ge5f) el

- (z (45
k=—00

. . "
fa | S Ifln
+C Zp cmori @ p il @)
k=-00 j=k

00 (=kn q1 %
+C Zpk“qlnanMOlQn Y k=pp 7 filley
j=k

k=-00

(2.8)

ay\
< C"b”CMOmaX ) r2 @) ( Z pkaﬁ (Z(] k)p ”f“Lrl(Qp ) )

—00 j=k

=S.

For the case 0 < ¢q; <1, since « > —%, we have

+00 00 kpn Q
a q koq1 i T NEN
SN = C”b”cMomaX"i"z?(Q;) E p ( E G-kp = |fillL I(Qp))

k=—00 j=k

+00 q1
- C”b”?Mom‘“‘ﬁ "2} (Qp) Z (ZP] Willzrp G = k)pkl >

k=—00 \ j=k
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+00 oo
. (k—j) (% +ax)

< C||b||‘é‘Mo[mlx el Z szwn”f”m apli—Pmp )7y re)qy

k=—00 j=k

+00 j
_ q1 oq) TR AV (k*i)(,im)m
= CHbHCMOmaX{r r2 ]Z:Pl Hf”LV] Qn k_7m0 k) p 2
= Cllb|"

q1
CMOmax(ri,rz)(Qz) |V||Kg1'41 (ang) *

For the case ¢; > 1, by Holder’s inequality, we have

o0 q1

+00
(k=
qn — Qn E koqy E i T N i
§ _C”b”cz\/fo’“”{’i"z}@?)k-— g j—k(l B il

+00 ]
)

71 gl T( +a)q1
<CIBI® oy ,2}@,1);) ]ijﬂ 18 gy *
a
0

> = Y
3k 570
=k

+00

- Cllpl® W 3 p
CMomdx(rl,rz} Qn " Q"’ p
j=— k=—00

_ 71
= CIBIT, o g i

Then the above inequalities imply (1.7). Theorem 1.1 is proved. d
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