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Abstract

In this paper, some new Gronwall-Bellman-type integral inequalities in two indepen-
dent variables on time scales are established, which can be used as a handy tool in the
research of qualitative and quantitative properties of solutions of dynamic equations
on time scales. The inequalities established unify some of the integral inequalities for
continuous functions in (Meng and Li in Appl. Math. Comput. 148:381-392, 2004) and
their discrete analysis in (Meng and Liin J. Comput. Appl. Math. 158:407-417, 2003).
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1 Introduction

It is well known that Gronwall-Bellman inequality [1, 2] plays an important role in the re-
search of boundedness, global existence, stability of solutions of differential and integral
equations as well as difference equations. During the past decades, a lot of generations
of Gronwall-Bellman inequality have been discovered; see, for example, [3-10]. On the
other hand, in the 1980s, Hilger created the theory of time scales [11] as a theory capable
to contain both difference and differential calculus in a consistent way. Since then many
authors have expounded on various aspects of the theory of dynamic equations on time
scales. See, for example, [12—14] and the references therein. In these investigations, in-
tegral inequalities on time scales have been paid much attention by many authors, and
a lot of integral inequalities on time scales have been established, for example, [15-20],
which have been designed in order to unify continuous and discrete analysis. But to our
knowledge, Gronwall-Bellman-type integral inequalities containing integration on infinite
intervals on time scales have been paid little attention in the literature so far.

In this paper, we establish some new Gronwall-Bellman-type integral inequalities in two
independent variables containing integration on infinite intervals on time scales, which
unify some of the continuous inequalities in [21] and the corresponding discrete analysis
in [22].

2 Some preliminaries

Throughout the paper, R denotes the set of real numbers and R, = [0, 00). Z denotes the
set of integers. For two given sets G, H, we denote the set of maps from G to H by (G, H).
© 2013 Wang et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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A time scale is an arbitrary nonempty closed subset of real numbers. In this paper, T
denotes an arbitrary time scale. On T we define the forward and backward jump operators
o0 €(T,T) and p € (T, T) such that o (¢£) = inf{s € T,s > t}, p(¢) = sup{s € T,s < £}.

Definition 2.1 The graininess u € (T, R,) is defined by u(t) = o (¢) — £.
Remark 2.1 Obviously, p(¢) =0 if T =R, while u(t) =1if T = Z.

Definition 2.2 A point ¢ € T with ¢ > inf T is said to be left-dense if p(¢) = ¢ and right-
dense if o (¢) = ¢, left-scattered if p(£) < t and right-scattered if o (¢) > .

Definition 2.3 The set T* is defined to be T if T does not have a left-scattered maximum;

otherwise, it is T without the left-scattered maximum.

Definition 2.4 A function f(¢) € (T, R) is called rd-continuous if it is continuous in right-
dense points and if the left-sided limits exist in left-dense points, while f is called regressive
if 1+ u(t)f(¢) # 0. Crq denotes the set of rd-continuous functions, while R denotes the set
of all regressive and rd-continuous functions, and R* = {f|f € R, 1+ n(t)f(t) > 0,Ve € T}.

Definition 2.5 For some ¢ € T, and a function f(¢) € (T,R), the delta derivative of f is
denoted by f2(¢) and satisfies

If (o(0) —f() —f2 @) (o(t) —s)| <e|o(t)-s

, Ve>0,

where s € 4, and Y is a neighborhood of ¢. The function f(¢) is called delta differential
on T*.

Similarly, for some x € T*, and a function f(x, y) € (T x T, R), the partial delta derivative
of f(x,y) with respect to x is denoted by (f(x,7))2 and satisfies

[f(o(x),y) —f(s,9) - (f(x,y))j(o(x) —s)‘ < 8’6(96) —-s|, Ve>0,

where s € 4, and i is a neighborhood of x. The function f(x,y) is called partial delta
differentiable with respect to x on T*.

Remark 2.2 If T = R, then f2(¢) becomes the usual derivative f'(¢), while f2(£) = f(¢ +1) —
f(¢) if T = Z, which represents the forward difference.

Definition 2.6 If FA(¢) = f(t), t € T¥, then F is called an antiderivative of f, and the
Cauchy integral of f is defined by

b
f f(t)At = F(b) - F(a), wherea,beT.

Similarly, for a4, b € T and a function f(x,y) : T x T — R, the Cauchy partial integral of
f(x,y) with respect to x is defined by

b
/ flx,y)Ax =F(b,y)— F(a,y), where (F(x,y))j =f(x,9),x € T".

The following two theorems include some important properties for partial delta deriva-
tive and Cauchy partial integral on time scales.
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Theorem 2.1 Iff(x,y),g(x,y) € (T x T,R), and x € T*, then
(i)

Le@DI@DN i () 40,

A
@), = )
(1) limg_, , fi(x’yl:{ 62 i u(x) = 0.

(i) Iff, g are partial delta differentiable at x, then fg is also partial delta differentiable at
x, and

(@ 2)g@9))5 = (F@) 5 glny) +£ (0 (),7) (g0x.9)2.

Theorem 2.2 Ifa,b,c €T, o € R, and f(x,y),g(x,y) € Cea(T x T,R), then
() [, (o) + g Ax = [ f0 ) A% + [ glx ) A%,
(i) [, (@f)ny)Ax =a [} fx5)Ax,
(iii) [ f(ey)Ax= - [ f(x,9)Ax,
(iv) fabf(x,y)Ax = f;f(x,y)Ax + fcbf(x,y)Ax,
W [ fxyrx=0,
(vi) if f(x,y) >0 foralla <x <b, then f:f(x,y)Ax >0.
Remark 2.3 If b = 00, then all the conclusions of Theorem 2.2 still hold.

Definition 2.7 The cylinder transformation &, is defined by

Losllh) g jp 20 (for z # - 1),
€n(z) = " "
z ith=0,

where Log is the principal logarithm function.

Definition 2.8 For p(x,y) € R with respect to x, the exponential function is defined by

ey(x,s) = exp(/ Su(,)(p(t,y))At), s,x,y€T.

Definition 2.9 If sup,_rx = 00, p(x,) € R with respect to x, then we define

€p(00,s) = exp(/ gu(r)(p(t,y))At>, s,yeT.
Remark 2.4 If T = R, then forx e R

ey(x,8) = eXp(fop(l',y) dr), syeR,
ep(00,8) =exp([~ p(r,y)dr), s,yeR.

IfT=7,thenforxeZ

ep(x,s) = ]_[fi[l +p(t,9)], sy€Zands<x,
ep(00,5) = [[2[1 + p(r, )], syel.

The following two theorems include some known properties on the exponential func-

tion.
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Theorem 2.3 If p(x,y) € R with respect to x, then the following conclusions hold:
(1) ep(x,x) =1and eo(x,s) =1,
(ii) ep(o(x),s) = (1 + pulx)p(x, y))ep(x;s),
(iil) if p € R* with respect to x, then e,(x,s) > 0, Vs,x € T,
(iv) if p € R* with respect to x, then Sp € R*,
(v) eplx,s) = % = egp(s, %),
(%)
where (Op)(x,y) = — 1+xﬁ:); "
Remark 2.5 If s = 0o, then Theorem 2.3(v) still holds.

Theorem 2.4 Ifp(x,y) € R with respect to x,xy € T is a fixed number, then the exponential
function e, (x,xo) is the unique solution of the following initial value problem:

(z(x, )2 = plx, y)z(x,9),
z(x0,y) = 1.

Remark 2.6 Theorems 2.1-2.4 are similar to the corresponding theorems in [23, 24].
Remark 2.7 For more details about time scales, we advise the reader to refer to [25].

3 Main results

First we give some important lemmas as follows.

Lemma 3.1 Suppose sup, .« x = 00. For every fixed y € T, u(x,y),q(x,y) € Ca(T* x
T, R), p(x,y) € R* with respect to x, and u(x,y) is partial delta differentiable at x € T*,

then
(u(x.9))5 = prux,y) - qxy), xye T, (3.1)
implies
u(x,3) < (00, y)ecy(00,5) + / " g ep(mo©)as, myeT. (3:2)

Proof Fix Y € T¥, since p(x, Y) € R, then from Theorem 2.3(iv) we have Sp(x, Y) € R*;
furthermore, from Theorem 2.3(iii) we obtain eg, (¥, @) > 0, Va € T*.
According to Theorem 2.1(ii),

A

[u(x, Yegp(x, a)]j = [eep(x, a)]ju(x, Y) +egp (O’ (x),a)(u(x, Y))x . (3.3)
On the other hand, from Theorem 2.4 we have
[ecp®@)]5 = (OP)(x, Ve, (x,a). (3.4)

So, combining (3.3), (3.4) and Theorem 2.3, it follows that

[u(x, Y)eep(x,oz)]j

= (©p)(x%, Y)eap(x, @)u(x, Y) + egp(o (x), &) (u(x, Y))
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= ecp(0(x) Ot)|: ©pts 1)
ST T uep), Y)

=egp (0 (x),ot)[(u(x, Y))f —plx, Y)u(x, Y)]. (3.5)

ulx, Y) + (u(x, Y))j]

Substituting x with s and integration for (3.5) with respect to s from « to oo yield
M(OO, Y)eep(oo:a) - I/I(O[, Y)eep(%a)

= / ecp (a (s),oe) [(u(s, Y))j —p(s, Y)u(s, Y)] As. (3.6)

Considering egp(c, @) =1, from (3.1) and (3.6), we have

[e¢]

u(00, Y)egp(00, a) — u(e, Y) > —/ eep(o (s),a)q(s, Y)As

o0
= —/ ey (a, a(s))q(s, Y)As,
which is followed by
o0
u(a,Y) < u(oo, Y)egy(co,a) + / ep(o,0(s))g(s, Y)As. (3.7)
Since o € T* is arbitrary, then after substituting o with x, we obtain
o0
u(x,Y) < u(00,Y)eg,(00, %) + / q(s,Y)e, (x, o(s))As, x e T". (3.8)
X

Considering Y is selected from T* arbitrarily, then in fact (3.8) holds for every y in T,
that is,

u(x,y) < u(oo, Y)egy(00, %) + / q(s,y)ep (x,a(s)) As, x,yeT",

which is the desired inequality. O

Lemma 3.2 [26] Assumethata>0,p>q>0,and p #0, then for any K >0

Ké%pa+p_q
V4

ST

q
ar < Krp.

TR

Lemma 3.3 Ifsup, ;= 00, p(x,y) € R with respect to x, then
oo
/ S(s,y)er (x,a(s))As =1-er(x,00) = 1 - egp(00,x). (3.9)
X
Proof According to [25, Theorems 2.39 and 2.36(i)], we have
x0 x
/ f(s,y)ef(x, o(s)) As = —/ f(s,y)ef(x, a(s)) As =1 - ef(x,x0). (3.10)
x X0

Then by Theorem 2.3(v) and after letting x) — 00, we obtain the desired result. g
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Theorem 3.1 Suppose sup, .« x = 00, u,a,f,g € Ca(T x T,R,), p is a positive number
with p > 1. If u(x,y) satisfies the following inequality:

u(x,y) < alx,y) + b(x,y) /00 foo[f(s, Duls,t) + g(s, t)]AtAs, x,y €T, (3.11)
x Jy

then

u(x,y) < {u(x,y) +b(x,y) [Hl(x,y) + / Hy(s, y)Hi(s, y)e_p, (x, U(s)) As] }p ,

x,y €T, (3.12)
provided that 1 — u(x)Hy(x,y) > 0, where

Hi(x) = [ [° {f(s,t) K7 als, ) + 22 LKP] +g(s,0)} At As,

(3.13)
Hy(x,) =fy flx, t);]( > b(x,t)At, VK >O0.
Proof Let
[o¢] o0
v(x,y) = / / [f(s, Du(s, t) + g(s, t)]AtAs, x,y € T*. (3.14)
x Jy
Then
1

u(x,y) < [alx,y) + blx,y)v(x,9)]7, xy€T~ (3.15)

On the other hand, from Lemma 3.2 we have
L] 1p p-1_1
(alx,) + b(x,y)v(x,9))? < B K7 (a(x,y) + b(x,y)v(x, 7)) + TKP. (3.16)

Combining (3.14), (3.15), and (3.16), we obtain

v(x,y) < /00 /m[f(s, t)(a(s, t) + b(s, t)v(s, t))% +4(s, t)]AtAS

f / { [ TP (a(s,t) + b(s, t)v(s, 1)) +
/ f { s,t)[ K > a(s,t)+
N / [ /y f(s,t)l;Kpb(s,t)At}v(s,y)As

= Hl(x,y)+/ Hy(s,y)v(s, y)As, (3.17)

l] +g(s,2) } AtAs

-1
1(11’:| +g(s,2) } AtAs
p

where H, H, are defined in (3.13).
Let z(x,y) = [~ Ha(s,7)v(s,y) As, then

v(x,y) < Hi(x,9) + z(x,9), x,ye€T* (3.18)

Page 6 of 15
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and

(2(x,9))5 = ~Ha(x,5)v(x,)
> —H,(x,y)[Hi(x,p) + 2(x,9)]
= —Hy(x,y)z(x,y) — Ha(x, y)Hi(x, ), (3.19)
where Hy, H, are defined in (3.13).
Since 1— pu(x)Hy(x,y) > 0, then in fact —H, € *R*, and a suitable application of Lemma 3.1
to (3.19) yields

z(x,y) < 2(00,y)ea-H, (00, %)

+ /00 Hy(s, y)Hi(s, y)e_p, (x, o(s)) As, x,y€eT". (3.20)

Since z(00,y) = 0, then combining (3.18) and (3.20) gives

v(x,y) < Hi(x,) + / Hy(s,y)H:(s,y)e_, (x,a(s))As, x,y €T (3.21)

Combining (3.15) and (3.21), we can obtain the desired inequality (3.12). O

Since T is an arbitrary time scale, then if we take T for some peculiar cases, we can obtain
some corollaries immediately. Especially, if we let T = R or T = Z, we obtain the following
two corollaries.

Corollary 3.1 Suppose T =R, u,a,f,g € C(R x R,R,). If u(x,y) satisfies the following in-
equality:

wP(x,y) < a(x,y) + b(x,y) /oo /Oo[f(s, Huls,t) +g(s,t)]deds, xy€eR, (3.22)
x Jy

then

1

u(x,y) < {a(m) +b(x,) [Hl(x,y) " / Hy(s,y)Hi (s, ) exp ( / Hy(z,y) dr) As] }

x,y€R, (3.23)
where

1-p 1
Hi(x,y) = [Z [P (s, )[EK P als,t) + ELK7] +g(s,£)} dt ds,
1) = [ [P OLK T als 0+ ST+ g6} .
Hy(x,y) = fyoof(x, t)}gKTb(x, t)dt, VYK >O0.

Corollary 3.2 Suppose T =7 and u,a,f,g € (Z x Z,R.). If u(m, n) satisfies the following
inequality:

oo

u(m,n) < a(m,n) + Z Z[f(s, Bu(s, t) + g(s, t)], m,n € 7, (3.25)

Ss=m t=n
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then

u(m,n) < {a(m,n) + b(m, n) |:H1(m, n) + ZHz(S, n)H; (s, n) 1_[ #(rn)} } ,

S=m

m,n €, (3.26)

provided that Hy(m,n) <1, m,n € Z, where

Hym,m) = Y20, Y5, (s, DK 7 als, 1) + BLKP] + (s, 1),

Ly (3.27)
Hy(m,n) = 3%, f(m,0), K 7 b(m,1), VK >0.

Theorem 3.2 Under the conditions of Theorem 3.1, if u(x,y) satisfies (3.11), then

ST

u(x,y) < {a(x,y) + b(x, y)Hi(x,y)ec(-1,) (00, %)} P, x,y € T, (3.28)
where Hy, H, are the same as in Theorem 3.1.

Proof By Lemma 3.3 we have
o0
/ Hy(s,y)e_p, (x, o(s)) As = e_p, (x,00) — 1 = eg(_py) (00, %) — 1. (3.29)
X
On the other hand, considering H;(x, ) is decreasing in x, from (3.12) we have

u(x,y) < {a(x,y) +b(x,y) |:H1 (%, 9) + / Ha (s, y)Hy(s,y)e_m, (%, 0 (s)) As] }E

1
p

< {a(x,y) + b(x, y)H; (x, ) [1 + / Hy(s,y)e_r, (x, o*(s))As] }

=

= {a(x,y) + b, y) Hi(x, y)ec(-1m)(00,%) } 7,
which is the desired result. d
Ifwelet T=R or T = Z in Theorem 3.2, then we obtain the following two corollaries.

Corollary 3.3 Under the conditions of Corollary 3.1, if u(x, y) satisfies (3.22), then

u(x,y) < {a(x,y) + b(x, y)Hi (x, y) exp(/oo Hj(s,y) ds) }p , x%y€R, (3.30)

where Hy, H, are defined the same as in (3.22).

Corollary 3.4 Under the conditions of Corollary 3.2, if u(m, n) satisfies (3.25), then

1

u(m,n) < [a(m, n) + b(m, n)H; (m, n) 1_[ Tz(sn)

S=m

v
] , mnez, (3.31)

provided that Hy(m,n) <1, m,n € Z, where Hy, Hy are defined the same as in (3.27).
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Remark 3.1 Corollary 3.3 is equivalent to [21, Theorem 2], while Corollary 3.4 is equiv-

alent to [22, Theorem 2] with a slight difference.

Theorem 3.3 Suppose sup, .« x = 00, u,a,f,g,h € Cq(T x T,R,), p is a positive number

with p > 1. If u(x, y) satisfies the following inequality:

u(x,y) < a(x,y) +/ fls,9)uf(s,y)As

+/ / [g(s,D)uls,t) + h(s,t)|AtAs, x,y €T,
x Jy

then

u(x,y) < ”:a(x,y) +ﬁ1(x,y) +/ ITIZ(s,y)ltfl(s,y)e,g2 (x,(r(s)) As]

x ee(—f>(00»x)} ,
provided that —f € R*, where

Fiwy) = [ [ g5, )leain (00,97
X (LK 7 als, 1) + BLKP) + h(s, D) ALAs,

1

~ 1-
Hy(x,y) = fyoog(x, t)[es(—p)(00,x)]7 %I(Tp At, VK >0.

Proof Let

v(x,y) = alx,y) + fx /y [g(s, )uls, t) + h(s, )| AtAs
and

)= [ S
Then

uP(x,y) <vix,y) +z(x,y), xyeT".

Furthermore,

(2(6,9))5 = ~f (6, 9)u? (%,9)
> (%) [v(xy) + 2(%,)]
= —f(x)z(x,y) — f(x,y)v(x, ).

Since 1 — pu(x)f (x,y) > 0, then —f € R*, and an application of Lemma 3.1 yields

z(x,y) < z(00, y)eg_r(00, %) + / f(s,y)v(s,y)e,f(x,a(s)) As, x,yeT“.

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Page 9 of 15
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Considering z(oo,y) = 0, and v(x,y) is decreasing in x, combining (3.37) and (3.38), we
obtain

u(x,y) < vix,y) +z(x,y)
< v(x,y) + z(00, y)eg_f(00, %) +/ f(s,y)v(s,y)e_f(x,a(s))As

= v(x,y) +f F(s9)v(s,y)e_(x,0(s)) As

<v(x,y) |:1 +[ f(s,y)e,f(x,a(s)) Asi|

= v(x,9)eg(-p(00,%), x,y €T, (3.39)

where Lemma 3.3 is used in the last step.
By (3.35), (3.39) and Lemma 3.2, we have

v(x,y) <alxy) + /00 /oo{g(s, t)[v(s, t)ee(_f)(oo,S)]Il’ +h(s, t)} AtAs
x Jy

<a(xy)+ / / {g<s, Hleai(00,9)]?
x Jy

1 1p -1 1
X |:—K > v(s, t) + p—[(ll’:| + h(s, t)}AtAs
V4 V4

= a(x,y) + w(x,y), (3.40)

where

w(x,y) = / / {g(s,t)[ee<-f>(00»s)]’l’
x Jy

1 - -1
x [—KTP Ws,t) + "’—K%] + h(s, ) } AtAs. (3.41)
p p

Considering w(x, y) is decreasing in y, it follows that

w(x,y) 5/ / {g(s’ t)[ee(—f)(oors)]l%
x Jy

11 -1
x [—Klf (als,£) + wis, 1)) + ’”—Ké] + s, 0) } AtAs
p
o0

1 1 -1
» —I(Tpa(s, t)+ p—K}?] + h(s, t) } AtAs
p

+ /x { fy g(s,0)[es(-n(00,9)]

= Hy(x,y) + f Hy(s,9)w(s,9) As, (3.42)

IA
—
Q\E
/—"—8

AN

»

=

Yy

D

>

3

RS
—
N

S

1 1p
-K'? At}w(s,y)As
p

where H;, H, are defined in (3.34).
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We notice that the structure of (3.42) is similar to that of (3.17). So, following in a similar
manner to the process of (3.17)-(3.21), we obtain

w(x,y) < ﬁl(x,y) + / 1712(S,y))'fll(s,y)e,g,2 (x,a(s)) As, x,y€eT". (3.43)

Combining (3.39), (3.40), and (3.43), we get the desired inequality (3.33). O

Theorem 3.4 Under the conditions of Theorem 3.3, if u(x,y) satisfies (3.32), then

~ 1
u(x,y) < {[ax,y) + Hi(x,y)eq i) (00, %) Jesp (00, %)} 7, %,y € T, (3.44)
where H,y, Hy are defined the same as in (3.34).
The proof of Theorem 3.4 is similar to that of Theorem 3.2, and we omit it here.

Corollary 3.5 Suppose T =R, u,a,f,g € C(R x R,R,). If u(x,y) satisfies the following in-
equality:

P (x,y) < a(x,y) + / fs,n)u?(s,y)ds
(s, )uls, t) + h(s, t)|dtds, x,y€eR, (3.45)
+/xfy[gsus+s] 5 %y

then

u(x,y) < ”:a(x,y) + ﬁl(x,y) exp(f ﬁz(s,y) ds>i| exp(/ f(s) ds) }ﬁ, (3.46)

where

Fx,p) = [ [ te(s Olexp([ £ (z,)dD)]?
X [LK'7 als, 1) + BLKP) + hs, ) de ds, (3.47)
Hy(x,y) = fyoo g(x O)exp([f° f(s,9) ds)]ll’ }’Klf%p dt, YK >0.

The proof for Corollary 3.5 is similar to that for Corollary 3.1.
Remark 3.2 Corollary 3.5 is equivalent to [21, Theorem 4].

Remark 3.3 If we take T = R in Theorem 3.3, or T = Z in Theorems 3.3 and 3.4, then we
can obtain another three corollaries, which are omitted here. Especially, if we take T = Z
in Theorem 3.4, then Theorem 3.4 reduces to [22, Theorem 4] with a slight difference,
which is one case of discrete inequality.

Remark 3.4 The inequalities with two independent variables established in (3.11) and
(3.32) are essentially different from the cases with a single variable. As these inequalities
can be used in deriving bounds for solutions of certain dynamic equations in two inde-
pendent variables, which are shown in Section 4, while inequalities with a single variable
can only be used to the boundedness analysis for solutions of certain dynamic equations

in a single variable.
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Remark 3.5 The inequalities established above are related to infinite intervals. The main
difference between the results here and those of finite intervals lies in their applications.
The results above are valid in the qualitative analysis of certain dynamic equations includ-
ing integrals on infinite intervals, which are shown in the two examples in Section 4, while
results of finite intervals are invalid in such cases.

4 Some applications

In this section, we present some applications for the results established above.

Example 1 Consider the following dynamic equation:
(w”(x,y))xA = —/ F(s, t, u(s, t))At, x,y €T, (4.1)
y

with the condition u#(oc0,y) = ¢(y), where u € Ciq(T x T,R), ¢ € Cia(T,R), and p is a con-
stant with p > 1.

Theorem 4.1 If u(x,y) is a solution of (4.1), and suppose |F(s,t,u)| < f(s,t)|u| + g(s,t),
where f,g € Cya(T x T,R,), then we have

u(x,y) < {‘(p(y)‘ + |:H1(x,y) + /Oon(s,y)Hl(S,y)e_Hz(x,U(S))AS] }PI
x,y € T, (4.2)

provided that 1 — u(x)H,(x,y) > 0, where

Hie.y) = [ [ 601K 7 10(0)] + 51KP] + gls, D} ALAS .
Hy,9) = [*fls, 01K 7 AL, VK >0, '

Proof Considering u(oo,y) = ¢(y), then the equivalent integral equation of (4.1) can be
denoted by

up(x,y):gp(y)+/:o /yOOF(s,t,u(s,t))AtAs, x,y €T~ (4.4)
So, we have
eyl < o0 + / N /y " \E(s,tuts, )| AtAs
< loo)] + / b /y 165,05, 0] + 906, ] At (4.5)

Then a suitable application of Theorem 3.1 yields the desired inequality (4.2). d

In the last step of Theorem 4.1, if we apply Theorem 3.2 to (4.5), then we can obtain the
following theorem.
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Theorem 4.2 Under the conditions of Theorem 4.1, if u(x, y) is a solution of (4.1), then

1
u(x,y) < {|e)| + Hi(x,y)ecmy)(00,x)} 7, x,y € T, (4.6)
where Hy, Hy are defined in (4.3).

Theorem 4.3 Suppose p =1 in (4.1) and |F(s,t,m)| — |F(s,t, u2)| < f(s,t)|u1 — ua| + g(s, t),
where f, g are defined the same as in Theorem 4.1, then under the condition u(co,y) = ¢(y),
Eq. (4.1) has at most one solution.

Proof Let u;(x,y) and u;(x,y) be two solutions of Eq. (4.1). Then we have
A o0
(ul(x,y))x = —/ F(s,t,m(s,1))At, x,y€T" 4.7)
y
and
(uz(x,y))j = —/ F(s, t, us(s, t))At, x,y €T (4.8)
y
From (4.7) and (4.8), we obtain
A [o¢]
(w1 (x,9) - uz(x,y))x = —/ [F(s, tu(s, b)) — F(s,t, ua(s, t))]At, x,y €T . (4.9)
¥

On the other hand, since u;(00,y) = u(00,y) = ¢(y), then an integration for (4.9) with
respect to x from x to oo yields

() ) = | N / CIE (s (s, 0) — E(s, (s, 0)|ALAs, xy e T (4.10)
x Jy

Then

|1 (x,9) = ua(x,9)| < /xm/yoow(s,t,ul(s,t)) — F(st,us(s,1)) | AtAs

< /Oo /oo[f(s, £)|ur(s,£) — uz(s, £)| + g(s, 1) | AtAs. (4.11)
x Jy

A suitable application of Theorem 3.1 yields

|1 (x,9) — ua(%,9)| <0,

that is, u1 (x,y) = ua(x, y), and the proof is complete. O

Example 2 Consider the following dynamic equation:
oo
u(x,y) = o(y) + / Fi(s,y,u(s,y)) As
X
+ / / F, (s, t, u(s, t))AtAs, x,y €T, (4.12)
x Jy

where u € Cq(T x T, R), ¢ € Ciq(T,R), and p > 1 is a constant.
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Theorem 4.4 Let u(x,y) be a solution of (4.12). If |Fi(x,y,u)| < f(x,y)|ul?, |F(x,y,2)| <
glx,y)|z| + h(x,y), where f,g,h € Cq(T x T, R,), then the following estimate holds:

1

u(x,y) < H|¢(y)| + Hi(x,7) +/ IA-?Z(s,y)ITll(s,y)e_,q2 (x,a(s))As]ee(_f)(oo,x)}p’

x,y €T, (4.13)

where

=

Hi(x,y) = 7 [ 1g(s, D)ean(00,9)]
X (LK 7 ()] + BLKP ] + (s, )} AtAs, (4.14)

~ 1-
Fy(e,3) = [ gs, )leain(c0,m)P LKF AL, VK >0,

Proof From (4.12) we have

P(x,9)| < o) OOF 2, u(s,9)) | A b OOF Ju(s, b)) |AtA
| (x,9)| |<0(3’|+/x |Fi(s,9,u(s,9))| S+/x /y |Fa(s,2,u(s, 0))| AtAs
< o) + / Flsp)|uls, )] As

+ /xoo /yoo[g(s, t)|u(s, t)| + h(s, t)]AtAs, x,y € T*. (4.15)

Then using Theorem 3.3 in (4.15), we can obtain the desired result. O

5 Conclusions

We have established several new Gronwall-Bellman-type integral inequalities containing

integration on infinite intervals on time scales, which unify some known continuous and

discrete results in the literature. As one can see from the present applications, the inequal-

ities established are useful in the investigation of qualitative and quantitative properties

of solutions of certain dynamic equations on time scales.
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