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1 Introduction

Let H; and H; be two real Hilbert spaces, C and Q be nonempty closed convex subsets
of H; and Hj, respectively. The split feasibility problem is formulated as finding a point
q € Hy with the properties

qeC and AgeQ, (1.1)

where A : H) — H, is abounded linear operator. Assuming that SFP (1.1) is consistent (i.e.,
(1.1) has a solution), it is not hard to see that x € C solve (1.1) if and only if it solves the
following fixed point equation:

x=Pc(I-yA*(I-Pg)A)x, x€C, (1.2)

where P¢c and P are the (orthogonal) projections onto C and Q, respectively, y > 0 is
any positive constant, and A* denotes the adjoint of A. The split feasibility problem in
finite dimensional Hilbert spaces was introduced by Censor and Elfving [1] in 1994 for
modeling inverse problems which arise from phase retrievals and in medical image re-
construction [2]. Recently, it has been found that split feasibility problems can be used in
various disciplines, such as image restoration, computer tomography and radiation ther-
apy treatment planning [3—7]. The split feasibility problem in Hilbert space can be found
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in [2, 4, 6, 8, 9]. Also the convex feasibility formalism is at the core of the modeling of
many inverse problems and has been used to model significant real-world problems. The
split common fixed point problem is a generalization of the split feasibility problem and
the convex feasibility problem. If C and Q are the sets of fixed points of two nonlinear
mappings, respectively, and C and Q are nonempty closed convex subsets, then ¢ is said
to be a split common fixed point for the two nonlinear mappings. The split common fixed
point problem (SCFP) for mappings S and T is to find a point g € H; with the properties

q€eF(S) and AqeF(T), (1.3)

we use I' to denote the set of solutions of SCFP (1.3), that is, I' = {g € F(S) : Aq € F(T)}.

Let H be areal Hilbert space, C be anonempty and closed convex subset of H. A mapping
T :C — Cis said to be a k-strictly pseudocontractive mapping, if there exists k € [0,1)
such that

2
ITx - TylI> < llx - yl1* + k| (I - T)x = (I - T)y

, Vx,yeC. (1.4)

A mapping T : C — C is said to be (k, {k,})-asymptotically strictly pseudocontractive, if
there exist a constant k € [0,1) and a sequence {k,} C [1,00) with k,, — 1 such that

|77 = T |* < kullx = g% + k|| (I = T")x = (I - T")y||*, VxyeC. (15)

A mapping T': C — C is said to be (k, {i,}, {£4}, ¢)-totally asymptotically strictly pseu-
docontractive, if there exist a constant k € [0,1) and sequences {u,} C [0,00) and {&,} C
[0, 00) with u, — 0 and &, — O such that for all x,y € C,

|77 = T[)” < Nl = 12 + K[| (1= T")x = (1= T")y]”

+ np(lx=yl) + &, ¥n=>1, (1.6)

where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0.
Now, we give two examples of (k, {1}, {£,}, ¢)-total asymptotically strict pseudocon-
traction mappings.

Example 1.1 Let C be a unit ball in a real Hilbert space /2 and let S : C — C be a mapping
defined by

S:(x1,%9,...) — (O,xf,azxz,agxg, .. .),

where {a;} is a sequence in (0,1) such that [, a; = %
It is proved by Goebel and Kirk [10] that
(i) [ISx =Syl <2llx ~yll, Y,y € C;

(i) |IS"x—S"y|l <2 ]_[;;2 ajllx -y, Vx,y € C,Vn > 2.
1 1
Denote by k" =2, ki = 2], aj, n>2, then

n 2
fiw Fo z&%(zl'lﬂf) -1

j=2
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Letting u, = (k, — 1), Vi > 1, ¢(t) = 2, YVt > 0, k = 0, and {£,} be a nonnegative real se-
quence with &, — 0, then Vx,y € C, n > 1, we have

% - 577 = 312 + (1~ 31) + K1 — 3= (5" =) | + &

1
. S B 1
Especially, as a,,,; =2727, ]_[1.=2 aj=5.

Example 1.2 Let D be an orthogonal subspace of R” with the norm ||x|| = /> 7, x?
and the inner product (x,y) = > ., x;y; for x = (x1,...,%,) and y = ()1,...,y,). For each

x = (x1,%2,...,%,) € D, we define a mapping T': D — D by

. n
) i: ;
(1,2, ., %), if [T, %: <0,

Tx = el
(—xl, —X05 .0y —xn); if Hi:l x; > 0.

(1.7)

Next we prove that T is a (k, {i,}, {£.}, ¢)-total asymptotically strict pseudocontraction
mapping.

In fact, for any x,y € D, let w, = (k, — 1), Yn > 1, ¢(¢) = t3, V¢t > 0, k = 0, and letting {£,}
be a nonnegative real sequence with &, — 0, we have the following:

Case 1. If []%; x; < 0 and []%, y; < 0, then we have T"x = x, T"y = y, and so inequality
(1.6) holds.

Case 2. If [ ], x; < 0, and []%, y; > 0, then we have T"x = x, T"y = (~1)"y. This implies
that

1T = T™y||? = [la = (=1)"y1|* = [lx[|* + [|y]|%,
kullx = y11* = ka(ll2lI* + 111%),
o = T"x — (y = T"y)||1* = [1 = (<1)"?{ly||>.

Therefore the inequality (1.6) holds.
Case 3. If [, x; > 0 and [ ], y; < 0, then we have T"x = (-1)"x, T"y = y. Therefore we
obtain

I T"x — T"y|1* = [(=1)"x = y1I* = llx]|* + Iyl
kullx = y1I* = k(211 + 1y11),
e — T"x — (y — T"y)II* = [1 - (-1)"]*[|x]I.

So the inequality (1.6) holds.
Case 4. If []1, x; > 0 and [], ; > O, then we have T"x = (-1)"x, T"y = (~1)"y. Hence
we have

177 = T"y11* = (=1)"x = (=1)"y11* = llx = yII* = ll[1* + Il
Kalloe = y11 = k(1% + 1y1%),
I = T"x = (y = T"9)11* = [1 = ()" Pllx = ylI* = [1 = D" PPl + llyl1>).

Thus the inequality (1.6) still holds. Therefore the mapping 7 defined by (1.7) is a
(k, {ttn}, (&4}, @)-total asymptotically strict pseudocontraction mapping.

Remark 1.3 If ¢(A) = A2, A > 0, and &, = 0, then a (k, {it,,}, {£,}, $)-total asymptotically
strictly pseudocontractive mapping is an (k, {k, })-asymptotically strict pseudocontractive
mapping, where k, =1 + .
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A mapping T : C — C is said to be L-Lipschitzian, if there exists a constant L > 0, such
that

ITx - Ty|| <Llx-y|l, Vx,yeCandn>1. (1.8)

A mapping T : C — C is said to be uniformly L-Lipschitzian, if there exists a constant
L > 0, such that

|| T"x — T"y” <Ll|x-y|, Vx,yeCandn>1. (1.9)

Recently, Chang et al. [11] proposed the following iterative algorithm for solving a split
common fixed point problem for total asymptotically strict pseudocontraction mappings

in the framework of infinite-dimensional Hilbert spaces:

x1 € H; chosen arbitrary,
Uy =%, + YA (T" - )Ax,,
Xntl = (1 - an)un + OlnSn(I/tn), ne N;

they proved that {x,} converges weakly to a split common fixed point x* of the mappings S
and T, where S: H; — H; and T : H, — H, are two total asymptotically strict pseudocon-
traction mappings, A : H; — H is a bounded linear operator. In addition, they also show
that {x,} converges strongly to a split common fixed point x* for mappings S and T when
S is semi-compact.

Inspired and motivated by the recent work of Chang et al. [11], Moudafi [12, 13], etc.,
the purpose of this paper is to propose an algorithm to solve the split common fixed point
problems for total asymptotically strict pseudocontraction mappings in Hilbert spaces.
Under suitable conditions on the control parameters and without the assumption of semi-
compactness on the mappings, a strong convergence theorem is established. The results
presented in the paper improve and extend some recent corresponding results in [4, 5, 8,
11-15].

2 Preliminaries

Throughout this paper, let H be a Hilbert space with inner product (-,-) and norm || - |.
We denote the strong convergence and weak convergence of a sequence {x,} to a point
x € H by x, — x, x, — x, respectively.

Let H be a Hilbert space. A mapping T : H — H is said to be demi-closed at origin, if
for any sequence {x,} C H with x, — x* and ||(/ - T)x,|| — 0, then x* = Tx*.

A mapping T : C — C is said to be semi-compact, if for any bounded sequence {x,,} C C
with lim,_ o [, — Tx,|| = 0, then there exists a subsequence {x,,} C {x,} such that {x,,}
converges strongly to some point x* € C.

For every point x € H, there exists a unique nearest point of C, denoted by Pcx, such
that ||x — Pcx|| < |lx —y|| for all y € C. Such a P¢ is called the metric projection from H

onto C. It is well known that P¢ is a firmly nonexpansive mapping from H to C, i.e.,

|Pcx — Pcy||® < (Pcx — Pcy,x—y), Vx,y€H.
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Further, for any x € H and z € C, z = Pc« if and only if
(x—z,z—y)>0, VyeC. (2.1)

Lemma 2.1 ([16]) Let C be a nonempty closed convex subset of a real Hilbert space H and
Pc : H — C be the metric projection from H onto C. Then the following inequality holds:

ly=Pc@)|” + |4~ Pc@)|* < llx -y ¥yeCVxeH. (2.2)

Lemma 2.2 ([17]) Let H be a real Hilbert space, then the following equalities hold:
(i) [1ax+ (L= A)ylI* = Alxl* + (1= )IylII> =20 = A)llx = ylI*, Y,y € H, VA € R;
(i) 2(x,) = %[> + [ly]1* = llx = y]1%, Va, y € H.

Lemma 2.3 ([18]) Let H be a real Hilbert space. If {x,} is a sequence in H, weakly conver-
gent to z, then

limsup ||, — y|? = limsup ||x, — z||> + |z —y||>, VyeH.
Lemma 2.4 ([12]) Let T : C — C be a (p, {n}, {4}, ¢)-total asymptotically strictly pseu-
docontractive mapping. If F(T) # 0, then for each q € F(T) and for each x € C, the following
equivalent inequalities hold.:

| 7%= q|* < e = ql> + p|lx = T + 1adp (I = qll) + &», (2.3)
1 "

(= T"x,5 - q)>—p||x T”x” —7¢(|| —qll)—% (2.4)

(x T"x%,q—T"x >< p—”T”x xH + —¢>(||x q||)+ S_n (2.5)

Lemma 2.5 ([12]) Let H be a real Hilbert space and let T : H — H be a uniformly
L-Lipschitzian and (k,{i1,},{&,}, §)-total asymptotically strictly pseudocontractive map-
ping. Then the demi-closedness principle holds for T in the sense that if {x,} is a sequence
in H such that x, — x*, and limsup,,_, . limsup,_, |, — T"x,|| =0, then (I - T)x* =0
In particular, if x,, — x*, and ||(I — T)x,|| — 0, then (I - T)x* = 0, i.e., T is demi-closed at
the origin.

3 Main results

Theorem 3.1 Let H, and H, be two real Hilbert spaces, and A : H) — H, be a bounded
linear operator, S : Hy — Hi be a uniformly L-Lipschitzian and (p, {;LE,D},{E,(,D},@)—
total asymptotically strict pseudocontraction mapping and T : Hy — H, be a uniformly
L-Lipschitzian and (k, { ,uﬁ,z) 1 {5,52) }, ¢2)-total asymptotically strict pseudocontraction map-
ping satisfying F(S) # ¥ and F(T) # 0, respectively. Let {x,} be a sequence generated by
x€C =H,

Vn = (1= ap)zy + @, S"(2,),

Zy =%, + YA*(T" —=DAx,, Yn=>1,

Cunt ={v € Cu lyn —vII> < @+ M) 120 = V1> + plnd(M) + &5, 3.1)
Iz = vII* < @+ y M |AIP) %0 = VI* + ¥ ttn (M) + v En),s

Xni1 = Pc,,, (x1),
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where {w,} is a sequence in (0,1), y is a positive constant, {i,}, {§,}, and ¢ satisfy the
following conditions:

(i) ¢, €(8,1-p),VYu>1andy € (0, ﬁ), where 8 is a constant in (0,1 — p);

(i) o, = max{ul, uP}, &, = max(&, €2}, n > 1, and Y22, w, < 00, Y0, &, < 00;
(ili) ¢ = max{¢y, P2} and there exist two positive constants M and M* such that
d(\) < M*2A2 for all A > M.
IfT ={peF(S):Ap € F(T)} # ), then the sequence {x,} converges strongly to a split
common fixed point x* € T.

Proof We shall divide the proof into five steps.
Step 1. We first show that C,, is closed and convex for each n > 1.
Since C; = Hj, C; is closed and convex. Suppose that C,, is closed and convex for some
n > 1. Since for any v € C,, we have
19 = V1P < (14 M) 12 = VI + 11,9 (M) + &,
& 2((1 + ;,L,,M*)z,, — Y — Uy M*v, v)

< (14 wnM*) 1z l* = 1yull® + n(M) + &, (3.2)
and
lzn = vI* < 1+ y waM* [AI?) 12, = V> + Y mudp(M) + v,

& 21+ yuaMIAIR) 20— y M AL, v)

< (L+ y s NAIP) all® = 12l + ¥ 1np (M) + v, (3.3)

hence the set C,,,; is closed and convex. Therefore C, is closed and convex for each n > 1,
and Pc,, %1 is well defined.

Step 2. We show that I' C C,, for all n > 1.

In fact, since ¢ is a continuous and increasing function, ¢(1) < ¢p(M), if L < M, and
¢(L) < M*A2%,if > > M. In either case, we can obtain

P(A) < (M) + M*2?, Vi > 0. (3.4)
For any given p € I', then p € F(S) and Ap € F(T). It follows from (3.1) that

2y = pII* = |0 = p + yA* (T" = 1) Ax, |

= 1%, = plI® + 2 HA*(T" - I)Ax,, Hz + 27/(x,, —p,A*(T" - I)Ax,,), (3.5)
where

2y(xn -p, AN(T" - I)Axn)

=2y(Ax, — Ap, (T" - 1) Ax,)

2y(Ax, — Ap + (T" = 1)Ax, — (T" = 1)Ax,, (T" - 1) Ax)

=2y {{T"Ax, — Ap, T"Ax,, — Ax,) - | (T" —1)Ax, ||2}
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1 k n n
<2y S5 D+ i p(0an, - api) + 5 - | (17 - D
<k =D)|9(T7 = ) Ax, | + y M VAL 120 = pI? + Y 1np (M) + V&, (3.6)

Substituting (3.6) into (3.5), we have

lzw =PI = 20— p + yA*(T" - 1) A, |)*
< lw = pIP + 2| A% (T = D) Ay | + v (k = 1) (T~ T) A, |
+ Y M AP 260 = pI* + ¥ 11np (M) + Y E,
<l = I + V2 IAIR || T" Ay = Axa | + y (k=) (T" ~ 1) A, |
Y L NA L 6 = pI* + 7 122$ (M) + VE,
= (L+ y M |AIP) 20 = P11 = v (1= k =y AIP) | T" Ay — Axa )

+ YU M) + yE,. (3.7)

On the other hand, since

Iy =212 = 2= = a2 = 5"2) |
= llzu = pII* = 200u{2 = p, 20 = §"2,) + @220 = "2
< lzn—pI? =l = p)| 20 — Sz
+ &t (120 = PIl) + by + 02|20 — Sz, ||
< llzn = plI* =l = p — ) |20 - §"2, |
+ @it (P + M (2 - pII)°) + iy
= (1+ auu)lizy - pII* - (1= p = )| 20 = "2
+ 0 ind (M) + app, (3.8)
s0, it follows from (3.7) and (3.8) that p € C,,, and then I" C C,, for any n > 1.
Step 3. We prove that {x,} is a Cauchy sequence.
From the definition of C,,;, we know that x,, = Pc,x;. Since I' C C,.;1 C Cy, and x4 €
Cui1 C Cy, Vi > 1, we have
lloen = 21l < [%6n41 — 21| (3.9)
and

-l <llp-xl, VneNandperT. (3.10)

It means that {x,} is nondecreasing and bounded. So, lim,,_, » ||, — %1 || exists. For m > n,
by the definition of C,, we have x,, = Pc,,%; € C,, C C,, it from Lemma 2.1 that

2 2 2 2 2
1% = % ll” + %1 = %4117 = 1 = Pe,x1 |17 + 121 — Pe, 211" < (1% — 21 1|7 (3.11)
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Since lim,,_, o ||%, —x1]| exists, from (3.11), we obtain lim,,_, » ||%,, — %, || = 0. Therefore {x,}
is a Cauchy sequence.

Step 4. We prove that lim,,_, o ||z, — Sz, || = lim,,_,  ||Ax, — TAx,]|| = 0.

Since %,,1 = Pc,,,%1 € Cyy1 C Cy, we obtain

2 2 2
1z = %ull” < llzn = Xps1 |17 + [[%p41 — %

<[+ ywa*NAIP) + 1] 11001 = %ull® + ¥ inp (M) + &y

+ 21z = xpaall - %041 — %l

2 (L Y MO TAR) [ = 5 + ¥ 1 (M) + V5,

X %1 =%l (3.12)
since Y 00y iy < 00, Y oo &, < 00, and lim,,_ oo [| %, — %y, || = 0, therefore
lim ||z, - %,]| = 0. (3.13)
n— 00
And

Iy = %ull® < 1190 = Kt I* + 1ne1 = %> + 20190 = Far | |%ne1 — %l
< (L4 Y unM) 120 = %t I” + (M) + &5 + [|%pi1 — 24>
+ 2190 = X [l 141 — 2l
< [(L+ yuadf®) 1+ y VALY +1] 96001 — 21

+[(1+y )y + 1] M) + [(1+ y 1aM*)y +1]4,

2/ (Ut Y M) 20 = i 12 + 1) + £l = 5,

by Y o2 tn < 00, Y _oq & < 00, and limy,_, ¢ [, — %[l = 0, we have

lim ||y, —,| = 0. (3.14)
n—00

Further,
”Zn _yn” = ”Zn _xn” + ”xn _yn” — 0. (3‘15)

It follows from (3.7) that

y(1-k-ylIAIP)|T"Ax, - Ax, |
< 1+ y M NAIP) 10 = pI* = 120 =PI + ¥ n(M) + yE,
< lotn = Zull (%0 = 21l + 20 = P) + ¥ M IAN 1% — P
+ Y (M) + vy (3.16)

Since Y 02,y < 00, Y ooy &4 < 00, Y(1—k—y|All*) > 0, and {x,} is bounded, by (3.13) and
(3.16), we get

lim || 7"Ax, — Ax, | = 0. (3.17)

n—00
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On the other hand, from (3.8), we have

2
an(l —-p- Oln) ||Zn - Snzn ||
< (L4 aupeu*) 20 = pI* = lyn — pI* + €uptn (M) + 0ty

< llzx _yn”(”Zn =l + llyn —P”) + 0 M| 2, —P||2 + oy (M) + . (3.18)

This together with the conditions (i), (ii), and {z,} being bounded, from (3.15) and (3.18),

we have
lim |z, — $"z,| = 0. (3.19)
n—00

In addition, since ||z,41 — Zull < |Zus1 = Xus1 || + [[%0s1 = %u |l + 1% — 24, this means that
lim ||z,41 — 2zxll = 0. (3.20)
Hn—0Q

Since S is uniformly L-Lipschitzian continuous,

21 = Szull < |20 = S"2u | + | S"2n — Sz
< |zu = S"2u| +L||S" 20 — 2|
< w82 + (15" 2~ " 20| + [ 20~ 2]
< |lzn = S"zu| + L*l12n = zucall + L|| S 201 = Zuct + 201 — 2a |

< |lzu=S"zu| + LA + L)ll2n = Zyall + L 201 = S 201 |- (3.21)
It follows from (3.19), (3.20), and (3.21) that
nlig)lo |z, — Sz, |l = 0. (3.22)
Similarly, in the same way as above, from (3.17), we can also obtain
nlingo lAx, — TAx,| = 0. (3.23)

Step 5. We prove that {x,} converges strongly to x* € I'.

Since {x,} is a Cauchy sequence, we may assume that x, — x*. Thus we have z, — x*
from (3.13), which implies that z, — x*. So it follows from (3.22) and Lemma 2.5 that
x* € F(S).

On the other hand, since A is a bounded linear operator, we know that lim,,_, », ||Ax; —
Ax*|| = 0. Therefore, it follows from Lemma 2.5 and (3.23) that Ax* € F(T). This means
that x* € I" and {x,,} converges strongly to x* € I". The proof is completed. d

The following result can be obtained from Theorem 3.1 immediately.

Corollary 3.2 Let Hy and H, be two real Hilbert spaces, A : Hi — Hj be a bounded lin-
ear operator, S : Hy — H be a uniformly L-Lipschitzian and (p, {kﬁ,l)})—asymptotically strict
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pseudocontraction mapping and T : Hy — Hy be a uniformly L-Lipschitzian and (k, {kﬁ,z)})-
asymptotically strict pseudocontraction mapping satisfying F(S) # ¥ and F(T) # ), respec-
tively. Let {x,} be a sequence defined as follows: x, € C; = H,

In =1 =)z + 0, S"(z0),

Zy =%, + YA*(T" - DAx,, Yn=>1,

Coi={veC,:ly.— [ < @+ (ks — Dey) 2w = v|I1% (3.24)
2 = vII* < @+ (ks = DY AN 120 = vI1%),

Xn+l = PC,Hl (xl):

where {a,} is a sequence in (0,1), v is a positive constant and {k,} satisfy the following
conditions:
(i) k, = max{kL, k¥, and Yook, —1) < 00;
(i) a,€(8,1-p),Yn=>1andy € (0, ﬁ), where § is a constant in (0,1 — p).
IfT # 0, then the sequence {x,} converges strongly to a split common fixed point x* € T.

Remark 3.3 Theorem 3.1 extends and improves the result of Chang et al. [11, 15] from
weak convergence to strong convergence by using the modified iterative scheme that we

propose.

Remark 3.4 In Theorem 3.1, as S and T are two nonexpansive mappings, demi-contrac-
tive mappings or asymptotically strict pseudocontraction mappings, we can also obtain

similar results.

Example 3.5 Let C and S be the same as in Example 1.1, and D and T be the same as in
Example 1.2. It is obvious that F(T) = {(0,0,...,0)} U {(x1,%2,...,%,) : [ [, %: < 0}, F(S) =
{(0,0,...,0,...)}, C and D are nonempty closed convex subsets of /> and R", respectively.
Let A : C — Dbedefined by Ax = (x1,%5,...,%,) forx = (x1,x,,...) € C. Then A isabounded
linear operator with adjoint operator A*z = (x1,%3,...,%4,0,0,...) forz = (x1,%3,...,%,) € D.
Clearly, |A|l = |A*|| = 1. By using algorithm (3.1) with i <oy < % and y € (0,1). We can
verify x, — (0,0,...) € F(S) and A(0,0,...) =(0,0,...,0) € F(T).

4 Applications
4.1 Application to hierarchical variational inequality problem
Let H be a real Hilbert space, T' and S be two nonexpansive mappings from H to H such
that F(T) # @ and F(S) # .

The so-called hierarchical variational inequality problem for nonexpansive mapping T
with respect to nonexpansive mapping S: H — H is to find a point x* € F(S) such that

(x* — Tx*, x* —x) <0, VxeF(S). (4.1)
It is easy to see that (4.1) is equivalent to the following fixed point problem:
find x* € F(S) such that x* = P Tx", (4.2)

where Pr(s) is the metric projection from H onto F(S). Letting C := F(S) and Q := F(Pr5)T)
(the fixed point set of the mapping Pr()T) and A = I (the identity mapping on H), then
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the problem (4.2) is equivalent to the following split feasibility problem:
find x* € C such that Ax* € Q. (4.3)
Hence from Theorem 3.1 we have the following theorem.

Theorem 4.1 LetH, S, T, C, and Q be the same as above. Let {x,} be a sequence generated
b_)/ X1 € C] = Hl,

In = (1 _an)zn + anSZn;
Zn=%x, +y(T -Dx,, Yn=>1, (4.4)
Con={veCy:llya—vll = llzn—vl < llxn - vl}, )

X1 = P, (%1),

where y € (0,1) and {a,} is a sequence in (0,1) satisfying liminf,_,  a,(1 — ;) > 0. IfCN
Q # 9, then the sequence {x,} converges strongly to a solution of the hierarchical variational
inequality problem (4.1).

Proof Since S is nonexpansive, it is uniformly L-Lipschitzian continuous and (p, {ug)},
{ér(:l)},qﬁl)-total asymptotically strict pseudocontractive with L =1, /,LE,I) =0, é,(,l) =0,¢,=0.
Again since T is nonexpansive, it is uniformly L-Lipschitzian continuous and (k, {,uff)},
{5512)}, ¢»)-total asymptotically strict pseudocontractive withL =1, pchz) =0, E,SD =0,¢, =0.
Therefore, all conditions in Theorem 3.1 are satisfied. The conclusions of Theorem 4.1 can
be obtained from Theorem 3.1. O

4.2 Application to quadratic minimization problem over a fixed point set
Let K : H — H be a linear bounded n-strongly positive operator with n > 1, i.e.,

(Kx,x) > nlx]|.

Let f : H — H be a p-contraction with ¢ € (0,1) and y € (07 *(n — n7}), 7),S:H—> Hbea
nonexpansive mapping with F(S) # ¥ and T := I — n(K — yf) be a mapping from H to H.

Lemma 4.2 ([19]) Assume A is a strongly positive linear bounded operator on a Hilbert
space H with coefficient y >0 and 0 < p < ||A||™}. Then ||I — pA|| <1-p7y.

Now we prove that 7: H — H is a nonexpansive mapping. In fact, for Vx,y e H, y €
(et -n™), 2), from Lemma 4.2, we have

17 = Tyll < | (= nK)x = (L = Ky + ny [f() - £ O
< I =nK]lllx -yl + nyellx -yl
<(@-n"+nyo)lx-yl
< lx-l. (4.5)

Then the hierarchical variational inequality problem (4.1) reduces to finding x* € F(S)
such that

((K —yf)x*,x - x*) >0, VxeF(S). (4.6)
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It is easy to see that (4.6) is exactly the optimality condition of the following quadratic

minimization problem:

1
xg}l(r;) 3 {(Kx, %) — h(x)}, (4.7)

where / is the potential for yf, i.e., i’ (x) = yf. Let C = F(S), Q = F(Prs)(I — n(K — yf))) and
A =1, then the quadratic minimization problem (4.7) is equivalent to the following split
feasibility problem:

find x* € C and such that Ax" € Q.

Hence from Theorem 3.1 we have the following result.

Theorem 4.3 Let H, K, f, S, T, C, and Q be the same as above. Let {x,} be a sequence
generated by x, € C; = Hy,

Yn = (1 - an)zn + 0, S2y,

Zn=x, +y(T -Dx,, Vn=>1, 4.8)
Cn+1:{v€Cn:”yn_V”§”Zn_V”E”xn_‘)”}: .

KXn+l = PCn+1 (xl):

where y € (0,1) and {a,} is a sequence in (0,1) satisfying liminf,_,  «,(1 — ;) > 0. IfCN
Q #, then the sequence {x,} converges strongly to a solution of problem (4.7).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors contributed equally to this work. Both authors read and approved the final manuscript.

Author details

'School of Information Engineering, College of Arts and Sciences, Yunnan Normal University, Longguan Road, Kunming,
650222, China. ?College of Statistics and Mathematics, Yunnan University of Finance and Economics, Longquan Road,
Kunming, 650221, China.

Acknowledgements
The authors would like to express their thanks to the reviewers and editors for their helpful suggestions and advices. This
work was supported by the National Natural Science Foundation of China (Grant No. 11361070).

Received: 1 May 2014 Accepted: 14 January 2015 Published online: 03 February 2015

References

1. Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projection in a product space. Numer. Algorithms 8,
221-239(1994)

2. Byrne, C: Iterative oblique projection onto convex subsets and the split feasibility problems. Inverse Probl. 18,
441-453 (2002)

3. Censor, Y, Bortfeld, T, Martin, B, Trofimov, T: A unified approach for inversion problem in intensity-modolated
radiation therapy. Phys. Med. Biol. 51, 2353-2365 (2006)

4. Censor, Y, Elfving, T, Kopf, N, Bortfeld, T: The multiple-sets split feasibility problem and its applications. Inverse Probl.
21,2071-2084 (2005)

5. Censor, Y, Motova, A, Segal, A: Pertured projections and subgradient projections for the multiple-sets split feasibility
problems. J. Math. Anal. Appl. 327, 1244-1256 (2007)

6. Xu, HK: A variable Krasnosel'skii-Mann algorithm and the multiple-set split feasibility problem. Inverse Probl. 22,
2021-2034 (2006)

7. Lopez, G, Martin, V, Xu, HK: Iterative algorithms for the multiple-sets split feasibility problem. In: Censor, Y, Jiang, M,
Wang, G (eds.) Biomedical Mathematics: Promising Directions in Imaging, Therapy Planning and Inverse Problems,
pp. 243-279. Medical Physics Publishing, Madison (2009)



Ma and Wang Journal of Inequalities and Applications (2015) 2015:40 Page 13 0f 13

. Yang, Q: The relaxed CQ algorithm for solving the split feasibility problem. Inverse Probl. 20, 1261-1266 (2004)
. Zhao, J, Yang, Q: Several solution methods for the split feasibility problem. Inverse Problems 21, 1791-1799 (2005)
. Goebel, K, Kirk, WA: A fixed point theorem for asymptotically nonexpansive mappings. Proc. Am. Math. Soc. 35,

171-174 (1972)

. Chang, SS, Wang, L, Tang, YK, Yang, L: The split common fixed point problem for total asymptotically strictly

pseudocontractive mappings. J. Appl. Math. 2012, Article ID 385638 (2012). doi:10.1155/2012/385638

. Moudafi, A: The split common fixed point problem for demi-contractive mappings. Inverse Probl. 26, 055007 (2010)
. Moudafi, A: A note on the split common fixed point problem for quasi-nonexpansive operators. Nonlinear Anal. 74,

4083-4087 (2011)

. Xu, HK: Iterative methods for split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26, 105018

(2010)
Chang, SS, Cho, YJ, Kim, JK, Zhang, WB, Yang, L: Multiple-set split feasibility problems for asymptotically strict
pseudocontractions. Abstr. Appl. Anal. 2012, Article ID 491760 (2012). doi:10.1155/2012/491760

. Nakajo, K, Takahashi, W: Strongly convergence theorems for nonexpansive mappings and nonexpansive semigroups.

J. Math. Anal. Appl. 279, 372-379 (2003)

. Marino, G, Xu, HK: Weak and strong convergence theorems for strict pseudocontractions in Hilbert spaces. J. Math.

Anal. Appl. 329, 336-346 (2007)

. Martinez-Yanes, C, Xu, HK: Strong convergence of the CQ method for fixed point processes. Nonlinear Anal. TMA 64,

2400-2411 (2006)
Marino, G, Xu, HK: A general iterative method for nonexpansive mappings in Hilbert spaces. J. Math. Anal. Appl. 318,
43-52 (2006)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1155/2012/385638
http://dx.doi.org/10.1155/2012/491760

	An algorithm with strong convergence for the split common ﬁxed point problem of total asymptotically strict pseudocontraction mappings
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Applications
	Application to hierarchical variational inequality problem
	Application to quadratic minimization problem over a ﬁxed point set

	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


