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1 Introduction
Let 4 denote the class of functions flz) of the form

f(z) =Z+Zanz" (1.1)
n=2

which are analytic in the open unit disk U = {z € C:|z| < 1}. Let S be the subclass of
A consisting of functions flz) which are univalent in U. A function f(z) € S is said to
be starlike with respect to the origin in U if f (U) is the starlike domain. We denote by
S* the class of all starlike functions f{z) with respect to the origin in U. Furthermore, if
a function f(z) € S satisfies zf'(z) € &% then f(z) is said to be convex in U. We also
denote by [C the class of all convex functions in U. Note that X ¢ S* ¢ S c A.

To discuss the univalency of f(z) € A, Nunokawa [1] has given

Lemma 1.1 If f(z) € Asatisfies |f"(z)| < 1(z € U), then f(z) € S. Also, Mocanu [2]
has shown that

Lemma 1.2 If f(z) € Asatisfies

2

If'(z) = 11 < 5

(ze L),

then f(z) € S*
In view of Lemmas 1.1 and 1.2, Nunokawa et al. [3] have proved the following

results.
Lemma 1.3 If f(z) € Asatisfies
()] < 55 _0.8944... (zeU), (12)

Then f(z) € S*

© 2011 Uyanik and Owa; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in

any medium, provided the original work is properly cited.


mailto:owa@math.kindai.ac.jp
mailto:owa@math.kindai.ac.jp
http://creativecommons.org/licenses/by/2.0

Uyanik and Owa Journal of Inequalities and Applications 2011, 2011:87
http://www.journalofinequalitiesandapplications.com/content/2011/1/87

Lemma 1.4 If f(z) € Asatisfies

If"(z)| < U 04472, I(z € U), (1.3)

V5

then f(z) € K.
The object of the present paper is to consider some generalized conditions for func-
tions f{z) to be in the classes §* or [C.

2 Generalized conditions for starlikeness
We begin with the statement and the proof of generalized conditions for starlikeness.
Theorem 2.1 If f(z) € Asatisfies

9 (2)] < 55 M (zeU), 2.1)

for some j(j = 2, 3, 4, ...), then f(z) € S* where
0 (=2)

_ —1
M= ’;2 FO0)] (2 3).

(2.2)

Proof For j = 2, the inequality (2.1) becomes (1.2) of Lemma 1.2. Thus, the theorem
is hold true for j = 2. We need to prove the inequality for j 2 3. Note that

f'(@) = / £ (0)de + (0). 2.3)
0

We suppose that |[f"”(z)| < N3(z € U). Then, (2.3) gives us that
Iz
@IS [ 17 (e ol + ' (O)
0 (2.4)
= Nslz| + If"(0)
< N3 +|f"(0)I.

Therefore, if flz) satisfies

If"(z)] < N3 +1|f"(0)| £ (zel), (2.5)

2
V5
then f(z) € S* by Lemma 1.3. This means that if flz) satisfies

ua 2 U
(&)l = N3 = s IF"(0)1 (=€), (2.6)

then f(z) € §* Thus, the theorem is holds true for j = 3.
Next, we suppose that the theorem is true for j = 2, 3, 4, ..., (k - 1). Then, letting
|f(k) (2)] £Ni,  (z € U), we have that
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D)) = / (1)t + £ (0)
0 (2.7)
< Nilzl + [f®=D(0)]

< N+ |f*(0)].
Thus, if fz) satisfies
F#D(2) < Ni+ [f*D(0)]

2 =2 (2.8)
< - ™(0)],
< s ;v (0)]

then f(z) € §* This is equivalent to
2 k—1
fPRIENE =D If(0)l. (2.9)
\/5 n=2

Therefore, the theorem holds true for j = k. Thus, applying the mathematical induc-
tion, we complete the proof of the theorem.
Example 2.1 Let us consider a function

f(2) = 2+ ay2” + a3z + auz". (2.10)
Since
If"(z)| = 24|ay],

if flz) satisfies

2
24|ay4| = — 2laz| — 6las|,

V5
then f(z) € S* This is equivalent to
V5la;| +3v/5las| + 12+/5]as] < 1.

Therefore, we put

oifh oit2 65

25" 9.5’

Consequently, we see that the function

e

a; = = .
2 7235

as = ag

el e e
f(z)=z+ 2+

3 4
z + Z
24/5 9.5 724/5

is in the class S*.

i0, i05

3 Generalized conditions for convexity

For the convexity of flz), we derive
Theorem 3.1 If f(z) € Asatisfies

4

0) 1
ECEM

- p) (z e U). (3.1)
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for some j(j = 3, 4, 5, ...), then f(z) € K, where
j-1
P=> "n-nl|f"(0)]. (3.2)
n=2

Proof We have to prove for j 2 3. Note that
z
(zf'(2))" = 2f"(2) +2f"(2) = 2 (/f/”(t)dt +f”(0)) +2zf"(2). (3.3)
0
If |f(z)] £ N3 (z € U), then we have that

I(zf"(2))"| = 2 + |2f" (2)]

/ £ (6)dt + £(0)
0

|z|

<2 / IF" (e )dp! + 21f"(0)] + N5
0

< 3Ns[2l + 21" (0)|

< 3N3 + 2| (0)I.

(3.4)

We know that f(z) € K if and only if zf'(z) € S* Therefore, if

3N; +2[f"(0)] £ (3.5)

2
V5’
then zf'(z) € S* by means of Lemma 1.3. Thus, if

|ﬂkngNs§§<j5—v%mQ (ze ), (3.6)

then f(z) € K. This shows that the theorem is true for j = 3.
Next, we assume that theorem is true for j = 3, 4, 5, ..., (k - 1). Then, letting

|f(k) (z)] £ Ni(z € U), we obtain that

@ @)™V =10k = D) + 5 M(z))

ey (/ / ””(f)d“f‘“)(o)) +2f0(2)

) (3.7)
lz|
fw—n(/vwwﬁmm+kamO+mvwmk
0
Now, we consider [f)(z)| < Nj(z € U),- Then, (3.7) implies that
| )"0 < kNl + (= 1) | (0),
(3.8)

< kNy+ (k= 1) ‘f(k—l)(o)‘ .
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Since, if

\wwwﬂgij<;_§wmew,
’ n=2

then f(z) € K (or zf'(z) € %), if flz) satisfies that

k—2
WNg+ (- D) [0y < (4— -!ﬂWm), (3.9)
k ‘ ‘ k-1 \ 5 22:” " )

that is, that

Ni < 1| ( 4 —kin-n! ‘f(”)(o)‘), (3.10)
k!'\ /5 e~

then f(z) € K. Thus, the result is true for j = k. Using the mathematical induction,
we complete the proof the theorem.
Example 3.1 We consider the function

f(2) = 2+ ay2° + a3z’ + auz".

Then, if fz) satisfies

a a l a ’
4| = 2] \/ 2 3

then f(z) € K. Since
2v/5lay] + 27+/5|as] + 144+/5]as] < 1,

we consider

ei91 i@z i03

445

With this conditions, the function

e e

ay = = , agq = .
2 815 1 8644/5

as

e191 ) elez e193

3
zZ)=2+ 5+ >+ z
/) 4./5 814/5 864+/5

belongs to the class /.
If we use the same technique as in the proof of Theorem 2.1 applying Lemma 1.4,

then we have
Theorem 3.2 If f(z) € Asatisfies

; 1
e M (zeU 3.11
IfP(2)] = 5 (zeU) (3.11)
for some j (j = 2, 3, 4, ...), then f(z) € K, where M is given by (2.2).
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