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Abstract

In this paper we introduce a class of generalized Morrey spaces associated with the
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1 Introduction

The investigation of Schrodinger operators on the Euclidean space R” with nonnega-
tive potentials which belong to the reverse Holder class has attracted attention of many
authors. Shen [1] studied the Schrodinger operator L = —A + V, assuming the nonneg-
ative potential V' belongs to the reverse Hélder class B;, ¢ > 5. In [1], Shen proved
the L”-boundedness of the operators (A + V)¥, V2(-A + V)7}, V(-A + V)2 and
V(-A + V)7'V. For further information, we refer the reader to Guo et al. [2], Liu [3], Liu
et al. [4, 5], Tang and Dong [6], Yang et al. [7, 8] and the references therein.

The purpose of this paper is to generalize the results of Shen [1] and Sugano [9] to a class
of Morrey spaces associated with L, denoted by Lft’z’ﬁ,(R”). See Definition 2.8 below. The
significance of these spaces is that for particular choices of the parameters p, g, A, 0 and
«, one obtains many classical function spaces (see Table 1).

In Section 3, let T be one of the Schrédinger type operators V(-A + V)71V, V(-A +
V)2 and (-A + V)72V, With the help of the L”-boundedness of T, it is easy to verify
that T is bounded on Lﬁ’,g’,'\v(R”). For b € BMO(RR"), we can also obtain the boundedness
of the commutator [b, T] on Lﬁzg’yx\,(R”). See Theorems 3.2 and 3.3. For 6 =0, p = g and
O<Ac<l, Lif)’ﬁ,(R”) becomes the spaces La',AV(R”) introduced by Tang and Dong [6]. Hence,
the results are generalizations of Theorems 1 and 2 in [6].

: p.q.h
Table 1 Special cases of La,B,V
0=0,0=0,p=g0<A<]1 Morrey space [P*(R") [10]
0=0,p=qg0<A<] Morrey type space LZ’?/(R”) [6]
a=1=0,0€eR 0<p,qg<oo, HerzspacesKg'q [11]

a=0,A>0,0eR,0<p,g<oo  Morrey-Herz spaces MK%‘ [12,13]
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In recent years, the fractional integral operator I, = (—A + V)™ has been studied exten-
sively. We refer to Duong and Yan [14], Jiang [15], Tang and Dong [6] and Yang et al. [7]
for details. Suppose that V € By, s > g For0<pf, <Bi< g, let

T,Blv,Bz =: Vﬁz(—A + V)_ﬁl,
Ty g, =i (A + V) Prvi2,

Sugano [9] obtained the weighted estimates for T}, g,, TG 5,y 0<Pa<Pi<LIf B =0,we
can see that T o = Ig,. So Tp, g, and T 5 can be seen as generalizations of I,. Moreover,
for (B, B2) = (1,1) and (1/2,1/2), T{; = (-A + V)V and T}, = (<A + V)2V12, re-
spectively, which are studied by Shen [1] thoroughly. In Section 4, assume that 1 < p; < 00,
1< py <s/By and 1< g < oo. If the index (g, B1, B2, A, @, 0) satisfies

1/ps =1/p1 = 2(B1 — Ba)/n,
a € (-00,0] and X €(0,n),
Mg—1/p1+2B1/n<0 <Alqg+1-1/py,

we prove that Tj, 5, is bounded from L2 (R") to L?%%(R"). Specially, we know that
(=A + V) 'V and (-A + V)"2V12 are bounded on Lizg’,xv(R”). See Theorems 4.7 and 4.8
for details.

In the research of harmonic analysis and partial differential equations, the commuta-
tors play an important role. If T is a Calderén-Zygmund operator, b € BMO(RR"), the
L?-boundedness of [b, T] was first discovered by Coifman et al. [16]. Later, Stromberg
[14] gave a simple proof, adopting the idea of relating commutators with the sharp maxi-
mal operator of Fefferman and Stein. In 2008, Guo et al. [2] introduced a condition H (1)
and obtained I”-boundedness of the commutator of Riesz transforms associated with L,
where b € BMO(R"). For further information, we refer to Liu [17], Liu ez al. [4, 5], Yang et
al. [8] and the references therein.

In Section 5, by the boundedness of I, and (A + V) V#, we can deduce that the com-
mutators [b, Tg, g,] and [b, Tg‘lm] are bounded from L1 (R") to L2 (R") (see Theorem 5.1).
Theorem 5.1 together with Lemmas 4.1 and 2.7 can be used to prove that the commuta-
tors [b, Tg, p,] and [b, T;‘l'ﬁz] are bounded from szé‘f’& (R™) to Lﬁ?e’fl{,k (R™), respectively (see
Theorems 5.2 and 5.3).

Remark 1.1 Unlike the setting of the Lebesgue spaces, it is well known that the dual of
LP*(R™) is not L”"~*(R"). Hence, after obtaining Theorem 4.7, we cannot deduce Theo-

rem 4.8 via the method of duality used by Guo et al. [2].

2 Preliminaries

2.1 Schrodinger operator and the auxiliary function

In this paper, we consider the Schrodinger differential operator L =—-A + V on R”, n > 3,
where V' is a nonnegative potential belonging to the reverse Holder class Bs, s > 5, which
is defined as follows.

Definition 2.1 Let V be a nonnegative function.
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(i) Wesay V € B, s > 1, if there exists C > 0 such that for every ball B C R”, the reverse
Holder inequality

1 ; 1
_ S < |
<|B| /B e dx) ~ (|B| /B . dx)

holds.
(i) We say V € By if there exists a constant C such that for every ball B C R”,

1
Vilioop = — V(x)dx.
Wil = o /B () dx

Remark 2.2 Assume V € B;,1 < s < 0o. Then V(y) dy is a doubling measure. Namely, there
exists a constant Cy such that for any » > 0 and y € R”,

/ vwwsq/ V) dy. 2.1)
B(x,2r)

B(x,r)

Definition 2.3 (Shen [1]) For x € R”, the function my (x) is defined as

1
=:sup{r>0:—2/ V(y)dygl}.
le(x) - B(x,r)
Remark 2.4 The function my reflects the scale of V essentially, but behaves better. It is
deeply studied in Shen [1] and plays a crucial role in our proof. We list a property of my
which will be used in the sequel and refer the reader to Guo et al. [2] for the details.

We state some notations and properties of my .

Lemma 2.5 (Lemma 1.4 in [1]) Suppose that V' € Bs with s > 5. Then there exist positive
constants C and kg such that

@) if lx =yl < oo mv®) ~ my(y);

(b) my(y) S (1+ |x = ylmy ()0 my (x);

(© my(y) = Cmy(x)/{1 + |x — y|my (x)} <o/ ko+D),

Lemma 2.6 (Lemma 1.2 in [1]) Suppose that V' € B, s > 5. There exists a constant C such
that for 0 <r <R < 00,

1 R\ 2% 1
=] vors (—) e [ Vo
r Blx,r) r R B(x,R)

Lemma 2.7 (Lemma 2.3 in [2]) Suppose V € By, s > 5. Then, for any N >log, Co + 1, there

exists a constant Cy such that for any x € R" and r > 0,

o

_ V(y)dy < Cyr" 2.
@+ rmy )N S

2.2 Generalized Morrey spaces associated with L

Suppose that V € By, s > 1. Let L = —A + V be the Schrodinger operator. Now we in-

troduce a class of generalized Morrey spaces associated with L. For k € Z, let E; =

B(xo, 2r)\B(x0, 2"'r) and x« be the characteristic function of Ej.
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Definition 2.8 Supposethat V € B;,s > 1. Letp € [1, +00), g € [1, +00), @ € (—00, +00) and
1 €(0,n),0 € (oo, +c0). For f € LT (R"), we say f € Lﬁ:‘é’ﬁ,(R”) provided that

loc

0
q ~ (1 + rmy (x0))* £, q
Wi gy = S0P S E i Wy < 00

y2Ug
La,Q,V(Rn) B(xg,r)CR” k=—00

where B(xg, r) denotes a ball centered at xy and with radius r.

Proposition 2.9
o (R") C LU (RY).
(i) If0=0,p=qganda <0, [P*(R") C Lﬁzg’ﬁ,(R”).
(iii) If6 =0,p=qand o >0, LZ"Z"AV(R”) C P (RM).

(i) Foray > o, L

2.3 Calderén-Zygmund operators
We say that an operator T taking C2°(R”) into L (R”) is called a Calder6n-Zygmund

loc
operator if

(@) T extends to a bounded linear operator on L%(R");
(b) there exists a kernel K such that for every f € LL (R"),

loc

Tf (x) = /R” K@, »)f(»)dy ae. on{suppf}

(c) the kernel K(x,y) satisfies the Calderén-Zygmund estimate

Ky < —=—
lx—y

)
| n

C|h)®
(Kot hy) = K| + Koy + 1) - K(sy)| < ﬁ

for x,y e R", |h| < @ and for some § > 0.
Shen [1] obtained the following result.

Theorem 2.10 (Theorem 0.8 in [1]) Suppose V € B,,. Then
VA+VYIV, V(A+V)E and (-A+ V)iV
are Calderén-Zygmund operators.

Corollary2.11 SupposethatV € B, and b € BMO(R"). The commutator [b, T is bounded
on LP(R").

In particular, let K denote the kernel of one of the above operators. Then K satisfies the
following estimate:

Cyn 1
L+ |x = ylmy ()N |x—y|"

|[K(,9)| < (2.2)

for any N € N. See (6.5) of Shen [1] for details.
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Suppose V' € B, for s > 5. Let L = —A + V. The semigroup generated by L is defined as

Tif(x) = e f (x) = /]R” K ))f) dy, feL*(R"),t>0, (2.3)

where K; is the kernel of e

Lemma 2.12 ([18]) Let K;(x,y) be as in (2.3). For every nonnegative integer k, there is a
constant Cy such that

0 < K;(x,y) < Cyt ™2 exp(—|x — y12/5¢) (1 + Vtmy (x) + «/Emv(y))_k

Some notations Throughout the paper, ¢ and C will denote unspecified positive con-
stants, possibly different at each occurrence. The constants are independent of the func-
tions. U & V represents that there is a constant ¢ > 0 such that ¢V < U < ¢V whose right
inequality is also written as U < V. Similarly, if V > cU, we denote V 2> U.

3 Riesz transforms and the commutators on qu A v(R")

Throughout this paper, for p € (1,00), denote by p’ the conjugate of p, that i 1s, , Ty =L
Let V € B,. In this section, we assume that T is one of the Schrodinger type operators
V(-A+ V)V, V(-A+ V)™ and (-A + V)2V. We study the boundedness on L V(R")
of T and its commutator [b, T] with b € BMO(RR"). The bounded mean oscillation space
BMO(R") is defined as follows.

Definition 3.1 A locally integrable function b is said to belong to BMO(R") if

151l 8mo0 =: Sup B f|b x) — bg| dx < 00,

where the supremum is taken over all balls B in R”. Here bg = & L [ b( 5 b(x) dx stands for the
mean value of b over the ball B and |B| means the measure of B.

We first prove that T is bounded on L2, (R").

Theorem 3.2 Suppose that o € (—00,0], A € (0, n)amdl<q<oo.[f1<p<oo,%—1%<9<

o +1— . then the operators T are bounded on 297 (R™).
q o

Proof For any ball B(xo, ), write
f) = Zf(ﬁ/))(j()’) = Zﬁ()’),
s jmoo
where E; = B(xo,2/r)\B(x,2'r). Hence, we have

0
L+ rmy (@) Y E N Xk TF | gny

k=—00

q
< (L4 rmy(x0)) “r " Z |Ek|”q(z Ik Tl Rn)
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k+1

+ (1+ rmy (xo)) “r " Z |Ek|9q<2 ||kaf||mRn)

v=k-1

0 o0 1
+ (1+ rmy () r7 " Y |Ek|9q(2 “XkTﬁ”U’(R”))
j

k=—00 j=k+2

=A1+A2 +A3.

For A,, by Theorem 2.10, we have

k+1
Ay S (L+rmy(x)) r " Z |Ek|6q(z ||Tf||LP(R”>

y=k-1

k+1
< (L4 rmy(xo)) r Z |Ek|6q(z Wil o ey )

y=k-1

S,
0,V

We first estimate the term E;. Note that if x € Ey, y € Ej and j < k — 2, then |x — y| ~ 2%7.
By Lemma 2.5 and (2.2), we can get
R (L4 |x - ylm\/(x))” lx — yl”

Xk Thll oy S (/
Ex
1

S T TG g [0l

< 1 £ ;_IE 1 lf )!pd ’
p AP
S e 2ormy (o)Wt 47 1B /E, OFa)

1

ol ax)’

where L + L =1.Since -1 + 2 <0 < (1- 1) + %, we obtain
Py pq r’ g

Ex|? Ep "
A1 S (14 rmy(x0))” “’Z“} |9q<2|k| 15 ||X;f||u¢ug)>

(1 + 2%rmy (xg))N/ko+1

n(j—k) ) L
< (1 + (o) Z IEx |9q<Z 2 )

(1 + 2%rmy (xo))N'ko+1

An 1 1
x(zf') LI (1+ Drmy () 7 (2 )_q(IE;I(’qllx;fll,‘fp<Rn))q)

0

=2
S L+ rmy(xo)) r Z |Eklk(2 2

k=—00

(R7)

IS |q‘9> W

0 k-2
- i—kn(1-1+2_g)
S (1+rmv(x0))01r an Z |Ek|)\<z 2(/ k)n( rtyq > “f”quA ®")
v

=—00 =—00

< ||.f”quA R”



Li et al. Journal of Inequalities and Applications (2015) 2015:229 Page 7 of 21

For A3, we can see that when x € Ey, y € Ej, then |x — y| ~ 2 for j > k + 2. Similar to E;,

we have

b Tf e < L / )| dy

™ (L + Zrmy (xo))Nko+d (2/ )”

1
S W Drmy (o) ot (2/ i Bl I (/ ol dy )

11
|Ex 2 1Ej |2 1| xif Il o .-

~ (1 + Yrmy(xg))N/ko+l

Since —}7 + % <f<(1- }j) + %, choosing N large enough, we obtain

1 _1 q
i |Ex|7 |Ej| PIIX;fIILp(R»«))

1 + Yrmy (xg))yNlkot1

0
As S 1+ rmy(x0)) Z |Ek|9q(
j

k=-00 j=k+2

(1 + }"le(xO) Ml Z |Ek 9q

i (1 + Vrmy (x) & (2r) T |Ej|

et (1 + 2rmy (xg))N'ko+1

™ q
5 2595 (14 Yrmy (x0)) 1 (2r) 7 (IE;|) len,’{p(w))% }

k—j) 2 L_g
< (14 rmy(xo))“r Z |Ex| GQ(Z 219b g4 ) 1 Wpa

y=k+2
<
”-f”LPq)‘ ]R”)

Let N = [-2 +1](ko + 1). Finally, || T || par momy S Il 2 mmy- This completes the proof of
1 Lygv®") ~ ¥ ELy gy (RY)
Theorem 3.2. O

Suppose that b € BMO(R") and V € B,. Let T be one of the Schridinger type opera-
tors V(—=A + V)1V, V(=A + V)2 and (-A + V)™V2V. The commutator [b, T] is defined

as

(b, TIf = bT(f) - T(bf).

Theorem 3.3 Suppose that V € B, and b € BMOR"). Let 1 <p<00,1<g<00, a €
(-00,0], & € (0,n). If the index (p,q,0, \) satisfies % - }7 <f< % +1- 117, then

|6, TIf|| par < CIf Il par 16l Bato-
.0,V o0,V

Proof For any ball B = B(xy, r), we can get

0= foxs0) =Y £0),

Jj==00 Jj=
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where E; = B(xo,2/r)\B(xo,2'r). Hence, we have

(1+ rmv(xo) r Z |Eg | H xk[b, Tlf”uf R)

k=—00

0 k-2 q
(1 + rmv(xo))a —hn Z |Ey|% ( Z || Xk 1D, Tlﬁ“Lﬁ(R”))

k=—00

k+1 q
+ (14 rmy(x))r Z |E’<|9q<ZHX’<[b TIf] ]R")
V

k=—00 k-1

- a
+ (1 + rmy(xo)) r " Z |Ek|9q<z %8, T15 ]R")

j=k+2

:IBl +32 +Bg.

For B,, by Corollary 2.11, we have

k+1 1
B, (1+rmv xo) r Z |Ek|0q(2”[b Tlf“w ]R”)

v=k—1

k+1
< (14 rmy (o)) “r Z |Ek|0q<2|lf||u7 Rn) 1605010

y=k-1

S Ilflleqx 1811 30
0,V

Denote by b, the mean value of b on the ball B(xo, 2*r). For Bj, by Lemma 2.5 and (2.2),
we have

”Xk[b’ Tlf; ”LP(R”)

1 1
™~ (1 + 2Krmay (xg))NTko+1 (2kr)n

x [/jg(/ Ib(o) - b(y>|v<y)|dy) dxr

1
S ~ {1+ 25rmy (xg) )N ko1 (2k |:(/ |b(x) = by, ‘pdx) /V(Y)’d)’

+IE? /E_!b(y)—bzk,!lf(y)\dy]

1 1 1-1
S Wx By o) VoA (@) ['Ek'p B 1¥lamol o

1 V4 1%
+1EZ fillo@n | | |6G) = by, | dx
Ej

1_,

1 |Ej|
S ! (k il e em 16| aros
~ (1 + 25rmy (x0))N/ko+1 |Ee ™ Ml "
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where in the third inequality, we have used John-Nirenberg’s inequality [19]. Since — }7 + % <

0<(1-2)+2% weobtain
r’ T q

0 k-2 ‘ -1\

(1 + rmy (x0))* k= DIfllr@n  1EIT?

B g o Z Bl Z (1 + 2krm ](x )()N/)ko+1 1 11 1615310
= — v (%o |Ey "7

k-2

< (1+rmv(xo)) Z £ |0{Z (1+ Vrmy (x)) @

@+ Zrmmy )Nt 12 Iaro

1
. IE|'" 7
X (k_])(zl ) |E| 0 1} ”f”quA
|Ex|" 7
_ L+ rmy(x0))” = !
VAo . i _a 1
S Z |Ex P( (k—j2 vy 1) 1%, 161t
k=—o00 j=—00 «,0,V

q
S ILfIILMA 1611 r0-
0,V

For Bs, similar to B;, we have

16 T1S | o ey

Y
[ |- b0 ] o)

< 1 1
™ A+ Yrmy (xo)Nhott (Zr) (/Ek

< j-k
~ 1+ Yrmy(xg))

Nikoil |Exl? |E; I fill e 121 a0

Since —Il, + % <f<(1- }7) + %, choosing N large enough, we obtain

- 11 q
" |Ecl? |Ej]"7 G = K)IIfill o e
B3 < (L+rmy(x0)"r™ Z |Ex I"q(z PG OV ) e,

1 + 2rmy (xg))N/ko+1

y=k+2

nd (1+2’rmv xo)) q
< (1 Ei|%
< (14 rmy(x0)) Z| | |:,122( 1+ Drmy (g)) Vo 1

Y [
X (= 0)(2r) © |Ej|° |Ex|7 1B } g2 o P

q
< (1 + rmy (o)) Z @P(Zz R >> (12PN 1] 9%
@0,V

Jy=k+2

< ||.f||qu)L R" |b”BMO
Let N = [—% +1](ko + 1). We finally get

16 TV o2 ey S 125 o 1Bl O
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- .G\
4 Schrédinger type operators on L)% (R")

Let L = —A + V be the Schrodinger operator, where V' € By, s > n/2. For 0 < < 7, the

fractional integral operator associated with L is defined by
oo
LP(f)(w) = / e L () (x)tP dt.
0

Denote by Kg(, ) the kernel of L#. By Lemma 2.12, Bui [20] obtained the following point-

wise estimate.

Lemma 4.1 (Proposition 3.3 in [20]) Let 0 < B < 5. For N € N, there is a constant Cy such
that
o0
Kg(x,y) = / K (x, y)tP 7 dt
0

- Cn 1
T (Lt = ylmy )N Jx - y|n-2

(4.1)

where K;(-,-) is the kernel of the semigroup e .

Definition 4.2 Let f € LI (R”"). Denote by |B| the Lebesgue measure of the ball B C R”.

loc
The fractional Hardy-Littlewood maximal function M, is defined by

can(— L [y
Mot =sup( e [0 @)

Lemma 4.3 ([16]) Supposel <y <p) < = and piz = pil — 2. Then

Mo f N2y S W llzon @
As a generalization of the fractional integral associated with L, the operators V52 (A +
V)71, 0 < B < B <1, have been studied by Sugano [9] systematically. Applying the
method of Sugano [9] together with Lemma 4.1, we can obtain the following result for

VA2 (—A + V)P, 0 < By < B1 < n/2. We omit the proof.

Theorem 4.4 Suppose that V € By. Let 1< By < f1 < 5. Then
[VP(=A + V)P ()| S Maggy—paf ().

In a similar way, by (4.1), we can get the following estimate for the operators (-A +
V) Prvh, 0 < By < i<t

Theorem 4.5 Suppose that V € B, fors> 5. Let 0 < fs < p1 < 5. Then
A+ V)PV )] S M- () ()

where (é)/ is the conjugate of(ﬂs—z).
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Proof Letr =1/my(x). By Lemma 4.1 and Holder’s inequality, we have

|(=A + V) PVP () (x)|

it 1 1
< V(y)P2 d
Nk=z—oo/2k1r<lx—yl<2kr (1 + 2Kkrmy (x0))N (2kr)r-2H1 Y2l 4y

(2%r)2P2 1 B2
~ Z < (1+20N ((2/(,);1 /B(x . VU)dJ’) Moipy-po) 5y ).

For k > 1, because V(y)dy is a doubling measure, we have

(2'r)?
(2kr)yn

2
| vorarscs kD vy
B(x,2kr) " J Bar)
where ko = 2 — n + log, Cy. For k <0, Lemma 2.6 implies that

(2kr)? / ( r )?-2r2 /
V) dy S| =— — V(y)d
(zkr)n B(x,2kr) (y) Ve 2/(,« r" B(x,r) (y) Y

5 (2/()2_%.

Taking N large enough, we get
(A + VYV )| S Mg py 5. 0f (0)- O
By Theorem 4.5 and the duality, we can obtain the following.

Corollary 4.6 Suppose V € B; for s > 5.

1 1 2p1-2
(D) If1<(5) <pr1< g5a5 and 5 = o — P22 then

[ (A + VY PVEE| Ly oy S I Nl ey,

Where + (£ 3 ) =

s 1 _ 1 _ 2828
Ifl<pz<2¢mdm—p1 =2 then

IVP2 (A + VYL o oy S Wl

Theorem 4.7 Suppose that V € B;, s > 5, o € (- oo,O] A€(0,n). Letl<g<o0,1< By <

n s 1 _ 1 _ 2828 2/32 L1 2/31 _ 1
,31< and1<p2< wzthp1 » f -+ <f<2 +1 pl,then

[VAea+ VIS gy S gy

Proof For any ball B(xy, ), write

0= foxs0) =Y £0),

Jj==00 Jj=
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where E; = B(xo,2/r)\B(xo,2'r). Hence, we have

0
(1 + rmy(x)) r " Z |Exl%| x VP2 (A + VYA, ®")

k=—00

q
(1+rmv(xo) —hn Z IEklaq(Z ||XkVﬁ2( A+V)” ﬂf”m (" )
je

k=—00

0 k+1 q
+ (1 + rmy(xo)) r " Z |Ek|9q(2 [ xeVP2(-A + V)_ﬁlﬁHM2(Rn))
Jj

k=—00 j=k-1

k=—00 k+2

q
e 3 (b
=
=M + My + Ms.

We first estimate M,. For 1 < p, <% by (2) of Corollary 4.6, we can get
k+1
(1 + rmy (x0))*
My S Z E®( > Wl ) S IFI° s
k=—00 y=k-1
Now we deal with the terms M; and Ms. We choose N large enough such that

(Nlko +1) — (logy, Co +1)B2 + /g > 0

and take positive Ny < (N/ko + 1) — (log, Co + 1) B,. For Mj, note that if x € Ey, y € E; and
j < k-2, then |x — y| ~ 2%r. By Lemmas 4.1 and 2.7, we use Holder’s inequality to obtain

[V A+ VP o e
1

P2 2
S ( / dx)
Ex

1

1 ﬂzpz 2
S ~ 1+ 2% rmy ()N ko1 (2k -2 / [F () |dy</ V)| dx )
8

1 2
[P Bl 1 1 / ©
< V(x)* dx
S W 2oy (o) V07t (aFrye-2 11712 (|E| ®
(B |2 1 1 / &
< — V(x)d.
S s oo GVt @y o AZES: B (x) dx

1
™ (14 25rmy (x) Nt (2kr)r-2P1+22

Vﬂz(x)/( ! ! —5 /) dy

£ (1+ | = ylmy ()N |x - y|"=2P1

1 1-L
|E |72 LBl P llon ey,

2812 . 2 .
where L+ — L = 2622 Gince 2 L 28 g 2 41 L e obtain
n_ p n 9 pm " on q n

0
M S (1+ rmv(xo))ar”\" Z | Ex|%
k=—00

k- q
1 1 1 g1
8 (Z (1 + 2krmy (x0))YN1 (2Kkr)n—2614262 |Ex |2 |E;|" 71 |US'||U’1(R”)>
Jj=—00
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< (L4 rmy (x0))“r Z |Ex|”?

1+ 25rmy ()Nt (2kr)n-2614262 b

o . An
1+ Yrmy(xo)) ¢ (2/;")_|E»|‘9 11
<Z( |Ex|72 || ufan

< (1+rmy(x0))ar_’\” Z |Ex |A<Z QU=hm hr H)) ”,f”Lplkq

k=—00 o,v,0

S W

a0

For M3, note that when x € Ey, y € Ej and j > k + 2, then |x — y| ~ 2/r. Similar to Ej, we
have

[ xc VP2 (=a + V)P 22 ®R")

1 1 Bap pl_z
S s T R @y /Ejlf(y)ldy< fE k|V(x)| dx)

1 281 126
S Trmma B R Il o,

2812 . 2 .
where L — L = 281228 Gince 2 - L 4 281 g 2,1 L e obtain
o p n q p1 ' on q p

My S (1+rmy(x0))” *"Z|Ek|"q

k+2

1 £ 21 E 126 !
—_—|Ej| " ~m " ||F "
12 (1+2}rmv(x0))N1| jl |Ex| [TA7Z2Y0)

< (1 + rmy (o)) “r Z |Ex |

10

1+ Zrmy (xo))™M Zﬁl—pil @b,V

00 . _a . An 0 126
( (1 + Vrmy(x0)) T (Ur) T |Ej|0 |Eg|72 )
(2
; |

j=k+2

S (L+rmy(x)) r Z IEkI’\<Z ok ) ”f”Lle
j

k=—00 k+2 @V

|V||Lp] gk *

0,V

Choosing N large enough, we obtain

” VP (-A + V)_ﬁlf”Lpz,q,A S ”f”LPlW“ O

0,V 0,V
Theorem 4.8 SupposethatVeBs,s> 5, € (-00,0], 1 € (0,n) and 1 < q < 00. Let 0 <
By <Pi<? 5 T ﬁz <1< 35055 2/32 Wlthpz 1%1 251228, 2’32 fA——<9<—— +1_% then

[ 4 VIPVF | s S s
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Proof For any ball B(x, ), let Ej = B(xo,2/r)\B(xo,2'r). We can decompose f as follows:

)= fO)x50) = >_ £0).

j==00 j==00

Similar to the proof of Theorem 4.7, we have

0
(1 +rmy(x)) r " Z |Exl®| xae(=A + V)7 Vﬂzf”ZpZ(Rn)

k=—00

k-2 1
SO0 o) 3 1 Sl e V)
o0

k=—00

k+1 q

Z ” Xk(=A+V)h Vﬂzﬁ”m(]& )
i=k-1

+ C(1+rmy (%)) r ™" Z |Ek|9q<

J

00 q
+C(1+ rmv(xo))“r- |Ek| 0q < > a-a+ vy H vﬂ2ﬁ||Lp2(Rn)>
j=k+2
= Ll +<L2 +<L3.
For L,, because 1 < 5~ ~<P1< Zﬁ 5, We use Corollary 4.6 to obtain

(1 + rmy (x0))° oo
R Z | D oo e <|Lf||
=

k=—00 k-1 Lapy

For L;, we can see that if x € Ex and y € E;, then |x — y| ~ 2*r for j < k — 2. By Hélder’s
inequality and the fact that V' € B;, we deduce from Lemmas 4.1 and 2.7 that

o=+ VYPVEL s e

L
1 |Ex |72
(1 +2krmy(xo))N/k0+1 (2k )n 281

1
1 Ed?Laox (1 "
|Ej|l p1(|B|/ V(x)dx> If; 11221 )

~ (1 + 2krmv(x0))N/ko+l (2/(,,-)}1—2;31

/ V)®|f0)| dy

1
1 Ed® o
~ 1+ 2Krmy (xo) N2 (2Kr)-261 15l g @) Wfilm gy,

where L » pil 251262 2’32 and Ny < (N/ko + 1) — (log, Co + 1)B2. Smce 2_ =<0 < 2 — piz +
ﬂ

L. we obtain
0

Ly < (L+rmy(x)) r " Z |Ex]"

k=—00

k-2 1 IE @ ) q
k 1-— i \—2P2
X E| (2 : "
(]':Zo:o (1 + 2%rmy (x0))N2 (2kr)n=2A1 B @) il e )>




Li et al. Journal of Inequalities and Applications (2015) 2015:229

< (14 rmy (o)) r " Z |Ex|

_ . a . An 1 _1
(k 2 (1 + Yrmy (o)) 7 ()7 || |72 B r )
303

2 W dFrmyGoe @rpn @) Wi

(k 9—
< (1+ rmy(xo))” ”Zwm(zz"”( e )ufnqm
a(JV

q
S W g

ocVH
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For L3, note that when x € Ex, y € E; and j > k + 2, then |x — y| ~ 2r. Similar to E;, we

have

=2+ VPV

L
1 |Ex| 72
~ (1 + Zrmy (xg))Nko+1 (2/r)n=261

/ Vo) dy

1
< 1 | Ex| 72
~ @+ Vrmy(x))N2 (Yr)r-2h

1-L i \-28
|Ej| Pl (21r) 2”]7’||LP1(]R”)»

where + > pil M and Ny < (N/ko + 1) — (log, Co + 1)B,. Since % - piz <f< % -
ﬁl , we obtain
Ly S (1+ rmy (%)) Z |Ex|%?

j=k+2

Z“’ 1 [Exl? L “
1-L i \-2B

X - : E|“ i (r - .,

(} 1 + Zrmy (xg))N2 (2r)=2A1 |Ejl ( ) 1fill o ))

q
S (L+rmy (o)) r Z |Ek|k<z 2 ) ”f”qmqk

j=k+2 Lagy

S

a0,V

Let N be large enough. We finally get [|[(-A + V) P1VEf|| P2 < \fIl [P
@0,V @0,V

5 Boundedness of the commutators on qu ik (R“)

Ly
P2

In this section, let b € BMO(R"). We consider the boundedness of commutators [b, (-A +
V)~P1VF2] and its duality on the generalized Morrey spaces Li’,g’ﬁ/(R”). For this purpose,
we prove the commutator [b, (-A + V)1V2] is bounded from L”1(R") to L72(R"). For

the sake of simplicity, we denote by b,«, the mean value of b on the ball B(xo, 2r).

Theorem 5.1 Suppose that V € Bs, s > 5 and b € BMO(R").

i 1 1 261-2
W) FO<P<Pr<3 g <P1<zplzmr o ==t then

[[6: (A + V)P VﬁZ]f”m(Rn) S llzer @y 11611 Bato-
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.. s 1 _ 1 _ 2B1-28
(i) Ifl<py< A and ST then

1[5 VA2 (=04 VI | oy S I s 1Bl saco-

Proof We only prove (i). (ii) can be obtained by duality. Because 8, < 1, we can decom-

pose the operator (-A + V)15 a5
(A + V) PVP = (A + V)PP (A 1 V) P2y,

Denote by LP27#1 and T}, the operators (—A + V)27 and (-A + V)72 V2, respectively.
Then we can get
[b,(=A + V)P VP f(x)
- [b, (-A + V)ﬁz—ﬂl(_A + V)—ﬂz Vﬂz]f(x)
= pLP-h Tﬂ?f(x) _ [P2-h1 Tﬁ2 (bf)(x)
= pLP2-P T, f (%) _ [P2-P1 (bTﬁQf(x))
+ L7 (bT g, f () — LP27P1 T, (bf ) (%)

= [b, L7277 T, f (x) + L1 [b, Tp, |f ().
By (1) of Corollary 4.6, we can get

[[6, (A + VYPVEE| Ly
S| [b’Lﬂz_ﬁl]Tﬁzf”Lpz(Rn) + [ LP2Pp, TﬂzlfHLPZ(]R”)
S Tpf @ + |18, T I | o o

S W llzen ey
This completes the proof. g

In the rest of this section, we prove the boundedness of the commutators [b, V2 (-A +
V)] and [b, (-A + V)1 V2] on Lﬁ?é’f{}\ (R™), respectively.

Theorem 5.2 Suppose that V € B;, s > 5, « € (-00,0] and ) € (0,n). Let 1 < q < 00,1<

ﬂ2551<gand1<p2<ﬁs—2with1}1—é=w.lf%—%+%<9<$+l—ﬁ,thenfor
b € BMO(R"),

[[B: V22 + V7P| a0 S 11 vz 1B saco-

Proof For any ball B(xg, ), we have

F0)= 2001 0) = 350,

j=-00 j=-00
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where E; = B(xo,2/r)\B(xo,2'r). Hence, we have

0
(1 + rmy(x)) r" Z |E% || xe[6, VP2(-A + V)_ﬂllf”;]pz(Rn)

k=—00

q
< (14 rmy(x0))° *”ZUSW(ZHM b VR (A +V) f’]f||lmn>)

k+1 1
+ (1+ rmy (x0))“r " Z |Ek|9q(2||xk [0,V (=2 + V)P, Rn>>
V=

k=—00 k-1

q
+ (L4 rmy (x0))“r” Z |Ek|gq(2 |l VA + VY PS] Rn)>
J

k=—00 k+2

=ZD1 +D2 +D3.

For D, by (ii) of Theorem 5.1, we have

k+1
Dy < (L+ rmy (%)) r " Z |Ek|9q(z Wfill o ) 181310

Jy=k-1

S IlfllqpmllbIIBMo
(19V

For Dy, by Lemmas 2.7 and 4.1, we obtain

[l VP2 A+ P

/E V() (b - OIS G) |

1 1 o
< dx
~ (1 + 2krmv(x0))N/ko+l (2/(,,)}1—2}31 (Lk )
1 1 2
P2
< VP22 (x) | b(x) — bok, [P d / d
~ (1 + 2krmy (xg))NTko+1 (2k =281 [(/Ek (x)| (x) 2/(7" x) g Lf()’)’ Y

Bap2 p% _
+ (/Ekv » (x)dx) /Ej]b(y) bzk,Hf(y)‘dy}
61l 5mo0 1 -
S (1 + 25 rmy () N /Ko +1 (2K p)n=261 I:(/Ek V(x) dx) |Ex| / [f )| dy

P2 1 1
+ (/ V(x)dx) |Ej| 72 ﬁ2|E,»|1 kN (k—f)llf;||m<w>i|
Ex

161l 3rmo k—j
~ (1 + 25 rmy (%)M (2kr)n=2A1

1 _2p -1
|ExlP2 7 E} | 7L |1fill o ey,

where pil - piz = —251;2‘32 and N; < (N/ko + 1) — (log, Co + 1)B,. Since % - pil + 2% <0<

2 4+1- L we obtain
q 21

Dy S 11bl o (1 + rmy () “r Z |Ex |

=2 1 k—j 1 2 1 !
X E |p2 n |E:|" p1||f n
,Zoo (s Zormy Gyt 2 K7 VBT 2 e
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S 1Bl 0 (1 + rmy (x0)) " Z |Ex |

(Ut Vrmy (o)) )T |E[ |Eg7 7
(Z (L + 2y (ro))yNi (2Kr)n—2h1 (k- )) [l

|Ej| 71 Lo v

(1+rm (x gLy
S b po———— Z |Ex (Z(k jy2i e ”) 1

6,V

q
S W0 10y
a,0,V

For D3, because pll - piz = @ and N; < (N/ko +1) — (log, Cy + 1) B2, we have

”Xk [b’ VR (-A + V)_ﬂllﬁ”LPz(R")

1
P2 P
dx

/E V()™ (b(x) - b)) dy

J

- 1 1 /
™ L+ Yrmy (xo))Nort (r)y 2\ Jp,
j—k

2611 1_2p
NW|Ej| ® P E P2 7 | 1b gato Ui | e ey

where we have used the fact that |x — y| ~ 2'r for x € Ey, y € Ejand j > k +2. Since 2 — 1 +

a4 n
2
ﬁl <9<q+1——,weobtam

0

D3 < (1+ rmy () r™" Y |Ei|™
k=—00

oY () N RLETIE S AT q
d 7 P k P2 n BMo IJi |l Lr1 (R~
A W Zrmy () JRLL G

k+2

S B pg0 (1 + rmny (x0)) 7" Z |Ex|

“f”Lpl q,\

0,V

0o , _a . 0 128
L+ Yrmy(x)) 1 (2r) 4 |Ej|™" |Eg|P2™ "
x| 2 g
Jj

(1 + Yrmy (x))N1 1 U~

j=k+2 |Ej| " "B

(k n(&——+ +
< 1Bl 0 (1 + iy (x0))” Zwu*(Z(z K27 )ufnm
J

k=—00 k+2 adV

S |lf|| o 161 3ar0-
ot0V

Let N be large enough. Finally, we get

[[2: V2= + V7P| a0 S 11 vz 1B saco- O
Theorem 5.3 Suppose that V € B, s > 5 and b € BMO(R"). Let o € (-00,0], A € (0,n)
and 1< g < oo. 1f0<ﬁz<ﬁ1<2,s A <p1<251 y plz :i—@,%—é <0<%—pi2+
1- % , then

[[6: A+ W PVEIf] g Sl s 1Bl mo-



Li et al. Journal of Inequalities and Applications (2015) 2015:229 Page 19 of 21

Proof Similarly, we can decompose f based on an arbitrary ball B(xy, r) as follows:

fO) =Y fOxs0) = >_ £0),

Jj==00 Jj==00

where E; = B(xo,2'r)\B(x9,2'r). Hence, we have

(1 +rmy xo S Z |Ek|9q” Xk ~A+ V) Vﬂzlf”zpz(n% )

0 k-2 q
< (1 + i"mv(xo))afm Z |Ek|9q(z ” Xk[b' A+ VA Vﬂ2]ﬁ“l}’2(R”))
j

k=—00

k+1 q
+ (1 + rmy(xo)) r " Z IEk|9q<Z | xx[B: (A + V) FryP2 1l R”))
j

k=—00 k-1

0 q
+(L+rmy xo) r Z IEk|9q<Z ”Xk b (-A+ V) PyP ]f”uvz ]R”))
=

k=—00 k+2

:Fl +F2+F3.

Applying Theorem 5.1, we can get

(1+rmv(x ))a 0 k+1 q

0

ES——— E |Ex IQ"(E Hf”U’l(R”) 1213010
J=

An
r
k=—00 k-1

q q
S WA .02 1511 5rr0-
@0,V

For Fy, by Holder’s inequality and the fact that V' € B,, we apply Lemmas 4.1 and 2.7 to
deduce that

| xe[B, (=2 + VY PVELS] Ly ey

1
b2 o
dx

/E () - 6) VE ) ) dy

J

1
<
~ (1 + 2krmv(x0))N/k0+1 (2kr)” 281 (/

< 1 1
~ (1 + 2Krmy (xg))N/ko+1 (2K r)n-21

_ p2 p% B2
x[(fEkyb(x) by | dx) /E,’V O)f )| dy

B [ 16006 V70 0)| |

(fE/, V(y) dy)P2 k—j
~ @+ 2krmv(x0))N/k0+1 (2kr)n—2ﬁ1
-Jj
(1 + 2Krmy (xg))N2

1 1-L
|Ex|22 |Ej|™ 21 ||l smolfill 271 vy

1,26 4 11 2%
S 181l smo |Ex|72" 7 B P fi e ey
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where L = L —

o7 = 25 2’62 and Ny < (N/ko + 1) — (log, Cp + 1) 8. Since 2L gt plz
1-2 1,we obtain
0
Fy S 1Bl p0 (1 + rmy (x0)r" D |El™
k=—00
k=2 . q
k -] LJrﬂ,l 1,L,ﬂ
X — | Ex|P2" " |E;}| v 7" ||f; n
<f_Z;o (1 +2krmv(xo))N2| 8 15 Vil ey
S 1B o (1 + rmy (x0))“r Z |Ex|?
(1+ 2y o) IR
2 n
Z D) o) g o B R .
~ (L+25rmy (%)™ | —,,—2-71
(L + rmy(x0))® -
S bl g0 ——0 —— Z |Eel* Z(k—;)f IG5 ILfII
7' k=—00 j=—00 LaHV

S ILfII 1,MIII?IIBMO

For F3, note that when x € Ey, y € Ej and j > k + 2, then |x — y| ~ 2/r. Similar to Fj, we
have

| e[, (= + VYPVEIS] by
1 1
S (1 + Yrmy (o)) Nkt (2r)=2h1 (‘/Ek /E‘(b(x) - b)) V) (y)dy
j_

7
1 1
S —— A A N ’
~ (1+2/rmv(x0))Nz| k|22 \E1 P2 (lfjll o eny 1l savo

1
I 3
dx

where - pz le 281 2ﬂz and N, < (N/ko + 1) — (log, Co + 1)B,. Since = — L <9 < = pLz +
— 2 =1, we obtain
Fs S 1Bl 0 (1 + rmy(x0))“r =" Z |Ex|?
1+ Ni, \E¢|P2 1
+ 2Zrmy X() q j An _o |Ek|?2
T e (27) T IE] T (I—k)HﬁHM(Rn))
(};2 (1 + Yrmy (x) N2 \Ej|72
(k=jm(o-2+ L
SIS0 (1 + Py (x0)) " Z |Exl" <Z(; k)24 ) 110
—00 = k+2 o0,V

q
S pyan 1811 Ep10-

a9V

Let N be large enough. We finally get

“ [b, (=A+ V)7ﬁ1 Vﬂz]f“Lpzéq{/A 5 Hf”Lméq{/k 161l ro

Page 20 of 21
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