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1 Introduction
Nowadays, fractional calculus is used as a mathematical tool for modeling the processes
in engineering, mathematical economics, physics, chemistry, biology and other branches
of science (see [1-12]). Motivated by the above mentioned works, here we aim to es-
tablish two new fractional integral formulas (of Marichev-Saigo-Maeda type) involving
the product of multivariable H-functions and the first class of multivariable polynomials
Sy (x1,...,%;). The so-called Marichev-Saigo-Maeda generalized fractional operators
were introduced nearly 40 years ago by Marichev [13] and studied in some recent pa-
pers, including the papers by Saigo and Maeda [14] and by Saxena and Saigo [15]. Due
to the usefulness and the importance of the Marichev-Saigo-Maeda fractional integral
operators, many authors have presented a number of interesting integral formulas involv-
ing special functions by using the Marichev-Saigo-Maeda fractional integral operator (see
[13, 16—20]). By virtue of the unified nature of Marichev-Saigo-Maeda fractional integral
operators, a large number of new and known results involving Saigo, Riemann-Liouville
and Erdélyi-Kober fractional integral operators follow as special cases of our main formu-
las.

Our main results consist in application of the Marichev-Saigo-Maeda generalized frac-

tional operators:
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;“_a / Oo(t—x)"-lt-“Fg(a,a/,ﬁ,ﬂ/;n;1_’—“,1_f)/(t)dt Ren>0),  (12)
(m Js ¢ x

to the multivariable H-functions (see, e.g., [21, 22]) and the first class of multivariable

A variant of such operators (integral transforms) was introduced by Marichev [13] as
Mellin type convolution operators with a special function F5(-) in the kernel. These oper-
ators were rediscovered and studied by Saigo in [23] as a generalization of the so-called
Saigo fractional integral operators, see [24]. The properties of these operators were studied
by Saigo and Maeda [14]. In particular, relations of the operators with the Mellin trans-
forms, hypergeometric operators (or Saigo fractional integral operators), their decompo-
sitions and acting properties in the McBride spaces Fy,, (see [25]) were found.

In (1.1), (1.2) the symbol F;(-) denotes the so-called 3rd Appell function (known also as
Horn function) (see [26], p.413):

F3((¥,Oé/;,3,ﬂ/; 775x;y) _ Z (a)m((:; )n(fn)::l(‘,g )nxmyn

m,n=0

(max{|x], [y} <1). 1.3)

The properties of this function are discussed in [26], pp.412-415. In particular, its relation
to the Gauss hypergeometric function is presented:

Fs(a,n—o; 8,0 - Bsm;x:9) = o F1(a, Bs s % + y — x).

It is known that the 3rd Appell function cannot be expressed as a product of two o Fj func-
tions and satisfy pairs of linear partial differential equations of the second order.

Operators (1.1), (1.2) can be reduced to the fractional integral operators introduced by
Saigo [27] due to the following relations:

0P @) =1 ) (v eC) (1.4)
and

L @) =BT (v €C). (15)
The multivariable H-function, introduced by Srivastava and Panda in a series of research

papers (see [28], p.271, Eq. (4.1), [22], p-130, Eq. (1.3) and [29, 30]), can be defined and
represented in the following manner (see, e.g., [31], p.251, Eq. (C.1)):2
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where
ra- ;
¢ 6) = — ISR aﬁZl 19’8 (1.7)
1n+1r(a1 Zzl 1 sl) 1 b +leﬁ Sl
= AINISANC 8?’ s
0:(&:) = [T ra- c +y’ S)l‘[ &) , Vie{l,2,...,r}. (1.8)

ARG ”—y, &) ,Mr(l d\ +a}">si)

In these formulas, for any i = 1,...,r, L; represents the contours which start at the point
7, — woo and go T; + woo with 7; € R = (—00, 00) such that all the poles of F(d](.i) - 8;5)55),
j=1,...,mzi= 1,...,r,areseparatedfromthoseofF(l—c;i)+yj(i)$,'),j= 1,...,n5i=1,...,1,
andTQ-a;+ Y, a;i>“§,'), j=1,...,n. Here, the integers n, p, q, m;, n;, p;, q; satisfy the
inequalitiesO5n§p;q20,1§mi§qiandlfnifpl,i— yeeist

Further, suppose that the parameters a;, j = 1,...,p; ¢; ] =L..,psi=1..,rb;j=
1, g d4 ,j=1,...,q;5i=1,...,r, are complex numbers, while the associated coefficients

] ,] 1,...,p, i=1,...,n; yj(i),jz L..,psi=1...,r, ﬂ}.‘i),jz L..,gi=1,...,1; 8( ,j =
1,...,q;i=1,...,r, are positive real numbers such that

p bi q qi
IR0 WL LD WU 19
1 j1 j1 j-1
qi
ZEDOCLED LD LD LD SO WSS S TN
j=1 j=n+1 Jj=ni+1 Jj=mi+l

It is assumed that the poles of integrand of (1.6) are simple. Under the conditions (1.10)
the integrals in (1.6) converge absolutely (see [31], p.251) in the domain

T
’arg(zi)‘ < EQ,', i=1,...,r, (1.11)

and points z; = 0, i = 1,...,r, and various exceptional parameter values being tacitly ex-
cluded.
From Srivastava and Panda [32], we have

Hlz,....,zl = o(|zl% ..., 1z,]*), lrg];g[lzjl] -0, (112)

. <d“
where e; = mlnlfjfml[ ] i= ,7.

/
If n =0 in (1.6), then the following asymptotic expansion (Srivastava and Panda [32])

holds:
Hlz,....z]=o(|z1l®,. .., |z [%), 1n<”lji£1r[|Zj|] — 00, (1.13)
ﬂi(c(i)) )
where g; = max,<j<,,,[—{~1, i =1,...,7, provided that (1.9), (1.10) and (1.11) hold true.
¥

]

Remark 1 When # = 2, the multivariable H-function defined by (1.6) reduces to the
H-function of two variables studied by Mittal and Gupta [33]. The H-function of two
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variables is also defined and studied by Munot and Kalla [34], Verma [35] and Hai and
Yakubovich [36].

Remark 2 It is interesting to observe that for n = p = g = 0, the multivariable H-function
breaks up into the product of r, H-functions; and consequently, there holds the following
result (Saxena [21]):

N " 0 r o 0
HO,O:{mr,n,] A {(C/' Y )l,pr} _ Hmini | ’ {(Cj Y )l,p;} (1.14)
; : = i | 7 S . .
0,0:{pr.qr} N {(d/('r)’ S;V))l,qr} o Pidi {(d](l)’ 8]@)1,%}

Remark 3 The function defined by (1.6) was introduced and studied by Srivastava and
Panda [37]. When a}l) =...= ;’),j =1....p; ,3;” =...= ].(r),j =1,...,q, in (1.6) the mul-
tivariable H-function defined and studied by Saxena [21, 38] is obtained. In case all the
Greek letters are assumed to be unity, the H-function of several complex variables (1.6) re-
duces to the G-function of several complex variables studied by Khadia and Goyal [39, 40].

Remark 4 Fractional integrals involving multivariable H-functions are given in a series
of papers by Saigo and Saxena [41-43], Srivastava and Hussain [44], Saigo et al. [45] and
others.

In the sequel, Srivastava and Garg [46], p.686, Eq. (1.4), introduced the multivari-
able analogue of the polynomials S(x). This first class of multivariable polynomials

myky+---+msks<n xkl xks
..... 10
S::’ll ms(xlxu'rxs) = E (_n)m1k1+---+msksA(n;k1;---’ks)isr (115)
P kil k!
1reesKs=

where m, ..., m; are arbitrary positive integers and the coefficients A(n; ky, ..., k;) (1, k; >

0,i=1,...,s) are arbitrary constants, real or complex.

2 Main results

In this section, we prove two theorems on composition of the Marichev-Saigo-Maeda op-
erators with the product of a multivariable H-function and the first class of multivariable
polynomials. We start with presenting image formulas involving Marichev-Saigo-Maeda
fractional integral operators.

Lemma 1 (see [14]) Leto,o’, 8,8,y € C.
IfR(y) >0, R(p) > max[0,R(x + &’ + B —y), R’ — B)], then

(@ BB ol _ paasy-1 F(pl(p+y-a-a'-B)l(p+p o)

" ) (2.1)
o Fp+y—a-a)(p+y—a —B)(p+p)
IFR(y) >0, R(p) <1+ min[R(-B), R(a + o’ —y), R(a + B — y)], then
I;l’,g;,ﬂ,ﬂ/,)/xp—l _ xp—a—o/ﬂ/—l
Fl+a+ad -y -p)ll+a+p —y-p)T1-p-p) (2.2)

Frl-p)fl+a+o’+p -y -p)Fl+a-B-p)
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Theorem 1 Let %(y) >0 and o, o', B, B, v, 140,85 Vir 2i» a4, b, ¢
jefl,...,s}). Let the following conditions be satisfied, too:
(i) largz| < 52, ;>0 (i=1,...,r), where

ZEDICES 3 3D 3L

j=n+1
i) S ®
i i
TR 3
Jj=ni+1 Jj=mi+1
U,R(d

(i) ming<jcpm; 1<i<r[- S0 —— ] < R(w) + min[R(a"), R(B), R(y

(i) |5x| <1, also we have

n(d")
0+ Lo, min [ |
J

> max[O,E}i(a +o +B—y), R - /3’)] (i=1,...

(")
77)+Zvllglgrln[ 5 ]
/

>max[0,N(a+a' +B-y),R(a' -] (i=1,...

Then the following result holds:

E(C, )\j,O’l‘>0 (le{l,

—a—-p)].

1)

,7).

{152 P27 (471 b — at) S [y £ (b — at)™, ..., it (b - at)™]

X [t (b—at)™, ...z (5~ aty™]) |

myky+-+msks<n

:b—flxﬂ—a—a/ﬂ’—l Z ( Vl)mlk1+k+,msks A( Ky,

— > 308k D51 Ajki g yO,m+ds{myny}1,0

j=11%] j=1"7%]

xb x Hy s qst:lprar o
x°1

2150 b1

1
: (olj;ozg ), ..;Ol;r))l,p;A : {(C](-r); yj(r))l,pr}; -
z’;— BB, B g B (d,6)1,,15(0,2)

where

ks)c’fl R

S

S S
A= (1_n_25j/<j;v1,...,v,,1>, (1—M—Z,\,k,;al,,..,o,,1),

Jj=1 Jj=1

S
(l—u—y+oz+o/+ﬁ—ZAjkj;ol,...,a,,1>,

Jj=1

S
(1—//,+o/—,B/—ij/(j;ol,...,a,,l>

j-1
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(2.3)

(2.4)

(2.5)
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and

S s
B= (1—n—23j/<j;v1,...,v,,0),(1—/L—y +a+a’—2)\jkj;ol,...,a,,1>

j=1 j=1

N
(l—u—y+a/+,3—ijlq;ol,...,a,,l),

j1

S
(1—//,—ﬂ'—ZAjk,;al,...,U,J).

j=1

Theorem 2 Let a,o/, 8,8, y, 14,1, 68),viszisa, b,c; € C, Aj,0,>0 (i e {1,...,r}; j e {1,...,5})
and N(y) > 0. Let the following conditions be satisfied, too:

R(d”) s S /
Zallglg;”[ 50 :| < 1+max[h( B),R(e+a' —y), R+ B —)/)],
j

[‘)t(d )

R(n Zv,lmm ] <1+ max[‘)i( B), ‘)i(a — y) m((x +pB - y)],
<}<m

and the conditions (i)-(iii) in Theorem 1 are also satisfied.
Then the following result holds:

{18BPY (641 — ag) 1S5 [y (b — at) ™, ..., et (b — at)™]

x Hzt (b - at)™, ..., 2t (b—at)™"]) } ()

miky+--+msks<n

_ S, (—Vl) K+ I
-b nxuaaﬂ/l Z miky+--+mg ‘SA(n;kl;-'-yks)Cll(l".cf
e Kl Kl
Lreeer $=

=251 8k >3y Ajkj g O, mtdidmyny )10
xb / x= Hp+4q+4{prqr ;0,1

x°1

2150 gt

. (aj;aj(l)y H;a;r))l,p)cz {(C](‘r)ryjr))lpr} (2 6)
o2 | BB B0 DA, 8)14,1:(0,1)
~4x

where

S S
= <l—n—28,l<j;v1,...,v,,l), (I—M—Z)ijj;ol,...,arJ),
j=1

j=1

S
<1+a+o/+ﬁ/—u—y —Z)L,-k,»;ol,...,a,,1>,

Jj=1

S
<1+a—ﬂ—M—ZAjkj;m,...,a,,l>

j-1
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and

S S
D= <1—77—Z(Sjkj;vl,...,w,0>,<l—u—y+a+a/—ZAj/<j;01,...,U,,1)

Jj=1 Jj=1

S
<1—u—y +a+ﬁ’—2kjlg;al,...,o,,1>,

j=1

s
<1_M_ﬁ_z)‘jkj;o—l;uwo—hl)‘

j=1

Proof For convenience, let the left-hand side of (2.5) be denoted by Z. Applying the
Marichev-Saigo-Maeda generalized fractional operators (1.1) to the LHS of (2.5) and mak-
ing use of (1.15) and (1.6), we obtain

myky+--+mgks<n

I {Igf/,ﬂ,ﬁ’,y (t‘”(b —ay” Y WA(H; kiyoo k)
Kiks=0 o

) . 1
X (Cltll (b — dt)al)k s (Cst)hs(b — dt)as)k X (27‘[i)r /L‘l e ¢(sl»~ . wé:r)

Ly

x []6:€) (@it 0 - at)")* d - dsr) }(x). (2.7)

i=1
By changing the order of summation and integration, we have

myky+--+msks<n

T ("’l)(m‘lk%:"skszx(n;kl,.,,,ks)cfl---cks
k!

s
ki5e.sks=

& aa / + 5,71 ki + ?:1Gi o
|:(27'”)r/ ¢>(§1, ’5’)1_[ ";:z)Zz { LBy (t“ Yoi1 ki oigi-1

X (b — at) " HA IR ) ) g - dg,]. (2.8)

By using the binomial expansion for (b — ﬂt)—n—Z,Ll 4= and applying the Mellin-

Barnes counter integral, we get

myky+---+mgks<n

(_n)m1lq+~~+msks . k ks >4 Ajk;
T= Z WA(”,/{I,...,]{) 1" b j=1"7

X |:(27_”),/ / o(&1,..., &) X 1_[ (E)zib™ > 10151}

% / F(TI + Zj:l )‘/ki + Z[:l O'iSi + $r+1)
L, T+ Z}Ll Aki+ Y i 0iE)T (6ran +1)

x {Igf/’ﬁ'ﬂ/'y (thf-:l }“jkj+zl‘r:1(’i5i+§r+1—1)}(x) dg; - - dér:| ) (2.9)
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Applying (2.1) to (2.9) and re-interpreting the Mellin-Barnes counter integral in terms
of the multivariable H-function of r + 1 variables, we obtain the right-hand side of (2.5)
after a few simplifications.

Assertion (2.6) of Theorem 2 can be proved in a similar manner by using (2.2) of
Lemma 1. So, we omit the details of the proof of Theorem 2. O

Here, we derive certain, presumably, new formulas involving Marichev-Saigo-Maeda
type fractional integral operators. By setting n = p = ¢ = 0 in (2.5) and (2.6), respectively,
we obtain two fractional integral formulas involving product of the r, H-functions stated

in Corollaries 1 and 2 below.

Corollary 1 Let a,a', 8,8, v, 1, 1,8;,vis zina, byc; € C, Ajy0,>0 (i e {L,...r}; j e {1,...,5})
and N(y) > 0. Then the following relation holds true:

L C1p,s

(Cll. ]i)l,p, (x)
(d]’!Dj)l,qi
myky+-+mgks<n (—}’Z)

_ —o—a +y— Ky k k
=bghee N %A(n;kl,...,ks)cll--.cfs
k!
klv"'YkS:O

r
x [ Hyi |:z,-t"i(b —at)™

i=1

%
<b Z,S':1 sjk,-xz,?:l Ajij0,4:m;,ng;1,0 |:Zz Vi (2.1())

4,4:p;,q;;0,1 —a
b

A: (c](»r), J/j(r))1,pi; -
B:(d,8)143(0,1)

where A and B are given in Theorem 1 and H,7'(-) is the familiar Fox H-function.

Corollary 2 Let a,a', 8,8, v, 0,8, vis zina, b,c; € C, Ajy0, >0 (i e {1,...,r};j € {1,...,5})
and N(y) > 0. Then the following result holds true:

:Ig’a/'ﬂ’ﬂ/’y (t“_l(b — at) NS [cltkl (b-at)™,... ct’(b- at)_ss]

¢ C)D}”
(df’ Dj)l,qi
miky+-+mgks<n

e by (=7) g ke g
= pghoe -l E 7/;"‘1 1+k+'mx S Ak, k)
ek
k1y.ks=0

r
< [ Hyi [zit"f(b —at)™
i=1

x%i
— 38 8ki D78 Aiki g 70,4emynil0 | ZipTE
x b =1 g Hyypom0,1 . (2.11)

b

C: (c;’), y]‘(r))l,p,-; -
D' (dl(r): S;r))l,qi; (0) 1)

where

s
C/: (1—7]—281‘/(]';V1,...,Vr,1),
j=1
s
<1—M—Z)\.jkj;0'1,...,0'r,1>,
j=1
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S
1-pu—vy +a+o/+,3'—Zk/kj;01,...,or,1>,

j=1
S
(1—u+ot—,3—Zk/kj;al,...,a,J)
j=1

and

S S
D = (1—17—28j/<j;v1,...,v,,0>, <l—u—y +a+a’—ij/<j;al,...,o,,l),
=1

Jj= j=1

S
(1—,u,—y +a+,3’—ZAjl<j;01,...,ar,1>,

j=1

s
(1—,u—ﬁ—ZAj/g;al,...,ar,l),

j=1
where H,:" (") is the familiar Fox H-function.

Interestingly, in view of relation (1.4), we arrive at the following corollaries concerning
Saigo fractional integral operator. It is similar to the results due to Agarwal [47], p.587 and
p.590, Egs. (18) and (25).

Corollary 3 Let o, B,y,14,1,6),viszisa, b,c; € C, Aj,0;>0 (i e (1,...,r}; j € (1,...,s}), and

M(x) > 0. Let the following conditions be satisfied, too:
(i) largz| < 52, 2;>0(i=1,...,r), where

P a4 om b
I 3 X SRS I
j=1 j=1

j=n+l Jj=ni+l
mj . qi .
Y 80- 35750 (iefl,....r}).
j=1 Jj=m;+1
(ii)

r (")
NR(w) + Zoilmin [T} > max[O,?R(,B - y)],

i1 FEmL g

T aEY) a
R(n) + ;Vllglgn,[v] > max[O,E)t(ﬂ - y)] and Ex <L

Then the following result holds:

x Hzt (b - at)™, ..., z,t" (b—at)™]) } ()

myky+--+mgks<n

_ _B— (—l’l) 4+ o
= pxH P Z %A(m;kl,...,ks)c]f~~~cf$
Kipwerks =0 1ot e B
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-5k Z i 0,1+3:{mp,nr};1,0
xb = s pranon

x°1

2150 b1
1
(ﬂj; a; )) v 7a;r))l,pfA/ : {( (")’ y](r))lpr}r -

: , 2.12
2 (bj;ﬁFl),...,ﬂ,F’)>1,q,B':{(d} 10,13 (0,1) (212

@b
where
S S
= (1—;7—25]-/(}-;1/1,...,1/,,1), <1—/L—Z)ij/;0'1,...,0r,l>,
j=1 J=1
S
(1—,u—y +/3—ijl(j;01,..,,a,,1)
j=1
and

s s
B = (1—}7—25;/9}1&,...,%«,0), (1—[L+,3—Z)Lj/(j;0'1,...,0’r,1>

Jj=1 Jj=1

s
(1—/.1,—)/—(M—Z)le(j;al;uno‘r;l)’

j=1
and the conditions of existence of the above corollary follow easily from Theorem 1.

Corollary 4 Let o, 8,v, 1, 10,8, Viszina, b,c; € C, Aj,0;>0 (i e (1,...,r}; je(l,...,s}), and
M(w) > 0. Let the following conditions be satisfied, too:
(i) largz| < 52, 2 >0(i=1,...,r), where

p q n; qi
SOV W05 SLED SR LED oV E SR N:

j=n+1 j=1 j=1 j=n;+1 j=mi+1
(ii)
N d
R(u) - Za,lglgln[ ( W )] <1+max[‘h(ﬂ) ‘)L(y)] (i=1,...,r),
n(d")
NR(n) - ZVHE,T)” [T] <1+ max[ﬂ‘i(ﬂ),&ﬁ(y)] i=1,...,r).
5

Then the following result holds:

{Ig’_ﬂ* (b - at) ISP [t (b - at) ™, L et (b — at) ™|

x Hzt (b - at)™, ..., 2t (b—at)™]) } ()

myky+--+mgks<n

_ _B— (—l’l) 4+ o
= 1 xhB-1 Z %A(n;kbm,ks)c]f~~~ck3
Kipwerks =0 1ot e B
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— 8185k >3 1 Aiki 1 70,n+3:{mp,ny 11,0
j=17%] j=1"J%]
x b x H,' 5 3ol

Zli%
: (a;; aj(l), s ,Ol;r))l,p’ c’: {(C;r), )/,-(r))l,p,}; - 213
%07 (l’)"ﬁ(l) ﬁ(V)) D//,{(d(f) S(V)) }(O 1) ’ (2.13)
ZVhTr JPj e Py 19’ . i 09 Lgr 1 \Y
where
S S
C// = (1—}']—2&/9;1/1,..,,1@,1), (1—#—2)\./’/(]‘;0'1,...,0},1),
j=1 j=1
S
(1+a+ﬁ—u—y —ijlg;al,...,o,,l)
j=1
and
S S
D = (1_1;—Z8jl<j;v1,...,v,,0), (l—y—u—ZAjlq;al,...,a,J)
j=1 j=1

S
<1+,3—M—ijlq;aly~~~;aryl);

j=1
and the conditions of existence of the above corollary follow easily from Theorem 2.

Remark 5 By putting 8 = —« and 8 = 0 in Corollaries 3 and 4, respectively, we can ob-
tain very interesting results involving the Riemann-Liouville and Erdélyi-Kober fractional
integral operators.

3 Special cases and concluding remarks
Here we consider another variation of the results derived in the preceding sections. The
multivariable H-function occurring in these results can be suitably specialized to yield a
wide variety of special functions (or product of such functions) of one or more variables
(see [31], pp.18-19, 88-93, 253-254 and [48]). Again, by suitably specializing the coefficient
of the first class of multivariable polynomials, it can be reduced to other multivariable hy-
pergeometric polynomials and classical orthogonal polynomials of one or more variables.
(i) If we reduce the multivariable H-functions into the product of two Fox H-functions
in Theorem 1 and then reduce one H-function to the exponential function by taking o7 =1,
v; — 0, we obtain the following result after a little simplification:

¢, C;
x e Hy2 | 20t (b — at) ™" (d] e (x)
(dj, D)rg,
myky+---+mgks<n

_ S, (—Vl) K+ I
A § MA(n;kl,...,ks)clfl--wk‘
P kil k!
1eeiks=
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_ZS':l Z 1+ 0,4:1,0;m2,n2;1,0
xb = /= H4401p2q201

X
272 E: (¢ vpos—
V) 3 (31)
a, F: (O! 1)! {(d/'r 8/)1,q2 }; (O! 1)
b

where

N
E=(1-9- ZSk,,l vy, ) (1—M—Z/\,/<,;1,02,1),

Jj=1

(1 w—y+a+ao +p— ZA 1,02,1>,
j=1
(1 w+ao —p - Zk 31,09, ),
F:(l - Zak,,lvz, ),(l—u—y+a+a—ZAjl<j;l,02,1>,

Jj=1

(1 p—y+o +p— ZA 102,)(1—u—ﬁ/—2,\,/<j;1,az,1>.

j=1 j=1
The conditions of validity of the above result easily follow from Theorem 1.

Remark 6 If we reduce the Marichev-Saigo-Maeda type fractional integral operator into

,,,,,,,

the Riemann-Liouville fractional integral operator and put S, =1, ,v, = 0, and make
a suitable adjustment in the parameters in the above equation, then we obtain the known
result by Kilbas and Saigo [49], p.52, Eq. (2.7.9); in addition, if we put S,yZ" =1,1nv,=0,
2y = 1/4, 02 = 2 and reduce the Fox H-function to the Bessel function of the first kind,

then we obtain the known result given by Kilbas and Sebastian [50], p.873, Egs. (25)-(29).

(ii) Next if we take z5,0, = 1 and v, = 0 in the result (3.1) and reduce the H-function
of one variable to a generalized Mittag-Leffler function [51] (see also [52]), we can easily

obtain the following result after a few simplifications:

{18 P (41 (b = ag) 1S [y (b — at) ™, ..., et (b — at)™]

x e 'E) [t])} (x)

b*ﬂxﬂf"f*“/ﬂ/*l miky+---+msks<n

( n)m1k1+ —+mgkg k1
7A ,e s
o) T Rbeky Mskek)a

Y8k Y Ak 1 70,4:1,0:,151,0
X b~ =Y (—x) H43011301

ax E:—Q1Q-v1);-

. | F:(0,1);(0,1),1 - n;0); (1 - &, );(0,1)
Ex

(3.2)
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where
S
E= (1 n— Zak,,lol) (1—M—ijk,;1,1,1),
j=1
S
(1 p—y+o+a +B— ZAk,,lll) <1—M+a’—ﬂ’—ZAjk,;1,1,1>,
j=1 j=1
S
F:(l - Zak,,wo) (1—M—y+a+a’—ZAjkj;1,1,1>,
j=1

S S
(1—;1,—)/ +a’+ﬁ—ZAjl(j;1,1,1>,(1—u—ﬁ’—ZAj/<j;1,1,1).

Jj=1 Jj=1

The conditions of validity of (3.2) can be easily followed directly by those given with
(2.5).

Remark 7 If we reduce the Marichev-Saigo-Maeda type fractional integral operator to

......

the Riemann-Liouville fractional integral operator and set S,/ = 1, 5, v, = 0, and make
a suitable adjustment in the parameters in equation (3.2), then we arrive at the known

result given by Saxena et al. [53], p.168, Eq. (2.1).
(iil) Again, if we reduce the H-function of one variable to the generalized Wright hyper-

geometric function [31], p.19, Eq. (2.6.11), in the result (3.1), we arrive at the following new
and interesting result:

x e, Vg, |:—zzt“2 (b—at)™

a- G Cj)l,pz (x)
(Or 1)’ (1 - dj:Dj)l,qz
myky+-+mgks<n ( )

_ b_nxl/«_a_a/JrV_l Z m1k1+ +mgks A(l’l, kl, k )C/q . Cks
1
k1erks=0 k k

=S8k Ty 0410 p2s1.0
xb = / Hy 401,990

X
%92 E: (cp ) Lpy) —
2277y 2

) (3.3)
F:(0,1);{(dj, Dj)1,4,};(0,1)

a
_Ex

where

S S
E-= (1_;;_Zaj/<,;1,v2,1>, (1—M-ZA,/(,;1,02,1>,

Jj=1 Jj=1

S S
(1—,u—y +a+a/+,3—ZAjl<j;1,02,1>, (1—,u+a/—,3/—ZAjkj;1,oz,1),

j=1 j=1
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S S
F= (1—7]—28,/(,';1,1/2,0), (l—u—y +a+a/—ZAjkj;1,02,l>,

Jj=1 Jj=1

(1—u—y+a’+,3—2kjk,;1,02,><1 uw—-pB - ZA ;1,00, )

j=1

(iv) Further Theorem 1, if we reduce the multivariable H-function to the product of

r-different Whittaker functions [31], p.18, Eq. (2.6.7), and take v; — 0, o; = 1, then we
arrive at the following result:

X l_[ e%ﬂ Wki,ui(zit)) }(x)

i=1

miky+-+mgks<n

RV | (_n)m1k1+ +mgk, 15 k
= b gty Z — = Ak, ..., k)

1 S
k15.rks=0 k k
s b~ 20 ik 042,052,010
4
G:—0Q-2,10);..50=-2,,1);—
1=23,1);..5(1=2p1) (3.4)
zo | H:U2=£pg,1);5..51/2 % py, 1)(0,1)
-
where
S
G= <1 n-Y &ksl,.. ,1,1),( —u- Zklg,l )
J=1 r times r times
(1 w—y+a+a +pB- ZA/{,,, 11)
]1 rtlmes
<1 w+a —p - ZAk,,l )
J=1 r times
s
H=|1- Sk 1-p- = kis1,...,1,1],
< n-— Z )( -y +a+a Z)»,k,L 11)
r tlmes j=1 r times
(1 w—y+a +p- Zxk],l 11) <1 w—p - ZAk,,l )
Jj=1 r times r times

The conditions of validity of the above result easily follow from Theorem 1.

Remark 8 If we reduce the Marichev-Saigo-Maeda type fractional integral operator to
the Riemann-Liouville fractional integral operator and set S,/ =1, 5, v, = 0, and make
a suitable adjustment in the parameters in equation (3.4), we arrive at the known result
given by Kilbas [54], p.117, Eq. (11).
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(v) Finally, if we reduce the multivariable H-function into the product of two Fox
H-functions in Theorem 1 and then reduce one H-function to the exponential function
by setting o1, Aj, v1, §; = 0, ¢j, s =1 and S}’ to the Hermite polynomial [6, 55], and we set
S2[x] = x" 2Hn[ﬁ], in this case m = 2, A,x = (-1)%, we obtain the following interesting
result:

:Igf BB V(t“ Yb - at) "t"2H, [2\/_}

e

(CI /)1:172 (x)
(di’Di)l,OIZ

myky+---+mgks<n

- b—nxﬂ—a—a’ﬂ/—l ( n)mlkﬁ -+mgks A( ki, ks)clq . -Cks
k! k! !
K1 y.rks=0

—Z1t pymp,ny o1 _ -V,
x e Hy 2 |:z1t (b - at)

=251 8k D3y Ajky g 70,4:1,0;(m,m2):1,0
X b TS T H 0 o 0.0

21X 7 7]

o G: (c; ),yj( i = (3.5)
b2\ H 1 (0,1);{(d), )14, ) (0,1)

b

where

S
G= <1_77_251k1;1,1/2,1)y( - n = Z)" 1027 ))
j=1
S
(1—u—y+a+(x’+/3—2)»jk,';1,02,1),< —p+a - B - ZA ;1,09, ),

j-1

N
H:<1 n- Z(S i1,v5,0 ) (1—u—y+a+a—2kj/<j;l,02,1),

j=1

<1—M—y+a/+ﬂ—2)», 102,)< —u-p - ZA 102,>

j=1

The conditions of validity of the above result can be easily derived from Theorem 1.

A large number of other special cases of our main result can also be obtained, but we do
not mention them here on account of the lack of space.

Now, we conclude our present investigation by remarking that the fractional integration
(of Marichev-Saigo-Maeda type) of the products of multivariable H-functions and the first
class of multivariable polynomials established in this paper will be useful for investigators
in various disciplines of applied sciences and engineering physics. We are also trying to
find certain possible applications of those results presented here to some other research
areas, for example, obtaining a closed form solution of a fractional generalization of a free
electron equation.
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